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1. Introduction and main results

The famous Goldbach Conjecture states that every even integer N > 6 can be written as the sum of

two odd primes, i.e.,
N = p; + p». (1.1)

This conjecture still remains open. The recent developments on Goldbach Conjecture can be found
in [21,22,30,33,34] and their references.

In view of Hua’s theorem [13] on five squares of primes and Lagrange’s theorem on four squares,
it seems reasonable to conjecture that every sufficiently large integer satisfying some necessary
congruence conditions can be written as the sum of four squares of primes, i.e.,

N = pi+p5 +ps + pi. (1.2)

However, such a conjecture is out of reach at present. For the recent developments on conjecture (1.2),
one can be found in [11, 12, 19] and their references.
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Motivated by Hua’s nine cubes of primes theorem [13], it seems reasonable to conjecture that every
sufficiently large even integer is the sum of eight cubes of primes, i.e.,

N:p?+p§+p§+pi+pg+pg+p§+p§. (1.3)

But unfortunately, such a conjecture (1.3) is still out of reach at present. For the recent developments
on conjecture (1.3), one can see [17, 18] and its references.

Linnik [25,26] proved that each sufficiently large odd integer N can be written as N = p + n} + n3,
which was firstly formulated by Hardy and Littlewood [9], where n; and n, are integers. In view of this
result, it seems reasonable to conjecture that every sufficiently large integer satisfying some necessary
congruence conditions is a sum of a prime and two squares of primes, i.e.,

N = p, + p5 + p3. (1.4)

But current techniques lack the power to solve it. Many authors considered this problem and gave
some approaches to approximate (1.4) (See [12,13,20,23,24,27,31,40,41,43]). Meanwhile, we can
regard this problem as the hybrid problem of (1.1) and (1.2).

In [29], Liu considered the hybrid problem of (1.1) and (1.3), i.e.,

N:p1+p§+p§+p2+p§. (1.5)

There are some approximations to (1.5). On one hand, as an approach to prove (1.5), Liu and Lii [28]
proved that every sufficiently large odd integer can be written as the sum of a prime, four cubes of
primes and bounded number of powers of 2, i.e.,

N=pi+pi+pi+pi+pi+2" +272 4 .. 42,

and gave an acceptable value of K;. On the other hand, Liu [29] gave another approximation to (1.5).
He proved that every sufficiently large odd integer N can be written in the form N = x + p} + p3 +
pg + pi, where pi, p2, p3, p4 are primes and x is an almost—prime $,. As usual, $, always denotes an
almost—prime with at most r prime factors, counted according to multiplicity. In [28], Liu and Lii also
considered the hybrid problem of (1.2) and (1.3),

N:p%+p§+p§+pi+pg+pg. (1.6)

In their paper, they gave an approximation to (1.6) and proved that every sufficiently large even integer
can be written as the sum of two squares of primes, four cubes of primes and 211 powers of 2, i.e.,

N=pi+ps+pi+pi+pe+pe+2" +2% 4. 4270, (1.7)

Also, in 2016, Cai [6] gave another approximation to (1.6), and proved that any sufficiently large even
integer N can be written in the form N = x> + p} + p; + p3 + p, + p3, where p, pa, p3, ps, ps are primes
and x is an almost—prime $5. Afterwards, Cai’s studies in this direction were subsequently generalized
by Zhang and Li [42].

In view of (1.7), the results of Cai [6] and Zhang and Li [42], in this paper, we shall continue giving
some approximation to the conjecture (1.6).

AIMS Mathematics Volume 7, Issue 7, 12415-12436.
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Theorem 1.1. Let Z(N) denote the number of solutions of the following equation
N:pf+p§+x3+p§+pi+pg (1.8)

with x being an almost—prime P; and the p;’s primes. Then, for every sufficiently large even integer
N, there holds
Z(N) > N7 log ® N.

We approach Theorem 1.1 via the Hardy—Littlewood method, and in a certain sense by a unified
approach. To be specific, we use the ideas, which were firstly created by Briidern [1,2] and developed
by Briidern and Kawada [3, 4], combining with Hardy—Littlewood method and Iwaniec’s linear sieve
method to give the proof of Theorem 1.1.

Notation. Throughout this paper, small italics denote integers when they do not obviously represent a
function; p, pi, p» ..., with or without subscript, always stand for a prime number; & always denotes
an arbitrary small positive constant, which may not be the same at different occurrences; y denotes
Euler’s constant; f(x) < g(x) means that f(x) = O(g(x)); f(x) < g(x) means that f(x) < g(x) < f(x);
the constants in the O—term and <—symbol depend at most on &; £, always denotes an almost—prime
with at most r prime factors, counted according to multiplicity. As usual, ¢(n) and 7;(n) denote Euler’s
function and the j—dimensional divisor function respectively. Especially, we write 7(n) = 7,(n).We
denote by a(m) arithmetical function satisfying |a(m)| < 1; (s, ) denotes the greatest common divisor
of s and #; e(@) = ¥ for abbreviation.

2. Proof of Theorem 1.1: Preliminaries

In this section, we shall give some notations and preliminary lemmas. We always denote by y a
Dirichlet character (mod g), and by x° the principal Dirichlet character (mod q). Let

1/2N\j 1/2N\&
A =107, —logN, x=5(5) =55
Qo = log I=3\3 i=2\73
D = N%_éo‘g’ 7= D%’ P = rl D, 0, = N%+60‘9’ O, = Xj%_a)s’

fl@y= ) (ogpye(pla),  fi@= ) (ogpe(pa),

Xj<[7<2Xj X;<p<2X;

Gy a)—qu (m)e(a—mj) Si(¢.@) = G;(x"a), S a)_ie(a_mj)
JV _m:IX q PE=ERE e _m:1 a7/

2X;
Vi) = f e(Au)du, F@)=) ad) ) ema),
Xj d<D X3<m<2X;
m=0 (mod d)
ZX;T _ +00
Vi) = f e(Aw’)du, J(N) = f VI3 (Vi (De(—=NA)da,
X —o00
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q
. N
Big.N)= D} 7,08 ISP @ 5] BaN) = Big. N,

a=1
(a,9)=1

Bi(q,N)
q¢°(q) ~

A(g,N) = Ai(g, N), S4(N) = ZAd(q,N), S(N) = Gi(N),

g=1

Adlq,N) =

Me={m: X3 <m<2X3, m=pipy---pp, 2SI < p2<-o- < prh

Ny={m: m=pipr--pr1y 2P < P2<-r < Pty P1P2 Proabisy < 2X3),

lo
g(a) = Z gge((fpfa), log E = (log 2X,)*(log 2X3)(log 2X;)?,

X3<tp<2X3 4
te N,

log ® = (log X,)*(log X;)*.

Lemma 2.1. For (a,q) = 1, we have

@ Silg.a) < q1_7;
(i) G(y.a) < q**.

In particular, for (a, p) = 1, we have

(i) IS (p,a)l <(Gip—D-1)+p;
iv) IS;(p.al<(Gip-1D-D+p+1;
(V) S%(p'.a)=0 for €>y(p), where

0+2, if pPljy p#2 or p=2,0=0,
¥(p) = o
0+3, if pllj, p=2, 6> 0.

Proof. For (i), (iii) and (iv), see Theorem 4.2 and Lemma 4.3 of Vaughan [38], respectively. For (ii),
see Lemma 8.5 of Hua [14] or the Problem 14 of Chapter VI of Vinogradov [39]. For (v), see Lemma
8.3 of Hua [14]. O

Lemma 2.2. We have
1
@) fo |f3(@) f3*2(a)|2da < No*,
1
(ii) fo 1A(@)f;(@)]'da < N¥ (log NY.

Proof. For (1), one can see the Theorem of Vaughan [37]. For (i1), in view of Satz 3 of Rieger [35], one
has

1
f; |f2(a)|da < X3(log N)?,

which combined with the trivial estimate f; (@) < Xj yields the desired result. O

AIMS Mathematics Volume 7, Issue 7, 12415-12436.
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Lemma 2.3. Suppose that
S(t) = Z c(v)e(vt)

14
is an absolutely convergent exponential sum. Here the frequencies v run over an arbitrary sequence of
real numbers and the coefficients are complex. Let 6 = 6/T with 0 < 6 < 1. Then

T +00
Sld f 5!
I SoPdr<y [ T D) ew)

X<Y<X+0

Proof. See Lemma 1 of Gallagher [8]. O

2
dx.

Lemma 2.4. For any A > 0 and non—principal Dirichlet character y (mod q) with g < (log x)*, there

holds
D x(p) < xexp( - c(4)Vlog ),

psx

where the implied constant depends only on A.

Proof. By partial summation and the arguments on p. 132 of Davenport [7], it is easy to derive the
desired result. O

Lemma 2.5. Let F(x) be a real differentiable function such that F’(x) is monotonic, and F’'(x) > m > 0,
or F'(x) < —m < 0, throughout the interval [a, b]. Then we have

b
‘ f eiF(x)dx
a

Proof. See Lemma 4.2 of Titchmarsh [36]. O

4
< —.

Lemma 2.6. Let f(x) be a real differentiable function in the interval [a, b]. If f'(x) is monotonic and
satisfies |f'(x)| < 8 < 1. Then we have

b
Z esz(n) = f eZﬂif(X)dx + 0(1)

a<n<b

Proof. See Lemma 4.8 of Titchmarsh [36]. O
Lemma 2.7. For a = g + A, define

1 a 1
N(g,a) = [~ - —, =+ — 2.1
(.= [q 9Q0 q qQo] @D
As(a) = fi(@) - ;f(q’)“) S e, (2.2)
X3<n<2X3
W)=Y ;—q)sg(q, ad®)v(A). (2.3)

d<D
Then we have

Z Z f |W(Q)A3(a)|2daf < N% CXp( _ 10g1/4 N)

1<g<Qy a=—¢q N(g,a)
(a,q)=1

AIMS Mathematics Volume 7, Issue 7, 12415-12436.
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Proof. By Lemma 2.5, we know that
%€

A) <« )
V3 < TN

(2.4)

It follows from (i) of Lemma 2.1 that

2/3
S3(g.ad’) < (g, d3)((q qd3)) < qP(g. )7,

which combined with (2.4) and the trivial estimate (g, d*) < (g,d)? yields

Wiy < 3 "Dig.d) g Pyl

d<D
73(9)X3 log> N

< 13(q9)g P3| log® N < .

(2.5)

For a Dirichlet character y (mod ¢), define

Wi, )= > (ogp(pe(p') =6, D em’d),

X3<p<2X3 X3<m<2X3

where 6, = 1 or 0 according to whether y is principal or not. Then by the orthogonality of Dirichlet
characters, (ii) of Lemma 2.1 and Cauchy’s inequality, we derive that

As(e) = — () D Gt aWs(x, D)

x mod g

<q ' Y Wi, )|

x mod g
< qs( > |(W3Q(,/l)|2) . (2.6)
x mod g

Combining (2.4)—(2.6), we obtain

> Z f W(@)As(@)[ da

1<g<Qy a=—¢ N(q.a)
(a,q)=1

2, X log N 2
< ud Z f <oy (1+ N2 2, Wsteafaa

1<g<Qo ( - 1 x mod g
aq

2 2 Wiy, P
3(1 4 5+e
< N3(logN) E q E L T+ N2 ————dA1

l
1<g<Q a=—q ymod ¢ ¥ <5g;
(@, ) 1

< Ni(logN)* > g7 Z > (LK [Wsp, V[ da

1
1<9<Qo a=—q y mod g N
(a.q)=1

AIMS Mathematics Volume 7, Issue 7, 12415-12436.
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2.7)

(W3, D) cu)

+ (log N) X max —
( g ) 1<Z<N/Qy Z? % WZ

By Lemma 2.3 and Lemma 2.4, we obtain

f| W, P[fda

1 +00
<<ﬁ‘[oo

(2X3)*

2
dy

> dogp(p) -6, ). 1
X3<p<2X3 X3<m<2X3
y<pi<y+1 y<m<y+ 55
2

D, Oogp(p)—6, >, 1dy

X3<m<2X3
y<m3 <y+%

1
< ﬁ
X’? 20

X3<p<2X3
3 N
Y<p Syt

log'® N) < N3 exp (- log'* N). (2.8)

1 2
< e N-Xjexp(-—
Similarly, we derive that
f Wi, /l)| dl < Z2N73 exp (- log'? N). (2.9)
Z <3

=N

Combining (2.7)—(2.9), we obtain

> Z ft y )W(a)A3(a)|2da/
q.a

]<q<Q0 a=—q
(a,q)=1
2q

< N%(logN)5 Z q_%J“9 Z go(q)-N_% exp(—10g1/3N)

1<¢<Qo a=—q
(a,q)=1

< N3(logN)’ exp (- log'* N) Z gt

1<g<Qo
1
< N%Q(’;%(logN)5 exp(—log'* N) < N3 exp (—log'"* N).

This completes the proof of Lemma 2.7.

Lemma 2.8. For a = 5 + A, define
Vi = 2229, 0 (2.10)
) = Vi . .
’ o(q)

Then we have
(2.11)

Z Z f |V3(a)|2da/ < N3 log*'4 N,
N(g.a)

1<‘]<Qo a=-
(a,q)= 1

Volume 7, Issue 7, 12415-12436.
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and

> Z f (W(@)|'da < N3, (2.12)

1<g<Qy a=—¢q N(g.a)
(a,q9)= 1

where (q, a) and W(«a) are defined by (2.1) and (2.3), respectively.
Proof. For (2.11), one can refer to the process of Lemma 2.6 of Cai [5]. For (2.12), by (2.5) we obtain

2
Z Z fw ) W(e)[ da

1<g<Qo Z;)‘ :
- Z f T3(q)X2 log* N G@X5log N
1<g<Qy a=—q “<g; 1 g**(1 + N|a])?
(a,q)= l
. 2q 1
< Ni(logN)* q it (f d/1+f > Zd/l)
1<q<Q0 =5 \Ji<h Leicgs N°A
(a,q)=1
1 1 1 44e 1
< N 3(log N)* Z ¢t < N30 " (log N)* < N73%°,
1<g<Qo
which completes the proof of Lemma 2.8. O
For (a,q) =1, 1 <a < g < Q,, define
sm()[ala+1] w= ) |J¢eqa
,a)=|—-——,— - = ’ )
1 q 490:"'q 90> 6 1sa< !
I<g<Qy 184
(a.9)=1
a Qya O
Mg =[2-22+ 2 we= () | w@a,
q q 1<q<Q6 1<a<q
(a,q)=1
1 1
Ioz[—a,l—a], mOZEUR\ETJEO,
2 2
= J U g, my = Tp\ (MU my).
Q0<‘1<Q1 (1<“)<ql
Then we obtain the Farey dissection
(2.13)

IO:EUEOUmOUmIUmZ.

Lemma 2.9. For a = g + A, define

AIMS Mathematics Volume 7, Issue 7, 12415-12436.



12423

Then for a = § + A € My, we have

(i) fi(@) = Vi(@) + O(X, exp(—log'* N)),
(if) £1(@) = Vi(@) + O(X; exp(~log'® N)),
¢, V(@)

log X3

(iii) g (@) = + O(X; exp(—log'> N)),

where V(@) is defined by (2.10), and

cr =1+ 0(e))

38 t—1 tr—q—1 tr—3—1
dr - dt =470 e, =37 log(t,_, — 1
f f f 3 f Mdb_z. (2.14)
1 b - -3 Jo )

Proof. By some routine arguments and partial summation, (i)—(iii) follow from Siegel-Walfisz theorem
and prime number theorem. O

—1v—27/13
X3

Lemma 2.10. Suppose that |@ —a/q| < q , where (a,q) = 1 and q < 27/ B Then we have

7(¢)X3log X3
(g + X3lga — a)'/?

3 E 1
Fa) < X§‘+ Di +

Proof. We rewrite .% (@) as
F(a) = Z a(d) Z eV da).

d<D X3 2X3
A S

By Dirichlet’s theorem on Diophantine approximation, there exist coprime integers b = b(d) and
r = r(d) with
10Xx3 . @
d> rl~ 10rx3
By Weyl’s inequality (see Lemma 2.4 of Vaughan [38]), we have

X\l d rdy!
373 3
Y, cww« (5] (o5

d3b

r<

If r > X3d~!, then we have

3ie

Z e(y3d3a) < (%)4 ,

Xy _ 23
AN A
3 & .
and thus .7 (o) < X34+ D1. For r < X3d™!, by Theorem 4.1 and Lemma 2.8 of Vaughan [38], and (i) of
Lemma 2.1, we obtain

Z e(y’d*a) < r' - 83(r,b) - vi(d®a - b/r) + pate

% <Y< —>
G
+ | —
d

d d
X3
AIMS Mathematics Volume 7, Issue 7, 12415-12436.
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X X3\ BN3\ [ X3\2*e
< r‘% . g% 'min(l,((ﬁ) da- p ) )+ (73)2
¢ X3 )3 3 . (X3 )5“3
3.—1+(—=) |da- - — .
<rio— ( + ( y a——if +(-
If \ ,
X3\* 1 1
r> (—3)4 or dPa- é > —(i)4,
d r r\X;
then we get

3ie
and hence .7 (@) < X: D3, If there hold

X 3
r< (73)4 and

£lo

b
d3a——

<
X

b
Pa--

r

_1
)3
s

e X3}
F(a) < X3DF + X3 Zd-‘r-%(l ; (i)
deD

(2.15)

(2.16)

where D denotes the set of all d < D for which the conditions (2.15) hold. For any d € D, we compare

(2.15) with the Diophantine approximation to @ postulated in Lemma 2.10 and deduce that

o

< a—d3—d3
q

ad> b

q r

b
+|dPa-=
-

&? 1/d
< 27/13 T _(_) ’
gX; r\Xs

which yields that

9 27

ad’r - bq| < rd’X; 13+c]d4 A (d)d3 '3+X13 d%X;

E =]

D4X @ +D4X s < 2D4X = < 1.
This means ad’r = bq, and thus

q

ad? B b
o (g, d%)

q

whence r=

By using the trivial estimate (¢, d”) < (¢, d)*, we deduce that
X 3
Zd‘ r‘é(l + (?3)

de®

—1(%613)1/3 X3 3 3
= {1+ () 4

b
Pa--

AIMS Mathematics Volume 7, Issue 7, 12415-12436.
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o g)_éz (¢.d)
d

q d<D

-3 1 7(q) log X3
Xilga —d|) ° — :
< (g +X|ga - al) kzlq: d;D;k < G K a7

< q‘é(l +X;

which combined with (2.16) yields the desired result of Lemma 2.10. O
3. Mean value theorems

In this section, we shall give the mean value theorems for the proof of Theorem 1.1.

Proposition 3.1. Let

5
J(N,d) = > | J1ogp;.

p%+p%+m3+p§+pi+pg:N J=1
Xo<p1,p2<2X;
X3<m,p3<2X3
Xi<pa,ps<2X;
m=0 (mod d)

Then we have SAN
> a(d)(J(N, a) - 24 )j(N)) < N9 log™N.
d<D d

Proof. Let
K@) = F (@) (@) (@) fi2(@)e(-Na).

By the Farey dissection (2.13), we have
> atd)IN.d) = f K(a)da = ( f ; f ; f + f )‘K(a)da. 3.1)
d<D Iy Moy my nmy my

By Lemma 2.10, for @ € m,, there holds

7(¢)X31og X3

341
F(a) < XD +
@ <X (q + X3lga — a)'/?

1 1 1 _1 5
< N#**Di + N3*°Q 5 < N1, (3.2)

From (i) of Lemma 2.2, Hua’s lemma (see Lemma 2.5 of Vaughan [38]), and Cauchy’s inequality, we
obtain

1 1 % 1 %
[ B@r@s @l < ( [ s@/w)( [ [rosef )
0 0 0
< (X2*%)2(N5*)? < NT*, (3.3)

which combined with (3.2) gives

1
K(a)da < sup | F(a)| X fo (@) fs(@) 2 @)|da

my aen)

AIMS Mathematics Volume 7, Issue 7, 12415-12436.
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< NE e, Ni+e « No-13e, (3.4)
For @ € my, it follows from Theorem 4.1 of Vaughan [38] that
F(@) = W(a) + 0(DQ™) = W(a) + O(NT2e), (3.5)
where W(«a) is defined by (2.3). Define
Ki(@) = W@ f (@ fs@)f; (@e(-Na).

Then by (3.3) and (3.5) we have
K(@)da = f Ki(a)da + O(N & ~2%), (3.6)

Let
a I a 1
No(g, @) = [5 TN gt m] W= U Naa,

1<¢<Qp —g<a<2q
(a,q)=1

Ni(g,a) = N(g, @) \ Ro(g, @), w=|J) | naga
1<g<Qp —g<a<2q
(a,)=1
<N = U U m(q, a),
1<g<Q0 —q<a<2q
(a,9)=1
where (g, a) is defined by (2.1). Then we have m; C 7, € 9. By Dirichlet’s theorem on Diophantine
rational approximation, we derive that

7<1 (@)da < Z f 1%, (@)|da
myNNo(q,a)

1<q<Q0 a=—q
(a,9)= 1

2q
+ Z f 1%, (@)|da. (3.7)

1<9<Qo a——q Ny (g,a)

By (2.5) it is easy to see that, for a € %,(g, a), there holds
W(a) < Nilog® N,

which combined with (3.3) yields

2q

> fm o 1% (@)lda

1<g<Qo a=—4
(a,g)=1

< Nilog? N x f |f2(@) fi(@) f2(@)|de < N5, (3.8)

AIMS Mathematics Volume 7, Issue 7, 12415-12436.
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For a € My(q, a), it follows from Lemma 2.6 that
(@) = As(@) + V(@) + O(1).

Hence, one has

2q
> f % (@)lde
1<g<Qy a=—¢q myNNRo(q,a)
(a, Q)—l

<Y ) f o WA e @da
a= mNNo(g.a

1<g<Qo -
(a, q)—

- Z f L W@l
m;NNo(q,a)

1<g<Qp a=—q
(a, 61)—1

SN f [W(a) @) @)|da
myNNo(g,a)

1<g<Qy a=—¢q
(a.g)=1

= 31 +3+3;, (39)

where As(@) and V3(«) are defined by (2.2) and (2.10), respectively.
It follows from Cauchy’s inequality, (ii) of Lemma 2.2, and Lemma 2.7 that

LS 3
S<| Y Z W(@)As(@)| da |h(@)f; (@) da
N(q,a) 0

W(q;

1<g<Qp 4=—q
(a,g9)=1
1 1 1
< (N§ exp (—log'"* N))Z(N%9 log? N)2 < Nv exp (—log'” N). (3.10)

By (2.5), it is easy to see that, for @ € my, there holds

sup [W(@)| < N3 log™* N. (3.11)

aemy

Therefore, by (2.11), (ii) of Lemma 2.2, (3.11) and Cauchy’s inequality, we derive that

30l 3
3 < sup [W(a)| - ( f |V3(a)|2da) ( f | frla) f3*(a)|4da)
aemy 1<g<0o a——q N(g.a) 0

(a,q)=1
< (N-% log" N) - (N_§ log”'4 N)i . (N% log? N)%
< N9 log 2 N. (3.12)

It follows from (i1) of Lemma 2.2, (2.12) and Cauchy’s inequality that

we| ) Zf

1<g<Qy 4=—¢ N(g.a)
(a,q)=1

5/l 3
|W(cx)|2da/) ( fo | fz(a)f;(a)rda)

AIMS Mathematics Volume 7, Issue 7, 12415-12436.



12428

< (N‘%”)% (N¥ log’ N)% < N5+ <« N9°°.
Combining (3.9), (3.10), (3.12) and (3.13), we can deduce that

2q

Z Z f K ()|da < NY 10g—20A N,
m]ﬁmo(q’a)

1<g<Qo 4=—¢q
(a,q)=1

From (3.6), (3.7), (3.8) and (3.14), we deduce that

K(a)da < N9 log 2 N.

ny
Similarly, we obtain

K(o)da < N g log 2 N.

mo

For a € 9, define
Ko@) = W(@)VA(@)Vy(@)Vi(@)e(~Na).

By noticing that (3.5) still holds for @ € i, it follows from Lemma 2.9 and (3.5) that

K(a) - Ko(a) < N¥ exp (- log'* N),

which implies that
K@da = | Kyl@)da + O(N log™ N).

Mo My

By the well-known standard technique in the Hardy-Littlewood method, we deduce that

f Ko(a)da = %Sd(N)j(N) + O(N™ log™ N),
Mo d<D

and |
JIN) < Nv.

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

Finally, Proposition 3.1 follows from (3.1), (3.4) and (3.15)—(3.19). This completes the proof of

Proposition 3.1.
By the same method, we have the following Proposition.

Proposition 3.2. Define

J.(N.d) = > log)’; [T rogp;]-

Preptemispiepiepi=n | log = 1245
X3<lp<2X3, teN;, m=0 (mod d)
Xo<p1, p2<2X;
X;<pa. ps<2X;

Then we have
Cr 6d(]V)

dlog X3

> a(d)(J,(N, d) -

d<D

where c, is defined by (2.14).

j(N)) < NV log_A N,

O
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4. On the function w(d)

In this section, we shall investigate the function w(d) which is defined in (4.10) and required in the
proof of Theorem 1.1.

Lemma 4.1. Let % (q, N) and £ (q, N) denote the number of solutions of the congruences
x? + x% +y§ +y§ +yi =N (modgq), 1<x,y;j<q, Xxyj,q =1,

and
x%+x§+m%+)’;+y§+yzEN(mOdQ), lgxi’yj’mgq’ (xi)’j,Q):L

respectively. Then, for all N = 0 (mod 2), we have £ (p,N) > £ (p, N) for all primes. Moreover,
there hold
ZL(p.n) =p*+0(p"),

and
J (p,n) = p* + O(p).

Proof. Let £*(q, N) denote the number of solutions of the congruence
x% +x§ +m’ +yg +y§ +yi =N (mod q), 1<x,y;,m<gq, mxy;,q) =1.
Then by the orthogonality of Dirichlet characters, we have

p- L (p,N) = sz S34(p, @S5 (p, a)e( - %)

a=1

=(p-1°+E,, 4.1)
where 1
.
. . aN
E, = 3 82,085 (b - 7).
a=1 p
By (iv) of Lemma 2.1, we have
E)l < (p—D(Vp+1)*Q+p + 1) (4.2)

It is easy to check that |E,| < (p — 1)° for p > 11. Hence we get .£*(p,N) > 0 forall p > 11. On
the other hand, for p = 2,3,5,7, we can check .Z*(p, N) > 0 directly by hand. Therefore, we obtain
Z*(p,N) > 0 for all primes with N = 0 (mod 2), and

ZL(p,N)=2"(p,N) + A (p,N) > A (p,N). (4.3)
From (4.1) and (4.2), we derive that
Z*(p,N) = p* + O(p"). (4.4)
By a similar argument of (4.1) and (4.2), we have
H (p,N) = p* + 0(p*). (4.5)

Combining (4.3)—(4.5), we obtain the desired results. O
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Lemma 4.2. The series S(N) is absolutely convergent. Moreover, there exists an absolute positive
constant c¢* > 0 such that for N = 0 (mod 2), there holds

S(N) > c* > 0.
Proof. From (1) and (ii) of Lemma 2.1, we obtain

13 13
B(g, N < +5e (oo 4 1
1Bl@. M| g™ _ g°"(loglogg)”

|A(g, N)| < < .
1 q¢°(q) ©*(q) q* g

Thus, the series
S(N) = ) A N)
q=1

converges absolutely. Noting the fact that A(g, N) is multiplicative in g and by (v) of Lemma 2.1, we
get

s =] (1 + iA(pt,N)) =] [ +a@. V). (4.6)
=1 p

p

From (iii) and (iv) of Lemma 2.1, we know that, for p > 17, there holds

(p—1-2yp(\P+1)*2\p+1)° - 50

|A(p, N)| <

p(p—1)° p*
Therefore, we get
50
l_l (1+A(p,N)) > l—[ (1 - —2) =>c > 0. “4.7)
p>17 p>17 p
On the other hand, it is easy to see that
ZL(p,N
1 +A(p,N) = LS). (4.8)
(r-D

By Lemma 4.1, we have .Z(p, N) > 0 for all primes p with N = 0 (mod 2), and thus 1 + A(p, N) > 0.
Consequently, we obtain

[0 +4a@.N)>e>o0. (4.9)

p<l17
Combining (4.6), (4.7), (4.9), and taking ¢* = cjc; > 0, we conclude that S(N) > ¢* > 0, which
completes the proof of Lemma 4.2. m|

In view of Lemma 4.2, we define
S4(N)
d) = . 4.10
w(d) =) (4.10)
Similar to (4.6), we have

SNy = | ] (1 +Aup. ). (.11)

p
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If (d,q) = 1, then we have S (g, ad’) = Si(q,a). Moreover, if p|d, then we get Ay(p,N) = A,(p,N).
Therefore, we derive that

1+A,(p,N)
wlp) = ——, w(d) = w(p). 4.12
D)= T5 A0 (d) m (p) 4.12)
Also, it is easy to see that
1+A,(p,N) = T 1)St)i/(la,N) (4.13)
Using (4.8), (4.12) and (4.13), we derive
w(p) = 2P N)
ZL(p,N) ’

which combined with Lemma 4.1 yields the following lemma.

Lemma 4.3. The function w(d) is multiplicative and satisfies
O<wp)<p, wp)=1+0@p™). (4.14)

5. Proof of Theorem 1.1

In this section, let f(s) and F(s) denote the classical functions in the linear sieve theory. Then it
follows from (2.8) and (2.9) of Chapter 8 in [10] that

2eY 2e”log(s — 1)

F(s)=—, 1<s5<3; f(s) = 2<s<4.
S

In the proof of Theorem 1.1, let 1*(d) be the lower and upper bounds for Rosser’s weights of level D,
hence for any positive integer d we have

() <1, A5 d)=0 if d>D or u(d) =0
For further properties of Rosser’s weights we refer to Iwaniec [15]. Define

7@ =] (1—@)

2<p<z

Then from Lemma 4.3 and Mertens’ prime number theorem (See [32]) we obtain

W (z) < . 5.1
@ = iom (5.)
In order to prove Theorem 1.1, we need the following lemma.
Lemma 5.1. Under the condition (4.14), then if 7 < D, there holds
A~ (d)w(d) lo _
D wio(r(322) + otiog P ) (5.2)
|7 logz
and if z < D', there holds
AF(d)w(d log D
> Ydold) W(z)(F( 08 )+ O(log™'3 D)) (5.3)
FE d log z
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Proof. See Iwaniec [16], (12) and (13) of Lemma 3. |

From the definition of .Z,, we know that r < 39. Hence we obtain

39
R(N) > > - > 1
p%+p§+m3+p§+pi+pg=N r=8 p%+p§+m3+pg+pi+p§=N

Xo<p1, p2<2X; meM,, X3<p3<2X3

X3<m, p3<2X3 Xo<p1, p2<2X3

X;<p4, ps<2Xj X;<pa, ps<2X;
(m,22)=1
39

= Ty— E T,. 5.4

r=8

By the property (5.2) of Rosser’s weight A7 (d) and Proposition 3.1, we get

5
Ty > 10; = > [ Jrogp;

p%+p%+mS+pg+pi+p§:N J=1
Xa<p1, p2<2X;,
X3<m, p3<2X3
X3<p4, ps<2X;
(m,2)=1

5
= logirE > (]_[ log p.,-) > u@

p%+p%+m3+p§+pi+p§=N J=1 d|(m,2)
Xo<p1, p2<2Xs

X3<m, p3<2X3
X;<pa, ps<2X;

5
> logirE > (Hlog p.,-) > 1@

p%+p%+m3+pg+pi+p§=N Jj= d|(m,2)
Xo<p1, p2<2X,
X3<m, p3<2X3
X;<pa, ps<2X;

= L_ DA (@I, d)
log =

a2z
- 1_ /l_(d)ed(N)j(N) +O(NY log™ N)
08 =% d
1 (v A @wd) ¥ log
= logg(;j y )S(N)J’(N) +O(N” log™ N)
> g(N)iZ;]\QW(Z)f(:;)(I + O( log—l/3 D)) + O(N% 10g_A N) (5.5)

By the property (5.3) of Rosser’s weight A*(d) and Proposition 3.2, we have

T, < Z 1

p%+p%+m3+(€p)3+pi+p§ =N

te Ny, X3<Cp<2X3, (m,2)=1
Xo<p1, p2<2X)
X3<pa, Ps<2X;
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1 log p
< log p;
log® log % j=12,45

p%+p%+m3 +(tp)? +pi+p§=N

teNy, X3<tp<2X3, (m,2)=1
Xo<p1, p2<2Xs
X;<pa, ps<2X;

S (M ] ) 3 e

p%+p%+m3+([p)3 +pi+p§ =N
teN;, X3<tp<2X3
Xo<p1, p2<2X;
X§<p4, Ps <2X;

1og1® 2 (11;): Z 1_[ logpj) > 1@

p%+p%+m3+(€p)3+pi+p§:N d|(m, )
[EJK, X3<fp<2X3
Xo<p1, p2<2X)
X;<p4, ps<2X;

Z X (d)J (N, d)
d|

1 A (d)c,S4(N) TR
= N)+O(N>° 1 N
log ® T dlog X3 W) ( o8 )

_ GCWMIWN) Z A (d)w(d)
(log X3)log ® T d
_ aSMNINY (@)

log=

N

1
log®

+O(N log™ N)

F(3)(1 +O(log™' D)) + O(N " log™ N). (5.6)

According to simple numerical calculations, we obtain
cg < 0.1519148, ¢9 <0.0324018, ¢; <0.00555945 with 10 < j < 39. (5.7
From (5.1) and (5.4)—(5.7), we deduce that

39
H(N) > (f(3) - F(3) Z c,)(l +0(log™"3 D))
r=8

% S(NIJ (N (2)
log =
Y
> 2%(log 2 -0.1519148 — 0.0324018 — 0.00555945 x 30)(1 +O(log™"? D))

o ST (N (2)
log=
> N9 log N,

+ O(NL91 log™ N)

+O(N log™ N)

which completes the proof of Theorem 1.1.
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