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1. Introduction

A non-empty set together with one or more binary operations is called an algebraic structure.
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Algebraic structures have various applications in mathematics, including physics, control engineering,
topological spaces, computer science, and coding theory [1]. It was Lehmer [2] who firstly studied the
concept of ternary algebraic system. Ternary semigroups are important because of their applications to
modern mathematical physics, algebraic, functional, and analytical methods [3]. Theory of ternary
semigroups was established by Santiago, and Bala [4]. Los [5] proved a semigroup can be embedded
to ternary semigroup but every ternary semigroup cannot necessarily be reduced to a semigroup. Here,
illustrating an example, {t, —(, 0} with ternary operation of multiplication in complex numbers is
ternary semigroup, but it is not a semigroup under usual binary multiplication. Also, there are various
structures that are not handled by binary multiplication, so we have used the ternary operation to solve
these problems. For instance consider the set of rational numbers @Q is a semigroup but its subset Q~
is not a subsemigroup of Q because with the binary multiplication, it is not closed. But, under the
ternary product Q~ is closed. Sioson defined the notions of ideals in ternary semigroups [6]. For more
detail, see [7—-15].

Theory of fuzzy set is well-known presented by Zadeh [16]. It has a variety of applications in
different fields including medical diagnosis, digital communications, artificial intelligence, social,
management sciences, decision-making challenges, and many more. A fuzzy set is established by a
membership function whose range is the unit interval [0,1]. Theory of bipolar fuzzy set is an extension
of fuzzy set which deals with the uncertain, and complex problems, both in positive, and negative
aspects with membership degree range of [—1,1]. For more applications of fuzzy set and bipolar fuzzy
set, see [17-24].

Chen proposed bipolar fuzzy sets and 2-polar fuzzy sets are cryptomorphic mathematical
concepts. By using the idea of one-to-one correspondence, the bipolar fuzzy sets are extended to m-
PF sets [25]. Sometimes, different objects have been monitored in different ways. This led to the study
of m-PF set. To assign the membership degrees to several objects regarding multi-polar information,
m-PF set works successfully. Here, no membership degree will be assumed as negative as m-PF set
provides only positive degree of memberships of each element.

The m-PF sets are applicable when a company decides to construct an item, a country elects its
political leader, or a group of mates wants to visit a country with various options. It can be used to
discuss the confusions, and conflicts of communication signals in wireless communication. Thus, m-
PF set can be implement in both real world problems, and mathematical theories. For example, a fuzzy
set "good leader" can have different interpretations among politicians of particular area. Multi-polar
information, weighted games, multi-attributes, multi-index, multi-objects, multi-valued interactions,
and multi-agent are only a few examples of real world applications for m-PF set. For more and recent
applications, see [25,26].

We will give an example to demonstrate it.

Let H ={e, f, g, h,i} beasetof5 candidates for the selection of appropriate political leader. We
have characterized them according to five qualities in the form of 5-PFS given in Table 1. Also, the
graphical representation of a 5-PFS is shown in Figure 1.
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Table 1. Table of qualities with their membership values.

Vision Positivity ~ Foresight = Transparency = Honesty
e 0.4 0.7 0.6 0.5 0.9
f 0.9 0.4 0.7 1 0.6
g 0.5 0.6 0.3 0.9 0.7
h 0.9 0.8 0.5 0.4 0.6
i 0.6 0.5 0.7 0.9 0.8

Thus, we geta 5-PFS y:H — [0,1]° of H such that

¥(e) = (0.4,0.7,0.6,0.5,0.9)
W(f) = (0.9,0.4,0.7,1,0.6)

¥(g) = (0.5,0.6,0.3,0.9,0.7)
W(h) = (0.9,0.8,0.5,0.4,0.6)
W(i) = (0.6,0.5,0.7,0.9,0.8).

mmm Vision s Postivity s Foresght Transparency essHonesty

0.9
0.8 '
0.7
0.6
0.5
0.4
0.3

0.2

Figure 1. The graphical representation of a 5-PFS according to values as given in Table 1.

Here, the value 1 represents good remarks, 0.5 represents average, and 0 represents bad remarks.
When we combine the technique of m-PF set to ternary semigroup, it will be more useful. Many works
have been done on m-PF set. Some previous work is given below.

1) 1In 2019, Al-Masarwah worked on m-polar fuzzy ideals of BCK/BCl-algebras [27,28]. Al-
Masarwah & Ahmad studied the m-polar (a, 8)-fuzzy ideals in BCK/BCI-algebras [29] and he
also worked on normality of m-PF subalgebras in BCK/BClI-algebra [30].

2) In 2020, Muhiuddin et al. introduced m-polar fuzzy g-ideals in BCI-algebras [31].

3) In 2021, Muhiuddin et al. introduced interval valued m-polar fuzzy BCK/BCI-algebras and
interval-valued m-polar fuzzy positive implicative ideals in BCK-algebras [32,33].

4) 1In 2021, Shabir et al. studied m-polar fuzzy ideals in terms of LA-semigroups [34].

5) Later on, Bashir et al. initiated the concept of regular and intra-regular semigroups in terms of m-
polar fuzzy environment [35].

AIMS Mathematics Volume 7, Issue 7, 12241-12263.
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In this paper, we have introduced the concept of m-PFIs in ternary semigroups, also characterized
regular and intra-regular ternary semigroups by the properties of these m-PFIs.

The paper is organized as follows: In Section 2, we define the fundamental notions of m-PF sets
in ternary semigroups. The main part of this paper is Section 3, in which m-PFTSSs and m-PFIs of
ternary semigroups with examples are discussed. In Section 4, we have characterized regular, and intra-
regular ternary semigroups with the properties of m-PFIs. A comparison of this paper to previous
work is given in Section 5. In the last, we discuss the conclusions of this work and our future work.

The list of acronyms used here, is given in Table 2.

Table 2: List of acronyms.

Acronyms Representation

m-PF m-Polar fuzzy

m-PFS m-Polar fuzzy subset

m-PFSS m-Polar fuzzy subsemigroup
m-PFTSS m-Polar fuzzy ternary subsemigroup
m-PFI m-Polar fuzzy ideal

m-PFLI m-Polar fuzzy left ideal

m-PFMI m-Polar fuzzy middle ideal
m-PFRI m-Polar fuzzy right ideal
m-PFGBI m-Polar fuzzy generalized bi-ideal
m-PFBI m-Polar fuzzy bi-ideal

m-PFQI m-Polar fuzzy quasi-ideal

m-PFII m-Polar fuzzy interior ideal

2. Preliminaries

In this phase, we show some fundamentals but necessary ideas, and preliminary results based on
ternary semigroups that are important in their own right. These are prerequisite for later sections. A
mapping () : D XD X D — D is called a ternary operation for any non-empty set D. A non-empty
set D with ternary operation ( ) is called ternary semigroup if it fulfills associative law such as
((d1d2d3)d4d5) = (dy(dydzdy)ds) = (dldz(d3d4d5)) for all dq,d;,d3,ds, ds € D. Throughout
this paper, D will indicate ternary semigroup, unless otherwise specified, and subsets indicate non-
empty subsets. A subset H of D is called ternary subsemigroup of D if HHH S H. A right ideal
(resp. lateral or middle ideal, and left ideal) of D is a subset H of D satisfying HDD <
H(resp. DHD € H,DDH < H). A subset H is called an ideal if it is right ideal, lateral ideal, and left
ideal [36]. A subset H of D is called generalized bi-ideal of D it HDHDH < H. A subset H of D
is called bi-ideal of D if HHH € H, and HDHDH < H [37]. A subset H of D is called quasi-
ideal of D if HDD N DHD N DDH € H and HDD N DDHDD N DDH < H [38]. A subset H of
D is called an interior ideal of D if DDHDD € H [39]. Amapping :D — [0,1]™ isan m-PFS or

AIMS Mathematics Volume 7, Issue 7, 12241-12263.
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a ([0,1]™-set) on D. The m-PFS is an m-tuple of membership degree function of D that is Y =
W1, Y2, -, ¥y), where Y,: D = [0,1] is a mapping for all k¥ € {1,2,...,m}. The m-PF set is a
generalization of BFS. Similar to the case of BFS, an m-PF set can be presented as m different fuzzy
sets. Therefore, in this situation each input is characterized by an m-dimensional vector of numbers
from the close interval [0,1], each presenting a confidence degree. Assume that the set k =
{1,2,...,m} is the set of context. The degree of satisfaction for each element with respect to the x'*
context will thus be represented by an m-PF set for each k € N [40]. The m-PF set is an m-tuple
of membership degree function of D that is ¥ = {{1,¥,,..., ¥}, where Y,:D — [0,1] is a
mapping for all k € {1,2,...,m}.

The set of all m-PFSs of D is called an m-PF power set of D and presented as m(D). We
define relation < on m -PF power set ( m(D) ) as follows: ¥ = W1, ¥s ..., Ym), 7=
(71,7254, 7)), 0 = (04,0,,...,0,,) are m-PFSs of D,y <7< U means that (1) < 7,() <
U,(D) forall l€D,and k € {1,2,...,m}. The symbols Y ATAU and ¥ VTV U indicates these
m-PFSs of D. (WATAD)D) =yvD)ATD)ATD),@VvIvOD) =y VvI)vU) that is
W AT AUD) =P (D AT (D AT(D and (e VT, VU WD) = P (D V T, (D VU (D) for all
leD and k € {1,2,...,m}.

Let v = W, ¥ ¥n), 7= (1,72,-..,Tm), and U = (U;,0,,...,U,,) be m-PFSs of D.
The ternary product of ¥,7,U is denoted as (o To V) = (P 071001, P3 0T, 0Uy,..., P 0 Ty 0
U,), and defined as

W 0 T 0 V(D = {I=Zm{‘/’x<9) ATie(h) AU (D}, i L= ghi;

otherwise;

for some g,h,i € D, and forall x € {1,2,...,m}.
Example 1 shows the multiplication of m-PFSs of 1,7, and U of D for m = 3.

Example 1. Consider a ternary semigroup D = {0, d,, d,}. The multiplication of m-PFSs ,7,U of
D are given in Tables 3—5 for m = 3.

Table 3. Multiplication under 0.

0 0 di d>
0 0 0 0
di 0 0 0
do 0 0 0

Table 4. Multiplication under d;.

di 0 di d>
0 0 0 0
di 0 d2 dx
d> 0 di d>

AIMS Mathematics Volume 7, Issue 7, 12241-12263.
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Table 5. Multiplication under d>.

d> 0 di d>
0 0 0 0

ds 0 di d>
d, 0 d2 dy

We define 3-PFSs ¢ = (Y1, Y5, ¥3),7 = (74,72, 73) and U = (U,4,0,,U3) of D as follows:
Y (0) = (0.5,0.2,0.3),y¥(d;) = (0.6,0.3,0.8),y¥(d,) = (0,0,0);
7(0) = (0.3,0.4,0.1),7(d;) = (0.4,0.1,0.2),7(d,) = (0.3,0.1,0.5);
U(0) = (0.1,0.2,0.1),0(d,) = (0.3,0.4,0.5),0(d,) = (0.2,0.4,0).
Then, we have
(1271 201)(0) = 0.3, 71 U)(dy) = 0.3,(x1 274 2 Uy)(d;) = 0.3;
(12 273 00,)(0) = 0.3, (¥ © T3 0 U3)(dy) = 0.1, (¢ 0 T, 2 Uz)(d,) = 0.1;
(Y3 © T30 03)(0) = 0.3, (3 ° T3 © U3)(dy) = 0.5, (13 © 73 ° U3)(d;) = 0.2.
Hence, the product of ¥ = (4,15, ¥3),T7 = (74,75, 73), 0 = (U4, U,,U3) is defined by:
(Y 2 700)(0) = (0.3,0.3,0.3), (3 o 70 U)(d;) = (0.3,0.1, 0.5) and (YoT00)(d,) =
(0.3,0.1,0.2).

3. Ternary semigroups by m-polar fuzzy ideals

This is a significant part because in this section we have done our major contributions. In this part,
the notions of m-PFTSSs, m-PFIs, m-PFGBIs, m-PFBIs, m-PFQIs and m-PFIls of ternary
semigroups are explored by using various examples and lemmas. We have proved that, every m-PFBI
of D is an m-PFGBI of D but the converse does not hold. This result was previously proved for
semigroup by Bashir et al. [35]. We have generalized the results of [35] for ternary semigroups. Ternary
semigroup is more general than semigroup. Throughout the paper, § is the m-PFS of D that maps
every element of D on (1,1,...,1).

Definition 1. Let ¢ = (Y4,¢3,...,¥,,) bean m-PFS of D.

1) Define y, ={l € D|Y(l) = a} for all @, where a = (a;,a,,...,ay) € (0,1]™, that is
Y, (1) = a, forall k € {1,2,...,m}. Then y, is called an a-cut or a level set. This indicates
Yo = n?:l(lpk)ak-

2) The support of :D —[0,1]™ is defined as a set Supp@)={leD|yY() >
(0,0,...,0), m-tuple} thatis ¥, (1) >0 forallk € {1,2,...,m}.

Definition 2. An m-PFS ¢ = (¥1,¢¥,,...,¥y) of D iscalledan m-PFTSS of D ifforall g, h,i €

D, P(ghi) = (@) APp(M) AP(D) that is P (ghi) = P (g) AP (R) A (i) for all k€
{1,2,...,m}.

Definition 3. An m-PFS ¢ = (Y1,¥,,... 1) of D iscalledan m-PFRI (resp. m-PFMI, and m-
PFLI) of D if for all g, h,i € D,y)(ghi) = P (g) (resp. Y(ghi) = Y(h),P(ghi) = P(i)) that is,
Vi (ghi) = P, (g) (resp. P, (ghi) = P, (h), P (ghi) =P, (D)) forall k €{1,2,..,m}.
1) If Y istogether m-PFRI and m-PFLI of D then y is called an m-PF two-sided ideal of D;
2) If ¢ istogether m-PFRI, m-PFMI, and m-PFLI of D then v is called an m-PFI of D.

The Example 2 is of 3-PFl of D.

AIMS Mathematics Volume 7, Issue 7, 12241-12263.
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Example 2. Consider the ternary semigroup D = {0,d,,d,} given in Table 3, Table 4 and Table 5 of
Example 1. We define 3-PFS ¢ = (¥1,¥,,¥3) of D as follows: ¥(0) = (0.9,0.9,0.6),y¥(d;) =
Y(d,) = (0.5,0.3,0.1). Clearly, ¥ = (y,,¥,,¥3) is 3-PFRI, 3-PFMI and 3-PFLI of D. Hence
Y is 3-PF ideal of D.

Definition 4. Let H be a subset of D. Then the m-polar characteristic function y: H — [0,1]™ of H
is defined as

(D) = {(1,1, ..,1),m-tuple if | € H;
AW = (0,0, ...,0), m-tuple if L & H.

Lemma 1. Let H,I and ] be subsets of D. Then the following conditions are true:
1) XuAXi = Xunni

2) XuVXi=Xnu

3) Xu°Xi° Xy = Xuij-

Proof . The proof of (1) and (2) are obvious.

(3) Let H,I and ] be subsets of D.

Case 1: Letl € HIJ. This implies that | = ghi for some g € H,h € I, andi € J. Thus, yy;;(1) =
(1,1,...,1). Since g € H,h € 1,i €], wehave yy(g) = (1,1,...,1) = x,(h) = x;(i). Now,

(tu o xr o x7) (D = Viepar{xu @) A xi (@) A x; (0}
= xu(g) Axi(h) A x; (D)
= (1,1,...,1).

Thus, xy ° x; °Xj = XHij-
Case 2: Letl ¢ HIJ. This implies that yy;,;(1) = (0,0,...,0). Since, [ # ghi for all g € H,h €1

andi € J. Thus,
(m o xr° ) (D = Viegni{xu (@) A xi(R) A x; (D}
= (0,0,...,0).
Hence, xy ° X1°X; = Xuiy-

Lemma 2. Consider a subset H of D. Then the following assertions are true.
1) H isternary subsemigroup of D if and only if yy is an m-PFTSS of D;
2) H isanideal of D ifandonly if yy isan m-PFIof D.

Proof . (1) Consider, H is a ternary subsemigroup of D. We have to show that yy(ghi) = xy(g) A
xu(h) A xy(i) forall g,h,i € D. We observe the following eight cases:

Case 1: Let g,h,i € H. Then yu(g9)=(1,1,...,1) = yy(h) = xg(@) . So, xy(g) A xy(h) A
xu(@) =(1,1,...,1). Since H is ternary subsemigroup of D, so ghi € H implies that yy(ghi) =
(1,1,...,1). Hence, yy(ghi) = xy(g) A xu(h) A xu(D.

Case 2: Let gh€ H and i € H. Then yy(g9) = xy(h) = (1,1,...,1) and x4(i) = (0,0,...,0).
This implies that, yy(g) A xy(h) A xg(0) = (0,0,...,0) . Hence, yy(ghi) = xu(g) A xy(h) A
xu () = (0,0,...,0).

Case 3: Let gh ¢ H and i € H. Then yy(g) = xy(h) =(0,0,...,0) and yy(i) = (1,1,...,1).
This implies that, y5(g) A xg(h) A x5 (i) = (0,0,...,0). Hence, yy(ghi) = (0,0,...,0) = y5(g) A
xu(h) A xy (D).

AIMS Mathematics Volume 7, Issue 7, 12241-12263.



12248

Case 4: Let g,i € H, and h & H. Then yy(g9) = xy() = (1,1,...,1), and yy(h) = (0,0,...,0).
This implies that, y5(g) A xy(h) A x4 (D) = (0,0,...,0). Hence, yy(ghi) = (0,0,...,0) = yg(g) A
xu(h) A xu (D).
Case 5: Let g,i ¢ H and h € H. Then yy(g) = xy() = (0,0,...,0) and yy(h) =(1,1,...,1).
This implies that, y5(g) A xy(h) A x4 (D) = (0,0,...,0). Hence, yy(ghi) = (0,0,...,0) = yg(g) A
xu(h) A xy ().
Case 6: Let h,i € H and g € H. Then yy(h) = yyz(i) = (1,1,...,1) and yy(g) = (0,0,...,0).
This implies that, y5(g) A xy(h) A x4 (i) = (0,0,...,0). Hence, yy(ghi) = (0,0,...,0) = yg(g) A
xu(h) A xy ().
Case 7: Let h,i¢ H and g € H. Then yy(h) = yz(i) = (0,0,...,0) and yy(g) = (1,1,...,1).
This implies that, y5(g) A xy(h) A x4 (D) = (0,0,...,0). Hence, yy(ghi) = (0,0,...,0) = yy(g) A
xu(h) A xy (D).
Case 8: Let g, h,i € H. Then yy(g) = xu(h) = x4 (i) = (0,0,...,0). This implies that, yy(g) A
XH(h) AXH(I') = (0'0' v ;0) Hence9 XH(ghl) = XH(g) AXH(h) AXH(I')

Conversely, let yy is an m-PFTSS of D. Let g, h,i € H. Then, yy(g) = xy(h) = x4 () =
(1,1,...,1). By definition, yy(ghi) = (1,1,...,1) = xy(g) A xu(h) A x5 (i) we have yy(ghi) =
(1,1,...,1). This implies that ghi € H, so H is a ternary subsemigroup of D.

(2) Consider, H is a left ideal of D. We have to show that yy is an m-PFLI of D, that is
xu(ghi) = xy (i) forall g,h,i € D. Now, we observe these two cases:
Case 1: Let i € Hand g,h € D. Then, yy(i) = (1,1,...,1). Since H is left ideal of D, so ghi €
H implies that yy(ghi) = (1,1,...,1). Hence, yy(ghi) = xyu(0).
Case2:Let i ¢ H and g,h € D. Then yy(i) = (0,0,...,0). Clearly, yy(ghi) = xy(i).
Conversely, let yy is an m-PFLI of D. Assume that g,h € D and i € H. Then, yy(i) =
(1,1,...,1). By definition, yy(ghi) = x5 () = (1,1,...,1), we have yy(ghi) = (1,1,...,1). This
implies that ghi € H, thatis H is a left ideal of D.

Similarly, we can prove for lateral ideal and right ideal of D.

Lemma 3. Consider ¥ is an m-PFS of D. Then the following properties hold.

1) ¢ isan m-PFTSS of D ifand only if Yo oyp < ;

2) Y isan m-PFLIof D ifand only if § o8 o) < 1h;

3) Y isan m-PFMI of D ifandonlyif §epo§ <h,§odohpodod <P;

4) P isan m-PFRIof D ifand only if Yo dod < ;

5) Y isan m-PFlof D ifandonlyif §odeoyp <P, 6opod <P, podod <1, where § isan
m-PFS of D mapping every element of D on (1,1,...,1).

Proof. (1) Let ¥ = (Y1,¥y,...,¥;n) be an m-PFTSS of D, that is ¥, (ghi) = ¥, (g) AP, .(h) A
Y, (i) for all k € {1,2,...,m}. Letl € D. If | cannot be written as [ = ghi for some g,h,i € D

then (Yo op)(l) =0. Hence, Yopop <. But if | is expressible as | = ghi for some
g,h, i €D, then

(d)x oy o ¢K)(l) = Vl:ghi{d)}c(g) A ¢K(h) A djk(l)}
< Vi=gnit¥i (ghi)}
=Y, (D) forallk € {1,2,...,m}.

Hence, Yooy <1p. Conversely, let popop <y and g,h,i € D. Then forallk €
{1,2,...,m}.

AIMS Mathematics Volume 7, Issue 7, 12241-12263.
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W) (ghi) = (W © Py © Py ) (ghi)
= Vghi:bcd{lplc(b) AP (c) AN (d)}
= P (g) A (h) A (D).

Hence, Y (ghi) = Y (g) AP (h) Ap(i). Thus, Y is an m-PFTSS of D.

(2) Let Y = @, ¥5,...,¥y) be an m-PFLI of D that is, ,(ghi) = ¢, (i) for all k€
{1,2,...,m}and g,h,i € D.Let |l € D, if | cannotbe writtenas [ = ghi forsome g,h,i € D then
(6o8°y)(l) =0.Hence, §o5oy <. Butif [ isexpressible as | = ghi forsome g,h,i € D.

(6}{ ° 61( ° l/);c)(l) = Vl=ghi{6lc(g) A 6K(h’) A lpx(l)}
= Vi—gnil(1,1,..., D) A(L1,...,1) A (D)}
= Vi—gni{ (D}
< Vl=ghi{l/)}c(.ghi)}
=y, (D) forallk € {1,2,...,m}.

Hence, § o § op <. Conversely, let § o5 oy <Y and g,h,i € D. Then,

PYi(ghi) = (6 © 6 © P,.) (ghi)
= Vghi=bcd{6;c (b) A SK(C) A wx(d)}
= 6,.(9) A 6 (W) Ay (D)
={(1,1,....D)A11,....,)) Ay, (D)}
=y, (i) forallk € {1,2,...,m}.

Hence, (ghi) = (i). Thus ¥ isan m-PFLI of D.
Similarly, we can prove the parts (3), (4) and (5).

Lemma 4. The following assertions are true in D.

1) Let Y = W, ¥y, 0, Y), 7= (T1,72,..., 7)), and U = (U4,0y,...,U,,) be m-PFTSSs of D.
Then Y ATATU isalso an m-PFTSS of D;

2) Let Y =W, Y20, Y), 7= (1,T2...,7), and U = (U4,0,,...,U0,,) be m-PFIs of D.
Then Y ATATU isalsoan m-PFI of D.

Proof. Straightforward.

Proposition 1. Let ¥ = (¥1,9,,...,¥,,,) be an m-PFS of D. Then ¢ is an m-PFTSS (resp. m-
PFI) of D if and only if ¢, = {l € D|Y(l) = a} is a ternary subsemigroup (resp. ideal ) of D
forall a = (ay,ay,...,a,) € (0,1].

Proof: Let ¥ bean m-PFTSS of D.Letg,h,i € ¥,. Then Y,.(g) = a,, Y, (h) = a, and P, (i) =
a, forall k € {1,2,...,m}. Since, 1 is an m-PFTSS of D, we have

Vi (ghi) = P (9) A (h) A (D)
= N Ny,
= a, forall k € {1,2,...,m}.

Thus, (ghi) € Y,. Hence, 3, is a ternary subsemigroup of D.
Conversely, let 1, 1is a ternary subsemigroup of D. On contrary assume that 1) is not an m-
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PFTSS of D. Suppose g,h,i € D such that ,(ghi) < ¥,.(g) A, (h) AP, (i) for some k €
{1,2,...,m}. Take Y,(g) AY.(h) A, (i) = a, for all k € {1,2,...,m}. Then g,h,i €Y, but
ghi & ,, which is contradiction. Hence, ,.(ghi) = ¢,.(g) AP, .(h) A, (i). Thus Y is an m-
PFTSS of D.

Further cases can be prove on the same lines.

3.1. m-polar fuzzy generalized Bi-ideal in ternary semigroups

Definition 5. Let ¥ = (Y¥1,Y5,...,¥n) be an m-PFS of D. Then ¢ is called an m-PFGBI of D

if for all g,dq, h,d,, i € D,y(gd, hd,i) = P(g) Ap(h) Ap(i) that is Y, (gdihd,yi) = P (g) A
W, (h) A, (i) forall k € {1,2,...,m}.

Example 3. Let D ={e, f, g, h,i} be a ternary semigroup and its multiplication table is defined in
Table 6.

Table 6. Table of multiplication of D.

e f g h i
e e e e e e
f e e h e f
g e i e g e
h e f e h e
[ e e g e i

Let ¢ = {1, ¥, ¥3,¥,} be a 4-PFS of D such that (e) = (0.7,0.8,0.8,0.9), ¥ (f) =
(0.1,0.2,0.3,0.4), ¥(g) = (0.2,0.3,0.4,0.5),y(h) = (0,0,0,0),y (i) = (0.3,0.4,0.5,0.6). Then
simple calculations shows that { is a 4-PFGBI of D.

Lemma 5. A subset H of D is a generalized bi-ideal of D if and only if yy is an m-PFGBI of
D.

Proof. The proof follows from the proof of Lemma 2.

Lemma 6. An m-PFS ¢ of D is an m-PFGBI of D ifand only ifp o § oy o § o yp < ), where §
is the m-PFS of D mapping every element of D on (1,1,...,1).

Proof. Let ¥ = (Y1,¥,,...,¥;ym) be an m-PFGBI of D that is, ¥, (gdihd,i) = Y, (g) AP, (h) A
Y, (i) forall k € {1,2,...,m} and g,d,h,d,,i € D. Let | € D, if | cannot be written as [ = ghi
for some g,h,i €D then (Yodopodoh)(l) =(0,0,...,0). Hence, YpoSohpoSohp <.
Suppose [ is expressible as | = ghi forsome g,h,i € D. Then

((lpx o8 o) ol 0 lpk)(l) = Vl:ghi{(lpk ° 0 lpk)(g) A S, (h) A lp;c(l)}
= Vl=ghi{vg=def{¢;c (d)A 51c(e) Ay (f)} A 5K(h) A lprc(l)}
= Vl=ghi{vg=def{¢;c (d) A 11[})( (f)} A l/}lc(l)}
< Vl=ghi Vg=def{¢x((def)hi)}
= Vl:ghi{lpk(ghi)}
=y, (D) forall k € {1,2,...,m}.
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Hence, (podop)ofop <. Conversely, let (Yodop)oSop <y and g,h,iE€D.
Then,

lpk((gdlh)dZi) = ((l/)x 0§y o lpk) ° Gy © lpx)((gdlh)dzi)
= V(gdlh)d2i=bcd{(lpk ° 61c ° l/)rc)(b) A 6K(c) A l/)rc(d)}
= (l/)K' ° 61( ° l/);c)(gdlh) A 6K(d2) A l/)rc(i)
= W 0 6, 0P )(gdih) A(L1,...,1) A (D)
= ng1h=lmn{lp;c(l) A 6K(m) A l/)rc(n)} A l/jk(i)
= ng1h=lmn{lpk(l) A (1:1: T :1) A lpk (n)} A l/)rc(i)
= {h(9) AN (W} APy (D)
= Y, (g) NP (h) AP, (Q) forall k € {1,2,...,m}.

Hence, Y(gd,hd,i) =Y (g) AY(h) Ap(i). Thus ¢ is an m-PFGBI of D.

Proposition 2. Let ¥ = (Y,Y,,....,¥y) be an m-PES of D. Then Y is an m-PFGBI of D if
and only if Y, = {l € D|Y(l) = a} is a generalized bi-ideal of D for all @ = (ay,ay,...,ay) €
0,1]™.

Proof. Suppose Y = (Y1,Y,,....,¥y) is an m-PFGBI of D. Let g,h,i €Y, and dy,d, €D.
Then, ¥,(g) = a,, Y,(h) = a, and Y, (i) = a, for all k € {1,2,...,m}. Since, Y is an m-
PFGBI of D, so

Vi (gdihdyi) = P, (9) AP () A (D)
= N ag A ay
=a, forallk € {1,2,...,m}.

Thus gd,hd,i € ¢, thatis 1, is a generalized bi-ideal of D.

Conversely, let ¢, is a generalized bi-ideal of D. On contrary suppose that ¥ is not an m-
PFGBI of D . Let g,dy, h,d, i €D such that ,(gd,hd,i) < Y,.(g) AN (h) A, (i) for
some k €{1,2,...,m} . Take Y, (g) AP (W) AY, (i) =a, for all k€ {1,2,...,m}. Then
g,dqi, h,dy, i €Y, but (gd hd,i) &, which is a contradiction. Thus, ¥, (gd,hd,i) = ¥,.(g) A
Y,.(h) AP, (i). Hence  is an m-PFGBI of D.

3.2. m-Polar fuzzy Bi-ideal in ternary semigroups

Definition 7. An m-PFTSS ¢ = (Y1,¥,,...,¥,) of D is called an m-PFBI of D if for all

g,dq,h,dy, i € D,Y(gd,hdyi) = Y(g) ANYp(h) AY(i) that is P, (gdihdyi) = Y, (g) A (h) A
Y, (i) forall k € {1,2,...,m}.

Lemma 7. A subset H of D isa Bl of D ifand only if yy the m-polar characteristic function of
H is an m-PFBI of D.

Proof. Follows from Lemmas 2 and 5.

Lemma 8. An m-PFTSS ¢ of D is an m-PFBI of D if and only if Yoo <3 and Ppodo
YPoldoh <P

Proof. Follows from Lemmas 3 and 6.

Proposition 3. Let ¥ = (¥1,Y,,....,¥;n) be an m-PFTSS of D. Then 3 is an m-PFBI of D if
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and only if ¢, = {l € D|Y(l) = a} is abi-ideal of D forall a = (a4, ay,...,a,) € (0,1]™.
Proof. Follows from Propositions 1 and 2.

Remark 1. Every m-PFBI of D is an m-PFGBI of D.
The Example 4 proves that the converse of the Remark 1 may not be true.

Example 4. Consider D ={e, f, g, h,i} is a ternary semigroup as given in Example.3 and ¢ =
{1, ¥,,3,9,} is 4-PFGBI of D. Then simple calculations shows that ¥ is not a bi-ideal of D
as Y(h) = YP(fig) = (0,0,0,0) £ (0.1,0.2,0.3,0.4) = Y(f) A (D) Ap(g).

3.3. m-Polar fuzzy quasi-ideal in ternary semigroups

Definition 8. An m-PFS ¢ of D is called an m-PFQI of D if (¢ o506)A(feopod)A
(bo8op) SY,(PYoldod)A(Fobopodod)A(Godop) <y that is (WP, 0 Oy 0 6) A (O ©

P08 ) NS08 o) < and (P 0 60 8,) A (G 0 G 0 Py © 8 © 8y ) A (S © 6 0 P) <
Y, for all k € {1,2,...,m}, where § is fuzzy subset of D mapping every element of D on

11,...,1).

Example 5. Let D = {e, f, g, h} be a ternary semigroup and its multiplication table is defined in Table 7.

Table 7. Table of multiplication of D.
h

S|IQ|—h| o |

S|KQ || o
@D |D |D|(D|D
@D |D QD |Q
@D Q[T (D

Define a 5 -PFS ¢ = W, Y, ¥s3,P,,Ps) of D as follows: y(e) =y(g) =
(0.9,0.8,0.7,0.7,0.6), ¥(f) = (0.3,0.2,0.2, 0.1,0.3),y(h) = (0,0,0,0,0) . Then simple calculations
proves that 1, is a quasi-ideal of D. As the result of Proposition 4, y isa 5-PFQI of D.

Lemma 9. Let H be a subset of D. Then H is a quasi-ideal of D if and only if the m-polar
characteristic function yy of H isan m-PFQI of D.

Proof. Let H be aquasi-ideal of D thatis HDD n DHD n DDH < H,HDD n DDHDD N DDH € H.
Now we have to show that, (ygyodod)A(boyyod)A(BeSoyxyy) <xy, (yodod)A
(oSoyxyo808)AN(Bo8oyxy) <yxy that is ((xgo8o8)A(Soxyo8)A(5o80xy))() <
xu() and ((xgo8o8)A(Eo8eyye8eo8)A(So80xy))) < xy(D). This implies that (yy °
§08)(DAN(Eoxued)(DAGebox)D)<xyy() and  (rpebe8)()A(Boboyyebe
SDANG oo yy)) < yy(D) forall L €D.
We observe the following two cases:

Case 1: If [ € H then yy,(1) =(1,1,...,1) = (()(H 0§ od)AN(Soxyod)A(506 oXH))(l). So,
o808 DA Sexyo8)DAS 8o x)D) < xu(D). Also, ((xgebeo8)A(5oboyyobeo
)N (8060 xy))D) < xu(D). Hence, (xyyo8o8) (DA ob0xyeses)(DA(Ee8exy)() <
xu (D).

Case 2: If L& H then | € HDD N DHD N DDH. This implies that | # muv or [ # wnx or | #
yzo for some m,n,0 € H and u,v,w,x,y,z € D. Thus either (yy°d°6)(l) =(0,0,...,0) or
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(boyxyeod)(l)=(00,...,0) or (5060 yy)()=1(0,0,...,0) that is (ygo 6o &) A(So yyo
SN (BE o650 yy)()=1(0,0,...,0) < yy(D). Hence (ygob6ob6)A(boyyod)A(Eoboyy) <
XH-

Also, if | € H then | € HDD N DDHDD n DDH. This implies that | # mst or | # uvnwx
or | +yzg for some mmno€H and s,t,u,v,w,x,y,zZ€D. Thus either (yyod°8)(l) =
(0,0,...,0) or (6odoyyodod)(l)=1(00,...,0) or (5060 yxy)() =1(0,0,...,0) that is (yy °
Go8)(D)AN(Foboyyodo8) (DA xy)() =1(00,...,0) < yy(I). Hence, (ygyodod)A
(oboyyeodobd)AN(60680xy) < xu

Conversely, let | € HDD N DHD N DDH and | € HDD N DDHDD n DDH.

Firstly, if [ € HDD N DHD N DDH then | = muv,l = wnx,l = yzo for all m,n,0 € H and
uw,v,w,x,y,Z € D.As yy is an m-PFQI of D. We have

XD = ((godo8)A(Eoxyo8) N800 xy))D)
=(uedo8)DAGeoxgo8)DAEebexy)D)
= (Vicmuln (M) AW A S A {Vicwnad W) A () AS(X)I} A {Vi=yz0{6(¥) A 6(2) A
xu(0)}}
= XM ASW ASWIA{EW) A xu(m) ASGOIAN{E(Y) A8(2) A xy(0)}
=(1,...,1).

Thus, yy() = (1,1,...,1). Hence, | € H. So, HDD N DHD N DDH € H.
Now, secondly if [ € HDD N DDHDD n DDH then [ = mst, | =uvnwx,l =1yzo for all
m,n,0 € H and s,t,u,v,w,x,y,zZ € D. As yy isan m-PFQI of D, we have

XuD) = ((xgodod)A(Bebdoyyodo8)A (5080 xy))D)
= o628 (DN(Eodoyyob808)D)A(Ee80°xy)(D)
= Viemselxu (M) A () A (O AV icuomwal W) AS(W) A xg(m) AS(w) AS(x)}}
A {Vl=yzo{6(y) A 6(2) AN Xy (0)}}
= m) AS(S) NSNS ASW) A (M) ASW) AS(X)IA{E(Y) AS(2) A xp(0)}
=(1,1,...,1).

Thus, yy() = (1,1,...,1). Hence, |l € H. So, HDD N DDHDD N DDH € H. This shows that
H is a quasi-ideal of D.

Proposition 4. Let ¥ = (Y1,9,,...,Y,,,) be an m-PFS of D. Then ¢ is an m-PFQI of D if and
only if Y, ={l€ DY) = a} isaQlof D forall a = (a;,ay,...,a,) € (0,1]™.

Proof. Consider 1 isan m-PFQI of D. To show that ¥,DD n Dy,D n DDy, € Y, and Y,DD N
DD, DD N DD, € .

Firstly, let [ € Y,DD n Dy,D n DDy,. Then |l € Y,DD,l € DY,D and Il € DDY,. So, | =
muv, | =wnx,l = yzo for some w,v,w,x,y,z€ D and m,n,0 € (Y,)q, - Thus, P,(m)=
A, P,.(n) = a, and P, (0) = a, forall k € {1,2,...,m}. Now,

(Wi © 6 © 8, ) (D) = Vicmun{thic (M) A S, (w) A 5, (v)}
= P (m) A by (u) A6 (v)
— Y (M AAL... 1) AAL... 1)

= P, (m)

= Q.

So, (Y o6,°8)() = a, forall k € {1,2,...,m}. Now,

AIMS Mathematics Volume 7, Issue 7, 12241-12263.



12254

(b o P 0 6, ) (D) = Vicynad 8 (W) AP (n) A6 (x)}
> 6, (W) AP (n) A6 (x)
=(1,1,..., DAy () A],..., 1)
= l/)K'(n)
= Q.

So, (8o ed,)() = a, forall k€ {1,2,..., m}. Now,

(608 o (D) = Vl=yzo{6lc()7) A 6,(z) APy (0)}
= 6,(y) A 6 (2) NPy (0)
=(1,1,..., HAT,..., 1) Ay, (0)
=Y, (0)

= Q.
So, (606, o)D) = a, forall k € {1,2,..., m}. Thus,

((lpx 0 0 6K) A (616 oYy © 6K) A (6K 0, ° lp;c))(l)
= W ° 08, )(D A (S o Py 0 5D A (B © 6 0 i) (D)
= Nay N ay
= a, forallk € {1,2,..., m}.

So, Y() = ((1/) 0§ od)N(BoYpod)A(fodo 1/)))(1) > a. This implies that [ € ¥,. Hence,

Y, 1s a quasi-ideal of D.

Now secondly, let [ € ¥,DD n DDy,DD N DDy,. Then | € Y,DD,l € DDY,DD,l € DDy,

So [ =mst,l =uvnwx, [=yzo for some s,t,u,v,w,x,y,z€D and m,n,0 €y, .
Y,.(m) = a,, P.(n) = a,, and Y, (0) = a, forall k € {1,2,...,m}. Now,

(WP © 8y © 8, ) (D) = Vizmse{he (M) A 6, (8) A5, (8)}
= P (m) A6, (s) A6 (2)
=y (m)A(11,..., DA, 1)

= P, (m)

= Q.
So, (Y0 8,°6,)() = a, forall k€ {1,2,..., m}. Now,

(8 0 8 0 Py 0 8y 0 8, ) (D) = Vizyumwal 8 (W) A 8, (V) Ay (1) A S, (W) A S (x)}
= 8, (W) A8, (V) A () A Sy (W) A 6, (x)

=P (n) = ay.
Thus, (6 © 6 0Py 060 8,)() = a, forall k € {1,2,..., m}. Now,
(80 S0P )() = Vl=y20{6k(y) A6, (2) NP (0)}

2 {6, (¥) A 6, (2) Ay (0)}
={(1,1,..., HAT,..., Ay, (o)}
=Y, (0)

= Q.

So, (600 )(D) = a, forall k € {1,2,..., m}. Thus,
((lpk 08y 0 61() A (61( 08000 6;c) A (6)6 ° Gy © l/))c))(l)

Thus,
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(IPK °©§y 0 Src)(l) A (616 ° 8 0Py 0G0 61c)(l) A (61c 0§y o lpk)(l)
a, Ay A ay
a, forall k € {1,2,...,m}.

So, ((@o808)A(Bobohobo8)A(S08oY))() =a. Since, PU)=((Yodo8)A
(80801ho8o8)A(5o8oY))() = a.So, L € P,

Conversely, on contrary consider that 1 is not an m-PFQI of D. Let [ € D be such that
YD < @08 08D A (S0 Py 0 )M A (S 06 ohy)(D)  for some k€ {1,2,...,m} .
Choose a, € (0,1] such that a, = (WY, 06,26, )(D) A (S0P 0 8,)(D) A (S, 0 6, ©Y,.) (1) for all
k € {1,2,...,m}. This implies that | € (¥, © 0 ° 6 )a,l € (6 0Py ©0)g, and [ € (5 o b o
Yi)q, but 1 & (P)q, forsome k. Hence, [ € (Yob068)y,lE(Fopod), and [E (5§05 °9),
but [ & (1),, which is a contradiction. Hence, (Y o0 8)A(fopo ) A(Sodop) <.

Also, on contrary consider that ¥ is not an m-PFQI of D. Let [ € D be such that ¥, (l) <
Weo8,06)DAN(6c06,0P08,08)D)AN(SoboY,)(l) for some k€{l1,2...,m} .
Choose a, € (0,1] such that a, = (Yo 8,0 8)D)A (S0 b0 b0, ))A (508, 0
Y, )(D) for all k € {1,2,...,m}. This implies that, [ € (¥, © 8y © 8y )q,,l € (O © Oy © Py © O ©
0 )a, and L € (6,0 6, 0Py )q, but I € (P, ),, for some k. Hence, [ € (o 508)y,lE(5050
Yodod), and LE(Fodop), but I & (), which is a contradiction. Hence, (oo d) A
(obohoFod)A(§odoh) <.

Lemma 10. Let 1/) = (1/)1,1/)2, e .,lpm),-f = (71,72, - ,7m), 0= (Ul' Uz, ey Um) be m-PFRI, m-
PFMI and m-PFLI of D respectively. Then ) ATA U is an m-PFQI of D.

Proof. Suppose ¥ = (Y1, Y5, ..., ¥m), T=(T1,72,..., T), U = (U04,0,,...,0,,) is m-PFRI, m-
PFMI and m-PFLIof D respectively. Let [ € D, if | # ghi forsome g, h,i € D. Then, ((1/) ATA
V)0808)ABoWATAD)08)A(§08e(YATAD)) SYATAU . If L=ghi for some
g,h, i €D. Then,

((% AT A UK) 080 61() A (&c ° (lpk AT A UKZ) ° SK) A (61( ° 6§y o (lpx AT A U;c))(l)
= ((% AT AUy) 0y © 61c)(l) A(Sico (W AT AU 0 5,)(D) A (61( 08 o (P AT A U;c))(l)

= Vicgnil Wi AT AU(G) A 81c(R) A 8 (D3} A {Vi=gnil6ic(9) A (e AT AU (R) A 8, (D})
AMVi=gnil8c(9) A 8 (R) A (e AT, AU (D3}

= Viegnil @i A T AU (@I A {Vicgnil W A Tie AU A {Vic gril e AT AT (D3}

= Vizgnil @i AT AU (G) A e ATie AU (R) A (e ATy AU ()}

= Vigrid Y (9) A T,(9) AU (g) AP (R) AT, (R) AU (R) A (D) AT (D) AU (D]

< Vizgnifhe (9) A T (R) AU (D)}

< Viegnid{$i (ghi) A T (ghi) AU, (ghi)}

= Vi=gni{ W AT AU, ) (ghi)}

=W AT AU forallk € {1,2,...,m}.

Hence, ((YATATV)0808)A[Bo@ATAV)0E)A(§e8e(PATAD)) < (PATAD) ,
that is (Y ATAU) is an m-PFQI of D. Similarly, (() ATAV)o8e8)A(§05o(PATATV)o

v
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§08)A(6080(WATAD)) < (@ ATAD). Hence, ( ATAT) isan m-PFQI of D.
Lemma 11. Every m-PF one-sided ideal of D is an m-PFQI of D.

Proof. The proof follows from Lemma 3.
In the Example 6, it is shown that the converse of the Lemma 11 may not be true.

Example 6. Consider D = {e, f, g, h} is a ternary semigroup in Example 5 and ¥ is a 5-PFQI of
D. Now, by calculations ¥ (fhh) = y(h) = (0,0,0,0,0) 2 ¥(f) = (0.3,0.2,0.3,0.1,0.3). So, ¥ is
nota 5-PFRI of D.

3.4. m-Polar fuzzy interior ideals in ternary semigroups

Definition 9. An m-PFTSS ¢ = (Y,¥5,...,¥,,) of D is called an m-PFII of D if for all
g,h,Li,j € D, Y(ghlij) = () thatis, Y, (ghlij) =, (1) forall k € {1,2,...,m}.

Lemma 12. Let H be a subset of D. Then H is an interior ideal of D if and only if m-polar
characteristic function yy of H is an m-PFII of D.

Proof. Consider H is an interior ideal of D. From Lemma 2, yy is an m-PFTSS of D. Thus, we
have to show that )(H((ghl)ij) > yuy (D) forall g,h,L,i,j € D. We observe these two cases:

Case l: Let L€ H and g,h,i,j € D. Then yy(l) = (1,1,...,1). Since, H is an interior ideal of D.
So, (ghlij) € H. Then yy(ghlij) = (1,1,...,1). Hence, yxy(ghlij) = xu(D.

Case 2: Let L€ H, and g,h,i,j € D. Then yy(1) =(0,0,...,0). Clearly, yxy(ghlij) = yxy(D.
Hence, the m- polar characteristic function yy of H is an m-PFII of D.

Conversely, let yy is an m-PFIl of D. Then by Lemma 2, H is a ternary subsemigroup of D.
Suppose g,h,i,j €D, and L € H then yy(l) =(1,1,...,1). By the hypothesis, xy(ghlij) =
xu(D) =(@1,1,...,1). Hence, yy(ghlij) = (1,1,...,1). This implies that (ghlij) € H, that is H is
an interior ideal of D.

Lemma 13. Let Y = (Y4,Y5,...,¥,,) be an m-PFTSS of D. Then ¥ is an m-PFII of D if and
onlyif §ofotpodod <.

Proof. Let ¥ = (1,¥3,...,m) bean m-PFIlof D.We have to show that, ((§o8 o) oded) <
Y. Let L € D. Then,

((&c 0§ 0 lprc) ° §y o 5K)(l) = Vl=ghi{(61c 0§y 0 l/)k)(g) A Sx(h) A 6K(i)}
= Vl=ghi{vg=def{61c(d) NS (e) Ny (f)}}
= Vl=ghi{vg=def{¢;c (f)}}
= Vi=(@epnit¥i ()}
< Vz=(def)hi{l/)x((d9f)hi)}
=y, (D) forallk € {1,2,...,m}.

Thus, (68 oo od) <. Conversely, let (§oForpodod) <. We only have to show
that ¥, (ghlij) = ¢, (1) forall g,h,l,i,j €D and k € {1,2,...,m}.

l/)K((ghl)ij) = ((616 08y o Py) 0y o 6k)((ghl)ij)
= V(ghl)ij=bcd{(61c o §y © djrc)(b) A 6}(1((:) A 6 (d)}
> {(0 © 8y o P, ) (ghl) A6, (D) A6, ()}
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= (8K ° 61( ° l/);c)(ghl)
= Vghl:uvw{gx W) A S, (v) A (W)}
= {6,(g) A6, (h) AP (D}
=y, (D) forallk € {1,2,...,m}.
So, (ghlij) = y¥(l). Hence, ¥ isan m-PFII of D.

Proposition 4. Let ¥ = (Y1,¥,,...,¥;,) be an m-PFS of D. Then ¢ is an m-PFII of D if and
only if ¥, = {l € D|Y(l) = a} is an interior ideal of D forall a = (ay,ay,...,ay) € (0,1]™.

Proof. The proof is same as the proof of Propositions 1 and 2.
4. Characterization of regular and intra-regular ternary semigroups by m-polar fuzzy ideals

In this section, various important results of regular and intra-regular ternary semigroups under the
m-PFSs, m-PFIs of D are presented. Many theorems of Shabir et al. [34]. Bashir et al. [35] are
examined and generalized in the form of m-PFIs of D. Regular and intra-regular ternary semigroups
have been studied by several authors see [6,38,41].

4.1. Regular ternary semigroups

Definition 10. An element [ of D is called regular if there exists y,z € D such that [ = lylzl. D
is regular if all elements of D are regular [6].

Theorem 1. [38] The listed below assertions are equivalent for D.

1) D isregular;

2) HnInJ]=HIJ forall left ideal H, all lateral ideal I and all right ideal |/ of D;
3) H = HDHDH for all quasiideal H of D.

Theorem 2. Every m-PFQI of D is an m-PFBI of D.
Proof. Suppose Y = (Y1,Y5,...,¥y) isan m-PFQI of D.Let g,h,i € D. Then

Y (ghi) = (P © 6 © 6,) A (S © Py © 8,) A (8 © 8y © Py)) (ghi)
= (W © 6)c © 6, ) (ghi) A (8 © Pyc © 6, ) (ghi) A (8 © 6y © Py )(ghi)
= {Vgnizurm (¥ W) A 8, () A 8§, (M)} AV grizuma{ 8 (W) A () A 8, (0}

A {Vghizyzo{6k V) A6 (2) ANy (0)}}
= {P(9) A 6, (R) A 6 (D)3 A {8, (9) A (R) A6, (D)} A {8, (g) A 6. (R) A (D)}
= l/)K(g) AP, (h) A (D).

So, P(ghi) = ¥(g) Ap(h) Ap(i). Also,

lpk(gdlhdzi) = ((lpx °©§y © 6}6) A (616 ° 8 0Py 060 6K) A (6K 0§y o 1/Jx))(9d1hdzi)
= (¢x ° Gy © AK)(gdlhdZi) A (5;( © Gy 0Py 0 Gy © 51c)(gd1hd2i) A (5KZ ° Gy ©
Y,) (gd hd,i)

= {Vgasnayi=mst (M) A 8, (s) A 8, ()}
A {nglhdzizuvnwx{61c (u) A 61( (U) A l/);c (n) A 6;c (W) A 6;c (x)}}
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A {nglhd2i=yzo{6x (y) A 6}{(2) A lp;c (0)}}
= {Y(9) A 6, (drhdy) A6 (D} A {6 (9) A6 (dy) AP (h) A 6 (d2) A6, (D}
A6, (g) A8, (d1hdy) A (D)}
= i (9) AP (h) AP, (D).
So, Y(gdihd,i) = ¥ (g) Ap(h) AY(i). Hence, Y is an m-PFBI of D.

Theorem 3. For D the given conditions are equivalent.
1) D isregular;
2) YATAU =9y o700 forall m-PFRI 3, all m-PFMI 7 and all m-PFLI U of D.

Proof. (1) = (2) : Suppose that Y = (Y, Y5, ..., ¥n), 7= (T1,72,..., 7n), 0 = (01,05,...,0,,)
is m-PFRI, m-PFMI and m-PFLI of D respectively. Let [ € D, we have

W 0T 2 UMD = Vl=ghi{¢x (9) AT (W) AU (D}
< Vl=ghi{lpk (ghi) A 71( (ghi) A UK (ghi)}
= (DAT D AT
= W AT AU D).

Hence, (WroT,eoU)(D) < W AT AU )() forallk € {1,2,...,m}. So, (PoT0U)<
(Y AT ATU). Since D isregular, so forall [ € D there exists y,z € D such that | = lylzl.

W 0T 0 V(D) = Vl=ghi{lpk(g) AT (h) AU (D)}
= P (D AT (ylz) AU(D
=P (DAT (D AT
=W AT AU forallk € {1,2,...,m}.

Thus, (1 o T700V) = (Y ATAU). Therefore, (Y o T0TV) = (Y ATAD).
(2) > (1): Let L € D.Then H = IDD isaleftideal of D,I = DID is a lateral ideal of D and | =
DDI is arightideal of D.Then by using Lemma 2, yy, x;, X;, the m- polar characteristic function of
H,I,] are m-PFLI, m-PFMI and m-PFRI of D respectively. Now, by given condition

)(H/\XI/\X] :XHOXIOX]
Xuniny = Xury by Lemma 1.

Thus, H NI NJ = HIJ. Hence, it follows from Theorem 1 that D is regular.

Theorem 4. For D the listed below conditions are equivalent.
1) D isregular;

2) Y=yPodopodorp forevery m-PFGBI ¢ of D;

3) Y=yYPodopodop forevery m-PFQI ¢ of D.

Proof. (1) = (2): Let Y = (Y1,¥5,...,¥,,) be an m-PFGBI of D and [ € D. As D is regular,
so there exist y,z € D such that | = lylzl. So, we have

((lpk o/ o w;c) oy © ltbK)(l) = Vl=ghi{(¢x 0§y o lp;c)(g) A 5}c(h) A l/)}c(l)}
= (P © 6 o P )yl A6, (2) APy (D)
= Vlyl=def{¢x(d) A6 (e) AP (F)} AP (D

= (D A8 A (D A (D
=y, () forallk € {1,2,...,m}.
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Hence, Yodopodop =1. Since, P isan m-PFGBI of D. So, we have

((I)DK 0§y o lpk) ° gy o lnbkf)(l) = Vl=ghi{(7~/)x oy © 1/’;«)(9) A S, (h) A lpk(")}
= Vl=ghi{vg=def{lp;c (d) A 6K(e) A lpk (f)} A 6;{ (h-) A l/jk(l)}
= Vl=ghi{vg=def{¢rc(d) ALY DA l/)x(f)} ANLLLDA lpk(i)
= Vl=ghi{vg=def{¢rc (d) A Yre (f)} A lpk(l)}
= Vl=ghi{vg=def{lprc((def)hi)}}
< Vl=ghi{l/)lc(ghi)}
=Y, () forallk € {1,2,...,m}.

So, Yodopodorhp <. Thus Ypodohpodorh =1,
(2) = (3): Itis obvious.
3)= Q) Let v = W, Y2, 0), 7= (11,72, Tm), O =(0,,0,,...,U0,,) be m-PFRI, m-
PFMI and m-PFLI of D respectively. Then () A7 A D) isan m-PFQI of D. Then by hypothesis,

(¢KA7KAUK): (¢KA7KAUK)°6K°(¢KA7KAUK)°6K°(¢KA7KAUK)
S P08 0T 0,00y

= Py 0 Ty © U

So, Y AT AUy <Yy 0T, 0 Uy. But, ¢, 07, 0 U, <P, AT AU,. This implies that ¢, o
T o0, =Y AT AUy.. That is P oT0oU =1 ATAD. Thus D is regular ternary semigroup by
Theorem 3.

4.2. Intra-regular ternary semigroups

Definition 11. An element | of D is called intra-regular if there exists y,z € D such that | = yl3z.
D 1is intra-regular if all elements of D are intra-regular [41].

Theorem 5. [41] If D is an intra-regular ternary semigroup then H NI NJ S HIJ for any left ideal
H, lateral ideal I and rightideal | of D.

Theorem 6. D is intra-regular if and only if Y ATAU <P oT0U forevery m-PFLI ), every m-
PFMI 7 and every m-PFRI U of D.

Proof. Suppose, Y = W1, Y2, .., ¥m), 7= (T1,72,..., 7)), U =(01,0,,...,0,,) is m-PFLI, m-
PFMI and m-PFRI of D respectively. Let [ € D. Then, there exists ¥,z € D such that [ = yl3z =
y(yl3z)(yl3z)(yl3z)z. Thus

(WP 0T 2 UMD = Vl:ghi{l/)k(g) AT (h) AU (D)}
= l/)K(yyl3) A 7K(Zyl32y) A UK(IBZZ)
= P, (P) AT (BP) AT
=Y, () AT, (LD AT
=YD AT AT
=W AT AU forallk € {1,2,...,m}.

So, (Yo T oUx) = (W AT, AU,). Thatis YATAU < PoToU.
Conversely, suppose that (P, o 7 o U,) = (Y, AT, AU,), for m-PFLI , m-PFMI T and
m-PFRI U of D.Let H,I,] areleft, lateral and right ideal of D. Then by using Lemma 2, yy, x1, X,

the m- polar characteristic functions of H,I,J] are m-PFLI, m-PFMI and m-PFRI of D,
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respectively. Now, by our supposition

XHANXIANX) S Xu°X1°X)
XHn]n] < XHI] by Lemma 1.

Thus, H NI NJ < HIJ. Therefore by Theorem 5, D is intra-regular.
5. Comparative study

In the current section, we will describe a connection between this paper and previous papers
[34,35]. Shabir et al. [34] worked on m-PFIs and m-PFBIs for the characterizations of regular LA-
semigroups. Bashir et al. generalized [34] to [35]. We have extended this work to the structure of m-
PFIs of ternary semigroups, regular ternary semigroups and intra-regular ternary semigroups. Our
results are more general than the results in [34,35] because associative property does not hold in LA-
semigroup. For example let Y (ghi) = g is not an LA-semigroup but it is ternary semigroup. Also,
there are many structures that are not handled by binary multiplication but handled by ternary
multiplication, suchas Z~,R™ and Q™. To get rid of this difficulty, we operate the ternary operation,
and generalize all results in ternary semigroups. Hence, the technique used in this paper is more general
than previous.

6. Conclusions

The definition of an m-PF set is applied to the structure of ternary semigroups in this paper.
When data comes from m factors then m-PF set theory is used to deal such problems. We have
converted the basic algebraic structure of [34,35] to ternary semigroup by using m-PF set. A huge
number of uses and needs of ternary operation of m-PF set theory are given in this paper. Also, it is
proved that every m-polar fuzzy bi-ideal of ternary semigroup is an m-polar fuzzy generalized bi-
ideal of ternary semigroup but converse is not true in general shown by example. We have studied the
characterization of regular and intra-regular ternary semigroups by m-PFIs.

In future, we will apply this technique for gamma semigroups and near rings. Thus, the roughness
of m-PFIs of ternary semigroups, gamma semigroups and near-rings will be defined.
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