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1. Introduction

In recent years, the researchers and modelers have shown a keen interest in the topic of fractional
differential equations. In fact, such equations appear in the mathematical models of several real-world
phenomena occurring in pure, applied and technical sciences, for instance, see the books [1-3].
Unlike the classical derivative, there do exist many definitions of fractional derivatives and integrals.
In [4], Hilfer proposed an important definition of fractional derivative (known as Hilfer fractional
derivative), which represents both Riemann-Liouville and Caputo fractional derivatives under suitable
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choice of parameters. Several authors studied initial value problems involving Hilfer fractional
derivatives, for example, see [5-9]. Some interesting results on boundary value problems involving
Hilfer fractional differential equations can be found in the literature. For example, we refer the reader
to works on nonlocal Hilfer problems [10, 11], Hilfer Langevin equations [12, 13], Hilfer
Katugampola operators [14], Hilfer Erdelyi-Kober operators [15], Hilfer inclusion problems [16],
Hilfer stochastic differential equations [17], y-Hilfer problems [18], y-Hilfer coupled systems [19],
delay Hilfer fractional differential equations [20], Hilfer equations with variable coefficients [21],
Hilfer sequential fractional differential equations [22,23], Hilfer approximate controllability [24] and
Hilfer-Hadamard boundary value problems [25]. A variety of recent results on boundary value
problems and coupled systems of Hilfer fractional differential equations and inclusions can be found
in the survey paper [26].

In [27], the authors introduced and developed the existence and uniqueness of solutions for a new
class of coupled systems of Hilfer-type fractional differential equations with nonlocal integral boundary
conditions of the form

BDx(t) = f(t, x(1),y(1)), t€ [a,b],
Hp>bry(r) = g(t, x(1), y(1)), t € [a,b],

x@ =0, x(b)= ) GIYE), @) =0, yb)= ) GI"xz),
i=1

J=1

(1.1)

where 1 D*#, # D®1$1 are the Hilfer fractional derivatives of orders @, a;, 1 < @, @; < 2, and parameters
B, B1, 0 < B,B1 < 1, respectively, and ¥, 1Y/ are the Riemann-Liouville fractional integrals of order
@; > 0and y; > 0, respectively, the points &;,z; € (a,b),a > 0, f, g : [a,b] xR XR — R are continuous
functionsand 6, {; € R,i=1,2,...,m, j=1,2,...,n are given real constants.

Recently, in [28], the authors studied a coupled system of -Hilfer fractional order Langevin
equations with nonlocal integral boundary conditions given by

AP (Ml 4 2)) x(r) = (& x(0).y(0)), 1€ J:= [a,b],
M@t (Mol 4 2)y(t) = g(t, x(0),y(®),  t€J :=[a,b], (12

Ma) =0, x(b) = Y nIl'y(6), y@ =0, yb)= > w,I i x(&),
i=1 j=1

where 7 DZ;“‘” is y-Hilfer fractional derivatives of order u € {a,a,, p1,p>} with 0 < u < 1 and
vel{B,B2,q1,q} with0<v< 1,71 Zj‘” is Y-Riemann-Liouville fractional integral of order w = {6;, «;},
w > 0, the points 6, &; € (a,b),i = 1,2,...,m, j=1,2,...,n, 41, 1, €R, f, g € C([a, b] x R2,R) and
b>az>0.

The objective of the present paper is to investigate the existence and uniqueness of solutions for
a new class of coupled systems of Langevin type Hilfer fractional differential equations of different
orders involving non-integral and autonomous type Riemann-Liouville mixed integral nonlinearities
complemented with nonlocal coupled multi-point and Riemann-Liouville integral boundary conditions.
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This work is motivated by [27] and [28]. In precise terms, we consider the following problem:

Hpabi(Hpaxbz 4 An)x(t) = I g1(x(t), (1)) + fi(t, x(8), (1)), t € [a, b],
Hpobs(H Db 1 ,)y(t) = 12 g(x(1), y(t)) + falt, X(1), ¥(1)), t € [a, b],

x(@) = 0, x(b) = > piy(n) + Y vily(€D, qi > 0, (13)
i=1 k=1

¥(@) =0, y(b) = > ix(m) + ) Ol (€D, pic >0,
i=1 k=1

where ¥ D*#i represents Hilfer fractional derivative operator of order «; € (0, 1) with parameter 3; €
[0,1], j = 1,2,3,4, Ay, Ao, pi, vk, 6; and 6, i = 1,2, ...,m,k = 1,2, ...,n are constants, a < n;,& < b,
where a > 0 and m,n € N, Igl, Igﬁ, 15 + denote the left Riemann-Liouville fractional integral operators
of orders {; > 0, g, > 0, p;r > 0 respectively, while I,fi denotes the right Riemann-Liouville fractional
integral operator of order £ > 0, and fi, 5 : [a,b] X RXR — R, g1, : RXR — R are given
continuous functions.

Note that problem (1.3) is more general than problem (1.2), since it contains non-integral as well
as Riemann-Liouville mixed integral nonlinearities and nonlocal coupled multi-point and Riemann-
Liouville integral boundary conditions.

The rest of the paper is organized as follows. In Section 2, we present some necessary material
related to our study and prove an auxiliary lemma to define the solution for the problem at hand.
Section 3 contains the main results which rely on Banach contraction mapping principle,
Krasnosel’skii’s fixed point theorem and Leray-Schauder alternative. In Section 4, we construct
examples for the illustration of the results obtained in Section 3.

2. Preliminaries

We begin this section with some basic concepts used in our study.

Definition 2.1. ( [3]) The left and right Riemann—Liouville fractional integrals of order w > 0 for a
continuous function g, existing almost everywhere on [a, b], are respectively defined by

t (¢ w1 b _ Aw-1
19.8() = f %gmds and 12 (1) = f “r(—z)gws.

For the sake of simplicity, we write I;, and I;” as I’ and I’ respectively.
Definition 2.2. ( [4]) Forn — 1 < a < n, 0 < B8 < 1, the Hilfer fractional derivative of order a and
parameter 3 for a continuous function g is defined by

d
HDa,ﬁg(t) — Ig(n_Q)DnIC(ll —ﬁ)(n—a)g(t)’ D= E’

where
1

I7g (1) = m

t
f (t—s5)"g(s)ds, a >0,

with w € {f(n — a), (1 — B)(n — a)}.
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Lemma 2.1. ([16]) Leth € L(a,b), n—1 <y, <n, n€N, 0< vy < 1and I"7""7" 1 e ACH[a, b].
Then

(t — q)=r=r(-7) d

n—1
("D h)(6) = h(t) - lim
2.

(1=y2)(n—y1)
—(n=y) —y) + 1) 1—a* ﬁ(la PV h)(1).

In the following lemma, we solve the linear variant of the problem (1.3).

Lemma 2.2. Let hy, h, : [a,b] — R be continuous functions and A # 0. Then the unique solution of
the following coupled system:

AR (D L () = (D), 1€ [a,bl,
ADmBEDI L )y(0) = ha(0), 1€ [a,b]

x(a@) = 0, x(b) = ) uy(m) + Y vl y(E0, i >0, @.1)
i=1 k=1

¥(@) =0, y(b) = > 8ixm) + )OIl x(&), pi> 0,
i=1 k=1

is given by

t— az+€1—1
¢—a) [ Qo122 x(B) — 122y (b)

N = IIh() — 412 x() + ——{Q
x(1) a () = 42 x(D) Al (e, + )

— D Sy (n) + )l () + ) veld T hy &)
i=1 i=1 k=1

n

— D V(&) + Qu(Ly(b) = I ha(b) + ) 618 ()

k=1 i=1
—A1 ) SIPEm) + )OI R (E) = A ) Ol x(ED), 22)
i=1 k=1 k=1
(l _ a)a/4+53—1

YO = I() — LS(r) + {Qa( I x(b) = 1y (b)

Al'(a4 + &)

) Z il y(my) + Z Wil T by () + Z Vil T, (&)
P P =1

n

— D V(D) + Qi = 1 ha(b) + D ly(b) + ) Sy ()
k=1 i=1

—A D SIPxM) + )OI (E) = A ) 6P x(ED), (2.3)
i=1 k=1 k=1

where A, Q;, i =1,2,3,4 are given by

(b _ a)(1/2+61—1 _ (b _ a)(14+63—1

Q , = )
! I'(a, + ) > IN'as + &)

m P — a a/2+61—1 n —a pk+az+61—l
(UL b S Pyl

Q = 61 >
3 P F(az+€1) p k F(pk+012+61)
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m ;= a (l4+63—1 n —-a qk+(l4+63—1
Q, = Z“i(nr ) +ka(§k ) ,
P (a4 + 63) = F(qk + a4 + 63)
A = Q]Qz - Q3Q4, (24)

and € = «; +ﬁi - Q’,’ﬁi, i=1,2,3,4.

Proof. Applying the integral operators I;;' and I,° on the first and second Hilfer fractional differential
equations in (2.1) respectively and using Lemma 2.1, we obtain

_ e-1

(HDazﬁz + A)x(t) — % = IYhy (1), (2.5
d _ \a-1

(D Ay)y(1) - —O(tn:;; e o

Now operating I;;> and I;* respectively to the Egs (2.5) and (2.6), we get

C](t _ a)ez—l C()(l _ a)(l2+61—1

/l I(lz _ _ — I(ll+(12h 2.7

x(1) + 41, x(2) (&) [ 1 ) A (), (2.7)
dit—a)*  do(t—ayet

1)+ LI y(t) — - = 173" hy(2). 2.8

YO + 17 y(1) e M1 6) o ha(t) (2.8)

Using the conditions x(a) = 0 and y(a) = 0 in (2.7) and (2.8) respectively, we find that ¢; = d; = 0.
Thus we have

Co(t _ a)(t2+61 -1

0 =I5 () — 402 x() + ———, 2.9
x(t) = I, hy (1) = 402 x(2) + [ 1 &) (2.9)
d()(t _ a)(l4+e3—1
D = I[P %hy(t) — LI Y(t) + ——. 2.10
Y0 = I haft) = LIV + T (2.10)

Inserting (2.9) and (2.10) in the condition x(b) = Z wiy(m;) + Z vil#y(&;), we find that
i=1 k=1

C()(b _ a)a/2+51—1

F(Clz + 61)

= > {1 o) = a1y (n)
i=1

124y (b) — 412 x(b) +

n

d ( = a)oz4+e3—1 . "
o b 3 10 g8 - A1y +

do(é, = ay"+”!

b

IN'as + &) = I'las + &)
which can alternatively be written as
(b _ a)(22+61 m ( = a)(14+s3 1 n ( _ a)CIk+fY4+E3—1
Co—F— Z Mi—— i Z Vi é‘:k
F(a2 + 61) P F(a4 + 63) p= F(qk + a4 + 63)

m

= /11]32?6(17) - 13‘“’2/11(17) - A Zﬂilg4y(77i) + Zﬂilg3+a4h2(ni)

i=1 i=1

VBT S (E) = Ay ) w8y, @.11)
k=1

k=1
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In a similar manner, making use of (2.9) and (2.10) in the
y(b) = XLy 6:x(mi) + Yoy Ola X(€r), leads to

m _ an+€— _ Prktar+€e— b _ (1/4+E3—1
—Co Z 51 (771 Cl) Z k Cl) } +d L

L T +a) & Tp+a+e)) " Na+e)

= LI%y(b) — I hy(b) + Z ST hy () — Ay Z S x(n;)

i=1 i=1

+ ; OP TR (&) - A ; O P X(E,).

Making use of the notation in (2.4), we can write (2.11) and (2.12) as

Qieg = Qudo = DIPx(b) = 1 hy(b) = Ay Y il yn) + 3 il " ha(ar)
i=1 i=1

£ ) I I (E) = b ) vl ED,
k=1

k=1

—Qaco + Qdy = LI5y(D) — 157 hy(b) + Z 85 hy () — A4 Z 0l x(17;)
i=1 i=1

’ kz—; OIy " " hy (&) — kz_; Ol (&),

which, on solving for ¢( and dj, yields

1 m m
co = T Q(UIERB) ~ I () = A Y ity + 3wl ()
i=1 i=1

£ VI (&) = o ) vl y(ED) + Qu I y(b) — 15 o (b)
k=1

k=1

SO = Ay D SIPx) + ) Ol Ry ()
i=1 i=1 k=1

-2 Z O x(E)),

k=1

1 m m
dy = Z{Q3(/11132x(b) —I77hy(b) — A, Z#iﬁf“)’(?]i) + Zﬂilg3+a4h2(ﬂi)
P i=1

VI (&) = o ) vl (&) + QA5 y(b) — 15 (b
k=1

k=1

SO = A1 D Sx) + ) Ol Ry ()
i=1 i=1 k=1

condition:

(2.12)

AIMS Mathematics Volume 7, Issue 7, 12718—-12741.
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- ; 0I5 2(E))|.

Substituting the values of ¢y and dj in (2.9) and (2.10) respectively together with (2.4), we get the
solution (2.2) and (2.3). By direct computation, one can obtain the converse of this lemma. The proof
is finished. o

3. Existence and uniqueness results

Let X = C([a, b],R) denote the Banach space of all continuous functions from [a, b] to R with the
norm ||x|| = sup,,  [x(9)]. Then the product space (X x X,| -l is also a Banach space endowed with
the norm [|(x, y)|| = [|x]| + [lyll for (x,y) € X X X.

In view of Lemma 2.2, we introduce an operator 7 : X X X —» X X X as

T1(x, y)(0) )

T = ( 506 Y)(1)

where

Tiu)@) = 197 g (x(0), y(0) + 157 fi (8, x(1), y(0) — AL x (D)
(t _ a)(1/2+61—1

B

Al'(ar + €)

~ I fi b 30, Y(B)) = Ao Y il Gr)

i=1

X {Qz(/lllgzx(b) — I gy (x(D), y(b))

O L g (x), Y + ™™ (s, X0:), y00)
i=1 i=1

£ IR g (H(E, YEN) + | VLI fo(E X(E), Y(ED)
k=1 k=1

n

— ) VI (ED ) + Qu( LI y(b) = 15 fo(b, x(B), Y (b))
k=1
O g (x(), Y)) + ) S fi i, x(7), Y(71)
i=1 i=1

o Z‘ a7 + ,Z* O+ (x(£), Y(ED)

i kz; Bl (X0, Y(ED) — Ay ; Ol x(ED ), (3.1)

and

I8 (17 ga(x(), Y(0)) + I e, (), Y(0)) = Aol y(1)
(l’ _ a)a4+63—1
Jazame
Al(as + &)

T2(x, y)(®)
X {93(/11132x(b) — I3 gy (x(b), (b))
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1 £ (b, x(b). Y(B) ~ Ay Y sl ()

i=1

+ Z w12 g0 (x (), (7)) + Z il fo (i x(ni), y(15))
i=1

i=1

£ I (g (x(E), YE) + Y Vil (6 x(ED, ED)
- k=1

n

— D Vil (ED) + Qi(Iy(b) = 1 fa(b, x(b), y(b))

k=1

£ G (xm), Y1) + Y SIS fi i xC00), Y010)
i=1 i=1

~ Z Ol kz; O+ (x(0), Y(E0)

+ ; OID 4 £ (6 X(ED Y(ED) = Ay kZ‘ Ol x(£0)) ). (3.2)

For computational facilitation, we set

(OB

g3

(o)

(O

AIMS Mathematics

b—a)*® Qp (b —a)r™ “
(b-a) N _1{ 2(b—a) N |Q4|(

F(al + @y + 1) |A|

N an |6k|(Ex — @)t )}
F(pk+a1+a2+1) ’

F(CY1 + @y + 1)

0il(n; — a)* ¥
= F(al + @y + 1)

(3.3)

Vil(§x — a)feresres

— a3+a4 n
|A| F(Clg, + @y + 1)
+|Q4|(b - a)“”m‘ }

I'azs +as+ 1)
%{ 1Q3(b — 61)“‘“’2 Z 6:l(m; — a)™'™ ™
|A| F(a’l + ap + 1) F(CL’] + @y + 1)

|9k|(§k _ a)pk+(1|+(l2
y= F(pk +a +ap + 1)
(b _ a)(13+a4
IN'las + as + 1)

n
v —a gktaztag
+Z Vil (€ — @) )+

Q.0 —ar
p F(qk +az+ay+1)

I'(a; + s + 1) ’
|LI(Al + Q)b — a)”

il (g — @)™+
{10 § L
|A| T(as +ay + 1)

= F(qk+cx3+a/4+ 1)

(3.4)

(3.5)

(3.6)

Q%6 — a)™

E{ F(a/z + 1) T(ay + 1)

FQQ) Z sl | $ )
k

a + 1)

= F(pk +a;+ 1)

Volume 7, Issue 7, 12718—-12741.
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IO (Zn: Vil (€ — a)?eres Z |eil(m; — Cl)a4
TR L T(ge+as+ 1) F(a4+1) ’

D4, Q5|0 —a)™ | |(A] + Q 1)(b —a)™

= — +
e IAI{ [(a + 1) T(as + 1)
+Mmg(imeww+§yw@—wmﬁ
11€21€2, ~ T+ HI(pet+ar+]1)
O il — @)™ O il — @)t
+h|1,Q + ,
2|42 3|(i221 INay+ 1) Zl C(gy + ay + 1) )}
- _ (b _ a)a1+az+{1 N _{ .Qz(b _ a)al+az+§l
! F(a1+a2+§1+1) |A| F(a1+a2+§1+1)

+|Q4|(i |61|(771 - a)t11+az+{1 N i |9k|(§k _ a)pk+a1+“2+{1 )}

= F(CY]+CL’2+§1+1) =1F(pk+al+a2+§1+l)

Q00— a)2 /> || — a)®+os 1 — q)dktastas
oy = 1£%(b — a) Zlﬂl(n a) +Z Vil — a)

|A|F({2+1) = INas +as+1) = F(qk+a3+a4+ 1) ’
Q- (b = g)M1 @+l d 8il(nm; — @) rea+h
@:._Uﬂ<a> +Q§:Hm a)
Al '\ T'(ay +Clz+§1+1) = I'(a, +Clz+§1+1)
o s

y= F(pk +a +ap +§1 + 1)

N C a)” ( (b—a)y»m Q2|Q3| O il (7 — @)t
10 TG+ D)\ Tas+as+1) A J T(as +ay + 1)

N i [Vil(§x — a)troses

p F(qk + a3+ a4+ 1)

(3.7

(3.8)

(3.9

(3.10)

(3.11)

(3.12)

In the sequel, we suppose that fi, /> : [a,b)] X RXR — R and g;,g, : R X R — R are continuous

functions satisfying the following assumptions:

(Hy) Y(x1,y1), (x2,y,) € R, there exist positive real constants K;, i=1,2, such that

If1(t, x1,y1) = fi(t, x2, y2)| < Ki(|x1 = x2| + |y1 — yal),
|2, x1,y1) = fot, X2, y2)| < Ko(|x1 — xa| + |y1 — y2l);

(H>) Y(x1,y1), (x2,¥2) € R, there exist positive real constants L;, i=1,2, such that

lg1 (1, y1) = 81(x2, )l < Li(Ix1 — x| + [y1 — y2D),s
lg2(x1, y1) = &2(x2, ¥2)I < Lo(|x1 — x2| + |[y1 — »20);

(H3) We can find real constants uy, vi, wi, T, = 0,k = 0, 1, 2 with ug, vy, wo, 79 # 0 such that

/it x, ) < uo + uylxl + wolyl, | f2(2, x, Y)| < vo + vilx| + valyl,
lg1(xe, VI < wo + wilx] + walyl, [g20x, )| < 7o + T1lx| + T2l¥l;

AIMS Mathematics Volume 7, Issue 7, 12718—-12741.
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(H,) There exist nonnegative functions ¢, ¢, € C([a, b],R"), and positive constants A, A, such that
|fl(ta X,)’)| < ¢1(t), |f2(t7 x,)’)| < ¢2(I)’ |81(Xay)| < Ala |82(X,y)| < A2 for all (ta x,)’) € [a’ b] XRXR

Now we present our first main result dealing with the uniqueness of solutions for the system (1.3),
which relies on Banach contraction mapping principle [29].

Theorem 3.1. Assume that conditions (H,) and (H,) hold. Then the system (1.3) has a unique solution
on [a, b] provided that

(0'1 +O'3)K1 +(O'4+O'2)K2+(O'9+O'7)L1 +(O'10+0'8)L2+0'5 + 0¢ < 1, (313)

where 0y, ...,0 are given in (3.3)—(3.12).

Proof. Letus fix sup,(, ,; 1fi(£,0,0)] = M; < o0,[g;(0,0)| = 0, i = 1, 2. In order to satisfy the hypotheses
of Banach contraction mapping principle, we first show that 7B, C B,,, where B, is a closed bounded
ball B, ¢ X x X defined by

B, ={(x,y) € XX X : [I(x, Il < p},

with

M\(o| + 03) + My(op + 04)
1 = [Ki(01 + 03) + Kao(02 + 04) + Li(07 + 09) + La(0s + 0719) + 05 + 0]

0> (3.14)

For an arbitrary element (x, y) € B, and for each 7 € [a, b], we have

T )@ < 15 (g1 (x(0), (1) =~ £1(0,0)] + 1610, 0))
+I;¥1+f12(|fl(t’ )C(t), y(t)) - fl(l, O, 0)| + |f1(t’ O’ O)D
(b _ a)a2+el—l
IAIN(a> + &)
+I;¥1+C¥2+§1(|gl(x(b), y(b)) — gl(O, 0)| + |81(0, 0)')

+1;"" (1 fi(b, x(b), y(D)) = f1(b,0,0)] + 1£1(b, 0, 0)]) + || Z luail 2 * [y(mo)|
i=1

HAN ()] + {102 1x(D)

) I I (182(xm), ¥(:)) = 820, 0)] +1g2(0, 0)])

i=1

+ Z il 524 (Lo (is X100, y(112)) = 213, 0, )] + 12171, 0, 0)])
i=1

+ Z VRlTZ 4 2 (1 ga(x(E), Y(E0) = 820, 0)] + [g2(0, 0))
k=1

+ Z il g7 (1 ol X(E0), Y(ER)) = f2(Ek 0, 0)] + 1 /(& 0, 0)])
k=1

HAal Dl (&) + a1l (b))
k=1
I fab, x(B), Y(B)) = fa(b, 0,0)| + | fo(b, 0,0)])
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£ ) B (g (x0m0), y(7)) — £1(0, 0)] + [g1(0, 0))
i=1

+ Z 042" (1Lf1 (i, x(mi), y(7)) = f1(7i, 0, O)] + | fi (1, 0, 0)])
i=1

+ Z (G254 (g1 (x(€0), Y1) = £1((0, 0)] + 1g1(0, 0)])

k=1

+ Z 105 (| fi (G X(E0D, (€)= f1(Ex, 0, 0)] + 1£1(Ex, 0, 0)])
k=1

HAULD ISR+ 4] 1612 x|
i=1 k=1

a1 LKy (lIxl] + [Iy[) + My ] + o[ Ko (llxll + [Iyl]) + M2] + o7 Ly (lIx]] + [yl
+org Lo ([lxl + Iyl + ors([lxdl + IylD-

IA

In a similar manner, one can find that

172060 < o[ Ki(lIxll + Iyl + My ]+ o [Ka((lxll + [IyID) + M:]
+oo Ly (llxll + Iyl + oo La(llxll + [yl + o Cllxll + [IylD.

Adding the last two inequalities and using (3.14), we obtain

1T < (o1 + oKl + YD) + My + (02 + o) [Ka(lldl + Y1) + Mo
+(o7 + o)Ly ([l + 1Y) + (s + o 10) La(llxll + [yl
+(os + o)1l + [yl
< p

which shows that 7B, C B,.
Next, we show that 7~ is a contraction on X X X. For that, let (x,y), (x;,y;) € X X X. Then we have

171 (x, y)(@) = T1.(x1, y) (@)

<0 (), y(1) = @10 (1), 1 ()] + Ig 2 AL, X0, Y1) = it 1 (0, 31 (D)
Q

Ell{Qz(lgl+az|f1 (b, x(b), (b)) = fi(b, x1(b), y1(D))]

HAULE1XB) = xi(B)] + I3 g1 (x(b), y()) = &1(31 (D), y1 (b))

HAal ) I (i) = 17

i=1

+ Z |,Ui|133+0411§2(|82(x(77i)a)’(771‘)) = &2(x1(m), yi(m))))
i=1

+ Z Wil I3 fo (i, (), Y1) — o (i x1(), y1 (1))
i=1

HANZ (@0 — x (D] +
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+ Z [VilIZT0T f (€, X(E0), Y(EQD) = folérs X1(E0), y1(0)]
=)

+ Z |Vk|13k+a3+a41§2(|82(X(§k),y(fk)) = &2(x1 (6, y1(ED)D)
=1

HAal D Iy (€ = (&)
k=1
HQI(I 1 (b, x(B), y(B)) = fo(b, x1(B), 31 (D)) + LI y(B) = 31 (B)

+ Z |6:115 | fr (i x(0), Y1) = f1(0, X1 (), Y1 (1))
i=1

+ Z 16,15 g1 (x(,), Y1) — &1 (x1(m3), y1 (7))

i=1

+ Z |G L2102 gy (x(Er), y(ER)) — 81(x1(Ex), y1 (€D

k=1

HAL D 10 x(E) = 31 (&)
k=1
+ Z ORI fi (Ers X(E1), Y(ED) = fiEs x1(E), y1(ER)
k=1

HAL D IS xr) = i Gl
i=1

which leads to
I71(x,y) = Thx, yDIl < [0 Ky + 02Ky + 7Ly + 03y + os](|lx = x| + |y — »D).
Similarly one can obtain
172(x, y) = Ta(x1, yll < [03K1 + 04Ky + 09Ly + 010L2 + 06]([[x — x1ll + [ly = yilD)-
It follows from the last two inequalities that

N7 (x,y) =T (x1,yDIl < [(01 + 03)K) + (04 + 02)Ky + (09 + 07)Ly + (0710 + 03) L

+05 + o6llllx = xill + [y = yilll.

Since (01 + 03)K; + (04 + 02)Ky + (09 + 07)L1 + (10 + 0g)Lr + 05+ 06 < 1 by (3.13), therefore 7 is
a contraction and hence by Banach’s contraction mapping principle, the operator 7~ has a unique fixed
point. In consequence, the problem (1.3) has a unique solution on [a, b]. The proof is completed. O

The next existence result is based on Krasnosel’skii’s fixed point theorem.

Lemma 3.1. (Krasnosel’skii’s fixed point theorem). [30] Let B be a closed, convex, bounded and
nonempty subset of a Banach space X. Let E| and E, be the operators such that (i) E\x + E;y € B
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whenever x,y € B; (ii) E| is compact and continuous, (iii) E, is a contraction mapping. Then there
exists 7 € B such that 7z = E1z7 + E»z.

Theorem 3.2. Assume that (H,), (H») and (H,) hold and
05+ 06 < 1, (3.15)

where o5 and o are given by (3.7) and (3.8) respectively. Then the problem (1.3) has at least one
solution on [a, b].

Proof. Let us split the operators 7 and 7, defined by (3.1) and (3.2) respectively into four operators
as follows

T106 )0 = T, @) + T120x6 )0, T2, y)(@) = T2,1(x, y)(0) + To2(x, y)(@),

where

Tia(uy)(@) = I g (x(0), y(0) + I fi(t, x(1), (1))

_ ar+e—1
(inz)Ta) X Qo = 1572 gy (x(b), y(B)) — I3 fi(b, x(b), y(b))

+ Z l-1i133+a4(11§232(x(77i)’ y(n)) + Z Ml (i x(m), y(17))
i=1 i=1

) VI IE gy ((E), YED) + D VBT (e X(E, ¥(ED))
k=1 k=1
#Qu(( = I fo(b, x(b), y(b)) + Y 6,15 gy (x(pi), y(711)
i=1
£ O fi (i, xC10), Y)) + D OIDT O g (x(E), ¥(E0)
i=1 k=1

D OIP T il X0, E)
k=1

([ _ a)02+61—1

TN = —4I2x(0) +
26 y)(D) O+ e

(o = I x(b) = 4o Y il ()
i=1

— D VYD) + Qu(LLiy(B) = A1 Y 615 ()

k=1 i=1

s

-4 ; Ol X)),

Toa( (@) = I8 g2(x(0), (1)) + I fo(t, x(8), (1)

(t = a)ra! B
AT+ &) {Q3( = 197281 (x(b), y(B)) — 127 (b, x(b), (b))
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£ IR g (x), Y0 + ) il fo(ogs X(m:), y(10)
i=1 i=1

+ Z VIS gy (6, y(E0)) + Z ViZZ T (& x(E), Y(ED))
k=1 k=1

(= 197 fy(b, x(b), YB)) + p | SIS gy (x(p), (1)

i=1

+ Z; 815 fy (i, x(17:), y()) + kZ_; O LD+ gy (x(Er), Y(ER))

£ YOI f (&, (6, Y(ED))),
k=1

(t _ a)(}’4+€3—]

= - 104 AT~ N\
T22(x, y)(0) Al y(0) + Al'(a4 + &)

X {Q3(dllgzx(b) - A Zuilﬁf“y(m)
i=1

) Z kaZ"“"‘y(&)) + 91(12134)’(17) -4 Z 0l x(;)

k=1 i=1

A ; B2 (&)

S |l

Now we verify the hypotheses of Krasnosel’skii’s fixed point theorem (Lemma 3.1) in three steps.
(i) In this step, it will be shown that 7 (x, y)+7>(x,y) € B, forall (x,y), (x,y) € B,, where B, C XxX
is a bounded closed ball with radius
(o1 + T3)gill + (02 + o)l + (07 + T9)AL + (08 + T10)A2

rz
1—0'5—0'6

As in the proof of Theorem 3.1, we can find that
171,106 )0 + T12(x, O] < allgill + o2llgall + 0741 + 05 As + 057,
and

T2, 0(@) + T2 00| < T3l ]l + Tallgall + ooAL + 10A2 + o6,

which lead to the inequality

7716, ) + T2 < (o1 + o)l + (02 + To)llgall + (07 + 09) Ay
+(og +T10)A2 + (05 + T6)r < 1.

Thus 77(x,y) + 72(X,y) € B,.
(ii) Here we establish that (77, 7>) is a contraction mapping. Let (x, y), (x,y) € B,. Then it is easy
to find that

T712(x, Y)(@) = T126 )@ < oslllx = + [ly =,
[T2.2(x,9)(1) = T2, W) < oglllx = + |ly = VIl
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Consequently, we get

(T2, T22)(x%,¥) = (T12, T22)X W < (05 + Te)lllx =X + [y =1,

which, by (3.15), implies that (772, 7>2) is a contraction.
(iii) We show that (771, 7>,1) is compact and continuous.
Continuity of (77,1,7>,1) 1s obvious. For (x,y) € B,, we have

T (e @] < I§H 4 (g1 (x(@), YO)) + I3 (1 fi (8, (1), ¥ (D))

b _ ar+e—1
T {Oa(127™ 5 g ). (B + 157 i, 3. (B

£ Il U (ga (e, YD + Y Il (oo, X7, Y)D)
i=1 i=1

£ I (2 (9o (X(E, YEDD + > MR (| o, (60, Y(END)
k=1 k=1

QI b, x(B), YD) + 3 SIS (g3 (x(r7), ¥

i=1

+ D IGHSTfi g 070, YD) + | BIE T (g (€0, y7))
i=1 k=1

# IO (i s x(E0, YED))
k=1

< oillgill + oallgall + o7 A + o3 As.

In a similar manner, we can get |7, (x, y)(?)| < osl|@1l| + oallgall + 09A 1 + 010A;. Thus
(T 1,1, To,D I < (01 + T3)Igill + (02 + o)lldall + (077 + T9)AL + (075 + T10)As,

which means that (77 ;, 73,1) is uniformly bounded on B,.
In order to show the equicontinuity of (77,75,), we take t,,t, € [a,b] with t; < f,. Then, for
arbitrary (x,y) € B,, we obtain

171,106, )(22) = T1,1(x, y)(11)]

1) (lz _ s)mmz—l 1 (fl _ S)a/]+az—1
‘ . mﬁ(&x(s),y(s))ds— ) mﬁ(& x(S),y(S))ds‘
5] (t2 - s)dl+a2+{1—1 1) (tl _ S)(11+a2+§1—1
|, T a3 | R o

|(tz _ a)a’2+€|—l _ (tl _ a)az+5|—]|
Al (a2 + €)

(B 2(B). YOI + 3 Il U gaxn). i)
i=1

{Qu (15777 (g1 (x(b), y(B))

# i, x00), YD + ) I (12 (1ga(x(€0), Y€
i=1 k=1
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- I o, X&), yEOD) + Qu(157 (1 fo(b, X(B), Y (b))
k=1

£ IS gy (e, YD) + IS 2 fi (s X01), Y0

i=1 i=1
1B gy (6, YD) + D IO (i (€ X(E, EDD)]
k=1 k=1
Il

I'lag +ar + 1)
Ay
+
Moy +ar+ 4+ 1)
_ ar+e—1 _ _ ar+e—1 _ a)+ay
N O P AL
A (s + €) INay+a,+1)
N Ay(b — a)rrtera N Zml lwilllgoll(r7; — a)®>*
I'(a; +ay+ 4+ 1) =) INas+as+1)

N

{Z(IQ _ tl)mﬂrz +(t, - a)a1+az -t - a)al+a2|}

{2062 — 1) s |1y — @)+ — (1 — @)™

n 1AL (b — O L —a)Bte n _ q)aktaztas
N Z il Ax(D — a)(m; — a) N Z Villlp2ll(€x — @)
P F(ozg + a4 + 1)F({2 + 1) T F(qk + a3+ a4+ 1)

n |Vk|A2(b — a)(Z (fk _ a)qk+(r3+a/4
(L + DINge +az +as + 1)

b — gty m 5[_ = a+an
+|Q4|(||¢z||( a) N Z |6illl¢111(; — @)
i=1

F(cxg + a4 + 1) F(a1 + ap + 1)

N O [GiA (g — @)t N Z 16clllp1ll(€x — apPr ™
o +a+0+]D) HA Tpe+rar+a+1)

]

N 5 OA (& — @yprrartarth )}
= F(pk+a/] +CY2+§1 + 1)

as t, — t; independently of (x,y) € B,. Also

72,102, Y)(22) = T2,1(x, y)(11)]

ll#-ll
21, —t a3+ay th — @3+ay - asz+ay
T a2 =0+l = @)™ = (o - ™)
Ao(b — a)®

2t —t a3+ay th — @3taq to— a3ty
F(§z+1)F(a3+a4+1){ (2 =)™ + (12 — a) (1 — @)™}

ty — agt+e3—1 t — ag+e3—1 b _ a1+ar
e—a) 1yl 1o
Al (a4 + €) Iy +a+ 1)

A+ (b — q)¥1 Tt m . _ \astag
(B o - o)
I'(a +ay+ 4+ 1) P, INas+as+ 1)

L3 B @t an S il o
~ T+ Dlas+as+ 1) & Tge+as+ag+1)
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n

N Z VilAs(b — )2 (&, — a)tter+as . Q](ll¢2|l(b _ q)mte
[+ DI + a3 + g + 1) T(as +ag + 1)

k=1

+ Zm: 0illl (i — @)™ ™ + O 16i|A (17 — @)1t
7 Hat+ta+ D) N +a+ 4+ 1)

n 0 _ g\Prtar+as n 0.|A — g\Prtrar+asx+l)
N Z Ol 11(Ex — @) N |0kIA1(Ex — a) )} S0,
k=1

F(pk+a]+a/2+1) kZlF(pk+al+az+§]+1)

as 1, — t; independently of (x,y) € B,. Thus [(71.1,72.1)(x,¥)(t2) = (T1.1, T2.1)(x,y)(t1)| vanishes as
t, — t; independently of (x,y) € B,, which shows that (771, 7>,) is equicontinuous. So we deduce by
the Arzela-Ascoli theorem that (771, 7>,1) is compact on B,.

It follows from the steps (i) — (i) that the hypotheses of Krasnosel’skii’s fixed point theorem are
satisfied, so its conclusion implies that the problem (1.3) has at least one solution on [a, b]. This finishes
the proof. O

Remark 3.1. The conclusion of Theorem 3.2 can also be achieved by assuming (H,),(H,),(H,) and
the condition: (o1 +03)K| + (02 +04)Ks + (07 +09)L1 + (0 +010)L, < 1, where 0y, ...,04 are given
in (3.3)—(3.6) and 07, ...,09 are given in (3.9)—(3.12).

In the following result, we prove the existence of solutions for the problem (1.3) by applying the
Leray-Schauder alternative [29].

Lemma 3.2. (Leray-Schauder alternative [29]) Let E be a Banach space, M be closed, convex subset
of E, U is an open subset of C and 0 € U. Suppose that F : U — C is continuous, compact map (that
is, F(U) is a relatively compact subset of C). Then either (i) F has a fixed point in U, or (ii) there are
ue€oU,and A € (0,1) withu = AF(U).

Theorem 3.3. Assume that (H;) holds. Then there exists at least one solution for the problem (1.3) on
[a, b] provided that

(1 +03)u; + (0 + o)+ (07 + 09)w; + (g +o10)Ti + (05 +06) <1, i=1,2, (3.16)

where o1, ...,09 are given in (3.3)—(3.12).

Proof. For all (x,y) € B, C XXX, where B, defined by (3.14), there exist positive constants Ny, ..., N,
such that |fi(z, x,¥)| < Ny, | x,0)| < No,Igi(x, )| < Ns,|g2(x,y)| < N4, Then we show that 7 :
X X X — X x X is completely continuous. Observe that continuity of fi, f>, g1, g> implies that of the
operator 7 . For (x,y) € B, as in the proof of Theorem 3.1, we have

A

||7‘1(X,Y)|| > 0'1N1+O'2N2+0'7N3+0'3N4+p0'5,
172, I < 03Ny + 04Ny + 09N3 + 019N + pos.

From the preceding inequalities, we get
17 (x, VIl < (o1 + 03)N1 + (02 + 04)Ny + (07 + 09)N3 + (05 + 019)N4 + p(075 + 0%),

which implies that 7B, is uniformly bounded.
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Next we show that 7 B, is equicontinues. Let t,, 1, € [a, b] with #, > t,. Then, for arbitrary (x,y) €
B, we obtain

T2 Cey)(12) — T (e 3)(00)
1) ay+ar—1 11 aj+az—1
<|f “r(af%fl(s s 560ds = | “r(af%fl(s X(5),y(5))ds]

‘ 5] (l.z _ s)(11+(12+{1 7] (t _ S)111+(l2+{1

1
. Dl +ar+8) 81(x(5), y(5)ds = . Dl +ar+ &) gl(x(s),y(s))ds‘

| 1| 11 w1 el %3 e
F(az)’f ) (f = 9™ x(s)ds + f (ty =) x(s)dS'

Ity — a)2*a~! — (1) — a)®2*a!|
Al (a2 + €)

124 £y (b, x(B), YD) + LMD + 1] D 12y )

i=1

# Il I ga (e, YD + > Il (1 oo, X1, Y1)
i=1 i=1

{Qu (17172 (g1 (x(b), y(B))

- kz; VRlZZE (12 (g2 (x(E0), YED + kz; VAZZE (| fol o X(E0), ED)
+ ; RlI2 Iy (E01) + Qa(Il YD) + I fa(b, (), y(BY))

+ Zm: 6l "+ (11 (), Y + Zm: |6:125 " (Lfy (i, x(m2), y(1))])

il Z G2 ()| + Z O 5+1 (1gy (x(E0), Y]

i=1

* Z O+ fi (€ X(E), YEDND + 1| Z 01210
k=1 k=1

N,
< - s 2t _t a)+ar + t _ ajtay _ l, _ a)+ar
F(a1+a2+1){ (h—1) (12 - a) (1 — )"}
N3
+ 2ty —t a1 +az+{) + () — ajtaz+d _ t — a1 +a2+{]
F(a1+a/2+§1+1){ (- 1) (12 — @) (t1 —a) |}
|10
2t 1)+t —a)® —(t, —a)™
Tt ){<2 D%+ (2 = @)™ = (1 - @)™
[ty — @)™ — (1) — @)™+ 7| {Q (I/lllp(b —a)” N Zm: | opilo(n; — a)*™
A (ay + €) I'(a, + 1) I'(as +1)
N zn: | 2vilp(€ — a)™™ A Gl a)"* e Ny(b—a)mtetd
F(qk+a/4+ 1) F(cxl + @, + 1) F(al +C¥2+§1 + 1)

m iN ;= a3+ay m iN b— O ;= a3+ay
+Zlu| (i — a) +Z|u| 4(b—a)>(n; — a)
F(a3 + a4 + 1) F(a3 + a4 + 1)1"({2 + 1)
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n n

N _ grtaz+ay N b _ %) _ grtaz+ay
N Z Vil N2 (& — @) N Z [VilNa(b — a)* (& — a)
F(qk + a3 +aq + 1) r({z + I)F(qk + a3 +ay + 1)

k=1 k=1
No(h — @)™t i 16N, (; — @)1+
=1

IN'as +as+ 1) I'ag+ar+ 1)

e

+ i 0N (; — )™ ™41 i |6uN (€ — a)Prte
T +m+4H+1) S Tpe+rar+ax+1)

n — g)Pktartar+d o\
L3 Jadt -0 , Moo - @)
HTl(pe+ar+ar+4+1) I'(as + 1)

. i il — )™ Z [iblo(& — a)Pe )
o T+ D — T(pet+ay+1) 7V

which tends to zero as r; — 1, independent of (x,y) € B,. Similarly, it can be established that
[T2(x, y)(t2) — Ta2(x,y)(#)| — 0 as r — t; independently of (x,y) € B,. Thus the operator 7 is
equicontinuous. Hence, by the Arzel4-Ascoli theorem, the operator 7 is completely continuous.

Next we consider the set

Q={(x,y) e XXX :(x,y) =rT (x,y), 0<r<1},

and show that it is bounded. Let (x,y) € Q, then (x,y) = r7 (x,y) implies that x(¢) = r7(x, y)(¢), and
y(t) = rT1(x,y)(1),Vt € [a, b]. By the condition (H3), we obtain

Ixll < o 1(up + uilxl + uslyl) + o2(vo + vilxl + valyl) + o7(wo + wi x| + w2yl
+03(to + T1lx| + T2ly]) + o s([x]] + [Iyl),

o3(up + ur|x| + ualyl) + oa(vo + vilx| + valyl) + o9(wo + wilx| + walyl)

=
A

+010(to + T1lx| + T2lyl) + o6 (llxl] + lIyID-
Adding the above inequalities, we get

lxll + 1Iyll < (o1 + 03)(uo + ui|x| + uslyl) + (02 + 04)(vo + vilx| + valyl)
+(07 + 09)(Wo + wix] + walyl) + (o5 + T10)(To + T11X| + T2lY])
+(os + oe)(|IxIl + [IylD,

which leads to

(o1 + 03)ug + (02 + 04)vy + (07 + 09)wy + (05 + T19)To

(e W < - ,
a

where

*

o' = min{l — (o + 03)u; — (02 + 04)v) — (07 + O9)w; — (05 + T10)T1 — (05 + 07),

1 = (o1 +03)uy = (02 + 04)vy — (07 + 09)wy — (08 + 019)T2 — (05 +07)} >0

by condition (3.16). Thus the set Q is bounded. Hence it follows by the Leray-Schauder alternative for
single-valued maps [29] that the problem (1.3) has at least one solution on [a, ], which completes the
proof. O
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4. Examples

Consider a coupled system of Hilfer fractional differential equations with boundary conditions:

HDI23AHDIOAS 1+ 1/90)x(F) = 1,/°81(x,y) + fi(t, x,¥), t € [0, 1],

HpU233HPUZIT 4 17100)y(t) = 1, g2(x, ) + fo(t, x,y), t € [0,1],

0= y(l() /=0 ] 1 1 1
x(1) = m}’(l/l()) + %)’(1/5) + %)’(3/10) + m)’(zﬁ) + %)’(1/2)

4.1)
1 1 1
+%1312y(3 /5) + %Igfzy(m()) + %Igfzy(4/5),

1 1 1 1 1
¥(D) = 222(1/10) + o5x(1/5) + 5ox(3/10) + =:3(2/5) + 5 o53(1/2)

1 1 1
+m1313x(3/5) + %1‘1%(7/10) + %1‘13x(4/5).

Here oy = 1/2,a, = 1/6,a3 = 1/2,a4 = 1/2,8, = 3/4,B8, =4/5,8; =3/4,8, = 1/7,4;, = 1/90, 1, =
1/100,¢;, = 7/8 = e,qc = 1/2,pr = 1/3,k = 1,2,3,m = 5,n = 3, = 1/10,p, = 1/5,n3 =
3/10,n4 = 2/5,m5 = 1/2,& = 3/5,& = 7/10,& = 4/5,pu = 1/100, 4, = 1/200, u3 = 1/300, py =
1/400, us = 1/500,v; = 1/90,v, = 1/70,v; = 1/20,6, = 1/35,8, = 1/100,63 = 1/21,64 = 1/70,65 =
1/500,6, = 1/100, 6, = 1/200,6; = 1/300,¢, = 1/2,¢ = 1/3.

With the given data, it is found that |A| = 1.1419,0 = 2.2278,03 = 0.1836,0, = 0.1096,04 =
2.0132, 05 = 0.0009, o7 = 0.0025, 07 = 1.8560, o3 = 0.0475, 09 = 0.1328, 019 = 1.1252.

(a) For illustrating Theorem 3.1, we take

2arctanx + 7

hex) == g+ 00

sin|yl,

1 Iyl r
(t,x,y) = — arctan x + + ,
Sl %oy 7 @ i) 42)
x
gi(x,y) = E((l Py + Iyl),
g(x,y) = ﬁ(sin |x| + arctan Iyl).

It can easily be verified that fi, f> satisfy the condition (H,) with K; = 1/7n,K, = 1/7,
respectively and gi, g, satisfy the condition (H,) with L; = 1/12,L, = 1/17, respectively.
Furthermore

(0'1 +O'3)K1 +(0'4+O'2)K2+(0'9+0'7)L1 +(O'10+O'8)L2+0'5 + 0¢ ~ 0.65102 < 1.

Clearly the hypotheses of Theorem 3.1 are satisfied and hence it follows by its conclusion that
the system (4.1) with fi(¢, x,y), (¢, x,y), g1(x,y) and g,(x,y) given by (4.2) has a unique
solution on [0, 1]. On the other hand, one can deduce that the system (4.1) with (4.2) has at least
one  solution  on [0,1] by the application of Remark 3.1 with
(0'1 +O'3)K1 + (0'4 +O'2)K2 + (0'9 +O'7)L1 + (0'10 +0'3)L2 ~ 0.6476 < 1.
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(b) As an application of Theorem 3.2 , consider

arctan x sin |y|

l" s = 9
hexn =10+ T TIa+ 0
AExy) N 2|x]

,x, = bl

255y ,/—ltzl T2 S8+ 01+ [x) 4.3)
X
= — - t

gl(x’)’) 2(1+|x|)+6arc any,
g(x,y) = ge"x' + 5 cos |x].

Using the given values, we find that the assumption (H,) is satisfied since | fi(¢, x, y)| <

m
—_—+
20(1 + %)
1

e, t d t, X, < + = 1), R < (6 + 12 = A4,
7G+ D) ¢1(1) and |f2(z, x, y)| Vs 5B+ 1) $2(0), 181(x, )| < (6 + m)/ I

lg2(x, ¥)| < 10/21 = A,. Also (05 + 0¢) =~ 0.0034 < 1 holds true. As all the assumptions of
Theorem 3.2 are satisfied, so its conclusion implies that the system (4.1) with the nonlinearities
(4.3) has at least one solution on [0, 1].

(¢) In order to demonstrate the application of Theorem 3.3, let us choose

e~ !|x? 1
fi(t, x,y) = arctan x + m + 2—6y COS X,

+
Vi2+2 n@+1)

1 1
gi(x,y)=In7 + ﬁxsin Iyl + 11_3);,

1
2(x,y) = 3e7M + FXCOSY + 17V arctan x.

|xly]

fHlt,x,y) = 51 + [x))’ (4.4)

X arctany +

Obviously (H3) holds true with positive values of ug, vy, wg, 79 and uy = 1/17,u, = 1/26,v, =
1/8, v, =1/5wy =1/21,w, = 1/13, 71 = 1/7,7, = n/22. Also, (0 + 03)u; + (0 + 04)v1 + (07 +
o9)w; + (0g + 010)T1 + (05 + 06) = 0.6728 < 1, and (0| + 03)uy + (072 + 04)v2 + (07 + O9)wy +
(og+010)T2+ (05 +06) = 0.8412 < 1. As the hypothesis of Theorem 3.3 is verified, therefore we
deduce by its conclusion that there exists at least one solution of the system (4.1) with fi, f>, g1
and g, given by (4.4).

5. Conclusions

In the present research work, we investigated the existence and uniqueness of solutions for a new
coupled system of multi-term Hilfer fractional differential equations of different orders involving
non-integral and autonomous type Riemann-Liouville mixed integral nonlinearities equipped with
nonlocal coupled multi-point and Riemann-Liouville integral boundary conditions. Firstly, we proved
an auxiliary result concerning the linear variant of the given problem, helping us to transform the
problem at hand into a fixed point problem. Then we proved the existence of a unique solution for the
given problem by applying Banach’s contraction mapping principle and derived the existence results
by means of Krasnosel’skii’s fixed point theorem and Leray-Schauder nonlinear alternative. All the
obtained results are well illustrated by numerical examples. Our results are new and enrich the

AIMS Mathematics Volume 7, Issue 7, 12718-12741.
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literature on nonloacl nonlinear integral boundary value problems for Hilfer fractional differential
equations.
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