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1. Introduction

In the context of reliability engineering and lifetime knowledge, there are several types of failures.
One is a failure that is not immediately apparent to operations or maintenance personnel. This form
of failure can result in equipment not performing a required function, such as protective functions in
power plants and substations, standby equipment, backup power, or lack of capacity or power (see
Wang and Pham [36], Tang et al. [34], Jiang et al. [16], and Ahmadi [2]). Predicting the exact timing
of such a failure in complex systems is a significant problem in reliability engineering, as evidenced
by the growing importance of the inactivity time of a lifespan (see, for instance, Zhang et al. [37] and
Jia and Jeong [15]). Inactivity time has been useful in describing various maintenance strategies in
reliability engineering (see Finkelstein [12]). It has also proven useful in biomedicine for estimating
the incubation period of diseases and studying the behavior of lifetime distributions in retrospective
survival studies (see Keiding and Gill [21], Keiding [22], and Andersen et al. [6]). Inactivity time has
been used in forensic science and life insurance to predict the time of occurrence of events, such as the
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time of death of a person (see Gupta and Nanda [13]). This concept of reliability has also been used in
risk analysis theory and econometrics (see Eeckhoudt and Gollier [10] and Kijima and Ohnishi [23]).

The concept of inactivity time provides a mathematical tool to measure the interval time between
the exact time of failure and the time when the failure is realized. Since determining the exact failure
time of a unit is necessary, the concept of inactivity time is useful. Let X be the random lifetime of a
new unit that has a cumulative distribution function (CDF) F, and assume that the unit failed before
the time ¢ at which an inspection was performed. Then the time-dependent random variable (r.v.)
X = (t— X | X < t) which holds for all ¢ for which F(¢) > 0 is known in the context of reliability
theory as the inactivity time of X or reversed residual lifetime of X (see Ruiz and Navarro [30], Nanda
et al. [27], Kayid and Ahmad [18], and Kayid and Izadkhah [19]). The inactivity time can therefore be
used to predict the timing of early failures of a component or product, which in turn can be of interest,
for example, in finding the optimal time to perform burn-in processes (see Block and Savits [7]).

For any non-negative r.v. X with CDF F, the Laplace-Stieltjes transform is defined as

Lx(s) := f ) e "dF(x), s>0. (1.1)
0

It is obvious that Ly(s) is non-increasing as a function of s. Let F' with F(x) := 1 — F(x) denote the
survival function (SF) of X which is a decreasing function on [0, 1] calculating probabilities of X being
strictly greater than x. The Laplace transform of F is given by

Ly(s) := f+°° e *F(x)dx, s>0. (1.2)
0

The values of r.v. X are non-negative, so the Laplace-Stieltjes transform (1.1) and the Laplace
transform (1.2) always exist. Various stochastic orderings and reliability properties as well as some
of their applications have been studied in the literature using the Laplace-Stieltjes transform and the
Laplace transform (see Alzaid et al. [5], Nanda [26], Shaked and Wang [32], Ahmed and Kayid [3],
Tepedelenlioglu et al. [35], Al-Gashgari et al. [4], Kayid et al. [20], and El-Arishy et al. [11]). If X has
an absolutely continuous CDF, then

1
Ly(s) = E(l — Lx(s)), s>0. (1.3)

From the Eqs (1.1) and (1.2), one has Lx(s) = E[e™**] and Ly (s) = E[min(X, E,)] where E denotes an
r.v. with exponential distribution having a mean equal with 1/s.

Suppose that X and Y have Laplace transforms Ly and Ly, respectively. It is then said that X is less
or equal than Y in the Laplace transform order (denoted as X <;, Y) provided that Lx(s) > Ly(s) for all
s > 0. From (1.3),

X <y, Y if, and only if, Ly(s) < Ly (s), for all s > 0.

The inactivity times of X and Y with CDFs F and G are defined as X, = (t — X|X < ¢), F(t) > 0 and
Yo = (t =YY < 1), G(t) > 0, respectively. The SFs of X, and Y|, are given by F, n(x) = Fg(_t;c ) and
G(,)(x) = Gg(_t)x ) for x > 0. It is to be mentioned here that, when X and Y are non-negative r.v.s then
X and Y, have finite supports. To figure out this principle, let us assume that X and Y have supports

Sx = (Ix,ux) and Sy = (ly, uy), respectively, where Iy := inf{x|F(x) > 0} and uy := sup{x|F(x) < 1};
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similarly /y and uy are defined. If X,y and Y{,) have CDFs F, and G;) which are valid, respectively, for
values ¢ > Iy and values ¢ > ly, then for the lower bound of the support of X,) we get

Ly, = inf{x|F(x) > 0}

= inf{x|] —
F()

= inf{x|F(r — x) < F(£)}
=inf{xjx >t — F'oF() -1t} =0,

where F~!(u) := inf{x|F(x) > u} for any u € [0, 1]. Further, for the upper bound of the support of .
one obtains

Ux, = sup{x|F(x) < 1}
F(t—x)
<
F()
= sup{x|F(t — x) > 0}

= sup{x|1 —

=sup{xlx <t—Ix} =1t—- Iy,

and thus X, has support Sy, = (0,7 — Ix) where Ix € [0,7) and analogously, Y;) has support Sy, =
(0, —ly) in which Iy € [0, 7). It is also concluded that the supports of X,y and Y, do not depend on the
upper bounds of the supports of X and Y, accordingly.

In what follows two well-known stochastic orderings are given.

Definition 1. It is said that X with probability density function (PDF) f and CDF F is less than or

equal with Y which has PDF g and CDF G in the reversed hazard rate order (denoted by X <,,, Y) if
rx(t) < ry(¢) for all t > max{ly, ly}, where rx(t) = %, t>Ilxand ry(t) = %,

hazard rate functions of X and Y, respectively (see Finkelstein (2002)).

t > ly are the reversed

The conditional r.v.s X and Y;, known as inactivity times of X and Y, can be applied to
compare lifetime distributions from the perspective of the Laplace transform. Ahmad and Kayid [1]
characterized the reversed hazard rate order as follows:

X < Y if, and only if, X,y >1, Y for all # > max{lx, ly}. (1.4)

Definition 2. It is said that X with mean inactivity time (MIT) function my given by mx(t) = E(X) is
less than or equal with Y with MIT function my given by my(t) = E(Y(;)) (denoted by X <,;; Y) provided
that mx(t) > my(t) for all t > max{ly, ly} (see Kayid and Izadkhah (2014)).

Stochastic comparison of random lifetimes of units based on their inactivity times has attracted the
attention of many researchers recently (see, e.g., Salehi and Tavangar [31], Patra and Kundu [29], Di
Crescenzo et al. [9], Li and Li [24] and Guo et al. [14]).

It is well-known that X <,;,, Y implies ¢(X) <, #(Y) for every increasing function ¢, and, therefore,
d(X) <nir ¢(Y) since the mean inactivity time order is weaker than the reversed hazard rate order. By
taking ¢(x) = e**, s > 0 as an increasing function, it is concluded that X <, Y implies e** <,,; e*Y, for

all s > 0. To develop this implication in the revered direction it was proved by Ortega (2008) that

X <, Y if, and only if, e** <,,; e*” for all s > 0. (1.5)
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In this paper, we further develop the characterizations given in (1.4) and (1.5) to obtain several results
for the ordering of bivariate distributions, and the main results serve as an essential complement to those
obtained in univariate cases. We also examine some characterizations of a relevant reliability class of
bivariate lifetime distributions. To our knowledge, the Laplace transform for bivariate inactivity times
has not been considered anywhere in the literature. Therefore, the aim of this study is to present the
use of this measure to derive various stochastic order properties and to characterize bivariate lifetime
patterns of distributions.

The paper is organized as follows. Section 2 introduces the bivariate inactivity time and its
distributional properties, as well as some preliminary concepts used in the rest of the paper. A weak
bivariate order of the reversed hazard rate and a weak bivariate order of the mean inactivity time are
defined and the relationship between these orders is presented. Section 3 presents the main results
of the paper, including three characterizations of the weak bivariate order of the reversed hazard rate
using the Laplace transform of the bivariate inactivity times and the Laplace transform of the marginal
inactivity times, as well as a characterization of a bivariate property of the decreasing failure rate.
Finally, Section 4 concludes the paper with further illustrative explanations and descriptions.

2. Reliability measures of bivariate inactivity time

Suppose that X = (X, X3) i1s a pair of random lifetimes of two devices that has a common CDF F.
Consider a situation where accurate information about the times at which early failures occurred in the
past is not available. Assume that the failure of the first (resp. second) device occurs at time #; (resp.
1). The time-dependent random pair

X =t =X, = Xo|X) <11, X2 < 1), (t1,12) : F(t1,1,) > 0, (2.1)

in which (#;,1,) in which #; > 0,7 = 1, 2 is the pair of observation times, is called the bivariate inactivity
time associated with X = (Xj, X;) (cf. Mulero and Pellerey [25]). The random pair X, ,,, has SF
F(ty = x1,1 — x2)

F(;l’h)(X],Xz) = F(tl l‘z) , Xi > 0,l = 1, 2. (22)

Since F is, in general, supported on Rﬁ, thus when x; > 1, at least for one i = 1,2 then F' t1.)(X1,X2) = 0.
This can be also acknowledged by the fact that X;, ;,) in (2.1) has a support in [0,#] X [0, £,]. If F is
assumed to be absolutely continues with the corresponding joint PDF f, then the joint PDF of X, ,,) is
obtained as e )
1 — X1, — X .
, = ,x;>0,i=1,2. 2.3
Jitrm (X1, X2) Ft) X I (2.3)

The marginal distributions are the ones associated with the conditional r.v.

Xis =i = XilX1 <11, X, < 1p),i=1,2; (t1,12) : F(t1,1,) > 0. (2.4)

From (2.4), one can rewrite the bivariate inactivity time in (2.1) as X, ) = (Xi,,X2,). It
can be seen that the marginal distributions of the conditional random vector (X|X € C) where
X = (Xi,X,,...,X,) for any arbitrary set C € R” depend on joint probability of P(X € C) which
in turn is affected by the dependence between elements of X. Indeed, (2.4) is a particular case where
p=2and PX € C) = F(t;, ).
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Suppose that X; has marginal CDF F; and SF F; = 1 — F; for i = 1,2. The PDF of X; (whenever it
exists) is given by f;,7 = 1, 2. The conditional SF of X, is acquired as

= F(ty — x1,0) = F(t, 1, — x2)
F =—— "= and F =—- = 2.5
1.4 (X1) Fo) O 25(X2) F5) (2.5)
and the corresponding conditional PDF is, therefore, obtained by
(x) = —%F(h—xl,l‘z) q (x) = —%F(ﬁ,lz—xz) 2.6)
Sy = F(t1, 1) and fo(x) = F(t1, 1) . .

If we suppose that X; and X, are independent then the r.v. X, = (f; = Xi|X; < 1, X, < 1) is dietetically
distributed with the univariate well-known inactivity time X;,, = (; — Xi|X; < t;),i = 1,2. The
conditional r.v.s X;, and X,, can be used for further stochastic comparisons of X; and X, on the
left tail of their distributions in the case they are possibly dependent.

Domma [8] extended some important results of reliability theory based on the bivariate hazard rate
to the case of the bivariate reversed hazard rate. The gradient of the reversed hazard rate of X = (Xi, X3)

is given by

rx(t, ) = Aln(F(t, 1))
= (r1x(t1, ), rx(t1, 1)), ;>0,i=1,2,

where A = ( ) and

o0 90
o’ 0ty
PX,, €(0,6 0

M = — In(F(t,, 1))

rix(ty, ) = lim
1x(t,12) = lim 5 ar,

and P(X,, €(0.5]) 8
2, € ] _
5 = In(F (11, 12)).

Let us denote by myx the bivariate MIT function of X = (X, X;) which is given by mx(t;,1,) =
(myx(t1, 1), myx(t1, 1)) so that, the conditional MITs are obtained as (cf. Domma [8])

foﬁ F(x1,1) dx,
F(t,1)

rx(t, ) = }L%l

mx(t1, 1) = E[X;,,] =

and .
foz F(t1,x2) dx;
F(t1,1)
On the basis of the bivariate inactivity time and also the foregoing reliability measures a couple of
bivariate ordering properties are defined as follows.

myx(t, 1) = E[X;,] =

Definition 3. Let X and Y be two non-negative random pairs with reversed hazard rates gradients
rx and ry, respectively. It is then said that X is smaller than Y in weak bivariate reversed hazard
rate order (denoted by X <,,,, Y) whenever r;x(t1,t;) < riy(t;,t2),i = 1,2 for all (t,1;) € Ri, or
equivalently if

G(t,t
(h,12) is non-decreasing in (t,t,) € {(t;,1,) € Ri :G(t, 1) > 0).
F(t, 1)
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Definition 4. Let X and Y be two non-negative random pairs with bivariate MIT functions mx and
my, respectively. Then, it is said that X is less than Y in weak bivariate mean inactivity time order
(denoted by X <,y Y) if mix(t1,12) = m;x(t1, 1), i = 1,2 for all (t;,1,) € R2, or equivalently if

fotl G(x1,t) dx;
fotl F(x;,1) dx

is non-decreasing in t; > 0, for every t;, > 0

and

j(‘)tz G(t1, x2) dx,
fotz F(t),x2) dx;

is non-decreasing in t, > 0, for every t; > 0.

The next example illustrates a situation where a family of bivariate distributions fulfills the weak
bivariate reversed hazard rate order based on ordering conditions on the set of parameters of the
distribution.
Example 5. Suppose that X follows the bivariate CDF
F(ti,1) = expl-—= — Zexp(2)}, 1,2 0,i=1,2
A ) I
where a; > 0 for i = 1,2. Further, assume that Y follows the bivariate CDF

b b b
G(t1.1) = expl—— — 2 exp{—}}, :20,i=1,2
A 153 A

where b; > 0 for i = 1,2. If a; < b;, for every i = 1,2 then by routine algebraic calculations it can

Gl n) S . G(t, 1) .
ULL) is non-decreasing in t; for every t, > 0 and also it is proved that (. 12) is

Flt) F(t,1)

non-decreasing in t, for every t; > 0, i.e., X <5 Y.

be shown that

Proposition 6. Let X and Y be two non-negative random pairs with absolutely continuous distributions
Fand G. If X <, Y then X <, Y.

Proof. Denote H, = F and H, = G, thus H; is a joint CDF for each i = 1, 2. In one hand, since by the
definition, X <,,,;,, Y implies that

G t] s t2 . . .
( ) is non-decreasing in ¢;, for every t, > 0,
F(t1,1)

thus the function
H, :(i,x) = Hi(x,t,)is TP, 1in (i, x) € {1,2} X R,, forall t, > 0. 2.7)

On the other hand, X <,,,;, Y also implies by the definition that

G, 1) . ..
-d b, f >0,
F 1) is non-decreasing in t,, for every t,
i.e., the function
H; :(i,y) = Hi(t;,y)is TPy in (i,y) € {1,2} X R,, forall z; > 0. (2.8)
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Using (2.7) and the fact that the heavy-side function I : (x,#;) = I[x < #;]1s TP, in (x,1;) € Ry X R,
it follows by the general composition theorem of Karlin [17] that, for all , > 0, fom H, (@, x)[(x,t;) dx
is TP, in (i, ;) € {1, 2} X R, which means that
' G, 1) dix,
fotl F(x1,1) dx,

is non-decreasing in #; > 0, for every t, > 0.

Further, from (2.8), since I" : (y,1;) — I[y < 1] 1s TP, in (y,1;) € R, X R,, thus repeated application
of the general composition theorem of Karlin [17] provides that, for all #; > 0, f0+00 H; (i, )I"(y, 1) dy
is TP, in (i, ;) € {1,2} X R, which is equivalent to saying that
fol] G(x1, 1) dx,
fotl F(xy,1) dx

is non-decreasing in #, > 0, for every #; > 0.

Thus, it is concluded that X <,,,,,;; Y. O O

The following example is used to indicate that the reversed implication in Proposition 6 is not satisfied.

Example 7. Suppose that X has the following bivariate CDF

22 0<x<2,i=12

F(xi,x,) = XE if 0<x<2x,>2i=12

1 if x>2i=1,2

Let Y follow the bivariate CDF

2
—(xlf) if 0<x;<1,i=1,2
X2
EI if 0<x<l,x3;>2,i=12
xl.z(xg_i+2)
— 0 FO0sx<ll<x<2i=12

G(X] ) x2) =
(x% + 2)(x§ +2)
36

if 1<x<2i=12

(x2 +2)

6 if 1<x<2,x,;22,i=1,2

1 if x>2i=1,.2

AIMS Mathematics Volume 7, Issue 7, 13208—-13224.
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: G(x1,x2) . o .
It can be verified that FEI—Z; is not non-decreasing in x; > 0 for every x, > 0 and also it is not
X1, X2

non-decreasing in x, > 0 for every x; > 0. Therefore, X &, Y. On the other hand,

L .
- if 0<t,<2

mix(ti, b) = ,i=1,2.
=1 if 1,22
and, moreover,

f .
3 if 0<<1

—~— 3 s m— .

miy(t, 1) = M if 1<t,<2 ,i=1,2

3(tl.2+2)

t;i—1 if t;,>2

It can be plainly observed that m;x(t1,t;) > m;y(t1, 1), for every i = 1,2 and, as a result, X <, Y.

The bivariate Laplace-Stieltjes transform associated with the non-negative random pair X = (X, X)
with joint density f(x;, x,) is given by

+00 +00
Lx(s) = f f e~ XX £ x)dxydx,, s = (s, 8,) € R2. (2.9)
0 0

Definition 8. For two non-negative random pairs X = (X1,X;) and Y = (Y1, Y,) with respective
Laplace transforms Lx and Ly it is said that X is less than or equal with Y in the bivariate Laplace
transform (denoted by X <p;, Y) whenever Lx(s) > Ly(s), for all s € R2.

By Theorem 7.D.1. of Shaked and Shanthikumar [33], X <g;, Y gives X; <;, Y;,i = 1,2. The
reversed implication does not hold in the general case.

3. Characterization results using bivariate Laplace transform of inactivity times

In this section, the bivariate Laplace transform (2.9) is used to compare the inactivity times of non-
negative random pairs X = (X, X;) and Y = (Y}, Y¥>). Appealing to the notations introduced in (1.1),
(1.2) and (2.9), it can be seen that

Lx(s) = 1 = s1Ly, (s1) — 2L, (52) + 515:Lx(s), s; > 0,i=1,2, (3.1
in which oo e
Ly(s) = f f e TR (X xp) dxydx,. (3.2)
0 0

The bivariate Laplace transform of X, = (X, X,,,) is obtained here. Firstly, because of (3.1) the
Laplace transforms of X ,, and X,,, are acquired. The Eqgs (2.3) and (2.5) lead to expressions for (3.1)
and (3.2) as follows:

' !
f‘ e+s1x1F(x]’ )dx; f2 e+s2sz(t1, x2)dx,
0 * . 0
and Ly (s2) :=
et 1 F(ty, 1) 2 et 22 F(ty, 1)

Ly, (51) = (3.3)

AIMS Mathematics Volume 7, Issue 7, 13208—13224.
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The Laplace transform of the bivariate inactivity time is then obtained as

, T
fol eI (X1, )dx, foz emEl, w)dx,
Lx(s1,82) := 1 — s +s11 o e
) et F(1, 1)
11 ftz e+51xl+s2sz(xl, xZ)d)QXm
o Jo
. . (3.4)

Necessary and sufficient conditions for the Laplace transform ordering between X;, and Y;,,i = 1,2
are secured as follows:

Proposition 9. Let X and Y be two non-negative random pairs having joint CDFs F and G for which
the bivariate inactivity times are X = (X, Xo,) and Y = (Y14, You,), respectively. Then

't .
Let1MGxy h)dxy .

(i) Xi4, 21: Y1, for all t € R? if, and only if, %ﬁ is non-decreasing in t; > 0 for every
o €M L F (x1,12)dx
n>0.

) e+x X X X
(ii) Xo4, 21 Yo, for all t € R? if, and only if, M

Is non-decreasing int, > 0 for ever y
2 et$2 2 F(t1,x2)dx; 2 f
t > 0.

0

Proof. The proof of assertion (i) is only given, since the assertion (ii) can be proved similarly. For all
t; > 0,i=1,2 and for every s, > 0,

3
9 J, € MG(xy, n)dxy
_— ; =
on fol et N F(xy, )dx,

11
+ MG, 1) f ¢ F (. t)dn,
0
1]
+8511H +851X1
—e F(tl»t2)f e G(xy, t)dxy,
0

where £ indicates the equality in sign. Thus, one concludes for all #; > 0,i = 1,2 that

9 fot' e MG (xy, b)dx
on fotl et F(xy, h)dx,

>0,Vs >0,

if, and only if, for all t € R? (see, Eq (3.3))

t
fot] ePMF(x, n)dxy ) e Ga, p)dx
Ly (s1)= Z

X1 (s1) et F(t, 1) e™1G(ty, 1)

= L§1J1 (s1), ¥V 51 20.

This holds if, and only if, X;, >;, Yy, forallt e R2. O O

The main result of the paper is the following theorem.

Theorem 10. Let X and Y be two non-negative random pairs having joint CDF's F and G, respectively.
Then

X < Y if and only if, Xi; =1, Yi,i=1,2, forallteR2. (3.5)
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Proof. Firstly, itis shown that X;, >;, Y;,,i =1,2, forallte Ri is a sufficient condition to conclude
X <, Y. Foreveryi= 1,2, we have

. 1 . 1
Ly, () = —(1 = Ly, (s) and Ly, (s) = —(1 = Ly, (s)). (3.6)
By applying the Egs (3.6) and (3.3) and also using (2.6) we obtain

[ e G, n)dx, Gt n)Ly, (s1)

j(‘)ll et F(xy, t)dx, - F(1, l‘z)L;lJl (s1)
_ G, 1) =Gt 1) fom e fx,,, (x0)dx;
F(t1,1) — F(11, 1) f0+m e~ fy,, (x1)dxi
B G(t1, 1) - fotl et (%G(Xl, 12)) dx

- 1 P} B (3.7)
F(t, 1) = [} e (= F(xy, 1)) dxy
and analogously,
fotz e Gy, x)dx,  G(t, lz)LQZ_,Z(Sz)
fotz et F(t), xp)dx; - F(t, tZ)L;}Z,tZ (s2)
_ G, 1) =G, 1) fom e fx,,, (X2)dx;
F(t1,1) — F(11, 1) fom e fy, , (2)dx;
G(t.0) - ) e (LG(1y, x,)) dxz
= (3.8)

- t _
F(t,1) - foz e=s2(l2mx) (%F(ﬁ, Xz)) dx,

By Proposition 9, we deduce that X, >;, Y, forallt € Ri if, and only if, (3.7) is non-decreasing
in t; for every #, > 0 and for all s; > O and specially when s; — +o0, X, >;, Y, forallt € Ri
concludes that (3.7) is non-decreasing in #; for every #, > 0. In this framework, X, >;; Y,,, for all
t € R? holds if, and only if, (3.8) is non-decreasing in t, for every #; > 0 and for all 5, > 0 and in
particular when s, — +00, X,,, >;, Yy, forall t € Ri further implies (3.8) is non-decreasing in t, for
every t; > 0. For all s; > 0 and, also, for all t € Ri, we observe that

‘e—sl(l‘l—xl)l[xl <t] (iF(xl, lz))
8)61

0
< a—x]F(xl, ),

where B%F (x1,1,) is an integrable function for all t € R? because

+00 (9
f (—F(Xl,tz)) dxy = Fr()) £ 1 < +o0.
0 0x

The Lebesgue’s dominated convergence theorem concludes that

11 —+00

lim E(xy, 1)e 1" dx; = lim EQxy, 1)e T xy < 1]dx,

§1—+00 0 §1—>+00 0
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+00
= f lim &(x;, t)e '™ V[x, < t,]dx; = 0,
0 §1—+00

where £(x1, 1) = 7= F(x1,1,). Similarly,
1]

lim n(x1, t)e "1 dx, =0,

§1—+00 0

where n(x, 1) = aaTlG(xl, t,). Therefore,

G(t,t . .
X, 21, Y1, ¥Vt €R? implies that thl tzi is non-decreasing in #1,V t, > 0. (3.9
1542
In addition,
G(t,t . ..
Xo., 21, Yo, ¥Vt € R? implies that FEtl tzi is non-decreasing in f,, ¥V t; > 0. (3.10)
1,42

The Eqs (3.9) and (3.10) on the whole imply that X <, Y. To prove the reversed implication we
proceed as in the proof of Proposition 6. Suppose that X <, Y holds true. Fix #, > 0 and also fix
s1 > 0 as two arbitrary points. Define K and L as

(t1, x1) = K(t),x) = ™" [x; <], 01, % 20 and (xy,7) = L(xy,0),i=1,2,x >0,

respectively, in the way L(xy, 1) = F(xy, %) and L(x;,2) = G(x1,t,). By assumption, % is non-

decreasing in x; > 0. Hence, L is TP, in (x,i) € R, X {1,2} and also it is readily seen that K is also
TP, in (#1, x1) € R, X R,. By the general composition theorem of Karlin [17], fom K(t, x1)L(x, ))dx,
is TP, in (#1,1) € R, x {1,2}. The conclusion not being affected by the choice of #, > 0 and also by the
f(;l et 1M1 G(x1,t0)dx)
fo’l eI F(xy,t)dxq
By Proportion 9 (i), it follows that X, ,, >, Y, forall t € Ri. It is also acknowledged that X <,/ Y
implies that X, ,, >, Y»,,. Hence the theorem’s proof is closed. O O

choice of s; > 0, thus is non-decreasing in #; > 0, for all s; > 0 and for every t, > 0.

In Theorem 7.D.5 of Shaked and Shanthikumar [33] it was established that X >p;, Y, yields
Xi. =1, Yis,i = 1,2. Therefore, Theorem 10 further concludes that if Xy >p;, Y for all t € R? then
X <, Y. The converse implication is not, however, concluded and it may be questioned whether
X <, Y leads to X >p1; Y forall t € Ri. We want to show that this result is also valid without
imposing any further assumption which will be an interesting observation strengthening the results of
Theorem 10.

Proposition 11. Suppose that X and Y are non-negative pairs having joint CDFs F and G with the
bivariate inactivity times X = (Xi,,Xo,,) and Yo = (Y14, Y2y,), respectively. Then X <,,,, Y
implies X >p1, Y for all t € R3.

Proof. The proof obtains if we prove that Lx, (s) < Ly (s), for all s € Ri and for all t € Ri. Since
X <, Y thus by (3.5), X5, >, Y2, and, equivalently, 1 — szL§2’f2(sz) <1- szL§2’t2(sQ), forall t € R?
and for all s, > 0. This ordering condition is equivalent to

szL’;(m(s) - L;(u. (s1) < szL;t)(s) - L;Ul(sl), Vte Ri, Vs;>0,i=1,2. (3.11)
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The Eq (3.4) then fulfills the desired result. Let us develop that

1 (2
) fo etSITNNR EF(x x)dxydx
e+S111+S2[2F(t1 t2)

2 450X
— e—Sll‘l f[ e+S1X1 f() e 2F(xla x2)d.x2 F(X],IZ)d X
0 et F(xy, tp) F(t,1)

g F(x;,t
— e—sltl f e+slle ( 2) (-x19 2)d 1’
0 F(t,1)

where Xz’% = (,—X5lX; < x1, X, < £5) which is the first component of the inactivity time X in which
t* = (x1,1). Moreover, L)*(2 _(s2) 1s the Laplace transform of XZJZ, can be grasped by substituting (2.5)
”2

L;‘(m (s) =

by utilizing X5 ; into (3.3). Let us write

Ax(t,s) = L;;L,l (s1) — s2L§(0(s)

f()[l e””“F(xl , lz)dxl ftz +s1x1+szx2F(xl’ XQ)d)Czdxl
T emF(n,n) F(x1,1)
" F(x; fz)
= e %N f el = 5oLy (s2)) ~ ~dx,
0 Xas; F(t1,1)

f
— e—S1t1 fl e+51xl ( Z)F(XI’tZ)
0 F(t1, 1)

where Ly, .(s2) = E(e_szxz”i) for every s, > 0, and for every 7, > 0 and also for all x; > 0. By doing
"2
similar steps, we get

G(xy, lz)

G, 2)

where Yz,,; = (tr = 1»|Y; < x1, Y, < £5) which is the first component of Y in which t* = (x,1,). Now
in this modified setting, if we show that Ay(t,s) < Ax(t,s), for all t,s € R? then (3.11) is secured. Note
that X <, Y gives Xz,,; >1e Yz,,; for all x; > 0 and for every t, > 0. It thus follows that

71
Ay(t,s) = L;,u] (s1) — SzL;k((t)(S) — e SiN f e+s1x1L ( 5)
0

X <ymr Y implies Ly, ,(s2) < Lx, . (s2), Y x1 20, V15, ¥V 5, 2 0.
) 2

Furthermore,

) . G(x1, 1) F(Xb 1)
X<, Y | <0, Vx <t eR,, V1L, >0.
Swrhr T TMPHES G, ) F(t,n) . : " ?

Hence, it can be obtained that

1 G(xi,h) F(x1,5)
Ay(t,s) — Ax(ts) = | ey : ¢
v(t,s) — Ax(t,s) I} ¢ ( Yz-fz(SZ) G(t), 1) Xz’ (s2) F(tl,tz)) *

g G(x1,1)  F(xi1,1)
< —Sl(tl—xl)L . > _ ’ d
B j(; ¢ Xz’YZ(SZ) ( G(ti,)  F(t1,1) .

<0, forallt e Ri, for all s, > 0. O

O
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Theorem 10 and Proposition 11 on the whole concludes the following result as a characterization
property of the weak bivariate reversed hazard rate order using bivariate Laplace transform ordering of
inactivity time. The proof is simply obtained and hence we omit it.

Theorem 12. Let X and Y be two non-negative random pairs. Then
X <y Y if,and only if, X@) 2p1; Y,i = 1,2, forallte Ri. (3.12)

The result we obtained in Theorem 10 is useful to characterize the weak bivariate reversed hazard rate
order of X and Y via the weak bivariate mean inactivity time order applied to 15(X) = (e*¥1, e*2) and
175(Y) = (111, e21?) as two s-dependent random pairs on [1, +00).

Theorem 13. Let X and Y be two lifetime random pairs with CDFs F and G, respectively. Then,
X Swrhr Y lf’ and Only lf; Us(X) Svwmit Us(Y), for alls € Ri

Proof. Firstly, we show that X <, Y implies 75(X) <. 75(Y) for every non-negative pair s =
(s1, 52). If X <, Y and if we denote 7,,(a) = e™'“,a > 0 and n,,(b) = e’ b > 0, then since ns (a)
and 7,,(b) are increasing in a and b, respectively, thus it is not hard to conclude that ns(X) <7 175(Y)
and, as a result of Proposition 6, 175(X) <. 1s(Y). To prove the converse part of the theorem, assume
that 75(X) and 75(Y) have respective CDFs

1 1
Frx() = F(s—1 In(uy), - In(u,))

and . .
G ovy(W) = G(— In(uy), — In(uz)),
S1 52

where u = (uy,up) and u; € [1,+00),i = 1,2. If ny(X) <,mir 7s(Y) for every non-negative s = (s1, 57)
then

~ w fm F(é In(wy), é ln(MZ))d
m u) = W
LnsX) 1 F(5 Inuy), - In(uy)) 1

iy It 515 F(xy, é In(u2))

= f 1 1 dx
0 F(5; In(uy), §; In(uz))
fxllln(“l) 51t G(xy, - In(uy))

>
0

1

52

G(L In(uy), L In(u))

= (W), forallu; € [1,+c0),s € R? (4.3)

and, moreover,

102 F(iln(ul),éln(wz))d
u =
M), ,%) (W) vf1 F(éln(ul),iln(uz)) "

félz In(u) Sz€+s2x2F(s_11 ]n(ul), Xz)
b F(ﬁ In(u,), %2 In(u,))
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5 ) 5,022 G- In(uy), xp)
y fo G(L In(ur), £ In(u))
= my (W), forall u; € [1,+00),s € R, (4.4)
Let us take u; = e** where t; > 0,i = 1,2, then the Eq (4.3) implies that for all s, t € Ri

Ly,, (s1) = S—ﬁl,ns(X)(esm,esm) 2 Ly, (s1) = S—%l,ns(Y)(esltl, ™),
1 1

and, simultaneously, the Eq (4.4) for all s, t € Ri gives

* _ -~ syt st * — — sit $21;
Ly, (s2) = S—zmz,qs(X)(e et 2 Ly, (52) = S_sz,US(Y)(e ", e”?)
Therefore, an application of Theorem 10 guarantees the desired result. O O

Potential applications of stochastic orderings lie in the characterization of different reliability classes
of lifetime distributions (cf. Shaked and Shanthikumar [33]). Below, we give further descriptions of
some bivariate reliability notions in terms of the Laplace transform order of the inactivity time of X
and a characterization result for a bivariate decreasing reversed hazard rate (BDRHR) property.

The following class of bivariate distributions can be considered.

Definition 14. Let X be a random pair of lifetimes which has joint SF F, joint reversed hazard rate

function v = (r1x,rx). Then, X is said to have BDRHR property whenever W

increasingint; > 0(i = 1,2) foreverya = (a,,a;) € Ri or equivalently if, r;x(t, t) > rix(ti+ay, h+a,)
forallt; > 0 and for every a; > 0,i=1,2.

Is non-

Note that X(a) = (X; — a1, X, — a,) where a = (a;,a) € Ri has CDF F(t; + a;,1, + a») at the
point t = (#1, ;). Thus, from Definition 14, the distribution of X belongs to BDRHR class if, and only
if, X(a) <, X, for all a € R2. Let us denote by (X(a)), the bivariate inactivity time of X(a). It
is straightforward to see (X(a))y and X, are identical in distribution. From Theorem 12, it thus
follows that X has BDRHR property, if, and only if,

Xt = (1 +a1 =X, +a = Xo|Xy <1 + a1, Xo S th + a)
>pr (= Xi,th = XolX) <11, X, < 1) = X, forallt,aeR?:,
which, equivalently, holds if
Lx,..(8) < Lx,(s), forallt,a,se€R],

i.e., X has BDRHR property if, and only if, Lx,(s) is non-increasing in t for all s € R2. From
Theorem 10, it is realized that X has BDRHR property if, and only if,

Xitra, =it ai—XilXi <1+ a1, Xo < h + @)
> (6= XilX1 < 11, X0 <) =Xy, forallg,a; eRy,i=1,2,
which means that
LX;,;i(Si) (resp. L;(,-t.(si)) is non-increasing (resp. non-decreasing) in ¢;,i = 1, 2.

It is eventually concluded that the BDRHR property of a bivariate lifetime distribution is characterized
by the decreasing property of conditional and bivariate Laplace transform associated with the bivariate
inactivity time X, in terms of t = (¢, ).
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4. Conclusions

In this paper, two existing characterizations of the reversed hazard rate order using the Laplace
transform order and the mean inactivity time order in univariate cases in literature have been developed
to bivariate cases. There is another aspect to bivariate distributions compared to univariate distributions,
which is the dependence structure of a random pair with a bivariate distribution. The results
obtained in this work confirm that the dependence structure in random pairs does not matter when
the characterizations are made in bivariate cases. Considering bivariate inactivity times of a random
pair of lifetimes instead of inactivity times of single random lifetime is significant in the context of lost
lives, as the former provides an extended framework for the latter to be evaluated in a similar setting
where lifetimes are influenced by each other and give rise to some dependencies.

Future studies may determine possible generalizations of the characterization results in multivariate
cases. The concept of inactivity time could be defined for random lifetime vectors where the
dimensions of the lifetimes exceed two. Then using the multivariate Laplace transform and applying
it for comparison of inactivity time in higher dimensions we may be able to characterize multivariate
reversed hazard rate order and/or multivariate notions of lifetime distributions.
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