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Abstract: The study on N-soft sets (NSSs) has been significantly developed recently. Hybrid
models such as fuzzy N-soft sets, Intuitionistic fuzzy N-soft sets, and hesitant fuzzy N-soft sets were
introduced to combine fuzzy sets, intuitionistic fuzzy sets and hesitant fuzzy sets with NSSs. Related
to the hybrid models, it was also constructed some complements, operations and related properties.
This article aims to construct a new hybrid model called hesitant intuitionistic fuzzy N-soft sets
(HIFNSSs) to combine intuitionistic fuzzy N-soft sets and hesitant fuzzy N-soft sets. Moreover, we
generalise HIFNSSs to generalized hesitant intuitionistic fuzzy N-soft sets (GHIFNSSs) as a hybrid
model between generalized hesitant intuitionistic fuzzy sets and N-soft sets. It was also defined some
complements of GHIFNSSs, intersection and union operations between GHIFNSSs, and proved that
the operations between some particular complements hold De Morgan Law. In applying a GHIFNSS,
we provide an algorithm for decision-making problems and its numerical illustration.
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1. Introduction

N-soft sets (NSSs) theory and their applications were first introduced by Fatimah et al. [8] as a
generalization to the concept of soft sets (SSs) defined by Molodtsov [11]. In the last three years, the
NSS theory and its use in decision-making problems for various issues in daily life have been growing
steadily. By combining the NSS theory with previous theories such as fuzzy sets (FSs) [16], fuzzy
soft sets (FSSs) [10], hesitant fuzzy soft sets (HFSSs) [5], intuitionistic fuzzy sets (IFSs) [4], thus new
concepts were constructed, among which were the theories of fuzzy N-soft sets (FNSSs) [3], hesitant
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fuzzy N-soft sets (HFNSSs) [2] and intuitionistic fuzzy N-soft sets (IFNSSs) [1]. Therefore, these
results can be applied to a wider variety of problem models in everyday life.

On the other hand, Nazra et al. [12] have developed a new concept of hesitant intuitionistic fuzzy
soft sets (HIFSSs) as a combination of HFSS and IFS concepts. However, the models constructed by
Akram et al. [1-3] could not cover the decision-making problems that contain elements of hesitation
and, at the same time, it also intuitionistic, because each model only suitable for elements of hesitation
or intuitionistic separately. Another shortcoming of Akram’s models is that the models do not consider
the degree of importance (preference) of parameters. Therefore, the concept of HIFSSs and generalized
hesitant intuitionistic fuzzy soft sets (GHIFSSs), considering the degree of preference of parameters
that Nazra et al. [12, 13] have introduced, needs to be developed further in the context of N-soft sets
(NSSs).

The problem in this research is how the generalization of the research results of Nazra et al. [13]
on GHIFSS is related to the research results of Fatimah et al. [8], as well as the generalization of the
research of Akram et al. [1-3]. Hence this new concept is called the generalized hesitant intuitionistic
fuzzy N-soft set (GHIFNSS) concept. This research aims to formulate the definition of GHIFNSS, their
complements, and some related operations. Then, we analytically prove some properties concerning
the operations and complements. As an application of our new model, we construct a novel algorithm
for decision-making problems. The algorithm is a generalization of that constructed by Cagman and
Karatas [7], and Khan and Zhu [9] to solve decision-making problems based on intuitionistic fuzzy
soft sets.

We organize this paper as follows. Section 2 recalls definitions of FSs, SSs and their combinations,
and NSSs. Sections 3 and 4 are the main results. Section 3 introduces our new hybrid model
GHIFNSS, its complements, operations and properties. In order to be easily understood, we provide
some examples. In Section 4, we construct an algorithm as an application of a GHIFNSS and give
a numerical example illustrating a decision-making problem in a GHIFNSS information using the
algorithm. Section 5 concludes the paper.

2. Preliminaries

In this section, we review some definitions, such as, fuzzy set (FS), soft set (SS), fuzzy soft set
(FSS), intuitionistic fuzzy set (IFS), hesitant intuitionistic fuzzy set (HIFS) and N-soft set (NSS).

The concept of fuzzy set is introduced by Zadeh [16]. A fuzzy set (FS) over a set of objects O is a
set Fy = {(u, f(u))lu € O} where f: O — [0, 1]. Here f and f(u) are called the membership function of
F; and the membership value of u in F, respectively. Molodtsov, in [11], defined a kind of set called
the soft set (SS).

Definition 2.1. [11] Let U be a universal set, P(U) be a power set of U, and E be a set of parameters.
A pair (F, E) is called a soft set (SS) over U if and only if F is a function ' : E — P(U), such that

(F,E) = (&, F(e))le € E, F(¢) € P(U)}. 2.1)
As a generalization of a FS, it is introduced the concept of an intuitionistic fuzzy set (IFS).

Definition 2.2. [4] Let X be a universal set. An intuitionistic fuzzy set (IFS) I over X is

I = {{x, (%), y1(x0))|x € X}, (2.2)
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where p;,y; : X — [0, 1] are membership and non-membership functions on I. Moreover, for any
xe€X,0 < w(x)+y(x) < 1.

Beg and Rashid [6] generalized the concept of IFS to hesitant intuitionistic fuzzy set (HIFS).
However, in this article, we revise the definition to make it simpler and more general.

Definition 2.3. Let X be a universal set. An hesitant intuitionistic fuzzy set (HIFS) H over X is
H = {{x, a(x), B(x))|x € X}, (2.3)

where 5, : X — P([0, 1]) are membership and non-membership functions on H. The set P([0, 1])
denotes the collection of non-empty subsets of real numbers in [0, 1], Moreover, for any x € X, 0 <
max{ala € a(x)} + max{blb € B(x)} < 1.

Fatimah et al. [8] expand the concept SS to N-soft set.

Definition 2.4. [8] Suppose that U is a set of objects, E is a set of parameters or attributes, A C E.
R =1{0,1,2,...,N — 1} is a set of grades where N € {2,3,...}. An N-soft set (NSS) (F,A, N) over U is
defined as

(F,A,N) ={(a,F(a)) | a € A}

where F : A — 2U*R guch that F(a) = {(u, ry)|lu € U,r, € R}. Here, for some a € A, for any u € U
there exist a unique r,, € R so that we may write r,, = F(u)(a) as the grade of the object u related to
the parameter a.

3. Main results
First of all, we define a new hybrid model called a hesitant intuitionistic fuzzy N-soft set as a

combination of HIFS and NSS, and IFNSS and HFNSS.

Definition 3.1. Let X be a set of objects, E be a set of parameters, and A C E. A pair (Hu, NF) is
called a hesitant intuitionistic fuzzy N-soft set (HIFNSS) over X where NF = (F, A, N) is an NSS over
U, if

Hy: A= Uses T (F(@)),
where ¥ (F(a)) is a collection of all HIFSs over F(a).

An HIFNSS may restate as
(HAa NF) = {(a9 HA((Z))'(I € A}9

where Hy(a) = {((u, ra)s oWt Tar)s Yoty ra ), ro) € F(a)}, with pg,y, @ F(a) — P([0,1]). Here,
P([0, 1]) denotes the collection of non-empty subsets of real numbers in [0, 1], r,, is a grade of an
object u corresponding to a parameter a, and u, and 7y, are called membership and non-membership
functions respectively. For simplify, we denote m,, := u,(u,r,) and w,, := y.(u,r,,) as a possible
membership degrees and a possible non-membership degrees of an object u related to a parameter a,
respectively, so that

(Ha, NF) = {(a, Hy(a))|la € A}, (3.1
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(Ut )
iy o) | ") € F (a)}

0 < max{yly € mg,} + max{yly € wy,} < 1.

with Hy(a) = {(

Furthermore, the set {{(u, ra,), ta(U, ¥au), Ya(Ut, r0))|(u, ro) € F(a)} may be written as
{HA(LZ)(M, rau)l(ua rau) € F(Cl)},

with Hy(a)(u,r,,) = M) An HIFNSS over a set U may be represented in a table called

(MausWau)

Representation Table of an HIFNSS as in Table 1.

Table 1. Representation table of an HIFNSS.

(Ha, NF) aj ap a,
Ui (ri1, mpy, wip) (riz, mpp, wiz) ... (T1ns M1ps Wip)
u (ra1,mar, wo1)  (raa, Mo, wa) ... (ran, Moy, Wap)
Uy (rmla My, Wml) (rmZa My, WmZ) .o (rmn’ Myn, Wmn)

In Table 1, u; € U,i = 1,....,m,a; € A, j = 1,...,n, and (r;;, m;;, w;;) at the cell (i, j) represents that
((u, rij)’mij»wij> € HA(aj) where Fij = Faju;> Mij = ,Ua,-(ui, rij)’ and Wi = Vaj(ui, l’ij)-

Example 1. The Indonesian Ministry of Agriculture conducts a selection of candidates for agricultural
extension workers. The candidates taking the test are u;.u,, us, uy which is expressed in the set of
objects U = {u;j.ur,us,us}. Competencies (parameters) tested are e; =Development of Extension
Programs, e, =Development of Farmer Participation and e; =Farmers’ Education. Suppose A =
{e1, e2, e3}. The selection process is carried out in two stages: the written test stage and the interview
stage of testing all types of competencies. At the written test stage, the test score s of each candidate
is stated in grades as follows:

a) grade 4, if 8 < 5 < 10.

b) grade 3,if 6 < s < 8.

c) grade 2,if4 < s < 6.

d) grade 1,if 2 < 5 < 4.

e) grade 0,if 0 < 5 < 2.

Furthermore, the candidate’s ability and inability to explain all the competencies tested will be
assessed, from the interview test. The results of this assessment are expressed as real numbers in [0,1],
which are the membership and non-membership values of each candidate for each parameter.

Following are the results of the assessment of all candidates, which can be stated in the table of
representation of an HIFNSS ( see Table 2 ).
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Table 2. Representation table of an HIFNSS.

(Hy, NF) er e as

U (4,10.60, 0.70},{0.30,0.25})  (3,{0.65,0.75},{0.20,0.25}) (2,{0.60, 0.55},{0.30,0.35
U (3,10.50,0.55},{0.30,0.35}) (2,{0.50,0.55},{0.30,0.35}) (1,{0.45,0.30},{0.55,0.50
U (2,{0.40,0.35},{0.55,0.50}) (1,{0.40,0.35},{0.55,0.50}) (3,{0.65,0.75},{0.20,0.25

{ I D { 34 D { 34

)
)
)
Uy (4,10.75, 0.80},{0.20,0.10}) (4,{0.75,0.70},{0.20,0.15}) (4,{0.70,0.80}, {0.20, 0.10})

Now, we define some complements of an HIFNSS.

Definition 3.2. The top grade complement of an HIFNSS (H4, NF), as in (3.1), is defined as

(H,NF) = {(a, H} (a))la € A}, (3.2)

where H' (a) = {Hf(a)(u, Fan

mmweFmﬁwm

wn-p \ B
tg tg . < (mﬂuﬁwau) >’ lf rau < N 1’
HA (a)(u7 rau = <

“m} ifr, = N—1.

(mauawau)
Definition 3.3. The bottom grade complement of an HIFNSS (H4, NF), as in (3.1), is defined as

(I8, NF) = {(a, H**(a))la € A) (3.3)

where H*(a) = {Hzg(a)(u, s

(u,0) :
ifrg, >0
b b < (Maw;Wau) >’ au ’
H (@) (u, 1qy) =
«W”> i = 0
s au — Y-

(u,ry) € F(a)} with

(MausWau)

Definition 3.4. The top grade hesitant intuitionistic complement of an HIFNSS (H4, NF), as in (3.1),
is defined as
(H{,NF) = {(a, H}'(@))la € A}, (34

>Tau

where H'(a) = {Hj\h(a)(u rih

(u,ry) € F(a)} with

(WaysMau)

«W”} ifr, <N-1,
Ha)(u, ) :=

Wm} ifr. = N—1.

(WausMau)

Definition 3.5. The bottom grade hesitant intuitionistic complement of an HIFNSS (H4, NF), as
in (3.1), is defined as
(HY',NF) = {(a, H}(@))la € A}, (3.5)
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where H5"(a) = {th(a)(u, rbhy

(u,ry) € F(a)} with

(,0) :
, ifry, >0,
th(a)(u I’bh) — <(Wau7mau)> au
A aus s (u,N—-1) .
~—2 3 ifr, =0.

(Wau>Mau)

As a generalization of HIFNSS, and a study of HIFSS in context NSS, we propose the following
concept called a generalized hesitant intuitionistic fuzzy N-soft set.

Definition 3.6. Let U be a set of objects and P be a set of parameters, A C P. Suppose (Hs, NF) is an
HIFNSS over U and « is a FS over A, with @ : A — [0, 1]. The triple (G,, G, @), where G = (F, A, N)
is an NSS, is called a generalized hesitant intuitionistic fuzzy N-soft set (GHIFNSS) over U, if

Ga: A= | JF(F@)x[0,1],

acA

which is defined as G,(a) = (Hy(a), a(a)), with 7§(F (a)) is the collection of all hesitant intuitionistic
fuzzy sets over F(a). In more detail, a GHIFNSS can be written in the form

(Go. G, @)

{(a,Gy(a))la € A} (3.6)
{(a, Hs(a), a(a))la € A}

where Go(a) = (Ha(a), a(a)) = (K, ra), Ha(Uts Tau)s Ya(Us Ta))|(U, Tan) € F(a)}, a(a)).

Next, we may write

Ga(a) = ({HA(CI)(M, rau)l(ua rau) € F(Cl)}, Q(Cl)) (37)
(u’ rau)
({<W> (U, ran) € F(a)}, a(a)),
with Hy(a)(u, ) = (22N m, = pta(u, ) and wy, = v4(u, ra,). Since the definition is closely

MausWau)

related to a hesitant intuitionistic fuzzy set, then it must be 0 < max{y|y € m,,} + max{yly € w,,} < 1.
A GHIFNSS contains not only a grade, degrees of membership, and degrees of non-membership for
each object based on specific parameter, but also a degree of importance for each of these parameters,
which is expressed by a(a). A GHIFNSS can also be represented in a table. The following table
illustrates the representation of a GHIFNSS (Table 3), called representation table of a GHIFNSS.

Table 3. Representation table of a GHIFNSS.

(Go, G, @) a;a(ap) a; a(ay) . a,; a(ay)
U (ri, my, win) (ria, mi2, win) ... (1, Min, Wip)
7% (r21, ma1, wap) (r2, mp, W) ... (20, Man, Way)
Up (rml, M1, Wml) (rmZ’ My, WmZ) o (rmn’ My, Wmn)
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In Table 3, u; € U,i = 1,...m,a; € A,j = 1,...,n, and (r;j, m;;, w;;) in each cell (i, j) represents
that ((u;, rij),mij,Wij) € Hy(a;)(u;, "aju,-) where Vij = Vaju;, Mij = ﬂaj(ui,rajui)’ Wi = )’aj(ui, "aju,-) and
a(a;) € [0, 1].

Example 2. Given a case as in Example 1. Assume that a decision maker defines that degrees of
importance for each parameter as follows.

aler) = 0.5, a(e;) = 0.3, a(e;) = 0.2.

By this assumption we obtain a GHIFNSS as represented in Table 4.

Table 4. Representation table of a GHIFNSS.

(Gy, G, @) e;a(e;) =0.5 er;aley) =03 as;a(e;) = 0.2

U (4,{0.60, 0.70},{0.30,0.25})  (3,{0.65,0.75},{0.20,0.25}) (2,{0.60, 0.55},{0.30,0.35})
U (3,{0.50,0.55},{0.30,0.35}) (2,{0.50,0.55},{0.30,0.35}) (1,{0.45,0.30},{0.55,0.50})
U (2,1{0.40,0.35},{0.55,0.50}) (1,{0.40,0.35},{0.55,0.50}) (3,{0.65,0.75},{0.20,0.25})
Uy (4,{0.75,0.80},{0.20,0.10}) (4,{0.75,0.70},{0.20,0.15}) (4,{0.70,0.80},{0.20,0.10})

The following are developed forms of complements and operations on generalized hesitant
intuitionistic fuzzy N-soft sets.

Definition 3.7. A weak complement of a GHIFNSS (G,, G, @) as in (3.7), is defined by
(G},G,a) ={(a,G}(a))la € A} (3.8)
where

Gi(a) = (H(a),a(a))

((Gees)

(U, Tay) € F(a)}, ron €ER, Ty # Tau

(4, 1a) € F@)} 0(@)),

with H',(a) = {<¥>

(mau »Wau)

Grades in a weak complement of a GHIFNSS are different with those in the GHIFNSS. In contrast,
the degrees of membership and non-membership and the degree of importance remain.

Definition 3.8. The hesitant intuitionistic fuzzy complement of a GHIFNSS (G,, G, @) as in (3.7), is
defined by
(Gh,G, ) = {(a,Gl(a))a € A}, (3.9)

where

Gl(a) = (H(a),a(a)),

()

(u,ry) € F(a)}.

(1, 7) € Fl@)} (@),

with Hy (a) = {( s )

(Wau 7mau)
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In this complement, the degrees of membership of each object in (G,, G, @), will be the degrees of
non-membership in (G, G, @) and vice versa. At the same time, the grade and the degree of importance
have not changed. Hence, the hesitant intuitionistic fuzzy complement of a GHIFNSS is unique.

Definition 3.9. The preference complement of a GHIFNSS (G,, G, @) as in (3.7), is defined by
(G}, G, a) = {(a,G(a))la € A}, (3.10)
where

Gi(a)

(Ha(a), (@)
= ()

(1) € F@)} 1 - a(@)),

with a”(a) = 1 — a(a).

In this complement, the degree of importance in the preference complement of a GHIFNSS, is
one minus the corresponding degree of importance in the GHIFNSS. Meanwhile, grades, membership
and non-membership degrees do not change. Therefore, the preference complement of a GHIFNSS is
unique.

Definition 3.10. A weak hesitant intuitionistic fuzzy complement of a GHIFNSS (G,, G, @) as in (3.7),
is defined by
(G}, G, ) = {(a,G}"(@))la € A}, (3.11)

where

GY'(a) = (H{(a),a(a)),

()

(i, Fan) € F(a)}, P # T

(1) € F@)}, 0(@)),

(WaysMau)

with HY (a) = {<_<"”Zu> >

In this complement, the grades in a weak hesitant intuitionistic fuzzy complement of a GHIFNSS,
are different from the corresponding grades in the GHIFNSS. In addition, the degrees of membership in
a weak hesitant intuitionistic fuzzy complement of a GHIFNSS, will be the degrees of non-membership
of the GHIFNSS, and vice versa. At the same time, the degrees of importance have not changed.

Definition 3.11. A weak preference complement of a GHIFNSS (G,, G, @) as in (3.7), is defined by
(G, G, @) = {(a,G,"(a))la € A}, (3.12)

where

Gi(a) = (Hy(a),a’(a)),

()

AIMS Mathematics Volume 7, Issue 7, 12650-12670.
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In this complement, membership and non-membership degrees are the same as those in the
GHIFNSS.

Definition 3.12. The hesitant intuitionistic fuzzy preference complement of a GHIFNSS (G,, G, @) as
in (3.7), is defined by
(G, G, a) = {(a,G(@))la € A), (3.13)

where

G'"(a) = (HS(a),a"(a),

- ({<<viwm)>>

This complement is unique for a GHIFNSS, and the grades are remain.

(s 1) € F(a)}, - a/(a)).

Definition 3.13. A weak hesitant intuitionistic fuzzy preference complement of a GHIFNSS (G,, G, @)
as in (3.7), is defined by
(GY"7,G, @) = {(a,G}"(a))la € A}, (3.14)

where

Gi)'"(a) = (Hf(a),a’(a)),

(e
(Wau’ mau)
The following are some interesting special complements of a weak complement, a weak hesitant

intuitionistic fuzzy complement and a weak hesitant intuitionistic fuzzy preference complement of a
GHIFNSS.

(s 1) € F(a)}, - a/(a)).

Definition 3.14. The top grade complement of a GHIFNSS (G,, G, @) as in (3.7) is defined by
(G%.G,a) = {(a,GE(a))a € A}, (3.15)

where Gi (a) = (H(a), a(a)).

Compared to the GHIFNSS, the changes part from its complement is the grade, where the grade
becomes N — 1 if the corresponding grade in the GHIFNSS is less than N — 1 and becomes 0 if that is
equal to N — 1. By this definition, it is clear that the top grade complement of a GHIFNSS is unique.

Definition 3.15. The top grade hesitant intuitionistic fuzzy complement of a GHIFNSS (G,, G, @) as
in (3.7) is defined by
(G, G,a) = {(a,Gl(@))|a € A}, (3.16)

where G"(a) = (H(a), a(a)).

In this complement, the determination of the grades is the same as that of the top grade complement.
At the same time, the membership and non-membership degrees in the GHIFNSS and the top
grade hesitant intuitionistic fuzzy complement are interchanging each other. The top grade hesitant
intuitionistic fuzzy complement of a GHIFNSS is also unique.

AIMS Mathematics Volume 7, Issue 7, 12650-12670.
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Definition 3.16. The top grade preference complement of a GHIFNSS (G,,, G, @) as in (3.7) is defined
™ (G?,G,a) = {(a,G"(a))la € A}, (3.17)
where GZ (a) = (H(a), & (a)).

The difference between Definitions 3.16 and 3.14 is in the degree of importance. It is also clear that
(G?.G, ) is unique.
Definition 3.17. The top grade hesitant intuitionistic fuzzy preference complement of a GHIFNSS
(G,,G, @) asin (3.7) is defined as

(Gy".G. @) = {(a.Gy"(@))a € A}, (3.18)

where Gi”(a) = (H(a), a”(a)).

The difference between Definitions 3.15 and 3.17 is in the degree of importance. This kind of
complement is also unique.

Definition 3.18. The bottom grade complement of a GHIFNSS (G,, G, @) as in (3.7) is defined as the
following
(G%,G, ) = {(a,G%¥(a))la € A}, (3.19)

where G/¥(a) = (H(a), a(a)).
Compared to the GHIFNSS, the changes part from its complement is the grade, where the grade

becomes 0 if the corresponding grade in the GHIFNSS is greater than 0 and becomes N — 1 if that is
equal to 0. By this definition, it is clear that the top bottom grade complement of a GHIFNSS is unique.

Definition 3.19. The bottom grade hesitant intuitionistic fuzzy complement of a GHIFNSS (G,, G, @)
as in (3.7) is defined as
(th

a ?

G,a) = {(a,G"(a))a € A}, (3.20)
where G%'(a) = (H}"(a), a(a)).

In this complement, the determination of the grades is the same as that of the bottom grade
complement. However, the membership and non-membership degrees in the GHIFNSS and the bottom
hesitant intuitionistic fuzzy complement are interchanging each other. This complement is also unique.

Definition 3.20. The bottom grade preference complement of a GHIFNSS (G,,G, @) as in (3.7) is
defined as
(G, G, ) = {(a,G(a)la € A, (3.21)

where G2 (a) = (Hzg (a), a’(a)).

The difference between Definitions 3.20 and 3.18 is in the degree of importance. It is also clear that
(G, G, @) is unique.

Definition 3.21. The bottom grade hesitant intuitionistic fuzzy preference complement of a GHIFNSS
(G,,G, @) as in (3.7) is defined as

(G, G, a) = {(a,G""P(a))|a € A}, (3.22)

where G3”(a) = (HY(a), a”(a)).
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The difference between Definitions 3.19 and 3.21 is in the degree of importance. This kind of
complement is also unique.
In the following, we define some operations on generalized hesitant intuitionistic fuzzy N-soft sets.

Definition 3.22. Suppose that (G,,Gi,@) = {(a,Hx(a),a(a)) | a € A} and (Gg,Gy,B) =
{(a, Hg(a),B(a)) | b € B} are two GHIFNSSs over U, where G, = (F,A,N;) and G, = (F3, B, N>)
are two NSSs over U,

Go(a) (Ha(a), a(a))

(e

au > Wau

(78 € Fi(@},a@)

Ggla) (Hp(a), f(a))

(L)

au s Wau

(0,12 € Fa(@|,5(@)

A restricted intersection between (G,, Gy, @) and (Gg, G», ), denoted by (G,, G, @) Nx(Gg, G2,p), is
defined as (Gs,, G3,0) where G3 = (F3,A N B,min(N;,N;)),andVc e C=ANB, u e U,

(Goyy» G3,0) = {(c, G5 (c))lc € C}. (3.23)
Here,
G5~m () = (Hc(o),6(0)
(u, r(3)) 3)
- ({<m> (I/t, cu) € F3(C)} 6(C))
mCLt 9 WCM
with
= min ),
m$) = {yly =minip,q},pem),qems)},
wS = {yly = max{p,q},p e wll),q e w2},

o(c) = min(a(c),B(c)).

Definition 3.23. Suppose that (G,,Gi,@) = {(a,Ha(a),a(a)) | a € A} and (Gg, G,.8) =
{(a,Hg(a),B(a)) | b € B} are two GHIFNSSs over U, where G| = (F,A,N;) and G, = (F3, B, N>)
are two NSSs over U,

G.(a) = (Hu(a),a(a))
(u, 1)

({<m> (u, ) € Fl(a)} a/(a)),
Gg(a) = (Hp(a),B(a))
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()

au s Wau

(0,12 € Fa(@).B(@)

An extended intersection between (G,, G, @) and (Gg, G, ) denoted by (G,, G, @) Ne(Gg, G2, B) i
defined as (G, G3,0) where Gz = (F3,A N B,max(Ny,N,)),andVc e C=AUB, u € U,

(G G3,0) = {(c, Go, (0))lc € CY, (3.24)

G,(c), 1ifceA-B,
with Gsi,(c) ={Gg(c), ifce B-A,
Gs,(c), ifceANB.
Definition 3.24. Suppose that (G,,Gi,@) = {(a,Hs(a),a(a)) | a € A} and (Gg, G2.B) =

{(a, Hg(a),B(a)) | b € B} are two GHIFNSSs over U, where G| = (F,A,N;) and G, = (F3, B, N>)
are two NSSs over U,

Go(a) = (Ha(a),(a))

(e

au > Wau

(,18) € Fil@)} (@),

Gg(a) (Hp(a), 5(a))

(e

al,u

(.12 € Fx@)}, f(@)

A restricted union between (G,, Gy, @) and (Gg, G,, ) denoted by (G,, G, @) Ux(Gg, G2, B) is defined
as (Gs,y» G3,0) where Gz = (F3,A N B,max(N;,N,)),andVc e C=ANB, ueU,

(Gsy» G3,6) = {(c, Goyy (0))lc € C). (3.25)
Here,
Gsyy(c) = (Hc(c),0(c))
(u, i) (3)
({<(@—@>)> (,15) € F3(0)},6(0))
with
(3) = max(rg),rg)),
Sf = {yly = max{p.q},p € m{}),q € m3)},
wS = {ly =min{p.q}.p € wi)).q € Wi},
6(c) = max(a(c),B(c)).

Definition 3.25. Suppose that (G,,Gi,@) = {(a,Hx(a),a(a)) | a € A} and (Gg,Gy,B) =
{(a, Hg(a),B(a)) | b € B} are two GHIFNSSs over U, where G; = (Fi,A,N;) and G, = (F3, B, N>)
are two NSSs over U,

Go(a) = (Ha(a),a(a))
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(e

au > WLlM

1)) € Fu(@)}, (@),

Gg(a) (Hp(a), f(a))

(i)

au s

An extended union between (G,, G, @) and (Gg, G», B), denoted by (G, G1, @) Ug(Gg, G2, B), is defined
as (Gsgy» G3,0) where G3 = (F3,A U B,max(N,,N,)),andVe e C=AUB, ue U,

(Gieu» G3,6) = {(c, Gog (O)lc € C}, (3.26)

(0.12) € F@), f(@)

Gu(c), ifceA-B,
with G, (c) = 1Gg(c), ifce B-A,
Gsyy(c), ifce ANB.

Now, we prove some properties of GHIFNSS corresponding to the operations and the top or bottom
grade hesitant intuitionistic fuzzy preference complements.

Theorem 3.26. Given two top grade hesitant intuitionistic fuzzy preference complements (GI.Gy, @)
and (Gthp, G2,B) of (Go, Gy, @) and (Gg,G2,B8) over U respectively, where G, = (F,,A,N,) and
G, = (F», B, N,) are two NSSs over U. Let G™(a) = (H'(a), a"(a)), where

(e < v -,

(3]
Weui ;M)

s Paw) - 0 1
< (’; )(1))> lfrc(m) - 1,

(Wau Mgy

with (u, r ) € Fi(a), and GZ”’ (b) = (H’h(b) PP (b)), where
(=g ) i <N -1,

H ”’(a)(u

th thy ._ Wiy Ty,
Hy(b)(u,ry,) := iu 0)” o
PROBNON ifr,, =N-1,
(Whu lm)

with (u, 1)) € Fa(b).

Then the following holds.

(1) Let (G, G, @) Ng (Gg, G2, ) = (Gsyy, G3,0) with Gz = (F3,AN B,N = min(N,,N,)). Then
(G437, G3.6) = (Gy”. G, ) Uy (G”, Ga. ).

(2) Let (G, Gy, @) Uy (Gg,Gp,B) = (Gsyy, G3,6) with Gy = (F3,AN B,N = max(N,,N,)). Then
(G4, Gs,6) = (Gy”, Gr, @) N (G, Ga, ).

Proof. Let (Ga, G1, @) = {(a, {Ha(a)u, ru)\(u, 1)) € Fi(@)}, a(a))la € A}, with
(s Tiad)
Ha(a)(u, i) :< D (1>)>

au,

and (Gg, G2, 8) = {(b, {Hp(b)(u, r)(u, 1)) € Fa(b)}, B(b))Ib € B}, with

) (4, )
Hy(b)(u, 1)) = <m>
My, »
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Using Definition 3.22 force C=ANB

G59i3(c) = (HC(C) (S(C))
(u, r(3)) e
:Wﬁrﬁwwm&@a@
mcu 9 Wcu
with
1 = i,
m® = ly = minip, ), p € mD, g € m),
w® = yly = maxip, g}, p € w0, q € W),

o(c) = min(a(c),B(c)).
Then, by Definition 3.17, G;Z’; (¢) = (H’Ch(c), 1 - 6(c)) with

(14, 0D < N1 Gncase, 22 <N - 1)

ch(c)(u l” ) _ < Weu sMey

On the other hand, by Definition 3.24,

<%> it r® < N =1, (incase, XV < N=1,r2 = N -

((ngz)v 1)))> it rY < N—1,(Gincase, 'V =N-1,r% <N -
WCM mL‘Ll
(((;;0)(”)> if r(3) N -1, (incase, r(l) N-1= r(2))

1y
1y

(G G\, @) Uy (G!7,G,,B) = (G, G4, y) with G4 = (F4,C = A N B,max(N;, N»)). Let, for c € C =

YRu

ANB,
G () = (He(e),y(c))

(Lt

CM > WCM

Suppose that He(c)(u, ') = <(<Z’4)r‘“(4))> Then

Mey sWeu

(.18 € F@, ()

mg {yly = maxip,qh, p € wal,q € waly = wii and wi,) = {yly = min{p, g},
mcu s

(u,N-1)
G wi) [

if ), e <N -1

(’nul Weu

(u,N-1)
D WDy [

Mey sWey

He(c)(u, 1)

_ (wo

@ @,
Yo

HE (o) u, i)

ifrl =N-1=r3.

ifrlD=N-1,/2 <N-

(b)) <N -1 = N -

1
1

2
pE€ mcu,q € mgu)

} =

and y(c) = max(a’(c), " (c)) = max(1 — a(c),1 — B(c)) = 1 — min(a(c),B(c)) = 1 — d(c). Therefore,

Theorem 3.26 (1) is proved.
The proof of Theorem 3.26 (2) is similar.

O
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Theorem 3.27. Given two bottom grade hesitant intuitionistic fuzzy preference complements
(G G\, @) and (G2, G,,B) of (G, Gy, ) and (Gg, G2, B) over U respectively, where G, = (F\, A, Ny)
and G, = (F,, B, N,) are two NSSs over U. Let G2 (a) = (H%(a), a?(a)), where

0 1
<( <(1'; )<1>)> frc(m)

au Mau

’ “” ) N-1 (1
<((L(ll) (1)))> lfr( ) — 0,

Wau sMau

with (u, r ) € Fi(a), and thp (b) = (th(b) B (b)), where

(1,0) (2)
bh bhy . _ <(W§,2u) 53,))> 1> 0,
HY(b)(u,r))) :=
B . (uN-1) @ _
@ o | lf r,

Wy o1y,

HY (a)(u, 7

with (u, 1) € F,(b).

’ bu
Then the following holds.

(1) Let (Go, G1,@) N (G, Go, B) = (Gsyy, G3,0) with Gy = (F3,A N B,N = min(Ny,N,)). Then
(Ggi:f G3,0) = (GJ”, Gy, @) Uy (Gghp’Gz’ﬁ )

(2) Let (Gam G],CY) U‘K (Gﬁ9 G29B) = (G(5m39G395) with G3 = (F3’A N BaN = max(Nl’ NZ)) Then
Gy, G3,0) = (Go", G1,@) N (G, G, B).

Proof. Let (G, G, @) = {(a, {(Ha(a)(u, '), rY) € Fi(a)}, a(a))la € A}, with

)]
Ha@)(u, ry)) = < %r <)1>)>

du5

and (Gg, Ga, B) = {(b, {Hp(b)(u, '), r2)) € F2(b)}, B(b))Ib € B}, with

(2)
Hab)(w, 1) = <%}

Using Definition 3.22 force C=ANB

G5m (C) = (HC(C) 6(C))
W)\
({<m> (u, 1) € F3(C)}’ 6(0))
mcu b WCM
with
= i),
ms) = {yly = min{p,q},p e m), q € mi)},
w® = {yly = maxip,q}, p e wl),q € w?),

o(c) = min(a(c),B(c)).
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Then, by Definition 3.21, G;.”(c) = (H(c), 1 - 6(c)) with

<%> if r(3) > 0, (in case, rg,), 2) 0)
w,

Cll

(u,N-1)
o) <%>)> if re,

Hhh(c)(u’ Cu) (Wcu
<(("(3])V (13)>)> if r(3) 0, (incase, rg,) 0, rg,) > 0)

3 — =0, (in case, r ) >0, r(z) 0)

<—((”1)v (13)))> if 1V = 0, (in case, 1) = 0 =71%)).

On the other hand, by Definition 3.24,
(G, Gy, ) Un (G, G, B) = (G, Gy, y) with G4 = (F4,C = AN B, max(N,, N,)). Let, for c € C =
ANB,

G2 (c)

YRu

(Hc(c), y(0))

- ({< (n(;:) rff,z))>

CU > WCM

(18 € F(@, 7))

Suppose that He(e)(u, 1¥) = <(<fg;w(4))> Then

LM Cll

mey = Dy = maxip.ql.p € wal.q € wi) = wi and wi = Dly = minlp.qh.p € ma g € miy) =
mcu ’

i 2 50

<"(4§V 1>> it >0,/ =0

(i
<
< W.N-1)
<

Hc(o)u, rt,) it kD =0,/ 50

(4) (4))

Meu Weu

N-1 (1 2
((’i‘) (4>))> 1f}" ) = =0= rcu)

Mey sWey

— ch(c)(u

’cu

and y(c) = max(a®(c), B’ (c)) = max(1 — a(c),1 — B(c)) = 1 — min(a(c),B(c)) = 1 — 6(c). Therefore,
Theorem 3.27 (1) is proved.
The proof of Theorem 3.27 (2) is similar. ]

Using Definitions 3.17, 3.21, 3.23 and 3.25, we obtain the following two theorems, in which proving
is similar to Theorems 3.26 and 3.27 respectively.

Theorem 3.28. Given two top grade hesitant intuitionistic fuzzy preference complements (GI.Gy, @)
and (GZ”’ ,G2,PB) of (G, G1, @) and (Gg, Go, B) over U respectively.
Then the following holds.

(1) Let (G, G, @) Ng (Gg, G2, B) = (Ggyy» G3,0) with Gz = (F3,AN B,N = min(N,,N,)). Then
(G4, Gs,6) = (G4, G, @) Ug (G”, Ga. B).

(2) Let (Ga,Gl,Q’) Ug (Gﬁ,Gz,ﬁ) = (G(g\m,Gj,,(S) with Gz = (F3,A N B,N = max(N;,N,)). Then
(G4, Gs,6) = (Gy”, G, @) N (Gy”, G, P).

Oy’
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Theorem 3.29. Given two bottom grade hesitant intuitionistic fuzzy preference complements
(G G\, @) and (G2, G,,B) of (G, Gy, ) and (Gg, G2, B) over U respectively.
Then the following holds.

(1) Let (G, G, @) Ng (Gg, G2, B) = (Ggyy» G3,0) with Gz = (F3,AN B,N = min(Ny,N,)). Then
(G’ G3,6) = (Go", G1.@) U (G, Ga. ).

(2) Let (Go, G1, @) U (Gp, G2, B) = (Giy,, G3,0) with Gy = (F3,A 0 B,N = max(Ny,Ny)). Then
Gy, Gs,0) = (G,",G1,@) Ne (G, G, B).

ORS

4. Applications of generalized hesitant intuitionistic fuzzy N-soft sets

In this section, we propose a decision-making algorithm for a decision-making problem represented
as a GHIFNSS. Before that, several definitions used in the decision-making process will be introduced.

Definition 4.1. Given a GHIFNSS (G,,G,a) over U as in Eq (3.6). An induced generalized
intuitionistic fuzzy N-soft set IGIFNSS) (IG,, G, @) over U is defined as follows.

(IGo, G,a) = {(a,1G,(a))la € A} (4.1)
= {(a,1Fx(a),a(a))la € A}

where 1G,(a) = (IFa(a),a(a)) and 1Fa(a) = {{(u, rau); fa(Uts Taw)s Va(tt, ra))(u, 10) € F(a)}, with
,aa(u’ rau) = Sucma b and ’751(”’ rau) =

maul
An IGIFNSS over U may be represented in a table called representation table of an IGIFNSS as in
Table 5.

YEWau Y
‘Waul ’

Table 5. Representation table of a IGIFNSS.

(UG, G, @) ay;a(ay) az; a(ay) e a,; a(ay)
uy (ri,my, wi)  (ria,mi, win) ... (Fin, Mg, Wiy)
U (ra1, Mo, wa1)  (ra, M, Waz) oo (Fay, Mgy, Wap)
Up (rml’ ’/hml’ wml) (rmZ’ mmZ’ WmZ) .. (rmn’ mmn’ Wmn)

In Table 5, u; € U,i = 1,...m,a; € A,j = 1,...,n, and (r;;, m;;, w;;) in each cell (i, j) represents
that ((u;, rij), mij, wij) € IFa(a;) (Ui, rau,) Where rij = rou, Mij = fa,(Wis Faju)s Wi = Ya,(Uis Tay;) and

a(a;) € [0,1].

Cagman and Karatas [7] ( see also Khan and Zhu [9]) developed a novel algorithm to solve decision-
making problems based on Intuitionistic Fuzzy Soft sets (IFSSs). Referring to these algorithms, we
propose a similar algorithm but in the field of IGIFNSS information. For this, we define the following
definitions. For an object u; at e}, it is defined the left and right values of an IGIFNSS, as

ﬁ’lij = ﬁ’ll‘j and ﬁ’llrj =1- Wij (42)

respectively.
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Definition 4.2. Given an IGIFNSS (IG,, G, «) over U where G = {F,A,N}, U = {u,us, ..., u,} and
A ={ej,es,...,e,}). The intuitionistic value of an object u; at e;, of the IGIFNSS, is defined by

We,(u;) = i, + ] (4.3)

ij?
with ! ; and /m;; are the left and right values of u; at e; respectively.
Definition 4.3. Given an IGIFNSS (IG,, G, a) over U where G = {F,A,N}, U = {u,us, ..., u,} and

A ={ey,ey,...,e,). The grade score and the membership score of an object u; at e}, of the IGIFNSS,
is defined by

m

Ze,() = D (rij =71, (4.4)
k=1
and .
Sey ) = W, () = e, (), (4.5)
k=1
respectively.

Definition 4.4. Given an IGIFNSS (IG,, G, @) over U where G = {F,A,N}, U = {u;,uy,...,u,} and
A = ey, ey, ...,e,}). The total score of an object u;, of the IGIFNSS, is defined by

n

Ty = ) (€)@ () + 3o, (w)). (4.6)

k=1

The optimal score to determine the best u;, is computed by

T, = max(T)). “4.7)
1<i<n

Note that the evaluation score of an object u; at e; as in Theorem 1 [9] is a special case of the total
score (4.6) with a(e;) = 1 and g, (u;) = O for any e¢; € A and u; € U. This means that the GHIFNSS
as a generalization of the IFSS gives the total score formula as a generalization of the evaluation score
formula.
Now, we present an algorithm for decision-making problems as an application of GHIFNSSs.
Algorithm

(1) Define a representation table of a GHIFNSS (G,, G, @) over U.

(2) Using (G, G, @) over U, set the IGIFNSS (IG,,, G, @) over U.

(3) Using (IG,,G, @) over U, compute the left and the right values for any object u; at any
parameter e;.

(4) Compute the intuitionistic value ¢, (u;) for any object u; at any parameter e;.

(5) Calculate the grade and membership scores g.,(«;) and 5., (u;) respectively, for any object u; at any
parameter e;.

(6) Calculate the total score 7; for any object u;

(7) If T, = max,<;<,(T;) is the maximum score, then the object i, is the best choice.

Example 3. Given the decision-making problem as in Example 2. To determine the best candidate for
agricultural extension worker, we apply the Algorithm above.
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(1) Defined the representation table of a GHIFNSS (G, G, @) over U as in Table 4.

(2) Using Definition 4.1, we obtain the IGIFNSS (/G,, G, @) over U as in Table 6.

(3) Using (IG,,G,a) over U, we compute the left and the right values for any object u; at any
parameter ¢}, of the IGIFNSS (/1G,, G, a) over U, by using Eq (4.2) and we present in Table 7.

(4) We compute the intuitionistic value i, (u;), using Definition 4.2 for any object u; at any parameter
e;j and represented in Table 8.

(5) Calculate the grade and the membership scores g..(x;) and 3,,(u;) respectively, for any object u; at

any parameter e;, using Definition 4.3 and we obtain Table 9.
(6) We get the total score 7 for any object u; as in Table 10, using Definition 4.4.

(7) Since T, = max,<;<,(T;) = is the maximum score, then the object u, is the best choice.

Table 6. Representation table of an IGIFNSS.

UGy, G, @) ep;a(e)) =0.5 er;a(e) =03 az;a(e;) = 0.2
Uy (4,0.650,0.275) (3,0.700,0.225) (2,0.575,0.325)
u (3,0.525,0.325) (2,0.525,0.325) (1,0.375,0.525)
U, (2,0.375,0.525) (1,0.375,0.525) (3,0.700,0.225)
Uy (4,0.775,0.150) (4,0.725,0.175) (4,0.750,0.150)

Table 7. Table of the left and the right values of the IGIFNSS.

(r,-j,mﬁj,m{j) e;a(e)) =0.5 er;a(e) =03 az;a(e;) = 0.2
u (4,0.650,0.725) (3,0.700,0.775) (2,0.575,0.675)
U, (3,0.525,0.675) (2,0.525,0.675) (1,0.375,0.475)
U, (2,0.375,0.475) (1,0.375,0.475) (3,0.700,0.775)
Uy (4,0.775,0.850) (4,0.725,0.825) (4,0.750,0.850)

Table 8. Table of the intuitionistic values of the IGIFNSS.

(rij We,(u;)) er;a(e)) =05 exale) =03 az;ale;) =0.2
U (4,1.375) (3,1.475) (2,1.250)
Uy (3,1.200) (2,1.200) (1,0.850)
U (2,0.875) (1,0.875) (3,1.475)
Uy (4,1.625) (4,1.550) (4, 1.600)
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Table 9. Table of the grade and the membership scores of the IGIFNSS.

(8, (ui), 3., (u;)) er;ale)) =05 eyaler) =03 az;ale;) =0.2

U (3,0.45) (2,0.83) (=2,-0.18)
U (-1,-0.25) (=2,-0.27) (—=6,-1.78)
U (=5,-1.65) (—6,—-1.68) (2,0.73)
Uy (3,1.45) (6,1.13) (6,1.23)

Table 10. Table of total scores of the IGIFNSS.

U; T;

U 2.14
75} -2.86
up -5.08
Uy 5.81

Since T, is the maximum, then the best candidate is 4.
5. Conclusions

Previous scholars have proposed fuzzy N-soft sets and hesitant fuzzy N-soft sets. Furthermore, we
generalize HIFNSSs to generalized hesitant intuitionistic fuzzy N-soft sets (GHIFNSSs) as a hybrid
model between generalized hesitant intuitionistic fuzzy sets and N-soft sets. Then, it was introduced
some complements of the GHIFNSSs, intersection and union operations between GHIFNSSs, and
proved that the operations between some particular complements hold De Morgan Law. An algorithm
for decision-making problems in GHIFNSSs information was constructed, and a numerical example
was given.

This research can be extended by combining the concept of generalized interval-valued hesitant
intuitionistic fuzzy soft sets (see Nazra et al. [14]) and NSS. Therefore, the study on NSS is more
complete and more general. On the other hand, the study on the distance measure introduced by
Xiao [15], may be constructed in the field of GHIFNSS.
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