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Abstract: A new class of skewed distributions, with a matrix skewness parameter, called extended
mean mixtures of multivariate normal (EMMN) distributions, is constructed. The family of EMMN
distributions includes the SN and MMN distributions as special cases. Some basic properties of
this family, such as characteristic function, moment generating function, affine transformation and
canonical forms of the distributions are derived. An EM-type algorithm is developed to carry out
the maximum likelihood estimation of the parameters. Two special cases of this family are studied
in detail. A simulation is carried out to examine the performance of the estimation method, and the
flexibility is illustrated by fitting a special case of this family to a real data. Finally, the theoretical
formula of the multivariate tail conditional expectation of the EMMN distribution is derived.
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1. Introduction

The multivariate normal distribution has long occupied a central position in statistical theoretical
research and has a wide range of applications in practice. One reason is that the approximate
distribution of many variables is normal distribution, as known from the central limit theorem, and the
other is that a significant feature of normal distribution is its symmetry, which makes the study of
related problem mathematically tractable. However, in the fields of physics, biomedicine, finance and
insurance, real data often exhibit heavy-tailed and skewed characteristics. For example, the
distribution of life expectancy, long-tailed insurance claims, etc. Hence, many researchers search for
more flexible distributions for modeling skewed data.

One of the well-known classes of distributions is the class of Normal Mean-Variance Mixtures
(NMVM) distributions introduced by Barndorff-Nielsen et al. [11].  According to that, a
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p-dimensional random vector Y is said to have a multivariate NMVM distributions if it has the
stochastic representation

Y2&+6U+ VUZ, (1.1)

where £ stands for equality in distribution, Z ~ N,(0,X), independently of U. And U is a positive
random variable with cumulative distribution function (CDF) H(-;v), indexed by parameter v.
Specifically, NMVM distributions have the following hierarchial representation:

Y|(U = u) ~ Ny(§ + 6u, uX). (1.2)

There is a large literature of studies based on the above stochastic representations (1.1). For example,
the variance-mean mixture of kotz-type distributions were studied by Arslan [4], and the
variance-mean mixture of the multivariate skew normal distributions were studied by Arslan [5].
Jamalizadeh and Balakrishnan [15] explored the the conditional distribution of a multivariate normal
mean-variance mixtures (MNMVM) distributions. Naderi et al. [21] introduced a new asymmetric
distribution-multivariate normal mean-variance mixture distribution based on Lindley distribution.
Pourmousa et al. [24] introduced the multivariate normal mean-variance mixture distribution based on
Birnbaum-Saunders (NMVMBS) distribution.

Besides the NMVM distributions, another important class of distributions is the skewed
distributions. Azzalini [6] formulated the univariate skew normal (SN) distribution, and Azzalini and
Valle [10] extended to the multivariate case. The statistical applications of the multivariate normal
distribution were explored by Azzalini and Capitanio [8]. Azzalini and Capitanio [9] introduced a
comprehensive survey of this skewed distribution classes including the skew-t (ST) distribution and
the skew-elliptical distributions. To establish notation, the probability density function (PDF) and the
CDF of the p-dimensional normal distribution, with mean u and covariance matrix X, will be denoted
by ¢,(;u,X) and @,(-; u, X), respectively. Specially, denote ®,(-) as the CDF of the multivariate
standard normal distribution, and denote ¢(-), ®(-) as the PDF and CDF of the univariate standard
normal distribution, respectively. We denote the doubly truncated p-dimensional normal vector
X|(a < X <b)by X ~TNy(a, b;u,X), and denote

Pr(a<X <b)=Pr(ay <X, <by,...,a, <X, <b,)

by ®,(a, b;u,X), forany a < b (a,b € R?).
From [9, 10], a p -dimensional random vector Y is said to have a multivariate skewed normal (SN)
distribution, if it has the PDF

f0) =2¢,0: £, Q0w ' (y-§), yeR’, (1.3)

and it has equivalent form
' Qu'(y - §)
VI-67Q 16

where & € R” is the location parameter, & € R? is the slant parameter and § = (1 + a'Qa)"'?Qua is
the skewness parameter vector, with =1, < 6 = (9, .. .,6P)T < 1,. Here, 1, is p-dimensional vector

f(y) = 2¢P(y’§, Q)(D( )’ .V € RP’ (14)
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with all elements 1. The matrix w = diag(w;,...,w,) = (QO I p)” 2 > 0is a diagonal matrix, where I »
is identity matrix of size p and © denotes the Hadamard product. Scale matrix € is a positive definite
matrix and  is a positive definite p X p correlation matrix, with Q@ = wQw. The random variable Y is
usually denoted as ¥ ~ SN, (§,Q,a) and Y ~ SN,(§,Q,6) if Y has PDF (1.3) and (1.4), respectively.
It is neccessary to mention that the SN distribution has the stochastic representation:

Y L&+ w@U + 2), (L.5)

where £ € R?, Z ~ N,(0,Q — §8"), univariate random variable U ~ TN;(0, +00; 0, 1), independently
of Z. Specifically, the SN distribution has the following hierarchial representation:

Y|(U = u) ~ N,(§ + wbu, @ — 066" w). (1.6)

From (1.6) the SN distribution is a mean mixtures of the normal distribution, as stated in Negarestani
et al. [22], the SN distribution cannot be obtained through the NMVM distributions.

For the last three decades, a growing body of literature related to SN distribution has been widely
explored, as witnessed by the numerous applications in financial markets, such as financial risk
measurement and portfolio optimization. For example in Bernardi et al. [12] and Mousavi et al. [20].
Also there is considerable amount of literatures of extensions and alternative formulations related to
skewed distributions, such as the hierarchical skew-normal (HSN) distribution in Liseo and
Loperfido [19], the closed skew-normal (CSN) distribution in Gonzélez-Farias et al. [14], the
fundamental skew-normal (FUSN) distribution in Arellano-Valle and Genton [3], the pseudo normal
(PN) family of distributions in Ogasawara [23]. Azzalini [7] provided an overview on the progeny of
the skew-normal family.

According to Arellano-Valle and Azzalini [2], these distributions (HSN, CSN, FUSN) can be seen
as the special cases of unified skew normal distribution (SUN). From [2,9], a d-dimensional random
vector Y is said to have a SUN distribution, denoted by S UN,;,,(§, Q, A, y,T), if its PDF is

D,y + ATO lw ! (y — £);0,T — ATQ'A)

, RY, R™, 1.7

F) = da(y;: £, )
which has the stochastic representation
YE£+w(Ar'U+Z), (1.8)

where &, w are as in (1.4), Z ~ Ng(0,Q — AI'"'AT), Q = wQw > 0 is a positive definite matrix, Q
and I' are d X d and m X m full-rank correlation matrices, respectively. A = (9;;) is d X m matrix, with
-1 <¢;;<1,foriefl,...,d}, je{l,...,m}. m-dimensional random vector U ~ TN,,(=y, +00;0,I'),
independently of Z. When y = 0, m = 1, the PDF in (1.7) reduces to (1.4), then the SUN distribution
degenerates to the SN distribution. When m = 1 the SUN distribution degenerates to the extended
skewed normal (ESN) distribution.

Recently, Negarestani et al. [22] proposed a new class of mean mixtures of univariate normal
distributions by replacing the standard half normal random variable U in the stochastic representation
(1.5) of the SN distribution with a general random variable, and analyzed its basic properties and its
flexibility in fitting skewed data. Abdi et al. [1] extended the mean mixtures of univariate normal
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distributions in [22] to multivariate cases, and proposed the mean mixtures of multivariate normal
(MMN) distributions, and studied their flexibility and calculated a variety of different skewness
parameters.

Following this way, in this paper, we prposed the extended mean mixtures of multivariate normal
(EMMN) distributions by considering the stochastic representation of the SUN distribution (when
v =0,I' = I,,) and studying the case when the multivariate random variable U in (1.8) takes a general
multivariate random variable.

The remainder of this paper is laid out as follows. In Section 2, we give the definition of the
EMMN distributions. Some basic properties are studied in Section 3. In Section 4, an Expectation
Maximization (EM) algorithm is developed for computing the maximum likelihood estimator of the
EMMN distributions. Two sepecial cases, the EMMNG and EMMNE distributions, are studied in
detail in Section 5. In Section 6, a simulation study is carried out for evaluating the performance of the
EM-based estimators. In Section 7, to illustrate the applicability of the proposed distributions, a real
data sets are analyzed. The multivariate tail conditional expectation (MTCE) is derived for the EMMN
family in Section 8. Finally, in Section 9, some concluding remarks are made.

2. EMMN distribution

Definition 1. A d-dimensional random vector Y has an extended mean mixtures of multivariate
normal (EMMN) distribution, denoted by Y ~ EMMN,,,(¢,Q,A; H), if and only if it has the
stochastic representation

Y2 &+ wAU + 2), (2.1)

where @ = wQw > 0 is a positive definite matrix, and & w, A are as in stochastic
representation (1.8). Z ~ Ny(0,Q — AA"), U is an arbitrary m-dimensional random variable whose
components are independent of each other and whose CDF is denoted as H(-;v), indexed by the
parameter v = (vi,...,v), and U is independent of Z.

If U has a PDF A(-;v), an integral form of the PDFof Y ~ EMMN, (&, @, A; H) can be obtained as

Jemmn,,, (936, 2, A,v) = f $a(y: € + AU, Q — wAATw) dH(u; )

m

= f ba (y;g + wAu, Q — wAATa)) h(u;v)du, yeR? (2.2)

Noting that, in (2.1), when m = 1, the EMMN distribution has the same stochastic representation as
the MMN distribution in [1], which indicates the MMN distibution is a special case of the EMMN
distribution. When m = 1 and U follows univariate standard half normal distribution, the EMMN
distribution degenerates to the SN distribution. The hierarchical representation for the EMMN
distribution is

Y|(U =u) ~ Ny + wAu, Q — wAA W), U~ H(;v). (2.3)

From (2.3), for EMMN distributions, just the mean parameter is mixed with arbitrary multivariate
random variable U, but just as shown in [1,22], EMMN distributions cannot be obtained from the
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Normal Mean-Variance Mixtures (NMVM) family either. Table 1 shows the EMMN, MMN, and SN
distributions.

Table 1. Summary of the EMMN, MMN, and SN distributions.

Distribution EMMN MMN SN

Notation Y ~ EMMN,,,(£.Q.A; H) Y ~ MMN,(£,Q.5: H) Y ~ SN,(£.Q.6)

Density Jon 8 (:£ + 0AU, Q@ - WAAT@) h(u:v) du [, ¢y (v: € + wOU, Q@ - w66 W) h(w:v) du 2¢,(y: €. QD@ W (y - £)

Stochastic YL &+ wAU +2) YL &+ w©U+2) Y&+ w@U+2Z)

representation U:mx1~ hu;v),v e Rt U ~ h(u;v),v € Rf vl |Uol, Uy ~ N(0, 1)
Z ~ N0, - AAT) Z ~ N,(0,Q - 667 Z ~ N0, - 567
Mean &+ wAEU) &+ wdEU) &+ \/ga)(s
Covariance matrix Q + wA [var(U) - I, ] ATw Q + wb [var(U) - D] w Q- %w&?Tw
Skewness Parameter A € RPX™ 6 eR? 0 eR?
Free Parameters p+ %(1 +p)p+pm+k 2p + %(1 +p)p+k 2p + %(1 + p)p

3. Properties

In this section, we explore some basic properties of the EMMN distribution.

Remark 1. The normalized EMMN distribution can be constructed through the transformation X =
W™\ (Y — &), which has the stochastic representation of X = AU + Z with the hierarchial representation
X|(U = u) ~ Ny(Au,Q — AA"), U ~ H(-;v). Denoted by X ~ EMMN,,,(0,Q, A; H).

Lemmal. If Y ~ EMMN,,,(¢,Q, A; H), the characteristic function (CF) and the moment generating
function (MGF) of 'Y are as follows:

Cy(t) = e 62" 2 CyGAT i v), My(t) = e €2 2 A1 ATt v), (3.1)

respectively, where i = V-1, Ly = Q — wAATw, and Cy(-;v) = Cy(-), My(-;v) = My(-) are the CF
and MGF of U, respectively.

Proof.
Cy(t)=E [eitTY] =FE [ei’T@*“’(AU*Z))]
= &€E [ E[e0F] = S Oy ATt v),
and

My(t) = E [etTY] - E [etT(§+w(AU+Z))]

— etTfE [etTwAU] E [etTwz] — etTer%tTEYtMU(ATa)t; V).

If X ~ EMMN,,,(0,Q,A; H), then the CF and MGF of X are
Cx(t) = *™Cy(iATY),  Mx(t) = 2" =X My(ATt; ),
respectively, where Xy = Q — AAT.
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It can be easily concluded that the mean vector and covariance matrix of EMMN, (&, &, A; H) are
E(Y) = £+ wAEU) and Var(Y) = Q + wA [Var(U) - I,,] ATw. It should be noted that theoretically it
is possible to calculate the moments of random variables of any order by MGF (3.1), but in practice it
is complicated to derive the explicit formula for moments of order three or higher.

Theorem 1. If Y, ~ EMMN,,,(&,Q,A; H) and Y, ~ Ny(u, X) are independent variables, then Y =
Y+ Y, ~ EMMNd,m(fy, Qy,Ay;H), where fy = f + U, QY = Q+ X and Ay = (l);l(l)A, with
Wy = (Qy@lp)l/2.

Proof. From (2.1) and the MGF of N,(u, X) is exp (tTu + %tTZt). It can be immediately obtained that

T T T
My(t) = My, ,y,(£) = E[et (Y1+Yz)] _ E[et Yl]E[et Yz]
T 1T _ T
_ o o 5T I(@+D)-wAA w]tMU(Ath;v)
— etT(§+/,t)e%tT[(Q+E)—wyAyAI,watMU(A;wYt. V)
T 1,7 T
— et fyejt [QY_wYAYAYwY]tMU(A;a)Yt; V),

where wy = (Qy ©1,)"? = [(Q + ) @ I,]'?, and by Ajwy = ATw, then Ay = wy'wA, hence the
results. O

Theorem 2. If X ~ EMMN,,(0, Q,A;H) and A is a non-singular d x d matrix such that
diag(ATQA) = I, that is, ATQA is a correlation matrix, then AX ~ EMMN,,,(0,ATQA, ATA; H).

Proof. From (2.1), we can easily obtain

My (t) =

TAT
etAX]

E|

- E [etTAT(AU+Z)]
E[etTATAU] [ tTATz]

— e {TAT@-AADA)Y} ¢ o(ATAL)
— e%{tT(ATQA ATAATA)t}M (ATAt)

Upon using the uniqueness property of the moment generating function, the required result is obtained.
O

Theorem 2 presents that the EMMN distribution is closed under affine transformations.

Theorem 3. If Y ~ EMMN,,,(€,Q,A; H), A is a full-rank d X h matrix, with h < d, and ¢ € R" then
T =c+A"Y ~ EMMN,,,(é7, Qr, Ar; H), where é7 = ¢ + ATE, Qp = ATQA, and Ay = w}] ATwA,
with wr = (Qr © Ih)l/z.

Proof. From (2.1),

My =E|[e""]
- E [etT(c+AT(§+w(AU+Z)))]

— ot c+ATH [etTATwAU] E [eATa)Z]
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T Tey LITAT 0 T T
_ offe+A g)ei{t (ATwQwA-ATwAA wA)t}MU(ATwAt)
= ¢!"tre (T @rontrsfont pr AT ),

it can be obtained £ = ¢ + ATE, wr = (Qr 0 1))"? = (ATQA) 0 1,)"?, and with Ajwr = ATwA, then
Ar = w}lATwA, which completes the proof. O

Theorem 4. If Y ~ EMMN, (&, 2, A; H), A is a full-rank d X m matrix, with m < d, then there exists
a linear transformation Z* = A, (Y — &) such that Z* ~ EMMN,,,(0,1,,A.; H) where A, = ((5;.’}) is
d x m matrix, with &, = 6; = (61Q7'6)'? (i = ), 6;; =0 # ), forief{l,---,d}, je(l,-- ,m} &
is the ith column of A.

Proof. Note that the matrix € > 0 is assumed in the EMMN distribution, through the factorization
Q = wQw. The matrix € is a positive definite matrix if and only if there exists some invertible matrix
C such that Q@ = CTC. If A # 0, there exists an orthogonal matrix P with the first m column being
proportional to CQ™'A, while for A = 0 we set P = I,,. Finally, define A, = (C"'P)'w™!. By using
Theorem 3, we have

Z° ~ EMMNE,,(¢7:,9Qz:,Az:; H),

where £7: = 0, Q7. = A.QAT = I, wz- = 1,, Az- = A,wA = (C"'P)TA. Let A = (61, 6,,...,6,) and
rewrite orthogonal matrix P as partitioned matrix

P=(CQ'AK|Q).

where K = diag(ky, ko, ..., ky), (ki kay. .., k)" € R™, from the properties of orthogonal matrix, we
can conclude that

1
ki= ——, i€f{l,...,m},

1,6}9_]61'
and Q"C~'A = 0. Then,

TATH-! TATH-1 . TA—] a\\2
Az = (C P)T A= (K AQst C) CIA = (Kgécs_zlAA) _ ((dlag(AOQ A)) )

where diag(ATQ'A) is a diagonal matrix whose ith diagonal element coincide with the ith diagonal
element of the matrix ATQ!A, for i € {1,...,m)}, and O is a matrix with all elements 0. Then, the
required result is obtained. O

The variable Z*, which we shall somestimes refer to as, like the MMN distribution in [1], a canonical
variate. It is assumed the components of U are mutually independent in (2.1), then the joint density
of Z* can be derived from (2.1), and be given by the product of (d — m) standard normal densities and
at most m non-Gaussian components MMN;(0, 1,07; H;), i € {1,...,m}, where H; is CDF of the ith
component of U. Hence, the density of Z* is

m d
fr@=]]fG || ¢, (3.2)
i=1

i=m+1

where Z7 ~ MMN,(0, 1,07; H;). For more details about this distribution, one may refer to [22].
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Remark 2. When m =1, by (3.2), f7:(z) = fZi’ (z1) ]_[f{:2 @(z;), which is the result of the canonical form
of MMN distribution in [1].

Theorem S. If Y ~ EMMN, (&, Q, A; H), then, the mode of Y is
My =¢&+ wA m—Sle +---+m—8me
0 5 1 5* m]

1 m

where my. is the mode of MMN,(0, 1, 67; H;) distribution, i € {1, ...,m}, 6} is the same as in Theorem 4
and e; is m-dimensional unit normal vector whose ith element is 1.

Proof. First, it can be obtained that the mode of the corresponding canonical variable
Z" ~EMMN,,,(0,1,,A,; H) by solving the following equations with respect to zi, . .., Z;:

Ofy Of Of: (Zm
fl(zl)_o fz(Zz)_O fm(Z)_ 0, Zjl_[fz(zz)— je{m+1,...,d}.

8Zl - 9 azz - 9o ey 0

When z; = 0, the last d — m equations are fullfilled, and the root of the first m equations correspond
to the mode, my,, my,, ..., mg, say, of the MMN,(0, 1,67; H;),i € {1,...,m} distribution, respectively.
Therefore, the mode of Z* is

m*
* * * * T_
MO - (mOl,moz,...,mOm,O,...,O) - ( 6* e] + + 5* em).

By using Theorem 4, Y = £+ wCT"PZ* and A, = PTCQ'A. Since the mode is equivariant with respect
to affine transformations, the mode of Y is

. .
My = &+ wC"PM;, = £ + wC"PA, ( 5 e+ -+ %em)

_ * m*
=£+wC PP'CQ'A (%e1 g %em)
1

6*

My, Mo
=&+wA|l—e + -+ —e,],
0 .
which complete the proof of the result. O

Remark 3. Whenm =1, M, =
in[l].

which is consistent with the results of the MMN distribution

4. Likelihood estimation through EM algorithm

In this section, we propose an EM-type algorithm, as taken in [1], to obtain the maximum likelihood
estimates (MLE) of all parameters of EMMN,,,(€, Q,A; H). Let Y,,Y,,...,Y, be a random sample
of size n from a EMMN,,,(€, Q, A; H) distribution. To implement the EM-type algorithm, the random
vector Y and U in stochastic representation (2.1) are considered as observable variable and latent
variable, respectively. For Y;,i € {1,...,n}in (2.1), let (Y;,U;),i € {1,...,n}, be the complete-data,
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where Y; is the observed data or incomplete-data, and U; is considered as missing data. Let § =
(&, Q,A,v). By (23),forY,,i e {l,...,n},
YW = u) ~ Ny + wAu, By), U™ H(;v),

where Xy = Q — wAATw. Lety = (y],...,y")7, and y; is a realization of EMMN,,,(£, Q, A; H). Note
that

fiu) = f(yilu)h@;;v)

= (27) % |Zy| 2 exp {—%m — £ - wAu)'Ey (yi - € - wAui)} - h(ug;v), 4.1)

the complete-data likelihood function is as follows
" ] 1 ¢ -
L(6) = 2x) " [Ey|F exp {—5 ;@i —§ - wAw)'E (- £ - wAu»} - ]—1[ ;s v),

and the complete-data log-likelihood function is given by

I v g
(O) = =5 In[Zyl = 5 > 0i =TT 0i =)+ Y i~ OTE; wAu
i=1 i=1

1< TAT, y-1 C )
-3 Z;uiA wXy, wAu; + lelnh(u,-,v),

where the constant and parameter-independent terms in the above equation are omitted. Let 6 =
(f(k), Qb A("),W‘)) be the updated estimates after the kth iteration of the EM algorithm.

E-step: To compute the so-called Q-function, denoted by Q(OI@k)),
0(616) = E[L.O)Y; = y;, 60°)|

_n RN Ty-1 C Ty—1 —_ v gk
= 3%y - ;@i —O'L (i -6 + ;ui — )Ly WAE [uY; =y, 8V

Lyg |l ATwE wAn Y, = y,, 0] + Z E|Inh(;:v)Y; = y;, 6,
i=1 i=1

2

and set A = wA, then

Q(0FY) = -5 izl - 5 D0~ O 00~ 6+ Y 00~ T AE ¥, = 3., 8
i=1 i=1

- % i E [":‘TATZEIAuﬂYi = yi,m)] + i E [ln h(u;v)Y; = yi,@k)] . (4.2)

i=1
M-step: Maximize Q(0/6) of (4.2) with respect to 6,

00 (9@(1‘)) 00 (0@")) a0 (g@k))
& " e % g 7°
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After some algebraic manipulation, we can get the following closed-form expressions:

Z("“)={Zn]yi wlY; =y, 0 —yZ wlYi = ;.9 ]T}X
i=1
{Z [wa]1¥, = 3. 8] - - ZE[u,w " ")])[n

i=1

gkn):— A(k+1)z wlY; = y:,0 ]

-1
E [u,-lY,- = y,-,’GTk)]T)} )

i=1

f(,f“):—Z(y, ”7k+1))(yl k+1)) Z(y k+1))E z|Y y”’oik)] (A(k+1))T

+ 1A(k+1)Z uuTlY y“bik)] (Z(kﬂ))T’

i=1

where y = }l 2.1 yi is the sample mean vector. Then,

QD)  F+D) LTk (A‘(kﬂ))T
Y b

A = (a(ku))—l Ak 5= (Q ol )1/2

From [1], two strategies for update of ¥* were proposed as:
M-step 2:

VD = arg max Z E [ln h(ug;v)|Y; = )’i,’é’m] .

i=1
Modified M-step 2:
v = arg max Z In fepmn,,, (yi;?(k”), QU+l A+ v) .
O

Stopping criterion: Relative likelihood-based approach is the common way for stopping criterion,

that is
(@ ly) - 1 (80l
@)

where [(8®y) = Y In Semmn,,, (y,-;’.;%, ﬁ<k>,Z<k>,’ka>), and the threshold € usually be set to 107, For
other stopping criterions, one may refer to Lee and McLachlan [17].

<€,

Remark 4. The initial value of local and scale parameter &, & could be obtained by sample mean
and sample covariance, respectively, and for the skewness matrix A, whose initial value could be set
according to the sample skewness, and other strategies related to this could be found in Lee et al. [18].
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5. Special case of EMMN distribution

In this section, we explore a special case of the EMMN family when the m-dimensional mixture
random vector U in stochastic representation (2.1) follows the multi-standard gamma distribution
with correponding PDF h(u;v) = []Z, u;i_le‘”i/F(vi), vi >0,u; >0,i €{l,...,m}. It means that each
component U; of random vector U is independent of each other and U; ~ Ga(v;, 1), following
univariate standard gamma distribution with parameter v;, We denote this special distribution by
Y ~EMMNG ,,(&,Q,A,v),v = (vy,...,v,). We obtain the PDF of Y by (2.2) as follows:

fEMMNGd,m(y; & QAy)

m

_ ) _l YN e Ty-1 | S d
=¢y(y; &, Zy) jgj'r exp{ 2[ 20y - &) Xy wAu + (wAu) Xy (wAu)]} D F(vl-)u" e “du, y e R

By (3.1), the MGF of Y ~ EMMNG ,,(€, L2, A, v) 1s

My(t) = el €+20 Evt ]—[(1 — TwAe) ™. (5.1)
i=1

For U ~ Ga(v, 1), E(U") = "2 > 0. We can conclude that E(U) = v, EU®U") = v@v" +diag(v).

T °
Specifically, E(Y) = & + wAv, var(Y) = Q + wAdiag(v — 1,).

Definition 2. (Abdi et al. [1]) A random vector Y (or its distribution) is said to be infinitely divisible
if, for each n > 1, there exist independent and identically distributed (i.i.d.) random vectors Yy, ..., Y,

suchthathY1+---+Yn.

Theorem 6. The EMMNG distribution is infinitely divisible.

Proof. Considering X ~ EMMNG,,,(0, QAv),v = (vy,...,v,) and X, 4 AU; + Z;, where U; =
(U,’l,. . Uim)T, Uyp,...,U;, are independent and U,’j ~ Ga(a = %,ﬁ = 1) for ] S {1, .. ,m}. Zi ~
Ny (0, 1(€ - AAT)). Note that 37, U;; ~ Ga(v;,1) and Y7, Z; ~ Ny(0,€ — AAT), then it can be

concluded that X £ X 1 + -+ + X,, which completes the proof of Theorem 6. O

When v = 1,, in the EMMNG distribution, i.e., U in stochastic representation (2.1) follows the
multi-standard exponential distribution, and we write the d-dimensional random vector
Y ~EMMNE,,,(€£,Q,A). By (2.2), the PDF of Y is obtained as

fr(y) = ¢a(y:€.Zy) | exp {—% |20 - 'Ly wAu + (wAu)TEf/l(wAu)]} el du
RY

m 1 1
= (2n)2 [Eg| 2 ¢a (y; €, Zy) eXp{iﬂTZan} G (W s, Xg)du, y e RY, (5.2)
R

where g = Egtp, 1 = ATwE; (3 - €) - L, Zg = (ATwEj ' wA) .
Figure 1 illustrates the contour plots of the bivariate EMMNE distributions, where (a)—(e)
correspond to Q = (1,0;0, 1), (f) and (g) correspond to = (1,1.5; 1, 1), and (h) and (i) correspond to
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Q = (3,0;0, 1.5), and different choice of A for & = (0,0)", we can see that the EMMNE distribution
has flexible shapes which clearly depends on € and A.

(a)A=(0.1,0.1;0.1,0.1) (b) A =(0.1,0.9;0.7,0.1) (©)A=(-0.9,0.1;0.1,0.7)

(@) A = (=0.3,0.1;0.1,0.9) () A = (0.7,0;-0.7,0) (H A =(09,0.1;0.7,0.1)

(g) A =(0.315,0;0.795, 0) (h) A =(0.5,0.3;0.7,0.8) (i) A = (0.5,-0.7;-0.7,-0.8)
Figure 1. Contour plots of EMMNE distributions for different choices of A.

Lemma 2. Let X ~ TN,(a,b; u,X). Then

E[X]=p+®,'(a,b;p, 2)2q" (a,b; . X),
E[XXT) = X+ " + 8 (@b, ) {1 (2" (@, b D)) + 2" (@, bt D"
+X (HN(a, b;u,X)+ D"(a, b;u, Z)) Z} .
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The expression of ¢"(a, b; u, X), H"(a, b; u,X), D" (a, b; u, ¥) and for more details, one may refer
to Roozegar et al. [25].

The following theorem plays a vital role in implementing the EM algorithm for parameter estimation
of the EMMNE distribution.

Theorem 7. If Y ~ EMMNE, (&, Q, A) with U in stochastic representation (2.1) follows the multi-

standard exponential distribution, then U|(Y = y) ~ TN, (0, +oo;us,Xg), where ug = Xgn, n =
ATwE; (y - €) — L, E = (ATwEj' @A) = (AT(@ - AATY'A) . Furthermore,

E[UIY = y] = ps + (0, +00; ps, Te)Eeq" (0, +00; g, L),
_ T
E [UUTlY = y] = Zg + [.l(gﬂg + (13;11(0, +o00; Ug, 28) {[.l(g (quN(O, +o00; Us, 28))
+ X (H"(0. +00; ptg, Ze) + D(0, +00: pte, L)) Be}

The completed proof can be found in Appendix.
Remark 5. The MLE of the parameters of the EMMNE distribution can be obtained by Theorem 7
with
E|UY; = y,, 09| = 1) + ®,'(0, +o0; 5, TV)EL ¢V (0, +00; 1 2D,
E|UUNY; =y, 6°] = TP + BYEYT + @10, +00: . TY)

% {ﬁ;) (fga 4" (0, +w;ﬁg)’§g)))T + OG0, +oos 50, TOEOT
+ Zeo (HY(0, +00: Y, EY) + D0, +oo1 iy T)) 2}

Since v = 1,,, for EMMNE distribution, the M-step 2 in EM algorithm will be skipped.

Theorem 8. IfY ~ EMMNE distribution, then Y is log-concave.

Proof. The proof is similar to that of Theorem 9 in [1], considering the PDF of the canonical form of
Y, and by (3.2), we have

m d
Jfz:(2) = l_[fz;(Zi) l_[ (2, (5.3)
i=1

i=m+1

where Z' ~ EMMNE(0, 1,67), and was proved to be log-concave in Negarestani et al. [22]. The
univariate normal distribution is also log-concave, hence the canoical form Z* = (Z7,...,Z)) is log-
concave, considering the property that log-concavity is preserved by affine transformation, then we
complete the proof. O

6. Simulation study
In this section, we examine the performance of the EM-type algorithm in parameter estimation
of the EMMNE distribution. Four terms are considered, including average values (Mean), standard

deviations (Std.), bias (Bias) and mean squared error (MSE) which are calculated with sample sizes
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n € {50, 100, 300, 500} based on 300 replications from the EMMNE,;,,(&, €2, A), where d = m = 2, and
parameters are considered as follows:

04 0 0.3 0.1
& =010, Q‘(o 0.6)’ A‘(0.2 0.7)‘

The formulations of Mean, Std. Bias and MSE are

Sr@-0?2 YL @-0 X6 -0
n ’ n ’ n

2

respectively, where @ is the true parameter (each of & = (£,,&)", A = (611,012;021,02)" and Q =
diag(o1,07,)) and @: is the estimate from the ith simulated sample.

Table 2 presents the results of the simulation, containing the average value (Mean), the
corresponding standard deviations (Std.), Bias and MSE of the EM estimates of all the parameters of
the EMMNE distribution in 300 simulated samples for each sample size. It can be seen that the Bias
and MSE decrease as sample size n increases, thus varifying the asymptotic unbiasedness and
consistency of the MLE.

Table 2. Mean, Std., Bias and MSE of the EM estimates over 300 samples from the MMNE model.

Sample size Measure §=(1,8) X =(011,012;021,0722) A = (611,012; 021, 022)
& & o1 o2 07 on 011 O12 021 02
50 Mean 5.0430 10.0164 0.3991 -0.0016 -0.0016 0.5838 0.2968 0.1000 0.2011 0.6986
Std 0.0942 0.1112 0.0811 0.0671 0.0671 0.1279 0.0250 0.0367 0.0089 0.0200

Bias 0.0043 0.0164  -0.0009 -0.0016 -0.0016 -0.0162 -0.0032 < 0.0001 0.0011 -0.0014
MSE 0.0089 0.0126 0.0066 0.0045 0.0045 0.0166 0.0006 0.0013 0.0001 0.0004

100 Mean 5.0110 10.0064 0.3973 0.0022 0.0022 0.6050 0.2975 0.1031 0.2011 0.6983
Std 0.0680 0.0810 0.0622 0.0461 0.0461 0.0946 0.0160 0.0251 0.0062 0.0135
Bias 0.0110 0.0064 -0.0027 0.0022 0.0022 0.0050 -0.0025  0.0031 0.0011 -0.0017
MSE 0.0047 0.0066 0.0039 0.0021 0.0021 0.0090 0.0003 0.0006 < 0.0001 0.0002

300 Mean 5.0077 9.9976  0.4005 -0.0004 -0.0004 0.6068 0.3018 0.0988 0.1998 0.7005
Std 0.0392 0.0462 0.0309 0.0262 0.0262 0.0536 0.0107 0.01600  0.0039 0.0087
Bias 0.0077 -0.0024 0.0005 -0.0004 -0.0004 0.0068 0.0018 -0.0012  -0.0002  0.0005
MSE 0.0016 0.0021 0.0010 0.0007 0.0007 0.0029 0.0001 0.0003 < 0.0001 0.0001

500 Mean 5.0030 10.0027 0.4023 0.0047 0.0047 0.6009 0.3000 0.1013 0.2004 0.6994
Std 0.0311 0.0350 0.0252 0.0216 0.0216 0.0428 0.0075 0.0123 0.0028 0.0061
Bias 0.0030 0.0027 0.0023 0.0047 0.0047 0.0009 < 0.0001 0.0013 0.0004 -0.0006
MSE 0.0010 0.0012  0.0006 0.0005 0.0005 0.0018 0.0001 0.0002 < 0.0001 < 0.0001

Table 3 shows the average computational time of the EM algorithm for each sample size, noting that
the value would be influenced by the CPU of the computer. As the dimension of skewness parameter
increasing, comparing the reult with the MMNE distribution in [1], the average computational time
spent for the EMMNE distribution is quite long.
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Table 3. Average run times (in seconds) for the EM algorithm.

Sample size (n) Time
50 25.4162
100 50.9620
300 151.1491
500 242.2890

7. Real data example

In this section, we fit the EMMNE distribution for the Italian olive oil data which can be avilable in
the R software, pgmm package. The data set consists of 572 observations of 10 columns. To support
our illustration, we consider the first 323 observations of the 8th and 9th columns, the Linolenic and
Arachidic fatty acids, respectively, and present the histograms in Figure 2.

Histogram of Linolenic Histogram of Arachidic
_ o -
L ©
8 3 - |
> >
2 u e ¥ 7
[ o _| ()
S < S o _|
g g
L L o _|
o _| Al
Al
o |
- JU _ -

[ I I I I I [ I I I
20 40 60 40 60 80 100

Linolenic Arachidic

Figure 2. The histograms for the Linolenic and Arachidic fatty acids of olive oil data set.

To fit the EMMNE distribution, we consider the sample mean, sample covariance and take
A = (0.6546,-0.3750;0.2000,0.4977), which are given in Table 4, as the initial values in the EM
algorithms for the parameters &, Q and A, respectively. We compared the EMMNE distribution with
the MMNE, SN and ST distributions in terms of the log likelihood values, AICs and BICs, and the
results were presented in Table 5. As shown in Table 5, the EMMNE distribution produces the highest
log-likelihood value, and smallest AIC and BIC values, hence, it provides a better fit than other
distributions. Figure 3 shows the scatter plot of the real data and the contour plots of the fitted
EMMNE, MMNE, SN and ST distributions.
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Figure 3. Scatter plots of the olive oil data, and the contour plots of the fitted EMMNE,
MMNE, skew-normal (SN) and skew-t (ST) distributions.

Table 4. Initial values in the EM algorithm.

'3 Q A
38.0650| [63.3673 40.9800 | [0.6546 —0.3750
63.1177) 140.9800 124.2586) 10.2000 0.4977

Table 5. Results of fitting the distributions. l(ﬁly): Log-likelihood value, AIC: Akaike
information criterion, BIC: Bayesian information criterion.

Distribution 1@ly) AIC BIC
SN -2320.039 4654.079 4680.522
ST -2316.320 4648.640 4678.861
MMNE -2314.604 4643.207 4669.651
EMMNE 2291.114 4600.228 4634.227
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Table 6. Parameter estimates of the EMMNE distribution by using EM Algorithm.

— — —

£ o A
34.5675 61.4410 32.2205 0.6529 —0.3444
55.6717 32.2205 136.2856 0.1736  0.5144

8. MTCE for EMMN distribution

In this section, we introduce the important risk measure: The multivariate tail conditional
expectation (MTCE) and calculate its expression for EMMN distributions. Briefly, a risk measure
could be seen as a mapping from a set of random variables associating the risks to the real line. A
comprehensive study of risk theorey can be found in the book of Denult et al. [13].

Definition 3. For a univariate random variable X, the tail conditional expectation (TCE) is defined by
TCE,(X) = E[XIX > VaR,(X)|, g€ (0,1),

where VaR,(X) = F;(l(q) = inf{x € R|Fx(x) > g} = sup{x € R|Fx(x) < g}, which is known as the
value at risk (VaR) measure.

Definition 4. For an n-dimensional random vector X = (Xi,Xa,...,X,)", the multivariate tail
conditional expectation (MTCE) introduced by Landsman et al. [16] is as follows,

MTCE/X) = E [X|X > VaRq(X)]

= E|XIX, > VaR, (X,),.... X, > VaR,(X)|. ¢ =(q1.....q.) € (0, 1)".

Here VaR,(X) is the n X 1 vector (VaR,, (X), VaR,,(X»), ..., Vaan(X,,))T.
Theorem 9. Let Y ~ EMMN,,,(€, Q, A; H). Then, the MTCE of Y is given by

MTCE,(Y) = = ! {(Q — WANTW)" A @) + £Ep [0~y (U)] + wAEy [U(Dd(—lcq(U))]} :

y(Vg)
where
Agw) = ig> Aagys- s Adag)'s
Aig = Eu [ (kgi@) @4y (—kgi@))| . i€ (1,....d},
K@) = (Kgp (), Ky 2@, s gy @)
= (- wAATw)_% (Var,(Y) - £ - wAu),
Kgi00) = (kg 1@ Ky i W), K i1 @), K@)

Proof. By (2.2), note that
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MTCE,Y) = E [Y|Y1 > VaR, (Y)), ..., Yy > Vaqu(Yd)]

l —+00

= = y | ba(y; € + wAu, Q@ — wAATw)h(u;v) du dy,
FY(yq) VaRq(y) Rm

where Fy(y,) = P(Y > y,), and the f‘;oo

Roct dy is multi-dimensional integrals.
q

Lett = (@ - wAATw) * (y — £ — wAu), then

1 +00 1
MTCELY) = < f [(Q - wAATw)2 t+(&+ a)Au)] da(t;0,1,)h(u;v)dt du
FY(y‘I) R™ JKg(u)
1 1 +00
= — Q- wAA 2[ f tdu(t;0, 1,)h(u;v)dt du
FY(ytI) {( ) N ) ‘ ’

+ €y [Ru(—Ky(U))| + wAEy U0 (—k,(U)) |},

where fK +(°<: dt is multi-dimensional integrals. And for
q(u

+00
Ay(u) = f f tpq(t;0, I)h(u;v) dt du,
R™ kg

+00

$a(8;0,1,) dt = Dy(—k4(u)),

Kq(u)

we conclude that

~+00
Aig = f f tipa(t;0,1,)h(u;v)dt du
q) .

0 e 2k +oo e_%td—l,—itd‘lv‘i
= f f li—— dti #dtd—l,—i h(u,v) du
m Jigiw) N2 ke_iw)  (2m) 7T
= Ey ¢ (kgi(@)) @u_y (—kg i)
where t = (t1,...,t)", tyoi—i = (Hse oo ticty gty - - t;)7, thus completes the proof of the result. O

Corollary 1. When m = 1, U ~ Exp(l), Y degenerates to the MMNE distribution, and denoted by
Y ~ MMNE (&,Q,A) (see [1]), then

MTCE,(Y) = = :y {(Q ~ wAATw)% Ag(ut) + EEy | @a(—Ky(U)| + wAEy [U(Dd(—xq(U))]} :

Y q)
where,
1-24B;i
P Bi- 1 T  4pi—1
/li,q = {ﬁ;ﬁl }(D (é/ﬁﬁl )ET [(Dd—l (_Kq,—i (E + gﬁﬁz )) , 1€ {1, cee d} s
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T ~ TN, (- “’ ,+00;0, 1),

(= k) = (- a)AATw)_% |VaR,(Y) - £|.

1

B=@....B)" = (- wAA ) * wA.

Proof. By using Theorem 9,
Aig = Ey [¢ (Kq,i(U)) D4y (_Kq,—i(U))]
= I) ¢ (Kq,i(u)) D,y (—Kq,_,-(u)) e "du

= f*"" ¢ (& — Biu) Dy-y (—Kq,—i(u)) e " du

f —exp {——(4 @u)z—u} -1 (ki) du

writing ; (u - M) = t, then

B
o 1 1 - 20,5 t Bi—1
R P | - fotou (a5 ¥ )
1-24iB;
P\ o Bi—1 T {Bi—1
) {ﬂiﬁ }q)(wﬂi )ET [(D‘“ (_"q"" (E ' wﬁ% ))]

O

Corollary 2. When m = 1, U ~ Ga(v, 1), Y degenerates to the MMNG distribution, and denoted by
Y ~ MMNG/ (&, Q,A,v) (see [1]), then

1
MTCE,(Y) = =
q( ) 2

) {(Q - a)AATa))% Ag() + £Ey [@u(—kg(U)| + wAEy [Utl)d(—Kq(U))]} :
YUq

where

/llq—cET[(T+{'8’ ) @dl(—xq,,-(Lf"ﬁ"_l))l,ie{l,...,d},

Bi B2 Bi B?
exp {152} (m - 1)
¢ = ® ,
I'(v)gB; Bi

T ~TN,(— m ,400;0,1), £ = (&1, ..., )", B= (B, ...,Bs)" are the same as those in Corllary 1.
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Proof. By using Theorem 9,
Aig = Ey [¢ (kgi(0)) @4y (40|
= j(: 1) (Kq i(u)) OIS (—Kq _l-(u)) muv le™ du

f ¢(§z ﬂlu)q)d 1( Ky, z(u)) muvl e “du

ARl | 1 -
- [ rm o] 5 - o (k)

writing 3; (u — GPio 1) = t, then

B;
1-24Bi
+o0  CXP > n
ﬂi,q:f | { 26; }cp(glﬂl )¢()(ﬁ é/ﬂl )

“art TP, Bi B

ol

T - T Bi-1
Gk [(ﬂl 2 ) Pt (_Kq""(E+ 23 ))]

Corollary 3. Whenm =1, U ~ TN;(0, +00;0, 1), then Y ~ SNy (€, Q, A), and we have

MTCE,(Y) = = ! {(Q — WANTW)" A(0) + EEy [0y~ (U)] + Ay [Ud)d(—Kq(U))]} ,

YUq
where
&
V2exp {_2<1+ﬂ?)} giBi T ¢iBi
Aig = ) Y Er | @4 | —Kg i + el efl,..., d)
V1 + ) th Jieg 1B
T ~ TN (- 1 ﬁ2 ,+00;0,1), ¢ = (4, .., DL B=G,. ., Ba)" are the same as those in Corollary 1.

Proof. By using Theorem 9,
Aig = Eu|¢ (kgi(U) @y (54 -(U))]
=2 fo ¢ (1g.10)) oy (—Kq,-i(w)) B(ut) du

=2 fo ¢ (G = Bie) @y (—Kg—i(w)) plur) du

] 1 1
= L ; €Xp {—5(4 —ﬁﬂ/t)z - 5“2} (I)d—l (_Kq,—i(u)) du
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_ Libi
(u l+,82)

! {iPi
f:,ﬁ, ‘/ﬂ(l +,82 2(1 )}ff’() d-1| —Kg.-i '—1+132+1+ﬁ? dt

*Fe"p{ 208D } (D( i

Jr(1+ B 5

writing = t, then

T iBi

+ 2
A1+ B L+p5

)ET Dy —Kg,-i

Remark 6. When & = 0, Q = Q, the results of Corollary 3 coincide with the MTCE of multivariate
skew-normal distribution in Mousavi et al. [20].

Corollary 4. When A = O, is a zero matrix, Y degenerates to the multivariate normal distribution, and
denoted by Y ~ Ny(&,Q), then

MTCE,(Y) = £ + Q,,

where, Ty = (v, ..., v,

v = ¢ ka1 D (hat) _ ¢(K"’i)_®d_1 (Kq’_i), iell,....d).
q)d(Kq) (Dd(Kq)

Proof. By using Theorem 9, and when A = O,

MTCE,(Y) = Fyzy ) [QIA, @) + £Ey |0~k )]
q

Ag) = Ay = ig, Dogas s dags)'s
Aig = ¢ (Kgi@)) Oay (kg @) = ¢ (kg Pat (—4-), €L, d},
k() = Ky = Q7 (VaR,(Y) - €),

T
Kg-i = (qu,l, e Kgigim1s Kgipyitls - - - ,qu,d) .

By replacing F y(yg) = (T)d(lcq), Ey [(I)d(—Kq(u))] = Oy(—ky) = Ci)d(l(q), we complete the proof of the
result. =

Remark 7. The results of Corollary 4 coincide with the MTCE of the multivariate normal distribution
in Landsman et al. [16].
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9. Conclusions

In this paper, we have presented the extended mean mixtures of multivariate normal (EMMN)
distributions, which include the MMN, SN and the multivariate normal distribution as special cases.
We have explored some basic properties of this family of distributions, including characteristic
function, moment generating function, the distributions of affine transformations and canonical forms.
In addition, we have developed a general EM-type algorithm for estimating parameters in the EMMN
distribution. Two special cases of the EMMN family corresponding to the mixtures of multi-standard
gamma and multi-standard exponential distributions have been studied in detail. Numerical results
from simulation study have been shown the performance of the MLE of parameters in the EMMNE
distribution. The results of the fitting of real data sets revealed that the EMMNE distribution perform
better in fitting compared to the MMNE, SN and ST distributions. Finally, we introduced the risk
measure theory of tail conditional expectation, and derived the theoretical formula of the multivariate
tail conditional expectation (MTCE) of the EMMN distribution.
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Appendix

Proof of Theorem 7. Note that

Su@) f(ylu)

for®) = fRT fo@)f(ylu) du’

where
fu@)f(ylu) = (2m)72Zy| 7 exp {—%(y —£ - wA) g (v - £ - wAu)} exp{-u'l,},  (@l)
and
- 30— €~ oAWTE (- £ - whu)
=[0TG - O - WA - ) - (0 - Ty wu + uTA T ],
then, (a.1) turns to

1
ba(y: €, Xy) exp{—5 |-u"AT W (v - -y - 'Ly wAu+u"ATwE; wAu +uT1,,,+1;u]}, (a.2)
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where
- uTATwZ;l(y -6 -0- f)TZ;lwAu + uTATa)Z;,Ia)Au +u'l,+1'u
= —u" [ATwZy' (v - ) - L,| - |0 - HZy A - 1) |u + 0" AT wE; wAu
- {u - (ATwZ;la)A)_l AT (5 - &) - 1m]}TATwz;lwA
X {u —(AwZy oA) [ATwR; (v - £) - 1m]}
(AW 6 - ) - L] (AR wA) (AR (5 - ) - 1],
then, (a.2) turns to

oI WE; AT 0 (3£, E) g (1 (AT0E5 ) [AT0E; ' - §) - 1] (ATwZ; wA) )
X exp {% [ATwE; 5 - &) - 1,,1]T (ATwZy'wA) " [ATwly (v - ) - 1m]}

m i 1
= (2m)2 Bl 2pa(y; &, Ly)dn(u; pe, L) €xp {EUT,US}

m _1 1
= (2n)2|Xg] %¢d0’;f, Xy)pn(u; te, Xe) €Xp {EUTZSTI},

T, y-1 T, 5—1,A)"!
where ug = Xgn, n = [A WX, (y—§) - lm], Xs = (A ) wA) . Hence,

P (2m)% [Zel 2 $a(y: &, Zy)du(ut; pre. Te) exp { 1" pe) 61t 15, Ze)
vyl) = - = )
Jrr QR Zel 5 Gu(ys € Zy)pu(uts pe, Te) exp (3nT e du [, s pre, ) du
which completes the proof of the result. O
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