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1. Introduction

Uncertainty is a part of many real-world challenges in various sectors like economics, social
science, medicine, etc. A variety of theoretical frameworks, such as probability theory and the theory of
fuzzy sets [8], can be used to cope with these uncertainties because typical mathematical techniques
are inadequate, theory of intuitionistic fuzzy sets [10], theory of vague sets [5], theory of interval
mathematics [6], and theory of rough sets [4]. However, as pointed out in [2] that all these theories
have their own difficulties.

Molodtsov [9] pioneered the theory of soft set (S-set) which is a new way to deal with
uncertainties that cannot be captured by more traditional mathematical techniques. He demonstrated
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numerous applications of this theory in the fields of economics, engineering, social science, and
medicine, among others. In the recent years, a paper about S-sets theory and their applications in many
fields. S-sets and its applications had seen significant advancements during the last few years with new
developments occurring at fast rate. The concept of St spaces was defined by Shabir and Naz (2011)
who defined them as existing in an initial universe with a fixed set of parameters. Soft open (So) sets,
soft closed (Sc) sets, soft interior and soft closure were defined by [10]. Chen [4] introduced the
concept of soft semi open (Sso) sets and their attributes. Soft continuous functions defined by [1].
Mahanta and Das [7] defined and investigated many forms of soft functions, Like soft semi-continuous
and soft irresolute. Also, soft gb-closed sets and soft gsf-closed sets in St structures defined by [2].
Al-shami [12] studied Soft a-sets. The main contribution of this paper introduces the class of Syo sets
as generalization to each of soft semi open and soft preopen soft. Also, we construct a group of related
topics like soft y-continuity, Sy-irresolute and soft y-homeomorphism. Some related properties of these
new soft of discussed with help of some examples. In our study, firstly, we have focused Syo and Syc
sets over the Sts and have studied some of their properties. Secondly, we are introduced soft y-
continuity, soft y-irresolute (Syr) and soft y-homeomorphism (Sy-4) on St structures. Finally, we’ve
gotten some properties of these functions.

2. Preliminaries

Unless otherwise indicated, the spaces U and W denoted St spaces with (U, 1, E) and (W,v, T).
Additionally, a soft mapping f: U—->W denotes a mapping, where f; (U, 1, E)>(W, v, T), u: U->W and
p: E-T denote assumed mappings.

Definition 2.1. [8] A S-set (F1, H) is called:
1) Null S-set and represented by @ if Fi(e)=2, Ve € H.

2) Absolute S-set, written as U if F1(e)=U, Ve € H.

Definition 2.2. [5,8] If (F1, H), (F2, D) are two a S-sets, then (F1, H) U (F2, D)=(V, J) is a S-set, since
J=HUD and for all sE€]J.

F;(s) ifseH-D,
V(s) =<{F,(s) ifseD—H,
F,(s) UF,(s) ifs € HN'D.

And (F1, H)N\(F2, D)=(V, ]) is a S-sets defined as J=H(D, and V(s)=F1(s)(1Fa(s), Vs EJ.

Definition 2.3. [10] The relative complement of S-set (Fi, E) is written as (F1, E)e, (F1, E)*=(F1¢, E)
and Fic: E—>p(U), Fi(e)=UFi(e), V eEE.

Definition 2.4. Let (U, 1, E) be a St space and (F2, H) be a §-set. Then

(1) A soft interior [6] of (F2, H) defined as sint(F», H)=U {(D, H): (D, H) is So set and (D, H)S(F>,

H).
(2) A soft closure [10] of (F2, H) defined as § cl(F2, H)=N{(D, H): (D, H) is Sc set and (F2, H)E(D,

H)}.
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Definition 2.5. A S-set (F1, H) in a St structure (U, 1, E) is called:
(1) Soft semi-open (Sso) [4] if (F1, H)Sc(int(F1, H)).

(2) Soft preopen (Spo) [2] if (F1, H)Sin(cl(F1, H)).

(3) Soft a-open (Sao) [2] if (Fi, H)Sin(cl(int(F1, H))).

(4) Soft B-open (SPo) [2] if (F1, H)Sc(int(cl(F1, H))).

(5) Softregular closed (Src) [2] if (F1, Hy=c(int(F:, H)).

Definition 2.6. [3] The S-set (F1, H) is called a soft point, write as (Ue, H), if eE H, Fi1(e)={x} and
Fi(ec)=2,Vece H—{e}.

Definition 2.7. Let (U, 7, S) and (Y, g, S) be two St spaces. A function f: (U, 1, S)—(Y, g, S) is called:
(1) Soft semi-continuous [7] if f~1((G, S)) is Sso in (U, 1, S), for each So set (G, S) of (Y, g, S).

(2) Soft precontinuous [11] if £ 1((G, S)) is Spo in (U, 7, S), for each So set (G, S) of (Y, g, S).

(3) Soft a-continuous [11]if £ 1((G, S)) is Sao in (U, 1, S), for each So set (G, S) of (Y, g, S).

(4) Soft B-continuous [11]if £1((G, S)) is SPo in (U, 1, S), for each So set (G, S) of (Y, g, S).

(5) Soft B-irresolute [11]if f'((G, S)) is SPo in (U, 1, S), for each Spo set (G, S) of (Y, g, S).

3. Soft y-open sets and soft y-closed sets

We define Syo and Syc sets in ST space and study some of their characteristics in this section.
Definition 3.1. A S-set (F1, H) ina 8§t (U, 1, S) is called:
(1) Syo if (F1, H) Scl(int(F1, H)) Uint(cl((F1, H)).

(2) Sycifits soft complement is Syo.
The family of all Syo sets (resp. Syc sets) in a St structure (U, 1, S) will be written as SyO(U)
(resp. SyC(U)).

Remark 3.2. The family of SyO(U) contains each of SO(U), SaO(U), SPO(U), SSO(U) and contained
in SPO(U), as the following implication.

So set=>Sa0 set=>35po set

| |
Sso set=3yo set=>S5po set

In the following example, we will prove that the converses may not always have to be true.

Example 3.3. Assume that U={x1, x2, x3, x4}, E={u1, u2} and 7={2, b, (K1,E), (K2, E), (K3, E)} such

that (K1, E), (K2, E), (K3, E) are S-sets, which defined as:

(1) Ki(u)={x1}, Ki(w2)={x1}, Ko(ur)={x1, x3}, Ko(u2)={x2, x3}, K3(w1)={x1, x2, x3}, K3(u2)={x1, x2,
x3}. Then, the S-set (S, E) defines as: (u1)={x2}, S(u2)={x2} is a Sfo set but not Syo.

(1) Ki(u)={x1}, Ki(u2)=x1}, K2(u1) ={x2}, K2(u2)={x2 }, Kz(u1)={x1, x2}, K3(u2)={x1, x2}. Hence,
the S-set (S, E) defined as: S(ui)={x2, x3}, S(u2)={x2, x3} is a Syo set but not Spo.

(iid) Ki(u)={x1}, Ki(w2)={x2}, K2(w1)={x1}, Ko(u2)=U, K3(u1)=U, K3(u2)={x2}. Then the S-set (S, E)
defined as: S(u1)={x2}, S(u2)=U is a Syo set but not Sso.
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Proposition 3.4. A collection of SYO(U) of all S-sets of (U, t, E) forms a Sst.
Proof. Suppose that (Fi, E)€SyO(U),Vie[={1,2,3....}. Then
Vi€l (Fi, E)Sint(cl(Fi, E))Ucl(int(Fi,E)),
SO
U(Fi, E)SU[int(cl(Fi, E))Ucl(int(Fi, E))]
={U[ int(cl(Fi, EN]}U{ Ucl(int(F;, E))}
cint(cl(U(Fi, E)))Ucl(int(J(Fi, E))).

Then U(F;, E) is SYO(U).
In the following example, we will prove that the intersection of two Syo sets is not Syo.
Example 3.5. Assume that (U, 7, E) is a STs as shows in Example 3.3 and (G, E), (H, E) are Syo sets.
Then, (G, EYNH, E)={{x2}, 2}=(K, E) and cl(int(F, E)) Nint(cl(F, E))=2. Thus, (K, E) is not
Syo.
Proposition 3.6. Any intersection of Syc sets is Syc.

Proof. Suppose that (Fi, E) € SyO(U), Vi€ [={1,2,3,...}. Then,
Vi€, (Fy, E) Snt(cl((Fi, E))) Ucl(int((Fs, E)))
and

N(Fy, E) SN[int(cl((Fi, E))) Ucl(int((Fs, E)))]
—{A[int (l(Fy, E))]} U{N[cl(int((Fi, E))])

Cint(cl(N(Fy, E))) Ucl(int(N(F;, E))).
Then N(F;, E) is Syc.
In this example, we will prove that the union of two Syc sets need not be Syc set.
Example 3.7. Assume that (U, 7, E) is a St structure as shows in Example 3.3 and (G, E), (H, E) which
defined as: G(e1)={x1}, G(e2)={x1}, H(e1)=2, H(e2)={x2}. Then (G, E), (H, E) are Syc sets, thus,
(G, E) UH, E)={{x1}, U}=(K, E)

is not Syc.

Proposition 3.8. For each proper soft subset of a soft indiscrete structure (U, 7, E), the following
statement are holds.
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(1) Each proper soft subset of U is SYO(U) but not SSO(U),
(2) SPO(U)=8YO(U)=SBO(L).

Proof. (1) Consider (F, E) is proper soft subset on a soft indiscrete structure (U, 7, E). Thus,
cl(int(F,E))=2 and int(cl(F, E))=~ U. Therefore each proper soft subset on U is SYO(U) but not SSO(U).
Since for each proper soft subset of a soft indiscrete structure (U, 7, E), int(cl(F, E))=~U and
cl(int(cl(F,E)))=~U. Then SPO(U)=8yO(U)=SBO(U).

Theorem 3.9. For any SYO(U) (L, E), the following statements are holds.
(1) If (G, E)ESO(U), then (L, E)N(G, E)E SyO(U).

(2) If(L,E)eS0O(U),then (L, E)eSSO(U).

Proof. (1) Assume that (L, E) € SYO(U), (G, E) €SO(U). Hence,

(L, EYN(G, E)C[int (cl(L, E))) Ucl (int((L, E)))]N(G, E)
—[int(cl((L, E)))N(G, E)] U[cl (int((L, E))NG, E)]
Cint[cl(L, E))N(G, E)] Ucl[(int(L, E)ING, E)]

Cint(cl[(L, E)N(G, E)]) Ucl(int[(L, E)N(G, E)]).

Therefore, (L, E)Nﬂ(G, E) is a Syo set.
(2) Since (L, E) is a Syo set and Sc set, therefore

(L, E)Scl(int(L, E)) Uint(cl(L, E))= cl(int(L, E)) Uint(L, E)=cl(int(L, E)).

Thus (L, E) Ccl(int(L, E)) and so (L, E) is Sso.

Corollary 3.10. For any SYC(U) (T, E), the following statements are hold:

(1) If (G, E)ESC(U), then (T, E)N(G, E) € SyC(U).

(2) If (T, E)eSO(U), then (T, E)€SSC(U).

Theorem 3.11. Each of §YO(U) and SaC(U) set is Src (where Src denotes of soft regular closed).
Proof. Assume that (T, E) € SYO(U), (G, E) €ESaO(U) set. Then

cl (int(cl(T, E))) (T, E) Ccl(int(T, E)) U int(cl(T, E)) cl (int(cl(T, E))),

hence (T, E)=cl(int(cl(T,E))) which is SC(U), therefore (T, E) is Src.
Corollary 3.12. Every SYC(U) and SaO(U) set is soft regular open.
Theorem 3.13. In a St space (U, 7, E) over U, if (V, E) is SYO(U) and SaC(U), then

AIMS Mathematics Volume 7, Issue 7, 12144-12153.



12149

(V, E)=cl(int(V, E)) U int(cl(V, E)).

Proof. Since, (V, E) is SYO(U), hence
(V, E)Scl(int(V, E)) Uint(cl(V, E)).
The other inclusion (V, E) is SPC(U) and § SC(U), then
cl(int(V, E)) S(V, E), in(cl(V, E)) S(V, E),

respectively. Therefore

cl(int(V, E)) U int(cl(V, E))S(V, E).
Then

(V, E)= cl(int(V,E)) U int(cl(V, E)).

Definition 3.14. A S-set (T, E) in a St space (U, 7, E) is called:
(1) A soft nowhere dense if int(cl(T, E))=2.
(2) A soft dense (5d) set if cI(T, E))=U.

Definition 3.15.A St structure (U, 1, E) is called:
(1) Soft submaximal if all Sd subset over U are So.
(2) Soft extremely disconnected (SED) if the soft closure of each So set is So.

Example 3.16. Let U={x1, x2}, E={e1, e2} and
T:{g) ;Ja (Kl’ E)’ (KZ’ E)’ (K3’ E)’ (K4’ E)’ (KS, E)’ (KG, E)’ (K79 E)J (KS, E)},

such that (K1, E), (K2, E), (K3, E), (Ka, E), (Ks, E), (Ke, E), (K7, E), (Ks, E) are S-sets over U, which
defined as: Ki(e1)=2, Ki(e2)=2, Kx(e1)=2, Kx(e2)={x1}, K3(e1)=2, K3(e2)={x2}, Ki(e1)=2, K(e2)=U,
Ks(e)={x1}, Ks(e2)=2, Ke(e1)={x1}, Ke(e2)={x1}, K7(e)={x1}, K7(e2)={x2}, Ks(e1)={x1}, Ks(e2)=U.
Thus, the St structure (U, 7, E) is soft submaximal and soft extremely disconnected.

Proposition 3.17. In a St space (U, t, E), we have
(1) Ifeach S-set (F, E) of St structure (U, 7, E) is a soft nowhere dense, then SSO(U)=syO(U).
(2) If (U, 1, E) is soft submaximal and SED space, then SaO(U)=8yO(U).

Proof. Obvious.

Theorem3.18. In a St structure (U, 7, E) over U, then any (F, H) € SYO(U) is SPO(U) if one of the
following conditions hold:

(1) (U, t,E)is SED.

(2) (F, H) is soft dense over U.

Proof. (1) Since, (F, H) € SYO(U) and (U, 7, E) is SED, therefore
(F, H)Ccl(int(F, H)) Uint(cl(F, H)) Cint(cl(int(F, H))) U int(cl(F, H)),
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then (F, H) €SPO(U).
(2) Since, (F, H) €SyO(U) and (F, H)¢ is soft dense, therefore int(F, H=2 and

(F, H)Ccl(int(F, H)) U int(cl(F, H))=int(cl(F, H)).
Hence (F, H) is SPO(U).

4. Soft y-continuous mappings

We define soft y-continuous and soft y-irresolute mappings. We also study some of their properties
with the help of Syo sets in this section.

Definition 4.1. Let (U, 1, E), (Y, g, E) be two St structures. A mapping f: (U, 1, E)—(Y, g, E) is called
a soft y-continuous if f (G, E) is Syo in (U, 1, E), for every So set (G,E) of (Y, o, E).
According to Definition 4.1, we have

soft continuity=Sa-continuity=35so-continuity
(2 (2
Soft precontinuity=Sy-continuity=35/-continuity.
In the following examples, we will prove that the converses may not always have to be true.

Example 4.2. Let U={x1, x2, x3}, E={e1, e2} and 7={2, U, (K1, E), (K2, E), (K3, E)}, ={2, U, (K., E),
(K3, E)}, where (K1, E), (K2, E), (K3, E) are S-sets which defined as: Ki(e1)={x1}, Ki(e2)={x1},
Kax(er)={x2}, Ka(e2)={x2}, K3(e1)={x1, x2}, K3(e2)={x1, x2}. And the mapping f: (U, 1, E))—(Y, 0, E),
which defined as follows: f(x1)=x1, f(x2)=x3, (x3)=x2. Hence f is Sy -continuous but not soft
precontinuous.

Example 4.3. Assume that U=Y={x1, x2, X3, x4} and E={ei, e2}. Then

(1) The identity mapping from soft indiscrete space (U, 1, E) onto a soft discrete space (Y, 0, E) is Sy-
continuous but not Ss-continuous.

(2) The identity mapping from St structure (U, t, E) onto a soft discrete space (Y, o, E) is Sp-
continuous but not Sy-continuous, where

={2,U, (Ki,E),(Ks,E),(Ks, E)} and (K1, E), (K2, E), (K3, E)

are S-sets which defined as follows: Ki(ei)={x1}, Ki(e2)={x1}, Ka(e1)={x2, x3}, K2(e2)={x2, x3},
Ki(e)={x1, x2, x3}, K3(e2)={x1, x2, x3}.

Theorem 4.4. For a soft mapping f: (U, 1, E)—(Y, o, E), the statements that follow are equivalent:

(1) fis Sy-continuous.

(2) For each soft point (ue, E) over U and every So (G, E) containing f(ue, E)=(f(u)e, E) over Y,
there exists a Syo set (F, E) over U containing (ue, E), where f(F, E )NQ (G,E).

(3) The inverse image of every Sc set in Y is Syc in U.

@) int (cl(f UG, E))Ncl(int(f (G, E))) S f\(cl(G, E)) for every S-set (G, E) over Y.

(5) f\(int(F, E)) Cint (cl(f \(F, E))) Ucl(int(f \(F, E))) for every S-set (F, E) over U.

(6) If f is bijective, then int(f(F, E))éf(int(cl(F, E))) U f(cl(int(F, E))) for every S-set (F, E)
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over U.
(7) If f is bijective, then f(int(cl(F, E)))~ﬂf (cl(int(F, E)))Ngcl(f (F, E)) for every S-set (F, E) over U.

Proof. (1)=(2): Suppose that (G, E) is a So set over Y containing f(ue, E)=(f(w)e, E), therefore
f UG, E)ESy0(U). Take a S-set (F, E)=f (G, E) which containing (ue, E). Therefore (F, E) (G, E).
(2)=>(3): Assume that (G, E) € SC(Y). Then (1;—(6, E))ESS(Y). Since f is soft y-continuous,
FYY—(G, E)) ESyO(U). Hence [ U-f (G, E)] € SyO(U). Therefore £ (G, E)] € SyC(U).
(3)=(4): Consider (G, E) is a S-set over Y, therefore f '(cl(G, E)) SyC(U), and
FUcl(G, E)) Sint(cl(f \(cl(G, E)))Ncl(int(f ' (cl(G, E))))

‘cin(cl(f (G, E)Ncl(int(f (G, E))).
(4)=(5): By replacing~Y—(G, E) instead of (G, E) in (4), we have

int(cl(f ™ (Y=(G, Ep)Nel(int(f ™ (Y6, ED) Ef ' (clY~(G. E))
and therefore
£ Y(int(G, E)) Sint(cl(f (G, E)))Ncl(int(f (G, E))).

(5)=(6): Follows directly by replacing (F, E) instead of f (G, E) in (5) and applying the bijection

o (6)=(7): By the complementation of (6) and applying the bijective of f, we have
fGnt(cl(F, EY)Nf(cl(int(F, E)°) Scl(f(F, E)°),

we obtain the replacing (F, E) instead of (F, E)°.

(7)=(1): Assume that (G, E) is a S-set over Y, put (W, E)=(W, E)¢ by (7), we have

Ff int(elW, EDIOF(f(clint(W, EN) Scl(f(f (W, E)) ScU(W, EY <W., E).

So, in(cl(f\(W, E)))Ncl(int(f (W, E))) implies f(W, E) is a Syc over U and therefore, f (W,
E)is a Syo set over U.
Theorem 4.5. For a Sy-continuous mapping f: (U, 7, E)—(Y, g, E), the following statements are hold:
(1) Ifeach S-set (F, E) over U is SaC(U), then f!(F, E)=cl(int(f \(F, E))) ~Uint(cl(f*l(F, E))),
(2) Ifeach S-set over U is a soft nowhere dense, then f is a Ss-continuous function,

(3) If(U,1,E)is SED, then f is a soft precontinuous function.

Proof. (1) Consider f: (U, 1, E)—(Y, 0, E) is a Sy-continuous mapping and (G, E) is So set over Y, then
f (G, E) is Syo(U). Since (U, 1, E) is SED, by Theorem 3.18, f (G, E) is SPO(U). (2) and (3) are
obvious.

In the following example, we will prove that the composition of two Sy-continuous functions may
not always have to be Sy-continuous.

Example 4.6. Suppose that U=Z={u1, w2, us}, Y={u1, wo, u3, us} and E={ei, e>}. Then t,;=1{2, l}, (F,E)}
is a 8T structure over U, 1,={9, Y, (G, E)} is a 8t structure over Y and 1,={%,Z (H1,E),(H2, E)}
is a 8T structure over Z, where (F, E) is a S-set over U, (G, E) is a S-set over Y and (K1, E), (K2, E)
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are S-sets over Z which defined as: F(e1)={ui}, F(e2)={ui}, (e1)={w1, uz}, G(e2)={uw1, uz},
Ki(e)={us}, Ki(e2)={us}, Ka(er)={ui, w2}, Ko(e2)={ui1, un}. If the identity function I: (U, tu,
E)—(Y, tv, E) and f: (Y, tv, E)—>(Z, 1z, E), which defines as follows: f(ui)=ui, f(u2)=f(us)=ua,
f(us)=us, since I and f are Sy-continuous, but (fol) is not Sy-continuous, since (fol) (K1, E)={{us},
{usz}} is not a Syo set over U.

Janki and Sreeja define a homomorphism in soft topological structure in [13].

Definition 4.7. A bijection function f: (U, 1, E)—(Y, g, E) is called soft y-homeomorphism (resp. Sy-
homeomorphism) if f is a Sy -continuous (resp. Sy-irresolute) and f': (U, 7, E)—(Y, o, E) is Sy-
continuous (resp. Sy-irresolute).

Definition 4.8. For a St structure (U, ty, E), we define:

(1) Sy-h(U, Ty, E)={f: f: (U, ty, E)—(U, 1y, E) is a bijection soft y-continuous, f': (U, t,, E)—(U,
Ty, E) is soft y-continuous}.

(2) Syr-h(U, 1y, E)={f: f: (U, 1y, E)—(U, 1y, E) is a bijection soft y-irresolute, f': (U, 1y, E)—(U,
Ty, E) is soft y-irresolute}.

Theorem 4.9. For a Sts(U, 1y, E), S-h(U, 1, E ) S Syr-h(U, ty, E) € Sy-h(Uty, E), such that S-
h(U, ty, E)={f: f: (U, 1y, E)—(U, 1y, E) is a soft -homeomorphism}.

Proof. First, we prove that each soft-homeomorphism f: (U, 7, E)—(Y, 0, E) is Syr-
homeomorphism. Assume that (G, E)eSyO(Y). Then

(G, E) S cl(int(G, E)) Uint(cl(G, E)),
hence,
UG, EYSf U (cl(int(G, E)) Uint(cl(G, E)))< cl(intf (G, E)) Vint(cl(f"\(G, E))),

and so f (G, E)ESyO(U). Thus, f is soft y-irresolute.
By the similar way, f! is soft y-irresolute. Thus, Sh(U, tv, E') €Syr-h(U, 7v, E). Finally, it is
obvious that Syr-h(U, tv, E) €Sy-h(U, tv, E). Since every Sy-irresolute function is Sy-continuous.

5. Conclusions

The S-set model has been applied to many fields from the theoretical point of view of §-sets is
discussed and investigated again. Here, we introduce the class of Syo sets as generalization to each of
soft semi open and soft preopen soft.

Also, we construct a group of related topics like soft y-continuity, Sy-irresolute and soft y-
homeomorphism. Some related properties of these new soft of discussed with help of some examples.
Moreover, the classes proposed in this paper, can be extended in the field of fuzzy S-sets.
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