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1. Introduction and preliminaries

A set K ⊂ R is said to be convex, if ∀Θ,Ω ∈ K and τ ∈ [0, 1], we have

(1 − τ)Θ + τΩ ∈ K.

A function Φ : K → R is said to be convex, if ∀Θ,Ω ∈ K and τ ∈ [0, 1], we get

Φ((1 − τ)Θ + τΩ) ≤ (1 − τ)Φ(Θ) + τΦ(Ω).
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Theory of convexity has also played an important part in the development of theory of inequalities.
Several results in theory of inequalities are direct consequences of the applications of convexity.
Among these results one of the most extensively as well as intensively studied result is the Hermite-
Hadamard inequality. This result reads as:
Let Φ : I = [a1, a2] ⊆ R→ R be a convex function, then

Φ

(a1 + a2

2

)
≤

1
a2 − a1

a2∫
a1

Φ(Θ)dΘ ≤
Φ(a1) + Φ(a2)

2
.

In recent years, different approaches have been used in obtaining new versions of Hermite-Hadamard
inequality. Mohammed et al. [1] found new discrete inequalities of Hermite-Hadamard type for
convex functions. Mohammed et al. [2] established generalized Hermite-Hadamard inequalities via
the tempered fractional integrals. Mohammed et al. [3] obtained new fractional inequalities of
Hermite-Hadamard type involving the incomplete gamma functions. Rahman et al. [4] derived certain
fractional proportional integral inequalities via convex functions. Rahman et al. [5] give new bounds
of generalized proportional fractional integrals in general form via convex functions and presented
their applications. Sarikaya et al. [6] have used the approach of fractional calculus and obtained
fractional analogues of Hermite-Hadamard inequality. Since then a variety of different approaches
from fractional calculus have been used in obtaining fractional analogues of classical inequalities.
For instance, Budak and Agarwal [7] obtained new generalized fractional midpoint type inequalities.
Chu et al. [8] obtained new Simpson type of inequalities using Katugampola fractional integrals. Chu
et al. [9] new generalized fractional Hermite-Hadamard inequality using χk-Hilfer fractional integrals.
Kashuri et al. [10] obtained new generalized fractional integral identities and obtained new inequalities.
Liu et al. [11] obtained new Hermite-Hadamard type of inequalities via ψ-fractional integrals. Onalan
et al. [12] obtained fractional analogues of Hermite-Hadamard type integral inequalities via fractional
integral operators with Mittag-Leffler kernel. Talib and Awan [13] obtained some new estimates of
upper bounds for n-th order differentiable functions involving χ-Riemann-Liouville integrals via γ-
preinvex functions. Wu et al. [14] obtained estimates of upper bound for a k-th order differentiable
functions involving Riemann-Liouville integrals via higher order strongly h-preinvex functions. Wu
et al. [15] established some integral inequalities for n-polynomial ζ-preinvex functions. Zhang et
al. [16] obtained new k-fractional integral inequalities containing multi parameters via generalized
(s,m)-preinvexity property of the functions. Huang et al. [17] derived some inequalities of the
Hermite-Hadamard type via k-fractional conformable integrals. Rahman et al. [18] established certain
inequalities via generalized proportional Hadamard fractional integral operators. Rahman et al. [19]
obtained the Minkowski inequalities via generalized proportional fractional integral operators. For
some more details, see [20–25].

In recent years, several new extensions and generalizations of classical convex functions have been
defined in the literature. Chu et al. [8] introduced the notion of higher order strongly n-polynomial
convex function as follows:

Definition 1.1. [ [8]] A function Φ : K → R is said to be higher order strongly n-polynomial convex,
if ∀Θ,Ω ∈ K, τ ∈ [0, 1], and u, σ > 0, we have

Φ(τΘ + (1 − τ)Ω)
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≤
1
n

n∑
s=1

[1 − (1 − τ)s]Φ(Θ) +
1
n

n∑
s=1

[1 − τs]Φ(Ω) − u(τσ(1 − τ) + τ(1 − τ)σ)‖Ω − Θ‖σ.

Remark 1.1. Note that, if we take u = 0 in Definition 1.5, then we have the class of n-polynomial
convex functions introduced and studied by Toplu et al. [26]. If we take σ = 2 in Definition 1.5, then
we get the class of strongly n-polynomial convex functions. If we take n = 1 and σ = 2, then we obtain
the class of strongly convex functions [27].

Fractional calculus is an effective tool to explain physical phenomenas and also real world problems.
The concept of fractional order derivative and integrals that will shed light on some unknown points
about differential equations and solutions of some fractional order differential equations, which proved
to be useless for their solution, is a novelty in applied sciences as well as in mathematics. New
derivatives and integrals contribute to the solution of differential equations that are expressed and
solved in classical analysis, as well as fractional order derivatives and integrals. In addition, it has
increased its contribution to the literature with its applications in areas such as engineering, biostatistics
and mathematical biology. Fractional derivative and integral operators not only differed from each
other in terms of singularity, locality and kernels, but also brought innovations to fractional analysis in
terms of their usage areas and spaces. Baleanu et al. [28], investigated existence results for solutions of
a coupled system of hybrid boundary value problems with hybrid conditions. Khan et al. [29], analyzed
positive solution and Hyers-Ulam stability for a class of singular fractional differential equations
with p-Laplacian in Banach space. Khan et al. [30], give the existence and Hyers-Ulam stability
for a nonlinear singular fractional differential equations with Mittag-Leffler kernel. For more details
regarding fractional calculus and their applications, see [31–35].

Let us recall some basic concepts from fractional calculus which will be helpful in obtaining our
main results.

Definition 1.2. [36] Let Φ ∈ L1[a1, a2]. The Riemann-Liouville integrals Jνa1+Φ and Jνa2−
Φ of order

ν > 0 are defined by

Jνa1+Φ(Θ) =
1

Γ(ν)

Θ∫
a1

(Θ − τ)ν−1Φ(τ)dτ, Θ > a1,

and

Jνa2−
Φ(Θ) =

1
Γ(ν)

a2∫
Θ

(τ − Θ)ν−1Φ(τ)dτ, Θ < a2.

In 2015 Caputo and Fabrizio suggested a new operator with fractional order, this derivative is based on
the exponential kernel. Earlier this year 2016 Atangana and Baleanu developed another version which
used the generalized Mittag-Leffler function as non-local and non-singular kernel. Both operators
show some properties of filter. However, the Atangana and Baleanu version has in addition to this, all
properties of fractional derivative. This shown effectiveness and advantages of the Atangana-Baleanu
integral operators.

So, let see the following definitions about Atangana-Baleanu fractional derivatives and fractional
integrals that are given in [37–39], respectively.
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Definition 1.3. Let Φ ∈ H1(a1, a2) and not necessarily differentiable then, the definition of the new
fractional derivative (Atangana-Baleanu fractional derivative in Riemann-Liouville sense) is given as
follows:

ABR
a1

Dα
τΦ(τ) =

B(α)
1 − α

d
dτ

∫ τ

a1

Φ(Θ)Eα

[
−α

(τ − Θ)α

1 − α

]
dΘ, a2 > a1, α ∈ [0, 1],

where Eα(Θ) is the well-known Mittag-Leffler function.

Definition 1.4. Let Φ ∈ H1(a1, a2) then, the definition of the new fractional derivative (Atangana-
Baleanu derivative in Caputo sense) is given as:

ABC
a1

Dα
τΦ(τ) =

B(α)
1 − α

∫ τ

a1

Φ′(Θ)Eα

[
−α

(τ − Θ)α

1 − α

]
dΘ, a2 > a1, α ∈ [0, 1].

Here, B(α) > 0 is the normalization function which satisfies the condition B(0) = B(1) = 1. They
suggested that B(α) has the same properties as in Caputo and Fabrizio case. The above definitions are
very helpful to real world problem and also they have great advantages when Laplace transform is apply
to solve some physical problems. Since the normalization function B(α) is positive, it immediately
follows that the fractional Atangana-Baleanu integral of a positive function is positive. It should be
noted that, when the order α → 1, we recover the classical integral. Also, the initial function is
recovered whenever the fractional order α→ 0.

Definition 1.5. The left hand side fractional integral related to the new fractional derivative with
nonlocal kernel of a function Φ ∈ L1[a1, a2] is defined as follows:

AB
a1

IατΦ(τ) =
1 − α
B(α)

Φ(τ) +
α

B(α)Γ(α)

∫ τ

a1

Φ(Θ)(τ − Θ)α−1dΘ, a2 > a1, α ∈ [0, 1].

The right hand side of Atangana-Baleanu fractional integral is given as:

ABIαa2
Φ(τ) =

1 − α
B(α)

Φ(τ) +
α

B(α)Γ(α)

∫ a2

τ

Φ(Θ)(Θ − τ)α−1dΘ.

Here, Γ(α) is the gamma function.

For more details about Atangana-Baleanu fractional integral operators and their applications,
see [40–48].

Inspired by above results, the main motivation of this paper is to establish two new fractional
integral identities involving Atangana-Baleanu fractional integrals. Using these identities as auxiliary
results, we will derive new fractional counterparts of classical inequalities essentially using first and
second order differentiable higher order strongly n-polynomial convex functions. Furthermore, in
order to show the efficiency of our main results, we will offer applications for special means and
for differentiable functions of first and second order that are in absolute value bounded. Finally, some
conclusions and future research will be given.
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2. Atangana-Baleanu fractional integral identities

In this section, we derive two new fractional integral identities using Atangana-Baleanu fractional
integrals.

Lemma 2.1. Let Φ : [a1, a2] → R be a differentiable function on (a1, a2) with a1 < a2. If Φ′ ∈

L1[a1, a2], then for all Θ ∈ [a1, a2], we have

ABIαa2
{Φ(a1 + a2 − Θ)} + ABa1

Iατ {Φ(a1 + a2 − Θ)} −
Φ(a1 + a2 − Θ)
B(α)Γ(α)

[(Θ − a1)α + (a2 − Θ)α + 2(1 − α)Γ(α)]

=
1

B(α)Γ(α)

[
(Θ − a1)α+1

∫ 1

0
(1 − τα)Φ′(τa2 + (1 − τ)(a1 + a2 − Θ))dτ

+ (a2 − Θ)α+1
∫ 1

0
(τα − 1)Φ′(τa1 + (1 − τ)(a1 + a2 − Θ))dτ

]
.

Proof. Integrating by parts, we have∫ 1

0
(1 − τα)Φ′(τa2 + (1 − τ)(a1 + a2 − Θ))dτ

= −
Φ(a1 + a2 − Θ)

Θ − a1
+

α

Θ − a1

∫ 1

0
τα−1Φ(τa2 + (1 − τ)(a1 + a2 − Θ))dτ

= −
Φ(a1 + a2 − Θ)

Θ − a1
+

α

(Θ − a1)α+1

∫ a2

a1+a2−Θ

(u − (a1 + a2 − Θ))α−1Φ(u)du.

Multiplying both sides of the last inequality by 1
B(α)Γ(α) , and then adding the term 1−α

B(α)Φ(a1 + a2 − Θ),
we get

(Θ − a1)α+1

B(α)Γ(α)

∫ 1

0
(1 − τα)Φ′(τa2 + (1 − τ)(a1 + a2 − Θ))dτ +

1 − α
B(α)

Φ(a1 + a2 − Θ)

= −
(Θ − a1)α

B(α)Γ(α)
Φ(a1 + a2 − Θ) +

α

B(α)Γ(α)

∫ a2

a1+a2−Θ

(u − (a1 + a2 − Θ))α−1Φ(u)du

+
1 − α
B(α)

Φ(a1 + a2 − Θ)

= −
(Θ − a1)α

B(α)Γ(α)
Φ(a1 + a2 − Θ) + ABIαa2

{Φ(a1 + a2 − Θ)}. (2.1)

Similarly, we have

(a2 − Θ)α+1

B(α)Γ(α)

∫ 1

0
(τα − 1)Φ′(τa1 + (1 − τ)(a1 + a2 − Θ))dτ +

1 − α
B(α)

Φ(a1 + a2 − Θ)

= −
(a2 − Θ)α

B(α)Γ(α)
Φ(a1 + a2 − Θ) + ABa1

Iαa1+a2−Θ{Φ(a1 + a2 − Θ)}. (2.2)

By the identities (2.1) and (2.2), we obtain the required result. �
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Remark 2.1. Taking α = 1 in Lemma 2.1, we get the following identity:

1
a2 − a1

∫ a2

a1

Φ(Θ)dΘ − Φ(a1 + a2 − Θ)

=
1

a2 − a1

[
(Θ − a1)2

∫ 1

0
(1 − τ)Φ′(τa2 + (1 − τ)(a1 + a2 − Θ))dτ

+ (a2 − Θ)2
∫ 1

0
(τ − 1)Φ′(τa1 + (1 − τ)(a1 + a2 − Θ))dτ

]
.

Lemma 2.2. Let Φ : [a1, a2] → R be a twice differentiable function on (a1, a2) with a1 < a2. If
Φ′′ ∈ L1[a1, a2], then for all Θ ∈ [a1, a2], we have

Φ′(a1 + a2 − Θ)
(α + 1)B(α)Γ(α)

[(a2 − Θ)α+1 − (Θ − a1)α+1] − [ABIαa2
{Φ(a1 + a2 − Θ)} + ABa1

Iαa1+a2−Θ{Φ(a1 + a2 − Θ)}]

+
2(1 − α)
B(α)

Φ(a1 + a2 − Θ) +
1

B(α)Γ(α)
[(Θ − a1)αΦ(a2) + (a2 − Θ)αΦ(a1)]

=
1

(α + 1)B(α)Γ(α)

[
(Θ − a1)α+2

∫ 1

0
(1 − τα+1)Φ′′(τa2 + (1 − τ)(a1 + a2 − Θ))dτ

− (a2 − Θ)α+2
∫ 1

0
(τα+1 − 1)Φ′′(τa1 + (1 − τ)(a1 + a2 − Θ))dτ

]
. (2.3)

Proof. Consider the right hand side of 2.3, we have

I :=
1

(α + 1)B(α)Γ(α)

[
(Θ − a1)α+2

∫ 1

0
(1 − τα+1)Φ′′(τa2 + (1 − τ)(a1 + a2 − Θ))dτ

− (a2 − Θ)α+2
∫ 1

0
(τα+1 − 1)Φ′′(τa1 + (1 − τ)(a1 + a2 − Θ))dτ

]
=

1
(α + 1)B(α)Γ(α)

[(Θ − a1)α+2I1 − (a2 − Θ)α+2I2], (2.4)

where

I1 :=
∫ 1

0
(1 − τα+1)Φ′′(τa2 + (1 − τ)(a1 + a2 − Θ))dτ

= −
Φ′(a1 + a2 − Θ)

Θ − a1
+
α + 1
Θ − a1

∫ 1

0
ταΦ′(τa2 + (1 − τ)(a1 + a2 − Θ))dτ

= −
Φ′(a1 + a2 − Θ)

Θ − a1
+

α + 1
(Θ − a1)

[
Φ(a2)
Θ − a1

−
α

(Θ − a1)

∫ 1

0
τα−1Φ(τa2 + (1 − τ)(a1 + a2 − Θ))dτ

]
= −

Φ′(a1 + a2 − Θ)
Θ − a1

+
(α + 1)Φ(a2)

(Θ − a1)2 −
α(α + 1)
(Θ − a1)2

∫ 1

0
τα−1Φ(τa2 + (1 − τ)(a1 + a2 − Θ))dτ

= −
Φ′(a1 + a2 − Θ)

Θ − a1
+

(α + 1)Φ(a2)
(Θ − a1)2 +

(1 + α)Γ(α)Φ(a1 + a2 − Θ)
(Θ − a1)α+2

−
(1 + α)B(α)Γ(α)

(Θ − a1)α+2
ABIαa2

{Φ(a1 + a2 − Θ)}.
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Similarly, we get

I2 :=
∫ 1

0
(τα+1 − 1)Φ′′(τa1 + (1 − τ)(a1 + a2 − Θ))dτ

= −
Φ′(a1 + a2 − Θ)

a2 − Θ
−

(α + 1)Φ(a1)
(a2 − Θ)2 −

(1 + α)Γ(α)Φ(a1 + a2 − Θ)
(a2 − Θ)α+2

+
(1 + α)B(α)Γ(α)

(a2 − Θ)α+2
AB
a1

Iαa1+a2−Θ{Φ(a1 + a2 − Θ)}.

By substituting the values of I1 and I2 in 2.4, we obtain our required result. �

Remark 2.2. Taking α = 1 in Lemma 2.2, we get the following identity:

Φ′(a1 + a2 − Θ)[(a2 − Θ)2 − (Θ − a1)2] + 2[(Θ − a1)Φ(a2) + (a2 − Θ)Φ(a1)] − 2
∫ a2

a1

Φ(Θ)dΘ

=

[
(Θ − a1)3

∫ 1

0
(1 − τ2)Φ′′(τa2 + (1 − τ)(a1 + a2 − Θ))dτ

− (a2 − Θ)3
∫ 1

0
(τ2 − 1)Φ′′(τa1 + (1 − τ)(a1 + a2 − Θ))dτ

]
.

3. Inequalities involving Atangana-Baleanu fractional integrals

In this section, we discuss our main results.

Theorem 3.1. Let Φ : [a1, a2] → R be a differentiable function on (a1, a2) with 0 ≤ a1 < a2. If |Φ′|q is
higher order strongly n-polynomial convex on [a1, a2] for q > 1 and 1

p + 1
q = 1, then for all Θ ∈ [a1, a2]

the following inequality for fractional integrals holds:∣∣∣∣∣ABIαa2
{Φ(a1 + a2 − Θ)} + ABa1

Iατ {Φ(a1 + a2 − Θ)} −
Φ(a1 + a2 − Θ)
B(α)Γ(α)

[(Θ − a1)α + (a2 − Θ)α + 2(1 − α)Γ(α)]
∣∣∣∣∣

≤
1

B(α)Γ(α)

(
αp

αp + 1

) 1
p

(Θ − a1)α+1

1
n

n∑
s=1

s
s + 1

(|Φ′(a2)|q + |Φ′(a1 + a2 − Θ)|q) −
2u‖Θ − a1‖

σ

(σ + 1)(σ + 2)


1
q

+(a2 − Θ)α+1

1
n

n∑
s=1

s
s + 1

(|Φ′(a1)|q + |Φ′(a1 + a2 − Θ)|q) −
2u‖a2 − Θ‖σ

(σ + 1)(σ + 2)


1
q
 .

Proof. It is evident that ∫ 1

0
[1 − (1 − τ)s]dτ =

∫ 1

0
[1 − τs]dτ =

s
s + 1

.

Applying Lemma 2.1 and properties of modulus, we have∣∣∣∣∣ABIαa2
{Φ(a1 + a2 − Θ)} + ABa1

Iατ {Φ(a1 + a2 − Θ)} −
Φ(a1 + a2 − Θ)
B(α)Γ(α)

[(Θ − a1)α + (a2 − Θ)α + 2(1 − α)Γ(α)]
∣∣∣∣∣

≤
1

B(α)Γ(α)

[
(Θ − a1)α+1

∫ 1

0
|1 − τα||Φ′(τa2 + (1 − τ)(a1 + a2 − Θ))|dτ
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+ (a2 − Θ)α+1
∫ 1

0
|τα − 1||Φ′(τa1 + (1 − τ)(a1 + a2 − Θ))|dτ

]
.

Using Hölder’s inequality and higher order strongly n-polynomial convexity of |Φ′|q, we get∫ 1

0
|1 − τα||Φ′(τa2 + (1 − τ)(a1 + a2 − Θ))|dτ

≤

(∫ 1

0
|1 − τα|pdτ

) 1
p
(∫ 1

0
|Φ′(τa2 + (1 − τ)(a1 + a2 − Θ))|qdτ

) 1
q

≤

(∫ 1

0
(1 − ταp)dτ

) 1
p
∫ 1

0

1
n

n∑
s=1

[1 − (1 − τ)s]|Φ′(a2)|q +
1
n

n∑
s=1

[1 − τs]|Φ′(a1 + a2 − Θ)|q

−u(τσ(1 − τ) + τ(1 − τ)σ)‖Θ − a1‖
σ] dτ)

1
q

=

(
αp

αp + 1

) 1
p
1
n

n∑
s=1

s
s + 1

(|Φ′(a2)|q + |Φ′(a1 + a2 − Θ)|q) −
2u‖Θ − a1‖

σ

(σ + 1)(σ + 2)


1
q

. (3.1)

Here, we use

(A − B)q ≤ Aq − Bq

for any A > B ≥ 0 and q ≥ 1.
Similarly, we have∫ 1

0
|τα − 1||Φ′(τa1 + (1 − τ)(a1 + a2 − Θ))|dτ

≤

(
αp

αp + 1

) 1
p
1
n

n∑
s=1

s
s + 1

(|Φ′(a1)|q + |Φ′(a1 + a2 − Θ)|q) −
2u‖a2 − Θ‖σ

(σ + 1)(σ + 2)


1
q

. (3.2)

By the inequalities (3.1) and (3.2), we obtain required result. �

Corollary 3.1. Taking α = 1 in Theorem 3.1 and using Remark 2.1, we have∣∣∣∣∣∣Φ(a1 + a2 − Θ) −
1

a2 − a1

∫ a2

a1

Φ(Θ)dΘ

∣∣∣∣∣∣
≤

1
a2 − a1

(
p

p + 1

) 1
p

(Θ − a1)2

1
n

n∑
s=1

s
s + 1

(|Φ′(a2)|q + |Φ′(a1 + a2 − Θ)|q) −
2u‖Θ − a1‖

σ

(σ + 1)(σ + 2)


1
q

+(a2 − Θ)2

1
n

n∑
s=1

s
s + 1

(|Φ′(a1)|q + |Φ′(a1 + a2 − Θ)|q) −
2u‖a2 − Θ‖σ

(σ + 1)(σ + 2)


1
q
 .

Corollary 3.2. Taking u→ 0+ in Theorem 3.1, we have∣∣∣∣∣ABIαa2
{Φ(a1 + a2 − Θ)} + ABa1

Iατ {Φ(a1 + a2 − Θ)} −
Φ(a1 + a2 − Θ)
B(α)Γ(α)

[(Θ − a1)α + (a2 − Θ)α + 2(1 − α)Γ(α)]
∣∣∣∣∣
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≤
1

B(α)Γ(α)

(
αp

αp + 1

) 1
p

(Θ − a1)α+1

1
n

n∑
s=1

s
s + 1

(|Φ′(a2)|q + |Φ′(a1 + a2 − Θ)|q)


1
q

+(a2 − Θ)α+1

1
n

n∑
s=1

s
s + 1

(|Φ′(a1)|q + |Φ′(a1 + a2 − Θ)|q


1
q
 .

Corollary 3.3. Under assumptions of Theorem 3.1 with Θ = a1+a2
2 , we have the following inequality∣∣∣∣∣∣∣∣ABIαa2

Φ

(a1 + a2

2

)
+ ABa1

Iα( a1+a2
2 )Φ

(a1 + a2

2

)
− 2

Φ
(

a1+a2
2

)
B(α)Γ(α)

[(a2 − a1

2

)α
+ (1 − α)Γ(α)

]∣∣∣∣∣∣∣∣
≤

1
B(α)Γ(α)

(
αp

αp + 1

) 1
p (a2 − a1

2

)α+1


1
n

n∑
s=1

s
s + 1

(
|Φ′(a2)|q + |Φ′

(a1 + a2

2

)
|q
)
−

2u‖
(

a2−a1
2

)
‖σ

(σ + 1)(σ + 2)


1
q

+

1
n

n∑
s=1

s
s + 1

(
|Φ′(a1)|q + |Φ′

(a1 + a2

2

)
|q
)
−

2u‖
(

a2−a1
2

)
‖σ

(σ + 1)(σ + 2)


1
q
 .

Theorem 3.2. Let Φ : [a1, a2] → R be a differentiable function on (a1, a2) with 0 ≤ a1 < a2. If |Φ′|q is
higher order strongly n-polynomial convex on [a1, a2] for q ≥ 1, then for all Θ ∈ [a1, a2] the following
inequality for fractional integrals holds:∣∣∣∣∣ABIαa2

{Φ(a1 + a2 − Θ)} + ABa1
Iατ {Φ(a1 + a2 − Θ)} −

Φ(a1 + a2 − Θ)
B(α)Γ(α)

[(Θ − a1)α + (a2 − Θ)α + 2(1 − α)Γ(α)]
∣∣∣∣∣

≤
1

B(α)Γ(α)

(
α

α + 1

)1− 1
q

(Θ − a1)α+1

 |Φ′(a2)|q

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
Γ(1 + s)Γ(1 + α)

Γ(2 + s + α)

)
+
|Φ′(a1 + a2 − Θ)|q

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
1

α + s + 1

)

−u‖Θ − a1‖
σ

(
1

(σ + 1)(σ + 2)
−

1
(1 + α + σ)(2 + α + σ)

−
Γ(2 + α)Γ(1 + σ)

Γ(3 + α + σ)

)] 1
q

+ (a2 − Θ)α+1

 |Φ′(a1)|q

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
Γ(1 + s)Γ(1 + α)

Γ(2 + s + α)

)
+
|Φ′(a1 + a2 − Θ)|q

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
1

α + s + 1

)

−u‖a2 − Θ‖σ
(

1
(σ + 1)(σ + 2)

−
1

(1 + α + σ)(2 + α + σ)
−

Γ(2 + α)Γ(1 + σ)
Γ(3 + α + σ)

)] 1
q
 .

Proof. From Lemma 2.1, properties of modulus and power mean inequality, we have∣∣∣∣∣ABIαa2
{Φ(a1 + a2 − Θ)} + ABa1

Iατ {Φ(a1 + a2 − Θ)} −
Φ(a1 + a2 − Θ)
B(α)Γ(α)

[(Θ − a1)α + (a2 − Θ)α + 2(1 − α)Γ(α)]
∣∣∣∣∣
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≤
1

B(α)Γ(α)

[
(Θ − a1)α+1

∫ 1

0
|1 − τα||Φ′(τa2 + (1 − τ)(a1 + a2 − Θ))|dτ

+ (a2 − Θ)α+1
∫ 1

0
|τα − 1||Φ′(τa1 + (1 − τ)(a1 + a2 − Θ))|dτ

]
≤

1
B(α)Γ(α)

(Θ − a1)α+1
(∫ 1

0
|1 − τα|dτ

)1− 1
q
(∫ 1

0
|1 − τα||Φ′(τa2 + (1 − τ)(a1 + a2 − Θ))|qdτ

) 1
q

+(a2 − Θ)α+1
(∫ 1

0
|τα − 1|dτ

)1− 1
q
(∫ 1

0
|τα − 1||Φ′(τa1 + (1 − τ)(a1 + a2 − Θ))|qdτ

) 1
q
 .

Using the higher order strongly n-polynomial convexity of |Φ′|q, we get∫ 1

0
|1 − τα||Φ′(τa2 + (1 − τ)(a1 + a2 − Θ))|dτ

≤

∫ 1

0
(1 − τα)

[
1
n

n∑
s=1

[1 − (1 − τ)s]|Φ′(a2)|q

+
1
n

n∑
s=1

[1 − τs]|Φ′(a1 + a2 − Θ)|q − u(τσ(1 − τ) + τ(1 − τ)σ)‖Θ − a1‖
σ

]
dτ

=
|Φ′(a2)|q

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
Γ(1 + s)Γ(1 + α)

Γ(2 + s + α)

)
+
|Φ′(a1 + a2 − Θ)|q

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
1

α + s + 1

)
− u‖Θ − a1‖

σ

(
1

(σ + 1)(σ + 2)
−

1
(1 + α + σ)(2 + α + σ)

−
Γ(2 + α)Γ(1 + σ)

Γ(3 + α + σ)

)
. (3.3)

Similarly, we have∫ 1

0
|τα − 1||Φ′(τa1 + (1 − τ)(a1 + a2 − Θ))|dτ

≤

∫ 1

0
(τα − 1)

[
1
n

n∑
s=1

[1 − (1 − τ)s]|Φ′(a1)|q

+
1
n

n∑
s=1

[1 − τs]|Φ′(a1 + a2 − Θ)|q − u(τσ(1 − τ) + τ(1 − τ)σ)‖a2 − Θ‖σ
]
dτ

=
|Φ′(a1)|q

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
Γ(1 + s)Γ(1 + α)

Γ(2 + s + α)

)
+
|Φ′(a1 + a2 − Θ)|q

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
1

α + s + 1

)
− u‖a2 − Θ‖σ

(
1

(σ + 1)(σ + 2)
−

1
(1 + α + σ)(2 + α + σ)

−
Γ(2 + α)Γ(1 + σ)

Γ(3 + α + σ)

)
. (3.4)

By the inequalities (3.3) and (3.4), we obtain required result. �
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Corollary 3.4. Taking α = 1 in Theorem 3.2 and using Remark 2.1, we have∣∣∣∣∣∣Φ(a1 + a2 − Θ) −
1

a2 − a1

∫ a2

a1

Φ(Θ)dΘ

∣∣∣∣∣∣
≤

1
a2 − a1

(
1
2

)1− 1
q
(Θ − a1)2

 |Φ′(a2)|q

n

n∑
s=1

(
s

s + 1
−

1
2

+
Γ(s + 1)
Γ(s + 3)

)
+
|Φ′(a1 + a2 − Θ)|q

n

n∑
s=1

(
s

s + 1
−

1
2

+
1

s + 2

)

−u‖Θ − a1‖
σ

(
1

(σ + 1)(σ + 2)
−

1
(2 + σ)(3 + σ)

−
2Γ(1 + σ)
Γ(4 + σ)

)] 1
q

+ (a2 − Θ)2

 |Φ′(a1)|q

n

n∑
s=1

(
s

s + 1
−

1
2

+
Γ(s + 1)
Γ(s + 3)

)
+
|Φ′(a1 + a2 − Θ)|q

n

n∑
s=1

(
s

s + 1
−

1
2

+
1

s + 2

)

−u‖a2 − Θ‖σ
(

1
(σ + 1)(σ + 2)

−
1

(2 + σ)(3 + σ)
−

2Γ(1 + σ)
Γ(4 + σ)

)] 1
q
 .

Corollary 3.5. Taking u→ 0+ in Theorem 3.2, we have∣∣∣∣∣ABIαa2
{Φ(a1 + a2 − Θ)} + ABa1

Iατ {Φ(a1 + a2 − Θ)} −
Φ(a1 + a2 − Θ)
B(α)Γ(α)

[(Θ − a1)α + (a2 − Θ)α + 2(1 − α)Γ(α)]
∣∣∣∣∣

≤
1

B(α)Γ(α)

(
α

α + 1

)1− 1
q

(Θ − a1)α+1

 |Φ′(a2)|q

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
Γ(1 + s)Γ(1 + α)

Γ(2 + s + α)

)

+
|Φ′(a1 + a2 − Θ)|q

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
1

α + s + 1

)
1
q

+(a2 − Θ)α+1

 |Φ′(a1)|q

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
Γ(1 + s)Γ(1 + α)

Γ(2 + s + α)

)

+
|Φ′(a1 + a2 − Θ)|q

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
1

α + s + 1

)
1
q
 .

Corollary 3.6. Under assumptions of Theorem 3.2 with Θ = a1+a2
2 , we have the following inequality∣∣∣∣∣∣∣∣ABIαa2

Φ

(a1 + a2

2

)
+ ABa1

Iα( a1+a2
2 )Φ

(a1 + a2

2

)
− 2

Φ
(

a1+a2
2

)
B(α)Γ(α)

[(a2 − a1

2

)α
+ (1 − α)Γ(α)

]∣∣∣∣∣∣∣∣
≤

1
B(α)Γ(α)

(
α

α + 1

)1− 1
q
(a2 − a1

2

)α+1
 |Φ′(a2)|q

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
Γ(1 + s)Γ(1 + α)

Γ(2 + s + α)

)

+
|Φ′

(
a1+a2

2

)
|q

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
1

α + s + 1

)
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−u
∥∥∥∥∥(a2 − a1

2

)∥∥∥∥∥σ (
1

(σ + 1)(σ + 2)
−

1
(1 + α + σ)(2 + α + σ)

−
Γ(2 + α)Γ(1 + σ)

Γ(3 + α + σ)

)] 1
q

+

 |Φ′(a1)|q

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
Γ(1 + s)Γ(1 + α)

Γ(2 + s + α)

)

+
|Φ′

(
a1+a2

2

)
|q

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
1

α + s + 1

)

−u
∥∥∥∥∥(a2 − a1

2

)∥∥∥∥∥σ (
1

(σ + 1)(σ + 2)
−

1
(1 + α + σ)(2 + α + σ)

−
Γ(2 + α)Γ(1 + σ)

Γ(3 + α + σ)

)] 1
q
 .

Theorem 3.3. Let Φ : [a1, a2] → R be a twice differentiable function on (a1, a2) with 0 ≤ a1 < a2. If
|Φ′′|q is higher order strongly n-polynomial convex on [a1, a2] for q > 1 and 1

p + 1
q = 1, then for all

Θ ∈ [a1, a2] the following inequality for fractional integrals holds:∣∣∣∣∣ Φ′(a1 + a2 − Θ)
(α + 1)B(α)Γ(α)

[(a2 − Θ)α+1 − (Θ − a1)α+1] − [ABIαa2
{Φ(a1 + a2 − Θ)} + ABa1

Iαa1+a2−Θ{Φ(a1 + a2 − Θ)}]

+
2(1 − α)
B(α)

Φ(a1 + a2 − Θ) +
1

B(α)Γ(α)
[(Θ − a1)αΦ(a2) + (a2 − Θ)αΦ(a1)]

∣∣∣∣∣
≤

1
(α + 1)B(α)Γ(α)

(
p(α + 1)

p(α + 1) + 1

) 1
p
(Θ − a1)α+2

1
n

n∑
s=1

s
s + 1

(|Φ′′(a2)|q + |Φ′′(a1 + a2 − Θ)|q)

−
2u‖Θ − a1‖

σ

(σ + 1)(σ + 2)

) 1
q

+ (a2 − Θ)α+2

1
n

n∑
s=1

s
s + 1

(|Φ′′(a1)|q + |Φ′′(a1 + a2 − Θ)|q) −
2u‖a2 − Θ‖σ

(σ + 1)(σ + 2)


1
q
 ,

where 1
p + 1

q = 1.

Proof. Applying the Lemma 2.2 and properties of modulus, we have∣∣∣∣∣ Φ′(a1 + a2 − Θ)
(α + 1)B(α)Γ(α)

[(a2 − Θ)α+1 − (Θ − a1)α+1] − [ABIαa2
{Φ(a1 + a2 − Θ)} + ABa1

Iαa1+a2−Θ{Φ(a1 + a2 − Θ)}]

+
2(1 − α)
B(α)

Φ(a1 + a2 − Θ) +
1

B(α)Γ(α)
[(Θ − a1)αΦ(a2) + (a2 − Θ)αΦ(a1)]

∣∣∣∣∣
≤

1
(α + 1)B(α)Γ(α)

[
(Θ − a1)α+2

∫ 1

0
|1 − τα+1||Φ′′(τa2 + (1 − τ)(a1 + a2 − Θ))|dτ

+ (a2 − Θ)α+2
∫ 1

0
|τα+1 − 1||Φ′′(τa1 + (1 − τ)(a1 + a2 − Θ))|dτ

]
.

Using Hölder’s inequality and higher order strongly n-polynomial convexity of |Φ′′|q, we get∫ 1

0
|1 − τα+1||Φ′′(τa2 + (1 − τ)(a1 + a2 − Θ))|dτ

≤

(∫ 1

0
|1 − τα+1|pdτ

) 1
p
(∫ 1

0
|Φ′′(τa2 + (1 − τ)(a1 + a2 − Θ))|qdτ

) 1
q
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≤

(∫ 1

0
(1 − τ(α+1)p)dτ

) 1
p
∫ 1

0

1
n

n∑
s=1

[1 − (1 − τ)s]|Φ′′(a2)|q +
1
n

n∑
s=1

[1 − τs]|Φ′′(a1 + a2 − Θ)|q

−u(τσ(1 − τ) + τ(1 − τ)σ)‖Θ − a1‖
σ] dτ)

1
q

=

(
(α + 1)p

(α + 1)p + 1

) 1
p
1
n

n∑
s=1

s
s + 1

(|Φ′′(a2)|q + |Φ′′(a1 + a2 − Θ)|q) −
2u‖Θ − a1‖

σ

(σ + 1)(σ + 2)


1
q

. (3.5)

Here, we use

(A − B)q ≤ Aq − Bq

for any A > B ≥ 0 and q ≥ 1.
Similarly, we have∫ 1

0
|τα+1 − 1||Φ′′(τa1 + (1 − τ)(a1 + a2 − Θ))|dτ

≤

(
(α + 1)p

(α + 1)p + 1

) 1
p
1
n

n∑
s=1

s
s + 1

(|Φ′′(a1)|q + |Φ′′(a1 + a2 − Θ)|q) −
2u‖a2 − Θ‖σ

(σ + 1)(σ + 2)


1
q

. (3.6)

By the inequalities (3.5) and (3.6), we obtain required result. �

Corollary 3.7. Taking α = 1 in Theorem 3.3 and using Remark 2.2, we have∣∣∣∣∣∣Φ′(a1 + a2 − Θ)[(a2 − Θ)2 − (Θ − a1)2] + 2[(Θ − a1)Φ(a2) + (a2 − Θ)Φ(a1)] − 2
∫ a2

a1

Φ(Θ)dΘ

∣∣∣∣∣∣
≤

(
2p

2p + 1

) 1
p
(Θ − a1)3

1
n

n∑
s=1

s
s + 1

(|Φ′′(a2)|q + |Φ′′(a1 + a2 − Θ)|q)

−
2u‖Θ − a1‖

σ

(σ + 1)(σ + 2)

) 1
q

+ (a2 − Θ)3

1
n

n∑
s=1

s
s + 1

(|Φ′′(a1)|q + |Φ′′(a1 + a2 − Θ)|q) −
2u‖a2 − Θ‖σ

(σ + 1)(σ + 2)


1
q
 .

Corollary 3.8. Taking u→ 0+ in Theorem 3.3, we have∣∣∣∣∣ Φ′(a1 + a2 − Θ)
(α + 1)B(α)Γ(α)

[(a2 − Θ)α+1 − (Θ − a1)α+1] − [ABIαa2
{Φ(a1 + a2 − Θ)} + ABa1

Iαa1+a2−Θ{Φ(a1 + a2 − Θ)}]

+
2(1 − α)
B(α)

Φ(a1 + a2 − Θ) +
1

B(α)Γ(α)
[(Θ − a1)αΦ(a2) + (a2 − Θ)αΦ(a1)]

∣∣∣∣∣
≤

1
(α + 1)B(α)Γ(α)

(
p(α + 1)

p(α + 1) + 1

) 1
p

(Θ − a1)2α+3

1
n

n∑
s=1

s
s + 1

(|Φ′′(a2)|q + |Φ′′(a1 + a2 − Θ)|q)


1
q

+(a2 − Θ)2α+3

1
n

n∑
s=1

s
s + 1

(|Φ′′(a1)|q + |Φ′′(a1 + a2 − Θ)|q)


1
q
 .
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Corollary 3.9. Under assumptions of Theorem 3.3 with Θ = a1+a2
2 , we have the following inequality∣∣∣∣∣2(1 − α)

B(α)
Φ

(a1 + a2

2

)
−

[
ABIαa2

{
Φ

(a1 + a2

2

)}
+ ABa1

Iα( a1+a2
2 )

{
Φ

(a1 + a2

2

)}]
+

(a2 − a1)α

2αB(α)Γ(α)
[Φ(a1) + Φ(a2)]

∣∣∣∣∣
≤

1
(α + 1)B(α)Γ(α)

(
p(α + 1)

p(α + 1) + 1

) 1
p
(a2 − a1

2

)α+2
1
n

n∑
s=1

s
s + 1

(
|Φ′′(a2)|q +

∣∣∣∣∣Φ′′ (a1 + a2

2

)∣∣∣∣∣q)

−
2u‖a2 − a1‖

σ

(σ + 1)(σ + 2)

) 1
q

+

(a2 − a1

2

)α+2
1
n

n∑
s=1

s
s + 1

(
|Φ′′(a1)|q +

∣∣∣∣∣Φ′′ (a1 + a2

2

)∣∣∣∣∣q) − 2u‖a2 − Θ‖σ

(σ + 1)(σ + 2)


1
q
 .

Theorem 3.4. Let Φ : [a1, a2]→ R be a differentiable function on (a1, a2) with 0 ≤ a1 < a2. If |Φ′′|q is
higher order strongly n-polynomial convex on [a1, a2] for q ≥ 1, then for all Θ ∈ [a1, a2] the following
inequality for fractional integrals holds:∣∣∣∣∣ Φ′(a1 + a2 − Θ)

(α + 1)B(α)Γ(α)
[(a2 − Θ)α+1 − (Θ − a1)α+1] − [ABIαa2

{Φ(a1 + a2 − Θ)} + ABa1
Iαa1+a2−Θ{Φ(a1 + a2 − Θ)}]

+
2(1 − α)
B(α)

Φ(a1 + a2 − Θ) +
1

B(α)Γ(α)
[(Θ − a1)αΦ(a2) + (a2 − Θ)αΦ(a1)]

∣∣∣∣∣
≤

1
(α + 1)B(α)Γ(α)

(
α + 1
α + 2

)1− 1
q
(Θ − a1)α+2

 |Φ′′(a2)|q

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

Γ(1 + s)Γ(2 + α)
Γ(3 + s + α)

)
+
|Φ′′(a1 + a2 − Θ)|q

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

1
2 + s + α

)

−u‖Θ − a1‖
σ

(
2

(1 + σ)(2 + σ)
−

1
(2 + α + σ)(3 + α + σ)

−
Γ(3 + α)Γ(1 + σ)

Γ(4 + α + σ)

)) 1
q

+ (a2 − Θ)α+2

 |Φ′′(a1)|q

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

Γ(1 + s)Γ(2 + α)
Γ(3 + s + α)

)
+
|Φ′′(a1 + a2 − Θ)|q

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

1
2 + s + α

)

−u‖a2 − Θ‖σ
(

2
(1 + σ)(2 + σ)

−
1

(2 + α + σ)(3 + α + σ)
−

Γ(3 + α)Γ(1 + σ)
Γ(4 + α + σ)

)) 1
q
 .

Proof. Using Lemma 2.2 and the property of modulus, we have∣∣∣∣∣ Φ′(a1 + a2 − Θ)
(α + 1)B(α)Γ(α)

[(a2 − Θ)α+1 − (Θ − a1)α+1] − [ABIαa2
{Φ(a1 + a2 − Θ)} + ABa1

Iαa1+a2−Θ{Φ(a1 + a2 − Θ)}]

+
2(1 − α)
B(α)

Φ(a1 + a2 − Θ) +
1

B(α)Γ(α)
[(Θ − a1)αΦ(a2) + (a2 − Θ)αΦ(a1)]

∣∣∣∣∣
≤

1
(α + 1)B(α)Γ(α)

[
(Θ − a1)α+2

∫ 1

0
|1 − τα+1||Φ′′(τa2 + (1 − τ)(a1 + a2 − Θ))|dτ

+ (a2 − Θ)α+2
∫ 1

0
|τα+1 − 1||Φ′′(τa1 + (1 − τ)(a1 + a2 − Θ))|dτ

]
.
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Using power mean inequality and the higher order strongly n-polynomial convexity of |Φ′′|q, we get∫ 1

0
|1 − τα+1||Φ′′(τa2 + (1 − τ)(a1 + a2 − Θ))|dτ

≤

(∫ 1

0
|1 − τα+1|dτ

) 1
p
(∫ 1

0
(1 − τα+1)|Φ′′(τa2 + (1 − τ)(a1 + a2 − Θ))|qdτ

) 1
q

≤

(
α + 1
α + 2

) 1
p
∫ 1

0
(1 − τα+1)

1
n

n∑
s=1

[1 − (1 − τ)s]|Φ′′(a2)|q

+
1
n

n∑
s=1

[1 − τs]|Φ′′(a1 + a2 − Θ)|q − u(τσ(1 − τ) + τ(1 − τ)σ)‖Θ − a1‖
σ

 dτ


1
q

=

(
α + 1
α + 2

) 1
p
 |Φ′′(a2)|q

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

Γ(1 + s)Γ(2 + α)
Γ(3 + s + α)

)
+
|Φ′′(a1 + a2 − Θ)|q

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

1
2 + s + α

)

−u‖Θ − a1‖
σ

(
2

(1 + σ)(2 + σ)
−

1
(2 + α + σ)(3 + α + σ)

−
Γ(3 + α)Γ(1 + σ)

Γ(4 + α + σ)

)) 1
q

. (3.7)

Similarly, we have∫ 1

0
|τα+1 − 1||Φ′′(τa1 + (1 − τ)(a1 + a2 − Θ))|dτ

=

(
α + 1
α + 2

) 1
p
 |Φ′′(a1)|q

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

Γ(1 + s)Γ(2 + α)
Γ(3 + s + α)

)
+
|Φ′′(a1 + a2 − Θ)|q

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

1
2 + s + α

)

−u‖a2 − Θ‖σ
(

2
(1 + σ)(2 + σ)

−
1

(2 + α + σ)(3 + α + σ)
−

Γ(3 + α)Γ(1 + σ)
Γ(4 + α + σ)

)) 1
q

. (3.8)

By the inequalities (3.7) and (3.8), we obtain required result. �

Corollary 3.10. Taking α = 1 in Theorem 3.4 and using Remark 2.2, we have∣∣∣∣∣∣Φ′(a1 + a2 − Θ)[(a2 − Θ)2 − (Θ − a1)2] + 2[(Θ − a1)Φ(a2) + (a2 − Θ)Φ(a1)] − 2
∫ a2

a1

Φ(Θ)dΘ

∣∣∣∣∣∣
≤

(
2
3

)1− 1
q
(Θ − a1)3

 |Φ′′(a2)|q

n

n∑
s=1

(
2
3
−

1
1 + s

+
2Γ(1 + s)
Γ(4 + s)

)
+
|Φ′′(a1 + a2 − Θ)|q

n

n∑
s=1

(
2
3
−

1
1 + s

+
1

3 + s

)
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−u‖Θ − a1‖
σ

(
2

(1 + σ)(2 + σ)
−

1
(3 + σ)(4 + σ)

−
6Γ(1 + σ)
Γ(5 + σ)

)) 1
q

+ (a2 − Θ)3

 |Φ′′(a1)|q

n

n∑
s=1

(
2
3
−

1
1 + s

+
2Γ(1 + s)
Γ(4 + s)

)
+
|Φ′′(a1 + a2 − Θ)|q

n

n∑
s=1

(
2
3
−

1
1 + s

+
1

3 + s

)

−u‖a2 − Θ‖σ
(

2
(1 + σ)(2 + σ)

−
1

(3 + σ)(4 + σ)
−

6Γ(1 + σ)
Γ(5 + σ)

)) 1
q
 .

Corollary 3.11. Taking u→ 0+ in Theorem 3.4, we have∣∣∣∣∣ Φ′(a1 + a2 − Θ)
(α + 1)B(α)Γ(α)

[(a2 − Θ)α+1 − (Θ − a1)α+1] − [ABIαa2
{Φ(a1 + a2 − Θ)} + ABa1

Iαa1+a2−Θ{Φ(a1 + a2 − Θ)}]

+
2(1 − α)
B(α)

Φ(a1 + a2 − Θ) +
1

B(α)Γ(α)
[(Θ − a1)αΦ(a2) + (a2 − Θ)αΦ(a1)]

∣∣∣∣∣
≤

1
(α + 1)B(α)Γ(α)

(
α + 1
α + 2

)1− 1
q
(Θ − a1)2α+3

 |Φ′′(a2)|q

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

Γ(1 + s)Γ(2 + α)
Γ(3 + s + α)

)

+
|Φ′′(a1 + a2 − Θ)|q

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

1
2 + s + α

)
1
q

+ (a2 − Θ)2α+3

 |Φ′′(a1)|q

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

Γ(1 + s)Γ(2 + α)
Γ(3 + s + α)

)

+
|Φ′′(a1 + a2 − Θ)|q

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

1
2 + s + α

)
1
q
 .

Corollary 3.12. Under assumptions of Theorem 3.4 with Θ = a1+a2
2 , we have the following inequality∣∣∣∣∣2(1 − α)

B(α)
Φ

(a1 + a2

2

)
+

1
B(α)Γ(α)

(a2 − a1

2

)α
[Φ(a1) + Φ(a2)]

−

[
ABIαa2

{
Φ

(a1 + a2

2

)}
+ ABa1

Iα( a1+a2
2 )

{
Φ

(a1 + a2

2

)}]∣∣∣∣∣
≤

1
(α + 1)B(α)Γ(α)

(
α + 1
α + 2

)1− 1
q (a2 − a1

2

)α+2
 |Φ′′(a2)|q

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

Γ(1 + s)Γ(2 + α)
Γ(3 + s + α)

)

+
|Φ′′

(
a1+a2

2

)
|q

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

1
2 + s + α

)

−u‖
a2 − a1

2
‖σ

(
2

(1 + σ)(2 + σ)
−

1
(2 + α + σ)(3 + α + σ)

−
Γ(3 + α)Γ(1 + σ)

Γ(4 + α + σ)

)) 1
q

+

 |Φ′′(a1)|q

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

Γ(1 + s)Γ(2 + α)
Γ(3 + s + α)

)
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+
|Φ′′

(
a1+a2

2

)
|q

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

1
2 + s + α

)

−u‖
a2 − a1

2
‖σ

(
2

(1 + σ)(2 + σ)
−

1
(2 + α + σ)(3 + α + σ)

−
Γ(3 + α)Γ(1 + σ)

Γ(4 + α + σ)

)) 1
q
 .

Remark 3.1. Taking Θ = a1 or Θ = a2 in our main results, we can obtain several important special
cases. We omit here their proofs and the details are left to the interested readers.

4. Applications

In this section, we discuss applications of our main results.

4.1. Applications to special means

In this section, we discuss some applications of our main results to special means of positive real
numbers. First of all, we recall some previously known concepts. For a1 , a2, we have

(1) The arithmetic mean: A(a1, a2) = a1+a2
2 .

(2) The logarithmic mean: L(a1, a2) = a2−a1
ln(a2)−ln(a1) .

(3) The generalized logarithmic mean: Ln
n(a1, a2) =

[
a2

n+1−a1
n+1

(a2−a1)(n+1)

] 1
n
, n ∈ Z \ {−1, 0}.

Proposition 4.1. Suppose all the assumptions of Theorem 3.1 are satisfied, then

(1)

∣∣∣Am(a1, a2) − Lm
m(a1, a2)

∣∣∣ ≤ a2 − a1

4

(
p

p + 1

) 1
p


 n∑

s=1

s
s + 1

(
ma2

(m−1)q + mA(n−1)q(a1, a2)
)

1
q

+

 n∑
s=1

s
s + 1

(
ma1

(m−1)q + mA(m−1)q(a1, a2)
)

1
q
 ,

(2)

∣∣∣L−1(a1, a2) − A−1(a1, a2)
∣∣∣ ≤ a2 − a1

4

(
p

p + 1

) 1
p


 n∑

s=1

s
s + 1

(
a2
−2q + A−2q(a1, a2)

)
1
q

+

 n∑
s=1

s
s + 1

(
a1
−2q + A−2q(a1, a2)

)
1
q
 .

Proof. The proof is direct consequence of Theorem 3.1, by setting x = a1+a2
2 , α = 1, µ = 0 and Φ(x) =

xm, and Φ(x) = 1
x , respectively. �

Proposition 4.2. Suppose all the assumptions of Theorem 3.2 are satisfied, then
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(1) ∣∣∣Am(a1, a2) − Lm
m(a1, a2)

∣∣∣
≤

a2 − a1

4

(
1
2

) 1
p
ma2

(m−1)q

n

n∑
s=1

(
s

s + 1
−

1
2

+
1

(s + 1)(s + 2)

)

+
mA(m−1)q(a1, a2)

n

n∑
s=1

(
s

s + 1
−

1
2

+
1

s + 2

)
1
q

+

ma1
(m−1)q

n

n∑
s=1

(
s

s + 1
−

1
2

+
1

(s + 1)(s + 2)

)
+

mA(m−1)q(a1, a2)
n

n∑
s=1

(
s

s + 1
−

1
2

+
1

s + 2

)
1
q

,

(2) ∣∣∣L−1(a1, a2) − A−1(a1, a2)
∣∣∣

≤
a2 − a1

4

(
1
2

) 1
p
a2

−2q

n

n∑
s=1

(
s

s + 1
−

1
2

+
1

(s + 1)(s + 2)

)

+
A−2q(a1, a2)

n

n∑
s=1

(
s

s + 1
−

1
2

+
1

s + 2

)
1
q

+

a1
−2q

n

n∑
s=1

(
s

s + 1
−

1
2

+
1

(s + 1)(s + 2)

)
+

A−2q(a1, a2)
n

n∑
s=1

(
s

s + 1
−

1
2

+
1

s + 2

)
1
q

.

Proof. The proof is direct consequence of Theorem 3.2, by taking x = a1+a2
2 , α = 1, µ = 0 and Φ(x) =

xm, and Φ(x) = 1
x , respectively. �

4.2. Applications to bounded functions

In this last section, we discuss applications regarding bounded functions in absolute value of the
results obtained from our main results. We suppose that the following conditions are satisfied:

|Φ′| ≤ z1 and |Φ′′| ≤ z2.

Applying the above conditions, we have the following results.

Corollary 4.1. Under the assumptions of Theorem 3.1, the following inequality holds:∣∣∣∣∣ABIαa2
{Φ(a1 + a2 − Θ)} + ABa1

Iατ {Φ(a1 + a2 − Θ)} −
Φ(a1 + a2 − Θ)
B(α)Γ(α)

[(Θ − a1)α + (a2 − Θ)α + 2(1 − α)Γ(α)]
∣∣∣∣∣

≤
1

B(α)Γ(α)

(
αp

αp + 1

) 1
p

(Θ − a1)α+1

2zq
1

n

n∑
s=1

s
s + 1

−
2u‖Θ − a1‖

σ

(σ + 1)(σ + 2)


1
q

+(a2 − Θ)α+1

2zq
1

n

n∑
s=1

s
s + 1

−
2u‖a2 − Θ‖σ

(σ + 1)(σ + 2)


1
q
 .
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Corollary 4.2. Under the assumptions of Theorem 3.2, the following inequality holds:∣∣∣∣∣ABIαa2
{Φ(a1 + a2 − Θ)} + ABa1

Iατ {Φ(a1 + a2 − Θ)} −
Φ(a1 + a2 − Θ)
B(α)Γ(α)

[(Θ − a1)α + (a2 − Θ)α + 2(1 − α)Γ(α)]
∣∣∣∣∣

≤
1

B(α)Γ(α)

(
α

α + 1

)1− 1
q

(Θ − a1)α+1

zq
1

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
Γ(1 + s)Γ(1 + α)

Γ(2 + s + α)

)
+
z

q
1

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
1

α + s + 1

)

−u‖Θ − a1‖
σ

(
1

(σ + 1)(σ + 2)
−

1
(1 + α + σ)(2 + α + σ)

−
Γ(2 + α)Γ(1 + σ)

Γ(3 + α + σ)

)] 1
q

+ (a2 − Θ)α+1

zq
1

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
Γ(1 + s)Γ(1 + α)

Γ(2 + s + α)

)
+
z

q
1

n

n∑
s=1

(
s

s + 1
−

1
α + 1

+
1

α + s + 1

)

−u‖a2 − Θ‖σ
(

1
(σ + 1)(σ + 2)

−
1

(1 + α + σ)(2 + α + σ)
−

Γ(2 + α)Γ(1 + σ)
Γ(3 + α + σ)

)] 1
q
 .

Corollary 4.3. Under the assumptions of Theorem 3.3, the following inequality holds:∣∣∣∣∣ Φ′(a1 + a2 − Θ)
(α + 1)B(α)Γ(α)

[(a2 − Θ)α+1 − (Θ − a1)α+1] − [ABIαa2
{Φ(a1 + a2 − Θ)} + ABa1

Iαa1+a2−Θ{Φ(a1 + a2 − Θ)}]

+
2(1 − α)
B(α)

Φ(a1 + a2 − Θ) +
1

B(α)Γ(α)
[(Θ − a1)αΦ(a2) + (a2 − Θ)αΦ(a1)]

∣∣∣∣∣
≤

1
(α + 1)B(α)Γ(α)

(
p(α + 1)

p(α + 1) + 1

) 1
p
(Θ − a1)2α+3

2zq
2

n

n∑
s=1

s
s + 1

−
2u‖Θ − a1‖

σ

(σ + 1)(σ + 2)

) 1
q

+ (a2 − Θ)2α+3

2zq
2

n

n∑
s=1

s
s + 1

−
2u‖a2 − Θ‖σ

(σ + 1)(σ + 2)


1
q
 .

Corollary 4.4. Under the assumptions of Theorem 3.4, the following inequality holds:∣∣∣∣∣ Φ′(a1 + a2 − Θ)
(α + 1)B(α)Γ(α)

[(a2 − Θ)α+1 − (Θ − a1)α+1] − [ABIαa2
{Φ(a1 + a2 − Θ)} + ABa1

Iαa1+a2−Θ{Φ(a1 + a2 − Θ)}]

+
2(1 − α)
B(α)

Φ(a1 + a2 − Θ) +
1

B(α)Γ(α)
[(Θ − a1)αΦ(a2) + (a2 − Θ)αΦ(a1)]

∣∣∣∣∣
≤

1
(α + 1)B(α)Γ(α)

(
α + 1
α + 2

)1− 1
q
(Θ − a1)2α+3

zq
2

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

Γ(1 + s)Γ(2 + α)
Γ(3 + s + α)

)
+
z

q
2

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

1
2 + s + α

)

−u‖Θ − a1‖
σ

(
2

(1 + σ)(2 + σ)
−

1
(2 + α + σ)(3 + α + σ)

−
Γ(3 + α)Γ(1 + σ)

Γ(4 + α + σ)

)) 1
q
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+ (a2 − Θ)2α+3

zq
2

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

Γ(1 + s)Γ(2 + α)
Γ(3 + s + α)

)
+
z

q
2

n

n∑
s=1

(
1 −

1
1 + s

−
1

2 + α
+

1
2 + s + α

)

−u‖a2 − Θ‖σ
(

2
(1 + σ)(2 + σ)

−
1

(2 + α + σ)(3 + α + σ)
−

Γ(3 + α)Γ(1 + σ)
Γ(4 + α + σ)

)) 1
q
 .

5. Conclusions

In 2015 Caputo and Fabrizio suggested a new operator with fractional order, this derivative is
based on the exponential kernel. Earlier this year 2016 Atangana and Baleanu developed another
version which used the generalized Mittag-Leffler function as non-local and non-singular kernel.
Both operators show some properties of filter. However, the Atangana and Baleanu version has in
addition to this, all properties of fractional derivative. This shown effectiveness and advantages of the
Atangana-Baleanu integral operators. Inspired by this great fact that own Atangana-Baleanu integral
operators, we found two new fractional integral identities involving Atangana-Baleanu fractional
integrals. Applying these identities as auxiliary results, we derived new fractional counterparts of
classical inequalities essentially using first and second order differentiable higher order strongly n-
polynomial convex functions. We have discussed several important special cases from our main results.
The efficiency of our main results is demonstrated via special means and differentiable functions of
first and second order that are in absolute value bounded. We will derive as future works several new
fractional integral inequalities using Chebyshev, Markov, Young and Minkowski inequalities. Since
the class of higher order strongly n-polynomial convex functions have large applications in many
mathematical areas, they can be applied to obtain several results in convex analysis, special functions,
quantum mechanics, related optimization theory, and mathematical inequalities and may stimulate
further research in different areas of pure and applied sciences. Studies relating convexity, partial
convexity, and preinvex functions (as contractive operators) may have useful applications in complex
interdisciplinary studies, such as maximizing the likelihood from multiple linear regressions involving
Gauss-Laplace distribution. For more details, see [49–56]. We hope that our ideas and techniques of
this paper will inspire interested readers working in this field.
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44. E. Uçar, S. Uçar, F. Evirgen, N. Özdemir, A fractional SAIDR model in the frame of Atangana-
Baleanu derivative, Fractal Fract., 5 (2021).

45. C. N. Angstmann, B. A. Jacobs, B. I. Henry, Z. Xu, Intrinsic discontinuities in solutions
of evolution equations involving fractional Caputo-Fabrizio and Atangana-Baleanu operators,
Mathematics, 8 (2020). https://doi.org/10.3390/math8112023

46. D. Baleanu, R. Darzi, B. Agheli, Existence results for Langevin equation involving Atangana-
Baleanu fractional operators, Mathematics, 8 (2020). https://doi.org/10.3390/math8030408

AIMS Mathematics Volume 7, Issue 7, 12203–12226.

http://dx.doi.org/https://doi.org/10.3390/math9020122
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2016.02.012
http://dx.doi.org/https://doi.org/10.22436/jnsa.010.03.20
http://dx.doi.org/https://doi.org/10.3390/sym13112059
http://dx.doi.org/https://doi.org/10.3390/sym11101295
http://dx.doi.org/https://doi.org/10.3390/math8112023
http://dx.doi.org/https://doi.org/10.3390/math8030408


12226

47. J. B. Liu, S. I. Butt, J. Nasir, A. Aslam, A. Fahad, J. Soontharanon, Jensen-Mercer variant of
Hermite-Hadamard type inequalities via Atangana-Baleanu fractional operator, AIMS Math., 7
(2022), 2123–2141. https://doi.org/10.3934/math.2022121

48. A. I. K. Butt, W. Ahmad, M. Rafiq, D. Baleanu, Numerical analysis of Atangana-Baleanu fractional
model to understand the propagation of a novel corona virus pandemic, Alex. Eng. J., 61 (2022),
7007–7027. https://doi.org/10.1016/j.aej.2021.12.042

49. X. S. Zhou, C. X. Huang, H. J. Hu, L. Liu, Inequality estimates for the boundedness
of multilinear singular and fractional integral operators, J. Inequal. Appl., 303 (2013).
https://doi.org/10.1186/1029-242X-2013-303

50. A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and applications of fractional differential
equations, North-Holland Math. Stud., 204 (2006).

51. D. Baleanu, A. Fernandez, On fractional operators and their classifications, Mathematics, 7 (2019).
https://doi.org/10.3390/math7090830

52. H. M. Srivastava, P. W. Karlsson, Multiple gaussian hypergeometric series, Halsted Press (Ellis
Horwood Limited, Chichester): Chichester, UK, 1985.

53. N. S. Barnett, P. Cerone, S. S. Dragomir, J. Roumeliotis, Some inequalities for the dispersion of a
random variable whose pdf is defined on a finite interval, J. Inequal. Pure Appl. Math., 2 (2001),
1–18.

54. N. S. Barnett, S. S. Dragomir, Some elementary inequalities for the expectation and variance of a
random variable whose pdf is defined on a finite interval, RGMIA Res. Rep. Colloq., 2 (1999), 1–7.

55. P. Cerone, S. S. Dragomir, On some inequalities for the expectation and variance, Korean J.
Comput. Appl. Math., 2 (2000), 357–380. https://doi.org/10.1007/BF02941972
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