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of a weak solution is presented by the test function and the mild solution is demonstrated to be a
weak solution. Finally, based on the contraction mapping principle, the finite time blow-up and global
solution for the considered equation are shown and the Fujita critical exponent is determined. The
finite time blow-up of solution is also confirmed by the results of numerical experiment.
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1. Introduction

The main purpose of this paper is to study the finite time blow-up to time-space fractional partial
differential equation in the following formCHDα

a,tu(x, t) + (−∆)su(x, t) =HD−(1−γ)
a,t (|u|p−1u)(x, t), x ∈ Rd, t > a > 0,

u(x, a) = ua(x), x ∈ Rd,
(1.1)

where d ∈ N, 0 < α < γ < 1, 0 < s < 1, p > 1, the operators CHDα
a,t, (−∆)s, and HD−(1−γ)

a,t

respectively denote the Caputo-Hadamard fractional derivative, fractional Laplacian, and Hadamard
fractional integral, and the initial value ua(x) ∈ C0(Rd), where C0(Rd) = {υ ∈ C(Rd) | lim

|x|→∞
υ(x) = 0}.

Fractional calculus has attracted considerable attention during recent years because of its
widespread applications in science and engineering fields such as physics, chemistry, biology,
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anomalous diffusion, control theory of dynamical systems, etc., see [1–4]. It has been found
that Hadamard-type fractional calculus had many potential applications [5–11], for example, the
ultraslowly diffusive process such as Sinai diffusion [5], fractal analysis [8], the Lomnitz logarithmic
creep law in rheology [9], and some studies in this respect have been available [12–19]. The fractional
Laplacian is a typically nonlocal pseudo-differential operator, which appears in different disciplines of
mathematics and various applications, see [20–23] and the list of references therein.

We next recall some pioneering work on the blow-up problem for fractional diffusion equation, here
we only mention the results related to our studies.

In the 1960s, Fujita [24] first considered the following semilinear heat equationut = ∆u + u1+α, x ∈ Rd, t > 0,
u|t=0 = u0(x), x ∈ Rd,

(1.2)

where α > 0 and u0(x) ≥ 0. In that paper, the author shown that: If u0(x) . 0 and 0 < α < 2
d then

the solution of (1.2) blows up in finite time; If α > 2
d and the initial value u0(x) can be bounded by

sufficiently small Gaussian then the solution of (1.2) exists globally. As for the critical case α = 2
d ,

Weissler [25] proved that (1.2) has a global solution when ||u0||L
αd
2 (Rd)

is sufficiently small.
Later, Cazenave et al. [26] studied the following Cauchy problem of heat equation with nonlinear

memory ut − ∆u =

∫ t

0
(t − τ)−γ|u(τ)|p−1u(τ)dτ, x ∈ Rd, t > 0,

u|t=0 = u0(x), x ∈ Rd,

(1.3)

where p > 1, 0 ≤ γ < 1, and u0 ∈ C0(Rd). Let pγ =
1+2(2−γ)

(d−2+2γ)+
with (d − 2 + 2γ)+ = max{0, d − 2 + 2γ}.

They proved that: If γ , 0, p ≤ max{ 1
γ
, pγ}, u0 ≥ 0, and u0 . 0, then the solution of (1.3) blows up in

finite time; if γ , 0, p > max{ 1
γ
, pγ} and ||u0||Lqsc (Rd) is sufficiently small with qsc =

d(p−1)
4−2γ , then (1.3) has

global solution. In the case with γ = 0, every nontrivial positive solution of (1.3) will blow up [27].
In [28], Fino and Kirane further investigated the equation involving fractional Laplacian with

nonlinear memoryut + (−∆)
β
2 u =

1
Γ(1 − γ)

∫ t

0
(t − τ)−γ|u(τ)|p−1u(τ)dτ, x ∈ Rd, t > 0,

u|t=0 = u0(x), x ∈ Rd,

(1.4)

where 0 < β ≤ 2, 0 < γ < 1, p > 1, and u0 ∈ C0(Rd). They derived that: If u0 ≥ 0, u0 . 0, and
p ≤ max{1+

β(2−γ)
(d−β+βγ)+

, 1
γ
}, then the solution of (1.4) will blow up in finite time; if p > max{1+

β(2−γ)
(d−β+βγ)+

, 1
γ
}

and ||u0||Lpsc (Rd) is very small with psc =
d(p−1)
β(2−γ) , then (1.4) exists global solution.

Shortly after, Li and Zhang [29] discussed the following time fractional diffusion equation involving
Caputo derivative with nonlinear memoryCDα

0,tu − ∆u =
1

Γ(1 − γ)

∫ t

0
(t − τ)−γ|u(τ)|p−1u(τ)dτ, x ∈ Rd, t > 0,

u|t=0 = u0(x), x ∈ Rd,

(1.5)
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where 0 < α < γ < 1, p > 1, and u0 ∈ C0(Rd). They proved that: If 1 < p < p∗ = max{1 +
1−γ
α
, 1 +

2(1+α−γ)
αd } and u0 ≥ 0 with u0 . 0, then the solution of (1.5) will blow up in finite time; if d < 2(1+α−γ)

1−γ

with p ≥ p∗ or d ≥ 2(1+α−γ)
1−γ with p > p∗, and ||u0||Lqc (Rd) is small enough, where qc =

αd(p−1)
2(1+α−γ) , then (1.5)

has global solution.
Recently, Li and Li [16] investigated the semilinear time-space fractional diffusion equation

involving Caputo-Hadamard derivative and fractional Laplacian,CHDα
a,tu(x, t) + (−∆)su(x, t) = |u(x, t)|p−1u(x, t), x ∈ Rd, t > a > 0,

u(x, a) = ua(x), x ∈ Rd,
(1.6)

where 0 < α < 1, 0 < s < 1, p > 1, and ua ∈ C0(Rd). They obtained that: If 1 < p < 2s
d and ua ≥ 0 with

ua . 0, then the solution of (1.6) will blow up in finite time; Conversely, if p ≥ 1 + 2s
d and ||ua||Lq∗(Rd) is

sufficiently small, where q∗ =
d(p−1)

2s , then (1.6) has a global solution.
Motivated mathematically by the results and methods in [16], this paper will further study the

blow-up property and global solution to time-space fractional diffusion equation (1.1) with nonlinear
memory. The main result is displayed in the following theorem.

Theorem 1.1. Let d ∈ N, 0 < α < γ < 1, 0 < s < 1, and p > 1. Assume that ua ∈ C0(Rd) and ua ≥ 0
with ua . 0.
(1) If 1 < p < p̃ = max{1 +

1−γ
α
, 1 +

2s(1+α−γ)
αd }, then the mild solution of Eq (1.1) will blow up in finite

time.
(2) If d < 2s(1+α−γ)

1−γ , p ≥ p̃ or d ≥ 2s(1+α−γ)
1−γ , p > p̃, and ||ua||Lp∗ (Rd) is small enough with p∗ =

αd(p−1)
2s(1+α−γ) ,

then Eq (1.1) exists global solution.

The organization of this paper is as follows. Section 2 recalls some basic definitions and presents
several important lemmas. In Section 3, we define a mild solution to Eq (1.1) and then prove the local
existence and uniqueness of the mild solution. Then, a weak solution of Eq (1.1) is introduced and
the mild solution is actually proved to be a weak solution. Next, we show the finite time blow-up and
global existence of the solution to Eq (1.1) in Section 4. Finally, an illustrative example is provided
to verify the blow-up of solution in finite time in Section 5. The conclusions are given in the last
section. Throughout the paper, we use the letter C to denote a generic positive constant which may
take different values at different places.

2. Preliminaries

Let us recall some basic definitions and several important lemmas, which will be applied in the next
sections.

Definition 2.1. [4, 30] Let a function f (t) be defined on the interval (a, b) (0 ≤ a < b ≤ +∞) and
α > 0. The left- and right- sided Hadamard fractional integrals of the function f (t) with order α are
given by

HD−αa,t f (t) =
1

Γ(α)

∫ t

a

(
log

t
τ

)α−1
f (τ)

dτ
τ
, t > a, (2.1)

and

HD−αt,b f (t) =
1

Γ(α)

∫ b

t

(
log

τ

t

)α−1
f (τ)

dτ
τ
, t < b, (2.2)
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where the Gamma function Γ(ξ) =
∫ ∞

0
e−ttξ−1dt.

Definition 2.2. [4, 31] Let a function f (t) be defined on the interval (a, b) (0 ≤ a < b ≤ +∞) and
n − 1 < α < n ∈ N. The left- and right- sided Caputo-Hadamard fractional derivative of the function
f (t) with order α can be written as

CHDα
a,t f (t) =HD−(n−α)

a,t [δn f (t)]

=
1

Γ(n − α)

∫ t

a

(
log

t
τ

)n−α−1
δn f (τ)

dτ
τ
, t > a, (2.3)

and

CHDα
t,b f (t) = (−1)n

HD−(n−α)
t,b [δn f (t)]

=
(−1)n

Γ(n − α)

∫ b

t

(
log

τ

t

)n−α−1
δn f (τ)

dτ
τ
, t < b, (2.4)

where δn f (t) =
(
t d

dt

)n
f (t).

Definition 2.3. [2, 20, 30] The fractional Laplacian (−∆)s with s ∈ (0, 1) is defined by

(−∆)sv(x) = C(d, s) P.V.
∫
Rd

v(x) − v(y)
|x − y|d+2s dy, ∀ x ∈ Rd, (2.5)

where P.V. denotes the Cauchy principle value and the constant

C(d, s) =

(∫
Rd

1 − cos y1

|y|d+2s dy
)−1

for any y = (y1, y2, · · · , yd) ∈ Rd.

To define a mild solution of Eq (1.1), let us consider the following linear equation,CHDα
a,tu(x, t) + (−∆)su(x, t) = f (x, t), x ∈ Rd, t > a > 0,

u(x, a) = ua(x), x ∈ Rd,
(2.6)

whose solution is expressed by [14]

u(x, t) =Ga(x, t) ∗ ua(x) +

∫ t

a
G f

(
x, a

t
τ

)
∗ f (x, τ)

dτ
τ

:=
∫
Rd

Ga(x − y, t)ua(y)dy +

∫ t

a

∫
Rd

G f

(
x − y, a

t
τ

)
f (y, τ)dy

dτ
τ
, (2.7)

where Ga(x, t) and G f (x, t) are the fundamental solutions given by

Ga(x, t) =
1

|x|dπ
d
2

H21
23

(
|x|2s

22s(log t
a )α

∣∣∣∣∣ (1, 1); (1, α)
(1, 1), ( d

2 , s); (1, s)

)
, (2.8)

and

G f (x, t) =

(
log t

a

)α−1

|x|dπ
d
2

H21
23

(
|x|2s

22s(log t
a )α

∣∣∣∣∣ (1, 1); (α, α)
(1, 1), (d

2 , s); (1, s)

)
. (2.9)
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The special function H21
23(z) in the above equalities is the Fox H-function and some details regarding

this function can be found in [4, 32, 33].
In the sequel, we list some properties of the functions Ga(x, t) and G f (x, t).

Lemma 2.1. [16] Let d ∈ N, 0 < α < 1, and 0 < s < 1. Then the functions Ga(x, t) and G f (x, t)
in Eqs (2.8) and (2.9) have the following properties.
(1) Ga(x, t) > 0, G f (x, t) > 0.

(2)
∫
Rd Ga(x, t)dx = 1,

∫
Rd G f (x, t)dx = 1

Γ(α)

(
log t

a

)α−1
. (3) HD−(1−α)

a,t G f (x, t) = Ga(x, t).

Lemma 2.2. [16] Let d ∈ N, 0 < α < 1, and 0 < s < 1. If ua(x) ≥ 0 and ua(x) . 0, then we have
Ga(x, t) ∗ ua(x) > 0 and ||Ga(x, t) ∗ ua(x)||L1(Rd) = ||ua(x)||L1(Rd). Furthermore, when 1 ≤ r ≤ q ≤ +∞ and
1
r −

1
q < min{1, 2s

d }, it holds that

||Ga(x, t) ∗ ua(x)||Lq(Rd) ≤ C
(
log

t
a

)− αd
2s ( 1

r −
1
q )
||ua(x)||Lr(Rd), t > a. (2.10)

Lemma 2.3. [16] Let d ∈ N, 0 < α < 1, and 0 < s < 1. If ua(x) ≥ 0 and ua(x) . 0, then we
have G f (x, t) ∗ ua(x) > 0 and ||G f (x, t) ∗ ua(x)||L1(Rd) = 1

Γ(α)

(
log t

a

)α−1
||ua(x)||L1(Rd). Furthermore, when

1 ≤ r ≤ q ≤ +∞ and 1
r −

1
q < min{1, 4s

d }, it holds that

||G f (x, t) ∗ ua(x)||Lq(Rd) ≤ C
(
log

t
a

)α−1− αd
2s ( 1

r −
1
q )
||ua(x)||Lr(Rd), t > a. (2.11)

Lemma 2.4. [16] Let d ∈ N, 0 < α < 1, and 0 < s < 1. Assume ua(x) ∈ C0(Rd). Then for t > a > 0,
we have Ga(x, t) ∗ ua(x) ∈ C0(Rd) and

CHDα
a,t [Ga(x, t) ∗ ua(x)] = −(−∆)s [Ga(x, t) ∗ ua(x)] , t > a > 0.

And there exists a constant C > 0 such that

||(−∆)s [Ga(x, t) ∗ ua(x)] ||L∞(Rd) ≤ C
(
log

t
a

)−α
||ua(x)||L∞(Rd), t > a > 0.

For simplicity of representation, from now on, we denote Ga(t) = Ga(x, t), G f (t) = G f (x, t), and
so on.

Lemma 2.5. [16] Let d ∈ N, 0 < α < 1, 0 < s < 1, and T > a > 0. Let also f ∈ Lq((a,T ),C0(Rd))
with q > 1 and

θ(t) =

∫ t

a
G f

(
a

t
τ

)
∗ f (τ)

dτ
τ
.

Then we have

HD−(1−α)
a,t θ(t) =

∫ t

a
Ga

(
a

t
τ

)
∗ f (τ)

dτ
τ
.

Furthermore, one has θ(t) ∈ C([a,T ],C0(Rd)) provided that qα > 1.
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3. The mild solution and weak solution

In this part, we first define a mild solution of Eq (1.1) and then prove the local existence and
uniqueness of the mild solution in terms of the contraction mapping principle. Next, the definition
of a weak solution is introduced to Eq (1.1). We can also prove that the mild solution is just a weak
solution. Let us begin by introducing the definition of a mild solution to Eq (1.1).

Definition 3.1. Let d ∈ N, 0 < α < γ < 1, 0 < s < 1, p > 1 and T > a > 0. Let ua ∈ C0(Rd). Then a
mild solution u ∈ C([a,T ],C0(Rd)) of Eq (1.1) is given by

u(t) = Ga(t) ∗ ua +

∫ t

a
G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|u|p−1u)(τ)]
dτ
τ
, t ∈ [a,T ]. (3.1)

Theorem 3.1. Let d ∈ N, 0 < α < γ < 1, 0 < s < 1, p > 1, and T > a > 0. Let ua ∈ C0(Rd). Then
there is a maximal time Tmax > a such that Eq (1.1) has a unique mild solution u ∈ C([a,Tmax),C0(Rd)),
where, either Tmax = ∞ or Tmax < ∞ and ||u||L∞((a,T ),L∞(Rd) → ∞ as t → T−max. Moreover, if ua ≥ 0 and
ua . 0, then u(t) > 0 for any a < t < Tmax. Besides, if ua ∈ Lr(Rd) for 1 ≤ r < ∞, then one has
u ∈ C([a,Tmax), Lr(Rd)).

Proof. For given T > a > 0 and ua ∈ C0(Rd), let

Ea,T =
{
u ∈ C([a,T ],C0(Rd)) | ||u||L∞((a,T ),L∞(Rd)) ≤ 2||ua||L∞(Rd)

}
and

d(u, v) = max
t∈[a,T ]

||u(t) − v(t)||L∞(Rd), ∀ u, v ∈ Ea,T .

Obviously, (Ea,T , d) is a complete metric space. By means of the fundamental solutions Ga(t) and
G f (t), we define the following operator F on the metric space (Ea,T , d),

F (u)(t) = Ga(t) ∗ ua +

∫ t

a
G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|u|p−1u)(τ)]
dτ
τ
, u ∈ Ea,T .

It follows from Lemma 2.5 that F (u) ∈ C([a,T ],C0(Rd)).
We next show that F : Ea,T → Ea,T . For u ∈ Ea,T and t ∈ [a,T ], by Definition 2.1 and Lemma 2.1,

we get

||F (u)(t)||L∞(Rd)

≤||Ga(t) ∗ ua||L∞(Rd) +

∫ t

a

∣∣∣∣∣∣∣∣∣∣G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|u|p−1u)(τ)]
∣∣∣∣∣∣∣∣∣∣

L∞(Rd)

dτ
τ

≤||ua||L∞(Rd) +
2p

Γ(α)Γ(1 − γ)

∫ t

a

∫ τ

a

(
log

t
τ

)α−1 (
log

τ

w

)−γ dw
w

dτ
τ
||ua||

p
L∞(Rd)

=||ua||L∞(Rd) +
2p

Γ(α)Γ(2 − γ)

∫ t

a

(
log

t
τ

)α−1 (
log

τ

a

)1−γ dτ
τ
||ua||

p
L∞(Rd)

=||ua||L∞(Rd) +
2p

Γ(α)Γ(2 − γ)

(
log

t
a

)α−γ+1 ∫ 1

0
τα−1(1 − τ)1−γdτ||ua||

p
L∞(Rd)
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=||ua||L∞(Rd) +
2pΓ(α)Γ(2 − γ)

Γ(α)Γ(2 − γ)Γ(2 + α − γ)

(
log

t
a

)α−γ+1
||ua||

p
L∞(Rd)

≤||ua||L∞(Rd) +
2p||ua||

p−1
L∞(Rd)

Γ(2 + α − γ)

(
log

T
a

)α−γ+1

||ua||L∞(Rd).

Choosing T > a sufficiently close to a such that

2p

Γ(2 + α − γ)

(
log

T
a

)α−γ+1

||ua||
p−1
L∞(Rd) ≤ 1,

then we obtain ||F (u)||L∞((a,T ),L∞(Rd)) ≤ 2||ua||L∞(Rd) and F (u) ∈ Ea,T , viz., the operator F maps Ea,T into
itself.

We need to show that the operator F is contractive on Ea,T . For u, v ∈ Ea,T and t ∈ [a,T ], one can
deduce that

||F (u)(t) −F (v)(t)||L∞(Rd)

≤
1

Γ(α)Γ(1 − γ)

∫ t

a

∫ τ

a

(
log

t
τ

)α−1 (
log

τ

w

)−γ
× || |u(w)|p−1u(w) − |v(w)|p−1v(w)||L∞(Rd)

dw
w

dτ
τ

≤
2pC(p)

Γ(2 + α − γ)

(
log

T
a

)α−γ+1

||ua||
p−1
L∞(Rd)||u − v||L∞((a,T ),L∞(Rd)).

Taking T > a sufficiently close to a gives rise to

2pC(p)
Γ(2 + α − γ)

(
log

T
a

)α−γ+1

||ua||
p−1
L∞(Rd) ≤

1
2
,

which means ||F (u)(t) − F (v)(t)||L∞(Rd) ≤
1
2 ||u − v||L∞((a,T ),C0(Rd)). This illustrates the operator F is

contractive on Ea,T and thus it has a fixed point u ∈ Ea,T by the contraction mapping principle.
Moreover, using Gronwall inequality immediately knows the uniqueness of the mild solutions
to Eq (1.1) holds.

In view of the uniqueness, there is a maximal time Tmax > a such that the solution of Eq (1.1) exists
on the interval [a,Tmax), where

Tmax = sup
{
T > a | there is a mild solution u ∈ C([a,T ],C0(Rd)) to (1.1)

}
≤ +∞.

Next, we show ||u||L∞((a,T ),L∞(Rd)) → ∞ as t → T−max provided that Tmax < ∞. If Tmax < ∞ and there is
M > 0 satisfying ||u(t)||L∞(Rd) ≤ M for t ∈ [a,Tmax), then we have for a < ξ < η < Tmax,

||u(ξ) − u(η)||L∞(Rd)

≤|| [Ga(ξ) −Ga(η)] ∗ ua||L∞(Rd) +

∣∣∣∣∣∣
∣∣∣∣∣∣
∫ η

ξ

G f

(
a
η

τ

)
∗ [ HD−(1−γ)

a,τ (|u|p−1u)(τ)]
dτ
τ

∣∣∣∣∣∣
∣∣∣∣∣∣
L∞(Rd)

+
∣∣∣∣∣∣∣∣ ∫ ξ

a

(
G f

(
a
ξ

τ

)
−G f

(
a
η

τ

))
∗ [ HD−(1−γ)

a,τ (|u|p−1u)(τ)]
dτ
τ

∣∣∣∣∣∣∣∣
L∞(Rd)
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≤|| [Ga(ξ) −Ga(η)] ∗ ua||L∞(Rd) +
Mp

Γ(α)Γ(2 − γ)

∫ η

ξ

(
log

η

τ

)α−1 (
log

τ

a

)1−γ dτ
τ

+
CMp

Γ(2 − γ)

∫ ξ

a

(
log

τ

a

)1−γ
min

{(
log

ξ

τ

)α−1

,
(
log

ξ

τ

)α−2 (
log

η

ξ

)}
dτ
τ

≤|| [Ga(ξ) −Ga(η)] ∗ ua||L∞(Rd) +
Mp

Γ(α)Γ(2 − γ)

(
log

Tmax

a

)1−γ ∫ η

ξ

(
log

η

τ

)α−1 dτ
τ

+
CMp

Γ(2 − γ)

(
log

Tmax

a

)1−γ ∫ ξ

a
min

{(
log

ξ

τ

)α−1

,
(
log

ξ

τ

)α−2 (
log

η

ξ

)}
dτ
τ

≤|| [Ga(ξ) −Ga(η)] ∗ ua||L∞(Rd) +
Mp

(
log Tmax

a

)1−γ

Γ(α + 1)Γ(2 − γ)

(
log

η

ξ

)α
+ CMp

(
log

Tmax

a

)1−γ (
log

η

ξ

)α
,

which implies lim
t→T−max

u(t) exists in C0(Rd).

Now we define lim
t→T−max

u(t) = uTmax . Therefore one gets u ∈ C([a,Tmax],C0(Rd)). Furthermore, using

Lemma 2.5 yields that∫ t

a
G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|u|p−1u)(τ)]
dτ
τ
∈ C([a,Tmax],C0(Rd)).

For h > 0 and σ > 0, consider a set

Ẽh,σ =
{
u ∈ C([Tmax,Tmax + h],C0(Rd)) | u(Tmax) = uTmax , d(u, uTmax) ≤ σ

}
equipped with

d(u, v) = max
t∈[Tmax,Tmax+h]

||u(t) − v(t)||L∞(Rd), ∀ u, v ∈ Ẽh,σ.

Then the metric space (Ẽh,σ, d) is complete.
On the space (Ẽh,σ, d), define an operator Q as follows,

Q(v)(t) =Ga(t) ∗ ua +

∫ Tmax

a
G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|u|p−1u)(τ)]
dτ
τ

+

∫ t

Tmax

G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|v|p−1v)(τ)]
dτ
τ
, v ∈ Eh,σ.

It is easy to see that Q(v) ∈ C([Tmax,Tmax + h],C0(Rd)) and Q(v)(Tmax) = uTmax .
We first prove Q(v) ∈ Ẽh,σ for v ∈ Ẽh,σ. As a matter of fact, if t ∈ [Tmax,Tmax + h], then

||Q(v)(t) − uTmax ||L∞(Rd)

≤||Ga(t) ∗ ua −Ga(Tmax) ∗ ua||L∞(Rd)

+

∣∣∣∣∣∣
∣∣∣∣∣∣
∫ t

Tmax

G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|v|p−1v)(τ)]
dτ
τ

∣∣∣∣∣∣
∣∣∣∣∣∣
L∞(Rd)
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+

∣∣∣∣∣∣
∣∣∣∣∣∣
∫ Tmax

a

[
G f

(
a

t
τ

)
−G f

(
a

Tmax

τ

)]
∗ [ HD−(1−γ)

a,τ (|u|p−1u)(τ)]
dτ
τ

∣∣∣∣∣∣
∣∣∣∣∣∣
L∞(Rd)

=||J1||L∞(Rd) + ||J2||L∞(Rd) + ||J3||L∞(Rd).

By taking sufficiently small h, we arrive at

||J1||L∞(Rd) ≤
σ

3
, ||J3||L∞(Rd) ≤

σ

3
.

In regard to ||J2||L∞(Rd), one has

||J2||L∞(Rd) ≤

∣∣∣∣∣∣
∣∣∣∣∣∣
∫ t

Tmax

G f

(
a

t
τ

)
∗
[

HD−(1−γ)
a,τ (|v(τ)|p−1v(τ) − |uTmax |

p−1uTmax)
] dτ
τ

∣∣∣∣∣∣
∣∣∣∣∣∣
L∞(Rd)

+

∣∣∣∣∣∣
∣∣∣∣∣∣
∫ t

Tmax

G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|uTmax |
p−1uTmax)]

dτ
τ

∣∣∣∣∣∣
∣∣∣∣∣∣
L∞(Rd)

≤

Cσ
α

+

(
log t

a

)1−γ

Γ(α + 1)Γ(2 − γ)
||uTmax ||

p
L∞(Rd)


(
log

t
Tmax

)α
≤
σ

3
,

for t ∈ [Tmax,Tmax + h] and h small enough. Therefore, there holds ||Q(v)(t) − uTmax ||L∞(Rd) ≤ σ, i.e.,
d(Q(v), uTmax) ≤ σ for t ∈ [Tmax,Tmax + h].

We next show that the operator Q is contractive on Ẽh,σ. Assume that v,w ∈ Ẽh,σ and t ∈
[Tmax,Tmax + h], it follows that

||Q(v)(t) −Q(w)(t)||L∞(Rd)

≤
C(p)

Γ(α)Γ(2 − γ)

(
||v||p−1

L∞((Tmax,Tmax+h),L∞(Rd)) + ||w||p−1
L∞((Tmax,Tmax+h),L∞(Rd))

)
×

∫ t

Tmax

(
log

t
τ

)α−1 (
log

τ

a

)1−γ dτ
τ
||v − w||L∞((Tmax,Tmax+h),L∞(Rd))

≤
2C(p)

(
log t

a

)1−γ

Γ(α + 1)Γ(2 − γ)

(
σ + ||uTmax ||L∞(Rd)

)p−1
(
log

t
Tmax

)α
d(v,w).

In this case, for t ∈ [Tmax,Tmax + h], one may take very small h such that

2C(p)
(
log t

a

)1−γ

Γ(α + 1)Γ(2 − γ)

(
σ + ||uTmax ||L∞(Rd)

)p−1
(
log

t
Tmax

)α
≤

1
2
,

which suggests the operator Q is contractive on Ẽh,σ and thus it has a fixed point v ∈ Ẽh,σ. In view of
v(Tmax) = Q(v)(Tmax) = u(Tmax), we set

u(t) =

u(t), t ∈ [a,Tmax),
v(t), t ∈ [Tmax,Tmax + h],

such that u(t) ∈ C([a,Tmax + h],C0(Rd)) and

u(t) = Ga(t) ∗ ua +

∫ t

a
G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|u(τ)|p−1u)(τ)]
dτ
τ
,
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which means u(t) is indeed a mild solution of Eq (1.1). Recalling the definition of Tmax, this yields a
contradiction.

The proof of the remainder of this theorem follows that of Theorem 3.2 in [16] and so is omitted.
The proof is thus complete. �

In the following, we present the definition of a weak solution to Eq (1.1) and show that the mild
solution given by Definition 3.1 is a weak solution.

Definition 3.2. Let d ∈ N, 0 < α < γ < 1, 0 < s < 1, p > 1, and T > a > 0. For given ua ∈ L∞Loc(R
d), a

function u is said to be a weak solution of Eq (1.1) if u ∈ Lp((a,T ), L∞Loc(R
d)) and∫

Rd

∫ T

a

(
HD−(1−γ)

a,τ (|u|p−1u)ϕ + ua CHDα
t,T ϕ

) dt
t

dx

=

∫
Rd

∫ T

a

(
u(−∆)sϕ + u CHDα

t,T ϕ
) dt

t
dx, (3.2)

for any test function ϕ ∈ C2,1
x,t (Rd × [a,T ]) satisfying supp

x
ϕ ⊂⊂ Rd and ϕ(·,T ) = 0.

Theorem 3.2. Let d ∈ N, 0 < α < γ < 1, 0 < s < 1, p > 1, and T > a > 0. If the initial value
ua ∈ C0(Rd), then the mild solution u ∈ C([a,T ],C0(Rd)) of Eq (1.1) is also its weak solution.

Proof. Assume that u ∈ C([a,T ],C0(Rd)) is a mild solution to Eq (1.1). Then Definition 3.1 gives

u − ua = Ga(t) ∗ ua − ua +

∫ t

a
G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|u|p−1u)]
dτ
τ
.

Use Lemma 2.5 to get

HD−(1−α)
a,t (u − ua) =HD−(1−α)

a,t (Ga(t) ∗ ua − ua) +

∫ t

a
Ga

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|u|p−1u)]
dτ
τ
.

Therefore, for every ϕ ∈ C2,1
x,t (Rd × [a,T ]) satisfying supp

x
ϕ ⊂⊂ Rd and ϕ(·,T ) = 0, there holds

∫
Rd

HD−(1−α)
a,t (u − ua)ϕdx =

∫
Rd

HD−(1−α)
a,t (Ga(t) ∗ ua − ua)ϕdx

+

∫
Rd

∫ t

a
Ga

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|u|p−1u)]
dτ
τ
ϕdx = I1 + I2.

For I1, an application of Lemma 2.4 leads to

δI1 = −

∫
Rd

(−∆)s(Ga(t) ∗ ua)ϕdx +

∫
Rd

HD−(1−α)
a,t (Ga(t) ∗ ua − ua)δϕdx. (3.3)

To estimate I2, we set h > 0, t ∈ [a,T ) and t + h ≤ T , then

I2(t + h) − I2(t)
log(t + h) − log(t)
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=
1

log(t + h) − log(t)

∫
Rd

∫ t+h

t
Ga

(
a

t + h
τ

)
∗ [ HD−(1−γ)

a,τ (|u|p−1u)]
dτ
τ
ϕ(t + h, x)dx

+
1

log(t + h) − log(t)

∫
Rd

∫ t

a
Ga

(
a

t + h
τ

)
∗ [ HD−(1−γ)

a,τ (|u|p−1u)]
dτ
τ

[ϕ(t + h, x) − ϕ(t, x)]dx

+
1

log(t + h) − log(t)

∫
Rd

∫ t

a

[
Ga

(
a

t + h
τ

)
−Ga

(
a

t
τ

)]
∗ [ HD−(1−γ)

a,τ (|u|p−1u)]
dτ
τ
ϕ(t, x)dx

=I21 + I22 + I23.

Applying the mean value theorem yields that

lim
h→0

I21 =

∫
Rd

HD−(1−γ)
a,τ (|u|p−1u)ϕdx,

lim
h→0

I22 =

∫
Rd

∫ t

a
Ga

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|u|p−1u)]
dτ
τ
δϕdx,

and

lim
h→0

I23 = −

∫
Rd

∫ t

a
G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|u|p−1u)]
dτ
τ

(−∆)sϕdx.

Consequently,

δI2 =

∫
Rd

HD−(1−γ)
a,t (|u|p−1u)ϕdx

+

∫
Rd

HD−(1−α)
a,t

∫ t

a
G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|u|p−1u)]
dτ
τ
δϕdx

−

∫
Rd

∫ t

a
G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|u|p−1u)]
dτ
τ

(−∆)sϕdx. (3.4)

Combining (3.3) and (3.4), we obtain

0 =

∫ T

a
δ

∫
Rd

HD−(1−α)
a,t (u − ua)ϕdx

dt
t

=

∫ T

a
(δI1 + δI2)

dt
t

= −

∫ T

a

∫
Rd

u(−∆)sϕdx
dt
t

+

∫ T

a

∫
Rd

HD−(1−γ)
a,t (|u|p−1u)ϕdx

dt
t

−

∫ T

a

∫
Rd

(u − ua) CHDα
t,T ϕdx

dt
t
,

which is the desired result and the proof is now ended. �

4. Proof of main result

Proof of Theorem 1.1.
(1) We consider two cases: (i) 1 < p < p̃ = 1 +

1−γ
α

. (ii) 1 < p < p̃ = 1 +
2s(1+α−γ)

αd .
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(i) Assume that 1 < p < p̃ = 1 +
1−γ
α

. Let

ω(x) =

(∫
Rd

e−
√

d2+|x|2dx
)−1

e−
√

d2+|x|2 , x ∈ Rd,

and the function Φ satisfy

Φ ∈ C∞0 (R), Φ(ξ) =

1, |ξ| ≤ 1,
0, |ξ| ≥ 2,

0 ≤ Φ ≤ 1.

Thanks to Theorem 3.2, we may take ϕ1(x) = ω(x)Φn(x) with Φn(x) = Φ(|x|/n), n = 1, 2, . . .,
and ϕ2(t) =

(
1 − log(t/a)

log(T/a)

)m
for t ∈ [a,T ], where m ≥ max{2, p(1+α−γ)

p−1 }. Now we set ϕ(x, t) =

CHD1−γ
t,T (ϕ1(x)ϕ2(t)). From Definition 3.2 of the weak solution, one has∫

Rd

∫ T

a

(
HD−(1−γ)

a,t up
CHD1−γ

t,T (ϕ1ϕ2) + ua CHDα
t,T CHD1−γ

t,T (ϕ1ϕ2)
) dt

t
dx

=

∫
Rd

∫ T

a

(
u(−∆)sϕ1 CHD1−γ

t,T ϕ2 + u CHDα
t,T CHD1−γ

t,T (ϕ1ϕ2)
) dt

t
dx. (4.1)

Furthermore, it follows that∫
Rd

∫ T

a

(
upϕ1ϕ2 + uaϕ1 CHD1+α−γ

t,T ϕ2

) dt
t

dx

=

∫
Rd

∫ T

a

(
u(−∆)sϕ1 CHD1−γ

t,T ϕ2 + uϕ1 CHD1+α−γ
t,T ϕ2

) dt
t

dx. (4.2)

According to the inequality (−∆)sω(x) ≤ ω(x) in [16] and the Lebesgue dominated convergence
theorem, we have with n→ ∞ in (4.2),∫

Rd

∫ T

a
upωϕ2

dt
t

dx +

∫
Rd

∫ T

a
uaω CHD1+α−γ

t,T ϕ2
dt
t

dx

≤

∫
Rd

∫ T

a

(
uω CHD1−γ

t,T ϕ2 + uω CHD1+α−γ
t,T ϕ2

) dt
t

dx. (4.3)

Using Jensen’s inequality in (4.3) gives∫ T

a

(∫
Rd

uωdx
)p

ϕ2
dt
t

+

∫
Rd

∫ T

a
uaω CHD1+α−γ

t,T ϕ2
dt
t

dx

≤

∫
Rd

∫ T

a

(
uω CHD1−γ

t,T ϕ2 + uω CHD1+α−γ
t,T ϕ2

) dt
t

dx. (4.4)

Denoting f (t) =
∫
Rd uω dx, it is easy to see that f (t) ≥ 0 and f (a) > 0. In view of inequality (4.4),

Hölder inequality and Young’s inequality, we obtain∫ T

a
f p(t)ϕ2(t)

dt
t

+

∫ T

a
f (a) CHD1+α−γ

t,T ϕ2(t)
dt
t
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≤

∫ T

a
f (t) CHD1−γ

t,T ϕ2(t)
dt
t

+

∫ T

a
f (t) CHD1+α−γ

t,T ϕ2(t)
dt
t

=

∫ T

a
f (t)ϕ

1
p

2 (t)ϕ
− 1

p

2 (t) CHD1−γ
t,T ϕ2(t)

dt
t

+

∫ T

a
f (t)ϕ

1
p

2 (t)ϕ
− 1

p

2 (t) CHD1+α−γ
t,T ϕ2(t)

dt
t

≤
1
2

∫ T

a
f p(t)ϕ2(t)

dt
t

+ C
∫ T

a
ϕ
− 1

p−1

2 (t)
(

CHD1−γ
t,T ϕ2(t)

) p
p−1 dt

t

+ C
∫ T

a
ϕ
− 1

p−1

2 (t)
(

CHD1+α−γ
t,T ϕ2(t)

) p
p−1 dt

t
.

Hence there holds

1
2

∫ T

a
f p(t)ϕ2(t)

dt
t

+ C f (a)
(
log

T
a

)γ−α
≤ C

(
log

T
a

) pγ−1
p−1

+ C
(
log

T
a

) pγ−pα−1
p−1

.

Then we get

f (a) < C
(
log

T
a

) pγ−1
p−1 +α−γ

+ C
(
log

T
a

) pγ−pα−1
p−1 +α−γ

. (4.5)

If Eq (1.1) has a global solution, we know that f (a) = 0 as T → ∞ in (4.5) by 0 < α < γ < 1 and
p < 1 +

1−γ
α

, which is inconsistent with f (a) > 0. Hence, the mild solution of Eq (1.1) blows up in
finite time.

(ii) Suppose that 1 < p < p̃ = 1 +
2s(1+α−γ)

αd . For t ∈ [a,T ] with T > a > 0, we take

ϕ1(x) =

(
Φ

((
log

T
a

)− α
2s

|x|
)) 2p

p−1

, ϕ2(t) =

(
1 −

log(t/a)
log(T/a)

)m

with m ≥ max{2, p(1+α−γ)
p−1 }, and ϕ(x, t) = CHD1−γ

t,T (ϕ1(x)ϕ2(t)).
Let u be a mild solution of Eq (1.1), then Theorem 3.2 implies∫

Rd

∫ T

a

(
upϕ1ϕ2 + uaϕ1 CHD1+α−γ

t,T ϕ2

) dt
t

dx

=

∫
Rd

∫ T

a

(
u((−∆)sϕ1) CHD1−γ

t,T ϕ2 + uϕ1 CHD1+α−γ
t,T ϕ2

) dt
t

dx. (4.6)

Note that the fact

(−∆)sϕ1 CHD1−γ
t,T ϕ2 ≤ C1

(
log

T
a

)−(1+α−γ)

ϕ
1
p

1 ϕ
1
p

2 , (4.7)

and

ϕ1 CHD1+α−γ
t,T ϕ2 ≤ C2

(
log

T
a

)−(1+α−γ)

ϕ
1
p

1 ϕ
1
p

2 , (4.8)

where the positive constants C1 and C2 are independent of T .
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According to (4.6)–(4.8), together with Young’s inequality and Hölder inequality, it holds that∫
Rd

∫ T

a

(
upϕ1ϕ2 + uaϕ1 CHD1+α−γ

t,T ϕ2

) dt
t

dx

≤C
(
log

T
a

)−(1+α−γ)+(1+ αd
2s ) p−1

p
(∫
Rd

∫ T

a
upϕ1ϕ2

dt
t

dx
) 1

p

≤C(p)
(
log

T
a

)1+ αd
2s −

p(1+α−γ)
p−1

+

∫
Rd

∫ T

a
upϕ1ϕ2

dt
t

dx. (4.9)

As a result,

C(α, γ)
(
log

T
a

)γ−α ∫
Rd

uaϕ1dx ≤ C(p)
(
log

T
a

)1+ αd
2s −

p(1+α−γ)
p−1

, (4.10)

i.e., ∫
Rd

ua ϕdx ≤ C(α, γ, p)
(
log

T
a

)1+α−γ+ αd
2s −

p(1+α−γ)
p−1

. (4.11)

The condition 1 < p < 1+
2s(1+α−γ)

αd indicates 1+α−γ+ αd
2s −

p(1+α−γ)
p−1 < 0. If Eq (1.1) has a global solution,

then
∫
Rd uaϕdx = 0 as T → ∞, that is ua ≡ 0, which makes a contradiction with the assumption ua . 0.

Therefore, blowup of the mild solution u of Eq (1.1) occurs in finite time.
(2) Based on the fixed point principle, we demonstrate the required result by constructing the global

solution of Eq (1.1). Firstly, the condition p ≥ 1 +
2s(1+α−γ)

αd implies that

αd(p − 1)
2s(pα − pγ + 1)+

> 1, (4.12)

where (pα − pγ + 1)+ = max{0, pα − pγ + 1}. If d < 2s(1+α−γ)
1−γ , one has p ≥ p̃ = 1 +

2s(1+α−γ)
αd , and if

d ≥ 2s(1+α−γ)
1−γ , one gets p > p̃ = 1 +

1−γ
α

. In either case, we obtain

αd(p − 1)
2sp(1 + α − γ − (p − 1)α)+

> 1. (4.13)

In addition, by p > 1 +
1−γ
α
> 1

γ
, it follows that

d(p − 1)
2sp

<
αd(p − 1)

2s(p(α − γ) + 1)+

, (4.14)

and
d(p − 1)

2sp
<

αd(p − 1)
2sp(2α + 1 − γ − αp)+

. (4.15)

Hence, taking (4.12)–(4.15) into account, we can choose q > p such that
1 + α − γ

p − 1
−

1
p
<
αd
2sq

<
α

p − 1
, (4.16)

and

1 + α − γ

p − 1
− α <

αd
2sq

<
α

p − 1
. (4.17)
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Let

β =
αd
2s

(
1
p∗
−

1
q

)
=

1 + α − γ

p − 1
−
αd
2sq

. (4.18)

Then (4.16) gives

0 < pβ < 1. (4.19)

If the initial value ua satisfies

sup
t>a

(
log

t
a

)β
||Ga(t) ∗ ua||Lq(Rd) = ϑ, (4.20)

then ϑ < +∞ by (4.18) and (2.10) provided that ua ∈ Lp∗(Rd) with p∗ =
αd(p−1)

2s(1+α−γ) .
Next we use the contractive mapping principle to obtain result. To this end, we denote

E =

{
u ∈ L∞((a,∞), Lq(Rd))

∣∣∣∣∣ ||u||E = sup
t>a

(
log

t
a

)β
||u||Lq(Rd) < +∞

}
and

Ψ(u)(t) = Ga(t) ∗ ua +

∫ t

a
G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (|u|p−1u)(τ)]
dτ
τ
, ∀ u ∈ E.

Define
EK = {u ∈ E | ||u||E ≤ K,K > 0} .

By q > p and q > d(p−1)
4s , one gets p

q −
1
q < min{1, 4s

d }. Thus, for any u, v ∈ EK and t > a, it follows that(
log

t
a

)β
||Ψ(u)(t) − Ψ(v)(t)||Lq(Rd)

≤

(
log

t
a

)β ∫ t

a

∣∣∣∣∣∣∣∣∣∣G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ (up(τ) − vp(τ))]
∣∣∣∣∣∣∣∣∣∣

Lq(Rd)

dτ
τ

≤
C

Γ(1 − γ)

(
log

t
a

)β ∫ t

a

(
log

t
τ

)α−1− αd(p−1)
2sq

∫ τ

a

(
log

τ

w

)−γ
||up − vp||

L
q
p (Rd)

dw
w

dτ
τ

≤
C

Γ(1 − γ)

(
log

t
a

)β ∫ t

a

(
log

t
τ

)α−1− αd(p−1)
2sq

×

∫ τ

a

(
log

τ

w

)−γ
(||u||p−1

Lq(Rd) + ||v||p−1
Lq(Rd))||u − v||Lq(Rd)

dw
w

dτ
τ

≤
CK p−1

Γ(1 − γ)

(
log

t
a

)β ∫ t

a

(
log

t
τ

)α−1− αd(p−1)
2sq

∫ τ

a

(
log

τ

w

)−γ (
log

w
a

)−pβ dw
w

dτ
τ
||u − v||E

=
CK p−1

Γ(1 − γ)

∫ 1

0
(1 − τ)α−1− αd(p−1)

2sq τ1−γ−pβdτ
∫ 1

0
(1 − w)−γw−pβdw||u − v||E

=
CK p−1

Γ(1 − γ)

Γ(α − αd(p−1)
2sq )Γ(2 − γ − pβ)

Γ(2 + α − pβ − γ − αd(p−1)
2sq )

Γ(1 − pβ)Γ(1 − γ)
Γ(2 − γ − pβ)

||u − v||E

=CK p−1
Γ(α − αd(p−1)

2sq )Γ(1 − pβ)

Γ(2 + α − pβ − γ − αd(p−1)
2sq )

||u − v||E. (4.21)
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By taking K small enough such that

CK p−1
Γ(α − αd(p−1)

2sq )Γ(1 − pβ)

Γ(2 + α − pβ − γ − αd(p−1)
2sq )

<
1
2
,

which yields ||Ψ(u) − Ψ(v)||E ≤ 1
2 ||u − v||E by Eq (4.21).

A similar calculation as (4.21) results in

(
log

t
a

)β
||Ψ(u)(t)||Lq(Rd) ≤ ϑ + CK p

Γ(α − αd(p−1)
2sq )Γ(1 − pβ)

Γ(2 + α − pβ − γ − αd(p−1)
2sq )

. (4.22)

Choose sufficiently small ϑ and K such that

ϑ + CK p
Γ(α − αd(p−1)

2sq )Γ(1 − pβ)

Γ(2 + α − pβ − γ − αd(p−1)
2sq )

≤ K.

This implies Ψ(u) ∈ EK and thus Ψ has a fixed point u ∈ EK by the contractive mapping principle.
Finally, We need to prove u ∈ C([a,∞),C0(Rd)). For a T sufficiently close to a, let

EK,T =

{
u ∈ L∞((a,T ), Lq(Rd))

∣∣∣∣ sup
a<t<T

(
log

t
a

)β
||u(t)||Lq(Rd) ≤ K

}
.

As demonstrated before, it is known that there is a unique solution u on EK,T . It follows from
Theorem 3.1 and the initial value ua ∈ C0(Rd) ∩ Lq(Rd) that there exists a unique solution ũ ∈
C([a,T ],C0(Rd)) ∩ C([a,T ], Lq(Rd)) for T sufficiently close to a. Hence, for T sufficiently close to
a, one has sup

a<t<T

(
log t

a

)β
||̃u(t)||Lq(Rd) ≤ K. This means that u = ũ for t ∈ [a,T ] from the uniqueness of

solution and thus u ∈ C([a,T ],C0(Rd)) ∩C([a,T ], Lq(Rd)).
Our purpose is to prove u ∈ C([a,∞),C0(Rd)). In fact, for t > T , it holds that

u −Ga(t) ∗ ua =

∫ t

a
G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ up(τ)]
dτ
τ

=

∫ T

a
G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ up(τ)]
dτ
τ

+

∫ t

T
G f

(
a

t
τ

)
∗ [ HD−(1−γ)

a,τ up(τ)]
dτ
τ

=I1 + I2.

Using the fact u ∈ C([a,T ],C0(Rd)), one obtains

I1 ∈ C([T,∞),C0(Rd)) ∩C([T,∞), Lq(Rd)).

For any T̃ > T , it can be easily find that up ∈ L∞((T, T̃ ), Lq/p(Rd)) and HD−(1−γ)
a,τ up ∈

L∞((T, T̃ ), Lq/p(Rd)). On the other hand, the condition q > d(p−1)
2s indicates that we may choose r > q

such that d
2s ( p

q −
1
r ) < 1. As what we have proved in Lemma 2.5, it is obvious that I2 ∈ C([T, T̃ ], Lr(Rd)).

By the arbitrariness of T̃ , we see that I2 ∈ C([T,∞), Lr(Rd)) and thus u ∈ C([T,∞), Lr(Rd)).
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Let r = qλn and λ > 1 satisfy

d
2s

(
p

qλn−1 −
1

qλn

)
< 1, n = 1, 2, . . . ,

then u ∈ C([T,∞), Lqλn
(Rd)). After finite steps, one has p

qλn < 2s
d . In other words, we show u ∈

C([a,∞),C0(Rd)). This concludes the proof of the theorem.

Remark 4.1. It is worth noticing that, according to Theorem 1.1, the Fujita critical exponent to
Eq (1.1) is the number p̃ = max{1 +

1−γ
α
, 1 +

2s(1+α−γ)
αd }.

Remark 4.2. In the Eq (1.1), we consider the case 0 < α < γ < 1 and prove the main result, i.e.,
Theorem 1.1. If γ ≥ α with 0 < α < 1 and 0 ≤ γ < 1, then it is easy to verify that Theorems 3.1 and 3.2
are still valid provided that a mild solution and a weak solution are defined as Definitions 3.1 and 3.2.
However, compared with Theorem 1.1, we see that the main conclusions are very different. In fact, we
can derive the following result whose proof is similar to that of Theorem 1.1 or can also refer to the
proof of Theorem 1 in [34].

Theorem 4.1. Let d ∈ N, 0 < α < 1, 0 ≤ γ < 1, γ ≤ α, 0 < s < 1, and p > 1. Assume that ua ∈ C0(Rd)
and ua ≥ 0 with ua . 0.
(1) If 1 < p ≤ p = max{ 1

γ
, 1 +

2s(1+α−γ)
(2+αd−2s(1+α−γ))+

}, then the mild solution of Eq (1.1) will blow up in finite
time.
(2) If p > p and ||ua||Lp∗ (Rd) is small enough with p∗ =

αd(p−1)
2s(1+α−γ) , then Eq (1.1) exists global solution.

Remark 4.3. From Theorem 4.1, we remark that the Fujita critical exponent is p = max{ 1
γ
, 1 +

2s(1+α−γ)
(2+αd−2s(1+α−γ))+

} when γ ≤ α for 0 < α < 1 and 0 ≤ γ < 1.

5. Numerical simulations

In this section, we show the finite time blow-up of the solution to Eq (1.1) by numerical simulation.
For this purpose, we have to approximate the Caputo-Hadamard derivative, fractional Laplacian and
Hadamard fractional integral in Eq (1.1), respectively. We shall use formulaes (3.2) and (3.3) in [35]
to discretize the Caputo-Hadamard derivative of order α ∈ (0, 1) and apply formula (2.9) in [36] to
approximate the fractional Laplacian of order s ∈ (0, 1). For the right sided Hadamard fractional
integral of order 1 − γ (γ ∈ (0, 1)) in Eq (1.1), we present the following discrete scheme.

Let a = t0 < t1 < . . . < tk < . . . < tN = T be a partition of the interval [a,T ] with N ∈ N and some
positive number T > a. Then the Hadamard fractional integral with order 1 − γ (γ ∈ (0, 1)) can be
approximated by, for t = tk, 1 ≤ k ≤ N,

HD−(1−γ)
a,t g(t)|t=tk =

1
Γ(1 − γ)

∫ tk

a

(
log

tk

τ

)−γ
g(τ)

dτ
τ

=
1

Γ(1 − γ)

k∑
j=1

∫ t j

t j−1

(
log

tk

τ

)−γ
g(τ)

dτ
τ

≈
1

Γ(1 − γ)

k∑
j=1

∫ t j

t j−1

(
log

tk

τ

)−γ
g(t j−1)

dτ
τ
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=
1

Γ(2 − γ)

k∑
j=1

(log
tk

t j−1

)1−γ

−

(
log

tk

t j

)1−γ g(t j−1)

=

k∑
j=1

b j,kg(t j−1),

where

b j,k =
1

Γ(2 − γ)

(log
tk

t j−1

)1−γ

−

(
log

tk

t j

)1−γ .
Based on these results, we obtain a numerical scheme to Eq (1.1). For simplicity, we now take

d = 1, a = 1, p = 2 and ua = 10 in Eq (1.1). Figure 1 depicts the curves of the solution to Eq (1.1)
when the parameters α and s choose different values and γ = 0.8, which displays the finite time blow-
up of solution of Eq (1.1) and thus shows the effectiveness of the results in Theorem 1.1. Similarly,
Figure 2 presents the curves of the solution to Eq (1.1) in the case γ ≤ α and illustrates the validity of
the results given by Theorem 4.1.

1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5
10261

(a) α = 0.3, s = 0.4
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(c) α = 0.7, s = 0.4
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(d) α = 0.7, s = 0.8
Figure 1. Solution curves for Eq (1.1) with γ = 0.8.
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(a) α = 0.4, s = 0.3
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(d) α = 0.7, s = 0.8

Figure 2. Solution curves for Eq (1.1) with γ = 0.3.

6. Conclusions

In this paper, we study the blow-up and global existence of solution of the Cauchy problem to
time-space fractional partial differential Eq (1.1) with nonlinear memory. A mild solution and a weak
solution are introduced to Eq (1.1) and the mild solution is actually shown to be the weak solution. We
next prove the local existence and uniqueness of the mild solution of Eq (1.1) by using the fixed point
argument. Finally, the finite time blow-up and global solution of Eq (1.1) are established and the Fujita
critical exponent is also determined, where the blowing-up character of the solution in a finite time is
verified by numerical simulations.
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