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1. Introduction

Iterated function system (IFS) has as a base, the mathematical foundations laid down in 1981 by
Hutchinson [13]. He proved that the Hutchinson operator defined on R* has a fixed point, a set in R¥
which is closed and bounded, known as an attractor of IFS [6]. This, according to [7], may be viewed
as a generalized version of the celebrated Banach’s contraction principle which we state below. The
importance of Banach contraction mapping principle [8] in the study of fixed point theory in metric
spaces cannot be overspecialized. Its vast range of applications, which include among others, iterative
methods for solving linear and nonlinear difference, differential and integral equations, attracted several
researchers to intensify and extend the scope of fixed point theory in metric spaces, see for example [1,
2,9,11,12,14,15,17,22,23]. Secelean [21] studied generalized countable iterated function systems on
a metric space and it was Nadler [19] who pioneered the research of fixed point theory in metric spaces
involving multivalued operators.

Our primary objective in this paper is the construction of a fractal set of generalized iterated
function system of a generalized contractions in a partial metric space. We observe that the
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Hutchinson operator defined on a finite family of contractive mappings on a complete partial metric
space is itself a generalized contractive mapping on a family of compact subsets of Y. By successive
application of a generalized Hutchinson operator, a final fractal is obtained and this shall be followed
by a presentation of a nontrivial example in support of the proved result.

Notations N, R*, R and R¥ will denote a set of natural numbers, a set of nonnegative real numbers,
a set of real numbers and a set of k-tuples of real numbers respectively.

Consistent with [18], we give the following preliminary definitions and results.
Definition 1.1. Let Y be any non-empty setand p : Y X Y — R* be a mapping. A pair (Y, p) is called a
partial metric space if for all #;,1,,1; € Y, the following properties hold:

(p1) t1 = nyifand only if p(t1, 1) = p(t, 1) = p(t2, 1),
(p2) pt1, 1) < p(ty, 1),

(p3) pt1, ) = p(tr, 1y),

(p4) p(t1, 1) + p(53,13) < p(ty, 13) + p(t3, ).

The mapping p is a partial metric on a non-empty set Y.

From the definition, we see that if p(¢, #,) = 0, then properties (p;) and (p,) imply that #; = #, but in
general, the converse is not true. An elementary example [3] is given by a partial metric space (R*, p),
with p(t,,1,) = max{t;, 1} for all ¢, 1, € R*.

Example 1.2. [3, 18] If Y = {[¢1, 2] : ¢1,¢2 € R, ¢ < ¢}, then p([p1, d2l, [¢3, $a]) = max{epy, da} —
min{¢, ¢3} which is a partial metric p defined on Y.

Following [18], a T, topology 7, on Y having as a base, a family of open p-balls {B,(t;,&) : 1| €
Y, e > 0} such that B,(t;,&) = {t € Y : p(t;,12) < p(t;,t;) + g} forall t; € Y and & > 0, is generated by
each partial metric p on Y.

Let p be a partial metric on Y. Then the mapping p* : Y X Y — R defined as p*(t,1,) = 2p(t1, 1) —
[p(t,t1) + p(t,1p)] for all 4,1, € Y, is a metric on Y [4].

Definition 1.3. [15, 18] Consider a partial metric space (Y, p). Then

(1) {#} is called a Cauchy sequence in Y if ) lim p(%,t,) exists and is finite.
,7]—)+00

(ii) (Y, p) is said to be complete if every Cauchy sequence {#} in Y converges to a point ¢t € Y with
respect to a topology 7, such that p(z,7) = klim p(ty, ).
— 400

(iii) A mapping & : X — X is continuous at a point uy € X if for each & > 0, there exists ¢ > 0 such
that A(B,(uo, ) € Bp(huy, &).

We shall denote by CB”(Y) [3], a collection of all closed and bounded non-empty subsets of the
partial metric space (Y, p).
For M,N € CB?(Y) and v € Y, define

pv, M) = inf{p(v,p) : p e M}, 6,(M,N) = sup{p(u,N) : ue Mj

and
0,(N, M) = sup{p(n, M) : . € N}.

Remark 1.4. [4] For a partial metric space (Y, p) and any non-empty set M in (Y, p),
p(u, ) = p(u, M) if and only if 1 € M.
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Furthermore M = M if and only if M is closed in (¥, p).
Let (Y, p) be a partial metric space, then for £, M € CB”(Y), define

H,(L, M) = max{6,(L, M), 6,(M, L)}.
Proposition 1.5. [3] Consider a partial metric space (Y, p). Then for all L, M, N € CB’(Y),
(a) H,(L, L) < H,(L M),
(b) H,(L, M) = H,(M, L),
(¢) Hy(L M) < Hy(L,N)+ H,(N, M) —infyen p(, 7).

Corollary 1.6. [3] Consider a partial metric space (Y, p), then
H,(L, M) = 0 implies that £ = M

for L, M, N € CBP(Y).
Based on Proposition 1.5 and Corollary 1.6, we shall refer to the mapping

H, : CBP(Y) x CBP(Y) — [0, ),

as a partial Hausdorff metric induced by p.
Definition 1.7. [3] Let (Y, p) be a partial metric space and C” C Y. Then C? is said to be compact if
every sequence {v,} in C” contains a subsequence {v,.} which converges to a point in C”.

Note that closed and bounded subsets of an Euclidean space R* are compact. Similarly, every finite
set in R* is compact. The half-open interval (0, 1] € R is an example of a set which is not compact
since {1, % 21—2, ...} € (0, 1] does not have any convergent subsequence. Similarly the set of integers, Z
is not compact subset of R.

Consider a partial metric space (Y, p) and denote by C”(Y) the set of all non-empty compact subsets
of Y. For M, N € CP(Y), let

H,(M, N) = max{sup p(n, M), sup p(u, N)},

neN HeM

where p(t, M) = inf{p(t,u) : u € M} is a measure of how far a point ¢ is from the set M. Such a
mapping H, is referred to as the Pompeiu-Hausdorff metric induced by the partial metric p. (C”(Y), H),)
is a complete partial metric space, provided (Y, p) is a complete partial metric space.

Lemma 1.8. Let (Y, p) be a partial metric space. Then for all K, L, M, N € CP(Y), the following
conditions are true:

(a) If L € M, then sup p(k, M) < sup p(k, L),
keK ke

(b) sup p(y, M) = max({sup p(k, M), sup p(£, M)},
teKUL ke teL

() Hy(K UL MUN) <max{H,(K, M), H,(L, N)}.
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Proof. (a) Since £ C M, for all k € K, we have

pk, M) inf{p(k, ) : pp € M}

inf{p(k,€): t € L} = p(k, L),

IA

this implies that

sup p(k, M) < sup p(k, L).
keK keK

(b) Note that

sup p(t, M)
teKUuL

sup{p(t, M) :te KU L}

= max{sup{p(, M) :t € K},sup{p(t, M) : t € L}}
= max{sup p (k, M), sup p (¢, M)}.

keK teLl
(c) We note that
sup p(t, MUN)
teKUL

< max{sup p(k, MU N), sup p(¢, L U N)} (from (b))

keK tel
< max{sup p(k, M), sup p({, N)}  (from (a))

keK teL
< max {max{wp p(k, M), sup p(m, K)}, max{sup p(¢, N), sup p(1, 13)}}

keK meM tel neN

= max{H, (K. M), H,(LN)].

Similarly,

sup p(v, LUK) < max {H, (K, M), H,(L.N)}.
veNUM

Hence, it follows that

Hy(KULNUM)

max { sup p(v,KU L), sup p(t, MU N)}

ve LUN teKUC

IA

max {H, (K. M), H,(L.N)}. O

Theorem 1.9. [18] Consider a complete partial metric space (Y, p) and let & : ¥ — Y be a contraction
mapping such that, for any 4 € [0, 1),

p (hty, hty) < Ap(t, 1),

is true for all 1,1, € Y. Then there exists a unique fixed point u# of /4 in Y and for every v, in Y, the
sequence {vo, hvo, h*v, ...} converges to the fixed point u of A.

The following result shows the existence of multivalued contraction mapping with domain of sets.
Theorem 1.10. Consider a partial metric space (Y, p) and let &7 : ¥ — Y be a contraction mapping.
Then
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(a) 7 maps elements in C”(Y) to elements in C”(Y).

(b) If for any M € CP(Y),
h(M) = {h(t)) : t; € M},

then i : CP(Y) — CP(Y) is a contraction mapping on (C?(Y), H),).

Proof. (a) We know that every contraction mapping is continuous. Moreover, under every continuous
mapping h : Y — Y, the image of a compact subset is also compact, that is, if

M € CP(Y) then h(M) € CP(Y).
(b) Let M, N € CP(Y). Since h : Y — Y is contraction, we obtain that

p(hty, h(N)) = inf p(hty, hty) < Ainf p(t1,1) = Ap (11, N).
neN neN

Also
p (hty, h(M)) = inf p (htr, hty) < A inf p(tr, 1) = Ap (tH,, M).
HeM HemM

Now

Hy, (h(M), h(N)) max{sup p(hty, h (N), sup p(ht>, h (M))}

HemM heN
< max{A sup p(t;, N), Asup p(t,, M)} = AH, (M, N).
HeM neN

Thus, A satisfies
H,(h(M),h(N)) < AH, (M, N)
forall #,1, € CP(Y), and so h : CP(Y) — CP(Y) is a contraction mapping. O
Theorem 1.11. Consider a partial metric space (Y, p). Let {h; : k = 1,2, ..., r} be a finite collection of

contraction mappings on Y with contraction constants A, A5, ..., 4,, respectively. Define ¥ : C(Y) —
CP(Y) by

YM) = hiM)Uhy(M)U - -- U h (M)
= U]’;:]hk(M)9
for each M € CP(Y). Then ¥ is a contraction mapping on C”(Y) with contraction constant
A = max{A;, A, ..., 4,}.

Proof. We illustrate the claim for r = 2. Let h,h, : Y — Y be two contractions. We take M, N €
CP(Y). Using the result from Lemma 1.8 (c), we have

H,(¥(M), ¥(N))

Hy,(hi(M) U hy(M), hi(N) U hy(N))
max{H,(hi (M), hi(N)), H,(ha(M), ha(N))}
max{A;H,(M, N)), 1,H,(M, N))}

AH, (M N),

IANIA A

where A = max{4;, A,}. O
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Theorem 1.12. Consider a complete partial metric space (Y, p) and let {h; : k = 1,2, ...,r} be a finite
collection of contraction mappings on Y. Let a mapping on C”(Y) be defined by

YM) = hi(M)Uhy(M)U---U h.(M)
= Ujrczlhk(M),

for each M € C?(Y). Then
() ¥Y:CryY) — Cr (Y,
(ii) ¥ has at most one fixed point U; € C?(Y), this means that U, = ¥ (U;) = U_ i (U));

(iii) for any initial set M, € C?(Y), the sequence
{MO’ v (MO) ’ \I]Z (MO) ’ }
of compact sets is convergent and has a fixed point of ‘P’

Proof. (i) From the definition of ¥ and Theorem 1.10 the conclusion follows immediately since each
hi is a contraction. (ii)) ¥ : CP(Y) — CP(Y) is a contraction too, by Theorem 1.11. Thus if (¥, p) is a
complete partial metric space, then (CP(Y), H,) is complete. As a consequence, (ii) and (iii) may be
deduced from Theorem 1.10. O

Definition 1.13. Let (Y, p) be a complete partial metric space. If b, : Y — Y, foreachk = 1,2, ...,r are
contraction mappings, then {Y; h;, k = 1,2,--- ,r} is called an iterated function system (IFS).
Definition 1.14. [20] Let M C Y be a non-empty compact set, then M is an attractor of the IFS if

(1) Y(M) = M and
(ii) there exist an open set V; C Y such that M C V; and klim YE(N) = M for any compact set

—+00

N C V,, where the limit is taken with respect to the partial Hausdorff metric.

Thus, the maximal open set V; such that (ii) is satisfied is referred to as a basin of attraction.
2. Generalized ilterated function system

Some results on a generalized iterated function system for multivalued mapping in a metric space
may be found in [10]. In this section, we define the generalized iterated function system in the setup
of partial metric spaces. We begin with the definition of a generalized contraction self-map which will
be followed by some preliminary results.

Definition 2.1. Let (Y, p) be a partial metric space and &, g : Y — Y be two mappings. A pair (4, g) is
called a generalized contraction if
p(ht, gty) < Ap (1, 1))

forall 7,1, € Y, where A € [0, 1).
Theorem 2.2.Let (Y, p) be a partial metric space and /, g : Y — Y be two continuous mappings. If the
pair (A, g) is a generalized contraction with A € [0, 1), then

(1) the elements in C”(Y) are mapped to elements in C”(Y) under 4 and g;
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(2) if for any U € CP(Y), the mappings &, g : CP(Y) — CP(Y) defined as

h(U)
g)

{h(t;) : t; € U} and
{g(t)) : 1, € U},

then the pair (h, g) is a generalized contraction on (C?(Y), H,).

Proof. (1) Since h is a continuous mapping and the image of a compact subset under a continuous
mapping, & : Y — Y is compact, then

U € CP(Y) implies that h(U) € CP(Y).

Similarly, we have
U € CP(Y) implies that g(U) € C?(Y).

(2) Let M, N € CP(Y). Since the pair (h, g) is a generalized contraction, then
p(hty,gt;) < Ap (t1, 1) forall ty,v ey,

where A € [0, 1).
Thus, we have

p (hty, g (V)

inf p (hty, gt,)
HheV

inf /lp (l’] y lz)
nev

IA

Also

p(gv,h(U))

inf p (hty, gt))
nelu

IA

inf /lp (tr, 11)
teu

Now

H,(h(U),g((V)) max{sup p(hty, g (V)), sup p(gtz, h (U))}

el hevV
max{sup Ap(t;, V), sup Ap(t2, U)}
telU nevV

= max{Asup p(t;, V), Asup p(t,, U)}

nheU heB

IA

= Amax{sup p(t;, V), sup p(t,, U)}

HelU neV

= AH,(U.V).

Consequently,
H,(h(U),g(V)) < AH, (U, V).
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Hence, the pair (&, g) is a generalized contraction mapping on (C”(Y), H,). O
Proposition 2.3. Consider a partial metric space (Y, p). Suppose that the mappings #;, g, : Y — Y for
k=1,2,---,rare continuous and satisfy

p (hity, git2) < Akp (11, 1) forall 1,1, €7,

where 4; € [0, 1) for each k € {1,2,--- ,r}. Then the mappings ¥, ® : C*(Y) — CP(Y) defined as

YU) = mU)UhU)U---Uh(U)
= U_m(U) foreach U € C’(Y)

and
OU) = s(U)UgU)U---UgU)

U_,8x(U) for each U € C*(Y)

also satisfy _
H,(YU,®V) < AH, (U, V) forall U,V € C'(Y),

where A = max{d; : k € {1,2,...,r}}. Then the pair (¥, @) is a generalized contraction on C” (Y).
Proof. We shall prove the result for r = 2. Let hy,h;, 81,8, : Y — Y be two contractions. For
M, N € CP(Y) and using Lemma 1.12 (c¢), we have

H,(¥Y (M), d(N)) H,(hi (M) U hay(M), 81(N) U g2(N)
max{H,(hi(M), g1(N)), H,(ho(M), g2(N))}
max{A;H,(M,N), L,H,(M, N)}

AH, (M, N). O

IANIA IA

Definition 2.4. Consider a partial metric space (Y, p) with the mappings W, ® : C”(Y) — CP(Y). A pair
of mappings (¥, @) is called

(1) A generalized Hutchinson contractive operator if a constant 4 € [0, 1) exists such that for any
M, N € CP(Y), the following holds:

H, (¥ (M),D(N)) < AZy (M, N),
where

Zyo(M,N) = max{H,(M,N),H,(M,¥ (M), H,(N, D (N)),
H,,(M,(D(N))+H,,(N,‘P(M))}
> .

(2) A generalized rational Hutchinson contractive operator if a constant A, € [0, 1) exists such that
for any M, N € C?(Y), the following holds:

H, ¥ (M), 2 (N)) < L.Ryo(M,N),
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where

H,(M, ® (N1 + H,(M, ¥P(M))]
2(1 + H, (M, N)) ’
H,(N,® (N[ + H,(M,¥(M))]
1+ H,(M,N) ’
H,(M,N)[1 + H,(M,¥ (M))] }
1+ H,(M,N)

Rly,q)(M, N) = max {

Note that if the pair (¥, @) defined as in Proposition 2.3 is generalized contraction on C? (Y), then
the pair (W, @) is a generalized Hutchinson contractive operator but the converse is not true.
Definition 2.5. Let (Y, p) be a complete partial metric space. If iy, g : Y — Y, k= 1,2,...,r are
continuous mappings such that each pair (4, gx) for k = 1,2,...,r is a generalized contraction, then
{Y; (he, g),k=1,2,--- ,r}is called a generalized iterated function system (GIFS).

Definition 2.6. Let M C Y be a non-empty compact set, then M is a common attractor of the GIFS if

1) YM) = (M) = M and
(ii) there exists an open set V| C Y such that M C V; and klim YHN) = klim ®*(N) = M for any
—+400

—400

compact set N' C V, where the limit is taken with respect to the partial Hausdorff metric.

Thus the maximal open set V; such that (ii) is satisfied is referred to as a basin of common attraction.
3. Main results

In this part, we state and prove some results on the existence and uniqueness of a common attractor
of generalized Hutchinson contractive operators in the setup of partial metric space. We start with the
following main result.

Theorem 3.1. Let (Y, p) be a complete partial metric space and {Y; (i, gx),k = 1,2,--- ,r} be a the
generalized iterated function system. Let ¥, ® : C”(Y) — C?(Y) be defined by

YM) = Ui M),

and
O(N) = Up_ 1 8(N)

for each M, N € CP(Y). If the pair (¥, @) is a generalized Hutchinson contractive operator, then ¥ and
® have a unique common attractor U; € C”(Y), that is,

U =Y(U)=0U).
Furthermore, for an arbitrarily chosen initial set M, € C?(Y), the sequence
{MO9 Y (MO) ) oY (MO) ) Yoy (MO) 5 }

of compact sets converges to the common attractor U; of ¥ and ®.
Proof. Choose an element M, randomly in C?(Y). Define

M =YMy), Mz =¥ (M), ... Mae1 =¥ (M)
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and
My = d(My), My = O (Ms), ..., Marsa = © (Mags1)
forke{0,1,2,..}.
Now, as the pair (¥, ®@) is generalized Hutchinson contractive operator, we have

H,(Mor1, Marsa) = H,(¥ (M), ® (Moysr))
AZy o (Mg, Moii1)

IA

where

Zyo Moy, Mars) = max{H,(Mag, Mos1), Hy (Mog, ¥ (M)
H, (Maps1, © (Mos1)),
H, (Mo, ® (Moi1)) + Hy, (Mo, ¥ (M)
2
= max{H,(Mox, Mo1), H, (Mo, Moks1)
H, (M1, Mogsa)
H, (Mo, Mogio) + Hy (Mo, M2k+l)}
2
maX{Hp(MZk’ Moii1), Hp (Moks1, Mogsa) s
H, (Mo, Mogir) + Hy (Mo, M2k+2)}

2
= max{H, (Mo, M) , Hy (Mori1, Masn)}

}

IA

Thus, we have

Hp(M2k+l M) <04 maX{Hp (Mo, Marsr) Hp (Moks1, Mosa)}
= /al (Mar, Marsr) .

Also,
Hp (M2k+2, M2k+3) = Hp (M2k+3’ M2k+2)
= H,(Y Muus2), ® (Maii1))
< Ay o Moo, Marir)
where

Zyo (M2, Mogs1) = max{H p(M2k+2’ M), H p (Moks2, ¥ (Mois2))
H, M1, ® (Mos1))
H, (M2, © (Ms1)) + Hy, (Mo, ¥ (Moss2)) \
2
= max{H,(Mos2, Mors1), Hy, (Morsa, Mors3) ,
H, (Mops1, Mogsa)
H, (Mapio, Mogsa) + Hy (Mg, M2k+3)}
2
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< max{H,(Mois2, Mogs1), H, (Moo, Morss)
Hy, (M1, Mogo) + Hy (Moo, M2k+3)}

2
= max{H P (Mokso, M), H P (Moks2, Mori3)}.

Thus, we have

Hy(Mokiz, Marsz) < Amax{H, (Marsa, Mogir) s Hy (Mg, Mori3)}
= AH, Moo, Mogsr) -

Therefore, for all k € {0, 1, 2, ...}, we have

A

H,(Mis1, Miia) < AH, (M, Miy1)
XH, (M1, Mi)

IA

IA

A H, (Mo, My).

IA

Now, we have for [ > k, with k,1 € {0, 1,2, ...},

H, M, M) < H, (M, Miw)) + Hy, (M, Mia) + -+ + Hy (M, M)

— inf  p(myr,me) —  inf p(mygs, Myyn) —
Mi+1 e/\/(1<+I mk+2€Mk+2

<= inf - p(my_y, my_y),
mi_1€EMi—1

IA

[+ A+ AT H, (Mo, M),

= A +A+ 2+ + ANH, (Mo, M),
/lk

1-A4

IA

Hp (MOa Ml)

and so k}im H, Mg, M) = 0. Thus {M,} is a Cauchy sequence in C”(Y). Since (C*(Y),H,) is a
J—+00
complete partial metric space, there exists U; € CP(Y) such that klim M, = U, that is,
—+00

khm Hp (Mk, Ul) = khm Hp (Mk,Mk+1) = Hp (Ul, Ul) and SO, w€ have khm Hp (Mk, Ul) =0.
—+00 —+00 —+00
To show that ¥ (U;) = U;, we have

H,¥Y(U)),U;) < H,(Y(U)),® (M) + Hy(® (Mys1),Uy)

— inf  p(myger, Mogsr),
mog1€EMais1

< AZyo (Ui, Moisr) + Hy (Morin, Ur)

— inf  p(magsr, Mogs1)
Mo+ €EMakt

forall k € {0, 1,2, ...}, where

Zyo (Ui, M) = maX{Hp(Ul,M2k+1),Hp(U1,‘P(Ul)),Hp(MZkH,CD(MzkH)),
Hy(Uy, ® (Moyi1)) + Hp(M2k+17\P(U1))}
2
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— inf  p(mags1, Mogs1)
M1 EMoks1

= maX{H[J(Ul» Moii1), Hp(Ula ¥ (Uy)), Hp(M2k+1a Moii2),
H,(Uy, Myin) + Hp(M2k+1,\IJ(U1))}
2

— inf  p(mager, Mojsr).
mog1€EMais1

Now, we examine the following cases:
(D) If Zy o (U, Maiy1) = Hy(U1, Myii1), then

H,(‘Y(Uy),Uy)

IA

AH, (Ui, Mogs1) + Hy (Moo, Uy) = inf p(moger, Moger)

moj+1€EMoks

AH, (Ui, Mog) + Hy, (Moisr, Uy),

IA

which together with our taking the limit as k — +oo, gives
H,¥U,),U,) < AH,(U,,Uy) + H, (U}, Uy),

and we get H,('¥ (U,),U,) =0, thatis, U, = ¥(U,).
(2) Provided Zy o (U1, Myri1) = Hp(Uy, 'Y (Uy)), then

H,¥Y(U,),U;) < AH,(U,¥Y (U))) + H, Moz, Uy) — 12{4 P(Moiiy, Mogi)
M2k+1 2k+1
AH, (U, Y (UY)) + H, (Mogan, Uy),

IA

that is,

1
H,¥(U,),U)) < me (Mogsa, Uy),

which together with our taking the limit as k — +oo implies that H,(¥ (U,),U;) < 0 and so U, =
Y(Uy).
(3) In the case of Zy ¢ (U1, Mok+1) = Hy(Mojs1, Marsa), we get

H,(U;,®(Uy))

IA

AH,(Mogs1, Mogso) + Hy (Moisa, Uy = inf p(moger, mogsr)

Mo+1€EMoks1

AH ,(Mois1, Moksn) + Hy (Morin, Uy,

IA

which together with our taking the limit as k — +oco implies that U, = ¥ (U,).
H,(U,M + H,(Mys1, ¥ (U
@)1 Zyo (Uy Magsy) = (Ui, Maoiso) : »(Mojs1, P ( 1)), then

A
H,(U,¥Y(U,)) < E[Hp(UlaM2k+2) + H,(Myyr, ¥ (U1))]
+H, (Mypso, Uy) = inf  p(mogyr, Mogsr)
mogr1€EMogs1
A
< E[Hp(Ul’M2k+2) + H,(Moyi1, Uy) + H,(Uy, ¥ (U)))
—inf p(u,u)] + H, Moz, Uy) = inf  p(mogsr, moks1)
uelU, mog+1€EMogs1
A
< z[Hy(Up, Mars2) + Hy(Marir, Uy) + H, (U, Y (UY))]

2

AIMS Mathematics Volume 7, Issue 7, 13074-13103.



13086

+H, (Mosa, Uy),

which together with our taking the limit as k — +oco, we get
A
H,(U;,¥Y(Uy)) < EHp(UlalP(Ul)),

giving us H,(U,,¥ (U;)) =0,and so U; =¥ (U,).
Thus, from the above cases, U is the attractor of V.
In a similar manner, we have

H,(U.,®(Uy) < H,(Uy, Mapsr) + H,(Mopyr, @ (Uy))

— inf  p(mogsr, Mmogs1)
M1 €EMoks

= H,(Ui, Mys1) + H,(Y (M), @ (Uy))

— inf  p(mager, Mmoys1)
Mo+ 1€EMoks

H,(Uy, Mos1) + Ay o (M, Uy)

— inf  p(mager, Mogsr),
M1 €EMoks

A

IA

where

Z‘P,CD (MZk’ Ul )

max{H,(My, Ur), H, My, ¥ (M), H, (U, @ (Uy)),
H, My, ®(U,))+ H, (U, ‘P(Mzk))}

2
= maX{Hp(Mzk, Ul)aHp (Mo, Morsr) JH, (Ui, @ (Uy)),

H, My, ®(U))) + H, (UI’MZkH)}
5 .

Now, the following cases arise:
(D) If Zg o (Mo, Uy) = H,(My, Uy), then

A

H,(Uy,®(Uy) < Hy(Uy, Myy1) + AH,(My, Uy) — mw%g@kﬂ P(Mapi1, Mojy1)
< H,(Ui, Moir) + AH,(My, Uy),
which together with our taking the limit as k — +oco, gives
H,(U,,®(Uy) <H,(U,Uy) +AH, (U, U,),

and we get H,(U;, @ (U,)) = 0, that is, U; = ®(U)).
(2) For Zy o (Mo, Uy) = H, (Mo, Moi1) , then

H,(U;,®Uy) < H,(Uy, Myy1) + AH, Moy, Mory) = inf - p(mogyr, mogi1)

mop+1 €EMoks1

H,(Uy, Mogsr) + AH, (Mg, Moiir)

IA

which together with our taking the limit as k — 400, we have

H,(U,,®(Uy) < H, (U,,Uy) + AH, (U, Uy),
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which implies that H,(U,,® (U;)) < 0and so U; = ® (U)).
(3) In the case of Zy o (M, Uy) = H, (U, @ (Uy)), we get

A

H,(U,,®U,)) < H,(U, Mys1) + AH, (U, ®(Uy)) — inf  p(mapsr, Mojsr)

M+ 1€EMogr1

< H,(Ui, M) + AH, (U, @ (Uy)),

that is,
H,(U;,®(Uy)) <

1 _ /al(Ul ’ M2k+1)7

which together with our taking the limit as k — +oo0, we can write H,(U,,® (U,)) < 0 and so U; =
o).

H , O (U H,(U,, .
4 If Zy o My, Uy) = p Mo, @ (U)) + Hp, (Uy, My 1)’

th,
2 en

H,(U;,®(Uy))

IA

A
H,(Uy, Mogsr) + 5 [Hp My, @ (Uy)) + H, (Ul,M2k+1)]

— inf  p(mager, Mogs1)
Mg+ 1 €EMakr1

A
H,(Uy, Mogsr) + E[Hp (Mo, @ (Uy)) + H, (M, Uy)
+H, (U, ®(Uy)) - ulenUfl p(u,u) + H, (U, Moi1)]

IA

— inf  p(mager, Mogsr)
mo+1€EMokst

A
H,(Uy, Mopsr) + E[Hp (Mo, @ (Uy)) + H, My, Uy)
+H, (U, ®(Uy)) + H, (Ui, M)l

IA

which together with our taking the as k — +oo implies

A
H,(U;,®Uy) < H,U,,U)+ E[Hp (Ui, @ Uy) +H,(U;,Uyp)
+H, (U, ®(Uy)) + H, (U, Uy)]
/al (U19(I)(Ul))’

giving us H,(U;,® (U,)) =0andso U, = ¥ (U,).

Thus U, =¥ (U;) = ®(U,), which means that U, is the common attractor of ¥ and ®.

Now, to establish the uniqueness of the common attractor, let U, be another common attractor of ¥
and @. Since the pair (¥, @) is generalized Hutchinson contractive operator, we have

H,(U,, U,) H,(¥ (U,),® (U,))
A maX{Hp(Ula UZ)a Hp(Ub b4 (Ul))7 Hp(U27 () (U2))a
H,(Uy, @ (U) + Hy(Up, ¥ (Ul))}

2
/lmaX{Hp(Ul’ UZ)’Hp(Ula Ul)’Hp(UZ’ U»),
H,(Uy,U>) + Hy(U>, Uy)

2

IA
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< AH,(U;,U,),

and so (1 - VYH,(U,,U,) < 0, thatis, H, (U;,U,) = 0 and hence U; = U,. Thus U; € CP(Y) is a
unique common attractor of ¥ and ®@. O

Theorem 3.2. (Generalized Collage) Let (Y, p) be a complete partial metric space. For a given
generalized iterated function system {Y;hy, h,..., h,; g1, g2...., g} Which have contractive constant A €
[0, 1) and for a given &€ > 0, if for any M € CP(Y), we have either

H,(M, ¥(M)) < &,

or
Hy(M, D(M)) < &,
where ¥Y(M) = U;_, (M) and ®(M) = U;_, gx(M). Then,

£
1-

H,(M,U)) <

where U, € CP(Y) is a common attractor of ¥ and ©.
Proof. It follows from Proposition 2.3 that the mappings W, ® : C?(Y) — CP(Y) satisfy

H,(\¥ (U), (V) < AH,(U,V) for all U,V € CP(Y).
From Theorem 3.1, there exists a unique common attractor U; € C”(Y) of mappings ¥ and @, that
iS, U1 = \P(Ul) = q)(Ul)
In addition, for any Ny € CP(Y), a sequence {N;} defined by Nory1 = W (Nar) and Nogio = @ (Nor1)
fork=0,1,2, ..., we have

kl_i){rﬂw H,(Y(Nyw),U)) = kg{rllw H, (®(Ny+1),Up) =0.

Assume that H,(M, ¥(M)) < & for any M € CP(Y), one can write

HyM.UD < Hy(M M) + Hy(¥OM), OW)) = inf plm.m)
< &+ /IHP(M, U]),
which further implies that
e
H < .
p(M’ Ul) 1= 1

In a similar manner, by assuming that H,(M, ®(M)) < ¢ for any M € C?(Y). Then,

A

H,M,Uy) < H,(M,OM)) + H,(dM), ¥ (U))) - meig(fM) p(m,m)
&+ AH, (M, U)),

IA

implies
P &
HP(M, U) < m O
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Remark 3.3. If we take in Theorem 3.1, S”(Y) the collection of all singleton subsets of the given space
Y, then SP(Y) C CP(Y). Furthermore, if we take a pair of mappings (h, gx) = (h, g) for each k, where
h = h; and g = g, then the pair of operators (¥, ®) becomes

(Y 1), @ (2) = (h(y1), 8 (12)) .

Consequently, the following common fixed point result is obtained.
Corollary 3.4. Suppose {Y; (h, gu),k =1,2,---,r}is a generalized iterated function system defined
in a complete partial metric space (Y, p) and define a pair of mappings 4, g : ¥ — Y as in Remark 3.3.
If some A € [0, 1) exists such that for any yy, y, € Y, the following condition holds:

p (hy1, 8y2) < AZy ,(y1,¥2)s

where
PO, gy2) + p(y, hyy)

2 b

Then / and g have a unique common fixed point # € Y. Furthermore, for any u, € Y, the sequence
{ug, hug, ghuy, hghuy, - - - } converges to the common fixed point of / and g.
Corollary 3.5. Let{Y; (I, g,k =1,2,---,r} be a generalized iterated function system defined in a
complete partial metric space (Y, p) and (hy, gx) for k = 1,2, ..., r be a pair of generalized contractive
self-mappings on Y. Then the pair (¥, ®) : C”(Y) — CP(Y) defined in Theorem 3.1 has at most one
common attractor in C? (Y). Furthermore, for any initial set M, € CP(Y), the sequence
My, DY (M) , YOV (M,), - - - } of compact sets has a limit point which is the common attractor of ¥
and O.

The following example shows the validity of Corollary 3.5.
Example 3.6. Let Y = [0, 10] be endowed with the partial metric p : ¥ X Y — R* defined by

Zyoe(y1,y2) = max{p(yi, y2), p(y1, hy1), p(y, &y2),

1 1
p(yi,y2) = 2 max{yi,y2} + Zlyl — y| forall y;,y, € Y.

Define iy, h, : Y —> Y as

10 -
h(y) = Y forally € ¥,
_ -y
h(y) = forallye Y
and g1,g8,: Y > Yas
5_
@ () = Y forally € ¥,
+4
gy = y24 forally e Y.

Now, for y;, y, € Y, we have

1
phi(y).g (2)) = =z max 3 3

{10—y1 15—y2}+1'10—y1 15—y2
2

3 3 4
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11 1
= 3 [5 max{10 —y;, 15 - y,} + 1 (10 = y1) = (15 + y)|

IA

Aip i, y2),

1
where 1; = =.

Also, for yy,y, € Y, we have

1 {16—)11 y2+4}+1'16—y]_y2+4‘

p(ha(y1),8 () = EmaX 7 4 2 1 1
111 1
= Z[zmaX{16—y1,)’2+4}+Z|(16—)’1)—()’2+4)|
< bpOLya),

1
where 1, = —.

Consider the generalized iterated function system {Y; (A, g) , (h2, g2)} with the mappings ¥, @ : C?
(Y) = CP(Y) given as

P, ) (U) = (h1,81) (U) U (hy, g) (U) forall U € CP (Y).
By Proposition 2.3, for M, N € C? (Y), we have
H, (M), O(N)) <A'H,(M,N),

here 1 11 1
where A* = max{—,— = —.
3°4 3

Thus, all conditions of Corollary 3.5 are satisfied. Moreover, for any initial set M, € C?(Y), the
sequence

{MO’ b4 (MO) s oY (MO) s Yoy (MO) [ }
of compact sets is convergent and has a limit point which is the common attractor of ¥ and ®. O

The following result shows the existence of unique common attractor of generalized rational
Hutchinson contractive operators in partial metric space.
Theorem 3.7. Consider a complete partial metric space (Y, p) and the generalized iterated function
system given as {Y; (h, gx). k= 1,2,--- ,r}. Let ¥, @ : C?(Y) — C?(Y) be defined by

YM) = U (M)

and
O(N) = Uy_ g(N),

for each M, N € CP(Y). If the pair (¥, ®) is generalized rational Hutchinson contractive operator, then
Y and ® have a unique common attractor U; € CP(Y), that is,

U =% (Uy) =0U).
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Furthermore, for arbitrarily chosen initial set M, € C?(Y), the sequence
Mo, ¥ (My) , @Y (My) , YO¥ (M), - - - }

of compact sets converges to a common attractor Uj.
Proof. Let M, be arbitrarily chosen in C”(Y). Define

M =Y (M), Mz =Y My), -, Ma1 =¥ (M)

and
My = O(My), My=D(Mj3), -+, Mogso = © (Moys1)
forke{0,1,2,---}.

Now, since the pair (P, @) is a generalized rational Hutchinson contractive operator, we have

H,(Mopsr, Mara) = Hp(¥ (M), © (Mosr))
ARy o (Mg, Moji1)

IA

fork €{0,1,2,---}, where

Ry o (Mo, Mogy1) =

max {Hp(Mzk, D (Mo + H,(Moi, ¥ (M )]
2(1 + H, Mok, Mari1)) ’
H,(Mais1, ® Mo + H,(Mor, ¥ (Ma))]
1 + H,, (Mo, Mogs1) ’
H,(Mog, Mo DI + H,(Mor, ¥ (May))] }
1+ H,(Ma, Mois1)
_ max {Hp(MZk’ Mo + Hy,(Mo, Mojir)]
2(1 + H, Mok, Mos1)) '
H,(Mops1, Morao)[1 + Hy(Mog, Moiir)]
1+ H, (Mg, Mors1) ’
H (Mo, Moo D1 + Hy(My, M2k+l)]}
1 + H,(Ma, Mosr)
H (Mo, Mars2)

2
H (Mo, Mori1)}

H (Mo, Moisa)
2

= max{

s Hy (M1, Marsa),

= max{

s H (Mo, Maii))-

Thus, we have

IA

A
Hy(Mojei1, Mogsa) ?[Hp(MZk’ M) + Hy(Mogsr, Mogso)

— inf  p(mygr, moger)]
Mok+1eMyyyy

As
< ?[Hp(MZka M) + Hy(Moji1, Maiaa)1,
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that is,
Ay

H,(Moji1, Maria) < DY

H (Mo, Mors1)

A
and for n, = 1 < 1, we have

H,(Mais1, Marsa) < n.H,(Mog, Mosr)

forall k € {0, 1,2, ...}. Therefore for k < [, with k,[ € {0, 1,2, ...}

H,(Mi, M) < Hy(M, Mir) + Hy(Mier, Migo) + -+ + H,(Mi_j, M)
— inf Mysq, M — inf My, M -
o DMy, Myir) it DMy, M)

--— inf me_1, my_1),
Moy P( -1, M_1)
< iH (Mo, My) + 77 Hy (Mo, My) + -+ + 1 H (Mo, My),
< [+ e+l H, Mo, M),
< A+ ne 4+ -+l H, (Mo, M),
k
n.
< HP(MO’MI)-

*

By convergence towards O from the right hand side, we get H, (M, M;) — 0 as k,I — +oo.
Therefore { M,} is a Cauchy sequence in C”(Y). But (C”(Y), H,) is complete, we have M, — U, ask —
+o0o0 for some U; € CP(Y), in other words, kl_l)lgo H, My, U)) = kETw H, My, Mi1) = H, (U, Uy) and
we have klirflw H, My, U;) =0.

To prove that U, is a common attractor of ¥ and @, we have

H,(Y(U1),U) < H,Y (U1, ® M) + Hy(® (Mas1), Ur)

— inf  p(magsr, mags1),
Mo+ 1€EMokt

< ARyo (U, Mopsr) + Hy(Maopia, Uy)

— inf  p(mags1, Mogs1)
Mo 1€EMoks1

forall k € {0, 1,2, ...}, where

o m)e! Y
Ry (U1, Makir) aX{Hp(Ul’ WMo L + Hy(U, F(UD)]

2(1 + H, (Ui, Mogsr)) ’
H,(Moks1, ® M) + H,(Uy, W(UY))]
1+ H, (U, M) ’
H,(Mor, UDI1 + Hp(Ul’\IJ(Ul))]}
1+ H,(Uy, Mogsr)
_ maX{Hp(M2k+29 Ul + H,(Uy, ¥(Uy))]
2(1 + H, (Ui, Myrs1)) ’
H,(Mopsr, Mol + Hy(Uy, ¥(UY))]
1+ H, (U, M) ’
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H,(Uy, Mo )[1 + Hp(Ul,‘I’(Ul))]}
1+ H,(Uy, Mars1) '
Consider the following three cases:
H,(Uy, Moyo)[1 + Hp (U, P(UY)]
D) If Ryo (Uy, Mogsr) = —-
(D) If Ry o (U1, Mogs1) 20+ H, (U1, Mor))

AH,(Uy, Mopo)[1 + Hy(Uy, P (UY))]
21+ H, (Ui, Myrs1))

- inf D(Mojst, Mogi1),
mok+1€EMake

, then we have

H,YU),Uy) < + H,(Mas2, Up)

which together with our taking the limit as k — +oco, we get H,(U,,'¥(U;)) < 0 and so U; = ¥(U)).
H,(Moir1, Mo + H,(Uy, ' Y(UY))]

2) If Ry (U, =L £

(2) If Ry o (U1, Mors1) T+ H, (Ur, Moer)

H,(Mois1, Mo + H,(Uy, Y(UY))]
1+ H, (U, M)

- inf  p(mager, Moger)
mog1€EMogs1

1 H,(Mopsr, Mool + Hy(Uy, Y(UY))I
- 1+ H, Uy, Maps1)

, we have

H,(Y (U, Uy)

IA

+ H,(Mai2, Ur)

*

+ H,(Mas2, Ur)),

which together with our taking the limit as k — +o0, we get H,(U;, ¥(U,)) < 0 and thus U, = ¥Y(U)).
H,(Mopr, UD[1 + H, (U, ¥ (UY))]

3)1 f Ry (U1, == £

(3) In case of Ry¢ (U1, Mos1) T+ H,(Ur, Moos)

H,(Mor, UD[1 + H, (U, ¥ (UY))]
1+ H,(Uy, Marsr)

- inf  p(mogsr, Mogsr)
mog+1 €EMog+1

AH,(Mog1, UL + Hp(Uy, W (UY))]
B 1+ H,(Uy, Mags1)

, we obtain

H,(U;,¥Y(Uy) < A + H,(Mois2, Ur)

+ H,(Maisa, Uy),

which together with our taking the limit as k — +oo, we get
H,(U,,¥Y(Uy)),

that iS, U] = \P(U])
In a similar manner, one can obtain

Hy(U;,®((Uy) < H,(Ui, Mygs) + Hy(Mops1, @ (Uy)) = inf  p(moger, Mojsr)

Mo+ 1 €EMogr1

= Hy(Uj, M) + Hy(¥Y (M), @ (Uy)) —  inf  p(mager, Mojsr)

Mo+ 1 €EMogr1

H,(Uy, Mogs1) + ARw o (Mor, @ (UY))

IA

where

H,(Myp, ® (U1 + Hy(Moy, ¥ (Ma))]
2(1 + H, My, Uy)) ’

Ryo My, U;) = max{
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H,(Uy, ® (U1 + H,(Ma, ¥(M))]

1+Hp(Mzk, Ul) ’
H,(Mor, U1 + H,(Myy, ‘P(Mzk))]}

1+ H, My, U))
max {Hp(Mzk, O (U1 + Hy(Mop, Mogs1)]

2(1 + H, My, Uy)) ’

H,(Uy,®(U))I[1 + H,(Mai, Moyi1)]

1+ H, My, U) '
H,(My, UDI[1 + Hp(Myy, M2k+1)]}

1+ H, My, Uy) '

Again, we have the following three cases:

H,(My, ® (U ))I[1 + H,(Mog, Moyi1)]
D) If Ry o My, Uy) = =2 , then
(1) If Ry.o (My, Uy) 20+ H, Mog, U1)

H (Moo @ (UD)[1 + Hy(Mog, M,
Hp(Ul’(D(Ul))SHP(UI’M2k+1)+/1*{ (Mo, @ (U )1 + Hy (Mg, Moy 1)]}'

2(1 + H, My, Uy))
Which together with our taking the limit as k — +oco, we get

H,(U,®U)[l+H, (Ul,Ul)]}
(I+H,U,,Uy)) |

H,(U,®(Uy)) < H,(U,Uy) + > {

that is,

(1 - %)H,,(Ul,CD(Ul)) <0,

thus, U] = (D(Ul)

H,y(Uy, ® (U + Hy(Mag, Mags
(2) If Ry.o (Myy, Uy) = oUW p(Mos, Moy )]

, then
1+ H, My, Uy)

H(Uy, ® (U1 + Hy (Mo, Mg
HP(UI’(I)(UI))SHp(UlaMZkH)-l‘/l*{ p(U1, @ U + H,(Ma,, Ma 1)]},

1+ H, My, Uy)

which together with our taking the limit as k — +oco, we get
(I1-24)H,(U;,®Uy)) <0,

which implies that U; = ©(U).

H,(Myi, UDI1 + Hy(Mo, Morsr)]

3) If Ryo (Mo, Uy) =
(3) If Ry.0 (Mox, Uy) 1+ H, My, U))

then

Hy (Mo, UD[L + Hy(Mog, Mo,
Hp(Ul,(D(Ul))SHp(Ul,MZk)+,1*{ (Mo, UDIL + H (Mo, Moy 1)]}’

1+ H, My, Uy)

which together with our taking the limit as k — +oco, we get H,(U,, ® (U,)) < 0, which gives U; =
OU)).
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Thus U, is a common attractor of the mappings ¥ and ®.
For the uniqueness, assume that U; and U, are distinct common attractors of ¥ and ®. Since the
pair (¥, @) is generalized rational Hutchinson contractive operator, we obtain that

H,(Uy, Uy) H,(Y (Uy),®(U>))
N {Hp(Uh(D(UZ))[I + H,(U, Y (Uy))]
. max
2(1 + H, (Uy, Uy))
H,(Us, © (U)[1 + H,(Uy, ¥(Uy))]
1+H,U,,U,)
H,(Uy, U)[1 + Hy(Uy, ¥ (U1))]
1+ H,(U,,U,) }
H,(U, Uyl + H,(Uy, Uy)]
2(1 + H, (U, Uy))

H,(Uy, Uy)[1 + H,(Uy, Uy)] H,(Uy, Up)[l + H,(Uy, Uy)]

1+H,(U,U) ’ 1+ H,(U;,U,) }
AH,(Uy, Us),

IA

b

2

b

= A max{

IA

and so (1-1,)H,(U,, U,) < 0, which implies that H,(U;, U,) = 0 and hence U, = U,. Thus U, € C?(Y)
is a unique common attractor of ¥ and ®@. O

Corollary 3.8. Consider a generalized iterated function system {Y; i, gr, k = 1,2,--- , r} on a complete
partial metric space (Y, p) and the mappings h,g : ¥ — Y as given in Remark 3.3. If there exists
A, € [0, 1) such that for any y,,y, € Y, the following condition holds:

D (hy1, 8y2) < ARy q(y1,¥2),
where

Rngt,y2) = max {p(yl,gyz)[l + POyl pO2.gyIL + PO hy)]
’ 2(1+ p(y1,y2) L+ p(y1,y2)

POyl + p(Yl,hyl)]}

1+ p(yi,y2) '

Then a unique common fixed point for 4 and g exists. Furthermore, for any initial choice of vy € Y,
the sequence {vy, hvy, ghvy, hghvy, ...} converges to the common fixed point of / and g.

4. Well-posedness

Now, we investigate the well-posedness of attractor-based problems of generalized Hutchinson
contractive operators pair and generalized rational Hutchinson contractive operators pair given in
Definitions 2.4 and 2.5, respectively, in the framework of Hausdorff partial metric spaces. Some
useful results of well-posedness of fixed point problems are appearing in [16].

First we define the well-posedness of common attractor-based problem.

Definition 4.1. A common attractor-based problem of a pair of mappings ¥, ® : C?(Y) — CP(Y) is
said to be well-posed if the pair (¥, ®) has a unique common attractor A, € C”(Y) and for any sequence
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{A} in CP(Y) such that klim H,(Y(Aw), Ar) = 0 and klim H,(®(Ar), Ax) = 0, then klim H,(Ar,A,) =
—+400 —+00 —+00
H,(A., A,), that is, klim A = A..

—+00

The following result shows the well-posedness of common attractor-based problem of a generalized
Hutchinson contractive operators.
Theorem 4.2. Let (Y, p) be a complete partial metric space and W, ® : C?(Y) — C”(Y) be defined as in
Theorem 3.1. Then the pair (¥, @) has a well-posed common attractor-based problem.
Proof. From Theorem 3.1, it follows that the mappings ¥ and @ have a unique common attractor (say)
B..

Let a sequence {B;} in C”(Y) be such that klier H,(‘¥Y(By), Br) = 0 and kl_i)r+noo H,(®(By), By) = 0. We

want to show that B, = lim By. As the pair (‘¥, @) is generalized Hutchinson contractive operator, so

k—+0c0
that
H,(B.,By) < H,(¥(B.),¥Y(By)+ H,(¥Y(By), Bx) = i{PI(fIB )p(ﬁk,ﬁk)
k€ k
< AZy(B.,By) + H,(Y(By), By) — inf  p(Bs, B,
Bre¥(Br)
where

Z‘P,(D(B*a Bk) = max {Hp(B*a Bk)’ Hp(B*y \P(B*))’ Hp(Bk’ (D(Bk))a
H (B, ©(By) + Hy(By, ‘P(B*))}
> .

Then we have the following cases:
(i) If Zy o(B., By) = H,(B., By), then
H,(B., By) < AH,(B,, By) + H,(W(By), By) — inf  p(B, Br),
Bre¥(Byr)

which further implies

(1 =D H,(B.,B) < H,(Y(By), Br) — ﬁkelllyl(ka) PBrs Br)s

that is,
1 .
H,(B,, By) < m[Hp(‘{’(Bk), By) = inf  p(Br, Br)]-

€V (By)

As k — +oo, we have

kl—i}Poo H,(B.,By) < l_i)lz})o[Hp(‘P(Bk)a By) - 5 inf  p(Bx, Br)]

€V (By)

I —Ak
this implies that klim By, = B..

— 400

(ii) In case of Zy o(B., By) = H,(B,, ®(B,)), we have

H,(B., By) < AH,(B., ®(B.)) + H,(Y(By), Br) — inf  p(Bx, Br).
BreY(By)

As k — +oo, we have
kE{rllm H,(B.,B;) < A kETw[Hp(‘P(Bk), By) - ﬁkelg(ka) DB, Bi)].

Thus klim B, = B..

—+00
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(iii) If Z‘P,Q)(B*a By) = Hp(B*’ ¥ (By)), then

H,(B.,By) < AH,(B.,¥ (By)+ H,(By,¥(By)) —ﬁké‘li}(ka) PBr Br)
A[H,(B,, By) + H,(By, ¥ (By)) — inf  p(By, Bi)l
Bre¥(By)

+H B ,\P B - lnf D) ’
»(Bi, ¥(By)) ,Bke‘I’(Bk)p(ﬂk Br)

IA

which further implies that
A .
H,(B.,By) < m[Hp(Bk’ Y (By) — bilelgk D(by, by)]

1 .
+m[Hp(Bk, W (By)) - ﬁkel‘rl’l(ka) DB, Bi)]

As k — +o00, we have that lim B, = B..

k—+00

Hy(B., ©(By) + H,(By, ¥(B.))

> , then we have

(iv) Finally, if Zy o(B., By) =

HP(B*9 Bk)

IA

A
5 [Hp(B.. ®(By) + Hy(By, V(B.))]

+H,(¥Y(By), B,) — inf ,
»(Y(By), By) ﬁkeT(Bk)P(ﬁk B

IA

A .
E[Hp(B*a By) + H,(By, Y(By)) — bllellgk p(by, by) + H,(By, B.)]

k

+H,(W(By), By) — inf ,Be),

p( (By), B) ﬁkelg(Bk)P(ﬂk Br)

which gives

Hy(B..B) < [H,(Bi. W(BY) — inf p(by. by)]
k€DK

2(1-2)

1
—[H,(¥Y(B,), B,) — inf
+1 —/l[ »(P(By), Br) Bkg}}(Bk)P(ﬁk,ﬁk)]
and by k — 400, we obtain

klim H,(B., By) <0,

— 400

which implies that klim B, =B..0O

—-+00

The following result shows the well-posedness of common attractor-based problem of a generalized
rational Hutchinson contractive operators.
Theorem 4.3. Consider a complete partial metric space (Y, p) with W, ® : C”(Y) — CP(Y) defined as
in Theorem 3.7. Then the pair (¥, @) has a well-posed common attractor-based problem.
Proof. From Theorem 3.7, it follows that the mappings ¥ and @ have a unique common attractor (say)
B..
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Let a sequence {B;} in C”(Y) be such that klim HMW(By),B;) = 0 and klim H(®(By), B;y) = 0. We
—+00 —+00

want to show that B, = lim B;. As the pair (‘*Y, ®) is generalized rational Hutchinson contractive

k—+o0

operator, so that

A

H,(Bi, B,) < Hp(‘P(Bk),‘P(B*))+Hp(‘I’(Bk),Bk)—ﬂiﬂf PBrs Br)

€¥(Br)

ARy o(By, B.) + H,(‘\Y(By), Br) — ﬁkel\fl}ka) PBr, Br),

IA

where
H,(B, ®(B.)[1 + Hy(B ¥(By)]
ReolBi B) = ma"{ 2(1 + H,(B,. B.)) ’
Hy(B..O(B.)[1 + Hy(B. ¥(B,)]
1+ H, (B, B.)
H,(B.. B[1 + Hy(B,. ¥(B,)]
1+ H (B, B.) } '

b

We consider the following three cases:
H,(By., D(B.))[1 + H),(By, Y(By))]
2(1 + H[J(Bk9 B*))
H,(By, D(B.))[1 + H),(By, Y(By))]
2(1 + Hp(Blo B*))
+H,(‘Y(By), Br) —ﬂkel}ylgk) PBi Br)
< AHy(B, BOI1 + Hy(By, Y(By))]
+Hp(\P(Bk)9 Bk) _ﬂ inf p(ﬁ]ﬂﬁk)’

(i) For Ry o(By, B.) = , we have

H,(B,B.) < A,

€¥(Br)

which implies that

Hy(By. B.) = L.Hy(B. B + Hy(¥(By). B)I < Hy(¥(B,). B) ~ _inf  p(Bi. )

and so

1
1 = A[1 + H,(Y(Bi), Bl

H,(Bi, B.) < [H,(¥(B). B) ~ inf  p(Bi. Bl

X p( k> *) = Y

which implies that klim By = B..

Hy(B., D(B.))[1 + H,(By, ¥(By))]

ii) If Ry o(By, B.) =
(i) If Ry o(By, B.) 1 + H,(By, B.)

, then

Hy(B., ®(B.))[1 + H,(By, ¥ (B:))]
1+ H,(B. B.)

Hy(Bi,B,) < z*(
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+H,(¥Y(B, , B),) — inf P(B ’ﬁ

p( ( k) k) kel (Bo) k k)
- H \Il B ,B - i b .
p( ( k) k) keln(t " p(Bk ﬁk)

And taking the limit as k — +co, we have
5 1 p( k> ) 0

which implies that lim By = B..

k—+o00
H,(B., Bl + H,(By, Y(By))]

iii) Finally if R B,B* =
(iii) Finally if Ry o(By, B.) 1 + H,(By, B,)

, then

H,(B., B[l + H,(By, Y(By))]
1+ H,(B. B.)

+H,(¥Y(B;), By) — inf R s
(P (By), By) ﬁkew(Bk)P(ﬁk Br)

H,(B.B.) < A,

that is,

[1+ H,(By, ¥(By)]
1+ H,(B:, B.)

H,(¥(By), By) — inf ,Be),
»(Y(By), By) Bkelfpl(Bk)P(ﬂk B

H,y(Bi, B)[1 - A,

IA

which further implies

H,(By, BOl1 — A.[1 + Hy(By, ¥(Bi)ll

H,(¥(By), By) — inf ,Br).
(P (By), Br) ﬁkelg(Bk)P(ﬁk Br)

IA

On taking the limit as k — 400, gives klim H,(By, B.) < 0 implies that klim B; = B,. Thus the
—+00

—+00

proof is complete. O
5. Application to functional equations

In this section, we are applying our obtained results to solve a functional equation arising in the
dynamic programming.
Let W, and W, be two Banach spaces with U € W, and V € W,. Suppose that

k:UXV —>U, g,8:UXV—DR, h,h: UXVXR-—R.

If we consider U and V as the state and decision spaces respectively, then the problem of dynamic
programming reduces to the problem of solving the functional equations:

q1(x) = Sug{gl(x, y) + hi(x,y, qi(k(x, y))}, forxe U (5.1
ye

q2(x) = Sug{gl(x, y) + ha(x, y, g2(k(x, y))}, for x € U. (5.2)
y€
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The Egs (5.1) and (5.2) can be reformulated as

qi1(x) = squ{gz(x, y) +hi(x,y,qi(k(x,y)))} = b, forx e U (5.3)
ye

@ (x) = sug{gz(x, y) + ha(x,y, g2 (k(x, )} = b, for x € U, (5.4)
ye

where b > 0.

We study the existence and uniqueness of the bounded solution of the functional Eqgs (5.3) and (5.4)
arising in dynamic programming in the setup of partial metric spaces.

Let B(U) denotes the set of all bounded real valued functions on U. For an arbitrary n € B(U),
define ||| = sup [n(¢)|. Then (B(U), ||||) is a Banach space. Now consider

teU

p,(n,§) = supln(®) — & @] + b,
teU
where 1, & € B(U). Then p, is a partial metric on B(U) (see also [5]).
Assume that:

(D1) : g1, g2, hy and h, are bounded and continuous.
(Dy): Forxe U,ne B(U)and b > 0, take ¥, ® : B(U) — B(U) as

Wn(x) = sug{gz(x, y) + hi(x, y, n(k(x, )} — b, for x € U, (5.5)
ye
On(x) = Sug{gz(x, y) + ha(x, y, n(k(x, y)))} — b, for x € U. (5.6)

Moreover, for every (x,y) € U X V,n,& € B(U) and t € U implies

11 (x, ¥, (1) = ha(x, y, £ (D))| < AZy o (n (1) , £ (1) — 2b, (5.7

where

Zyom(®),E@®) = max{p,(n(),&®), p,(n @), ¥n ), p,(& @), DE (),
pB(n(t),d)f(t))+pB(§(t),‘I’77(t))}
5 .

Theorem 5.1. Assume that the conditions (D) and (D;) hold. Then, the functional Eqgs (5.3) and (5.4)
have a unique common and bounded solution in B(U).

Proof. Note that (B(U), pp) is a complete partial metric space. By (D), ¥ and ® are self-mappings
of B(U). By (5.5) and (5.6) in (D»), it follows that for any n,& € B(U) and b > 0, choose x € U and
y1,y2 € V such that

Wi < 200, y1) + hi(x, y1, n(k(x, y1))) (5.8)
D& < g2(x, y2) + ha(x, y2, E(k(xX, y2))), (5.9)
which further implies that
Wi 2 g2(x, y2) + hi(x, y2, n(k(x,¥2))) = b (5.10)
D& > go(x, y1) + hox, y1, E(k(x, 1)) — b. (5.11)
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From (5.8) and (5.11) together with (5.7) implies

() —0&@) < hi(x, y1, n(k(x, y1)) = ha(x, y1, E(k(x, y1)) + b
< [ (x, y1, n(k(x, y1))) = ha(x, y1, E(k(x, y)))l + b (5.12)
< Ay o(n (1), £ (1) - b.

From (5.9) and (5.10) together with (5.7) implies

() — P () < ha(x, y2, E(k(x, ¥2))) — hi(x, y2, n(k(x, y2))) + D
< h1(x, y2, n(k(x, y2))) = ha(x, y2, E(k(x, y2)))| + b (5.13)
< AZyo(m (1), &) - b.

From (5.12) and (5.13), we get
¥ (1) — P& (D] + b < AZy (1 (1), € (1)). (5.14)

The inequality (5.14) implies that

pe(¥n (1), DE (1)) < AZyo(n (D), £ @), (5.15)

where

P, (1), D) + p,(& (1), Py (t))}
) .

Therefore, all conditions of Corollary 3.4 hold. Thus, there exists a common fixed point of ¥ and
@, that is, n* € B(U), where i* () is a common solution of functional Eqs (5.3) and (5.4). O

6. Conclusions

The results of this paper broadened the scope of iterated function system and fixed point theory of
pair of mappings by incorporating the generalized contraction approaches. We obtained unique
common attractors with the assistance of finite families of generalized contractive mappings, that
belong to the special class of mappings defined on a partial metric space. The well-posedness of these
obtained results is also established. The ideas in this work, being discussed in the setting of partial
metric spaces, are completely fundamental. Hence, they can be made better, when presented in the
extended generalized metric spaces, like dislocated metric, semi metric, b-metric spaces, G-metric
spaces and some other pseudo-metric or quasi metric spaces.
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