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1. Introduction

0-type Calderén-Zygmund operators, which used to study certain classes of pseudo-differential
operators, was introduced by Peng [1] in 1985. Firstly, Yang and Tao obtained the boundedness of 6-
type Calderon-Zygmund operators on Variable Exponents Herz space [2] and Morrey-Herz-type Hardy
spaces with variable exponents [3].

Guliyev further proved that the Calder6n-Zygmund operators with kernels of Dini’s type are
bounded on generalized weighted variable exponent Morrey spaces (see [4]). Besides, Maldonado
and Naibo developed a theory of the bilinear Calderén-Zygmund operators of type w(¢) in 2009 and
generalized the results of Yabuta [5]. For comprehensive bilinear 6-type Calderon-Zygmund operators
references, interested readers may refer to Zheng [6,7] and Lu [8].

Variable exponent function spaces play a vital role in the fluid dynamics, elasticity dynamics,
and differential equations with nonstandard growth, and thus have received a plenty of attention
from researchers. For more details, one may refer to [9-12]. More specially, variable exponent
Lebesgue spaces were studied in [13-19], Morrey spaces with variable exponent were studied in
[3, 20-22], generalized Morrey spaces with variable exponent were studied in [23-27] and local
“complementary” generalized variable exponent Morrey space were studied in [28,29].
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Inspired by the work above, this paper devotes to studying the boundedness of bilinear 6-type
Calder6n-Zygmund operator and its commutators on generalized variable exponent Morrey spaces.
Suppose that 6 is a non-negative and non-decreasing function on R* = (0, o) satisfying

f %0 4t < o (1.1)
0 t

A continuous function K(-,-,-) on R" X R" X R" \ {(x, y1,y2) : x = y; = y»} is said to be a bilinear 6-type
Calder6n-Zygmund kernel if it satisfies: for all (x,y;,y,) € R" with x # y;, i = 1,2,

2
| K(x,y1,y2) |< C(Z |x =y )7, (1.2)

i=1

and for all x,z,y;,y, € R" with 2 | x — z |[< max{| x — y; |,| x — y» |}, then exists a positive constant C
such that

2 -2n
| Ko y1,3) = Ky 1< o5 )[Zu | (1.3)
le yil =

Now we state the definition of bilinear #-type Calderén-Zygmund operator as follows.

Let T, be a linear operator from S(R") x S(R”) into its dual S (R"), where S denotes the Schwartz
class. One can say that T} is a bilinear 6-type Calderén-Zygmund operator with kernel K satisfying (1.2)
and (1.3), for all f, f, € L7(R") (the space of compactly supported bounded functions on R") and

x & suppfi 0 suppfa,
To(f1, f2)(x) = f jl;n K(x,y1,y2) f1i(y1) f2(y2)dy1dys, (1.4)

where 6 satisfies (1.1).

It is easy to see that the classical bilinear Calderon-Zygmund operator 7 with standard kernel is
a special case of Ty as 6(f) = t° with 0 < § < 1. Let b; and b, be locally integrable functions, the
commutator generated by by, b, and Ty is defined by

(b1, b2, Tol(fi, 2)(x) = bi(X)b(X)Ty(f1, f2)(x) = b1(xX)To(f1, baf2)(x)
—by(X)Ty(by f1, f2)(x) + To(by f1, b2 f2)(%).

Also, [by, Ty] and [b,, Ty] are defined by

(D1, Tol(f1, £2)(x) = bi(X)To(f1, f2)(x) = To(by f1, f2)(x),

and

(D2, Tol(f1, £2)(x) = ba(X)To(f1, f2)(X) = To(f1, b2 f2)(x),

respectively.
Due to the singularity of commutators generated by bilinear 8-type Calderén-Zygmund operators
with BMO function is stronger than that of bilinear 6-type Calderén-Zygmund operators. Thus, we
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need to strength the condition of € in (1.1). Let 6 be a non-negative and non-decreasing function
on (0, o) such that

(—) | logt |* dt < co. (1.5)

0
Furthermore, the commutators of bilinear #-type Calder6n-Zygmund operator are defined by

2

b T 200 = [ [ [0 - oK 32A 00 SO
R 5=

R

where 0 satisfies (1.5).
For a measurable subset E C R”, we define P°(E) to be the set of measurable functions p(-) : E —
(0, o) such that
p- = essmfp(x) >0, py =esssupp(x) < oo.

xeE

Define P(FE) to be the set of measurable functions p(-) : E — [1, o) such that

p- = essmfp(x) > 1, py =esssupp(x) < oo.
x€E

Define P!(E) to be the set of measurable functions p(-) : E — [1, o) such that

p- =ess 1nfp(x) > 1, p, =esssupp(x) < co.
xeE

By p'(x) = pf;)x ) -, we denote the conjugate exponent of p(x).

Let f € L; (R"), the Hardy-Littlewood maximal operator M is defined by

MFe =sup = [ 1701y,
B>x I B |
where the supremum is taken over all balls B containing x. Let B(E) be the set of p(-) € P(E) such
that M is bounded on LPV(E).
A subset of B(R") is the class of globally log-Ho6lder continuous functions p(-) € LH(R") and
p(-) € P(R™). Recall that p(-) € LHR"), if p(-) satisfies

1
|p(x)_p(Y) |S ) xa}’ERn’| -x_y |S S (16)
—log | x—y| 2
and
P = po I€ —== Iy 12l x| (17)
p pOO — log(e+|x|)’ y = ’ .

where p., = lim p(x) > 1.

X—00

Definition 1.1. [13] Given an open set £ C R” and p(-) € P(R") denotes the set of measurable functions
f on E such that

1p<~>(f)=fE|f(x) P9 dx < oo.
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This set becomes a Banach function space when equipped with the Luxemburg-Nakano norm
_ i
I f o= inf{a >0 Lin() < 1}.
For all compact subsets E C Q, the space Lfo(:(Q) is defined by

LPYQ) = {f is measurable : f € L”(')(E)}.

loc

Definition 1.2. [25] Let p(-) € P(R"), ¢ be a positive measurable function on R” X (0, ). The
generalized variable exponent Morrey space MP¢(R") is defined by

MPOSRM) = {f € LZ(:(R") S laeoen < Oo}’

where
|| f ||M]7(')"P(RVL)
—1,-0,(x,

= sup o(x,1) ¢ PO S Nerose
xeR”, >0

_ =1 4=0,(x,0)

= sup @(x, 1) ¢ I fxBes Nromn -
xeR”, >0

We recall the definition of space of BMO(R").
Definition 1.3. [30] Suppose that b € L; (R"), and let

1
D] n= sup ——— | b(y) — bp(es | dy < oo,
MO R B | Jay | B0 LY
where .
bpeey = —— b(y)dy.
S TE ) YN
Define

loc

BMO(R") = {b €Ll RN : b llswon< oo}.

Definition 1.4. [17] The BMO,.,(R") space is the set of all locally integrable functions b with finite
norm

Il (b(-) - bB(x,t))XB(x,t) ”LP(')(R")
| b ”BMO,,(.)(R"): sup .
xeR™,1>0 Il x B(x,1) ”LP(')(R”)

The rest of this paper is organized as follows. Section 2 recalls some basic lemmas that will be used
in the sequel. Section 3 demonstrates the boundedness of bilinear 6-type Calderén-Zygmund operators
on generalized variable exponent Morrey spaces. Finally, the corresponding results of its commutators
are made in Section 4.

2. Preliminaries
The following notions will be encountered often throughout the text. C is denoted by a positive
constant which is independent of the main parameters, but it may vary from line to line. R”" is the n-

dimensional Euclidean space, yg(x) is the characteristic function of a set £ C R". A ~ B means that
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A >CBand A < CB. B(xp,r) = {x € R" :] x — x¢ |< r} denotes the open ball with center x, € R" and
radius r > 0. Let B = {B(xp,7) : xo € R",r > 0}.
Lemma 2.1. [31] Let p(-) € LHR") N P(R"), Then there exists a positive constant C such that

Il X B () llroen< Ctep(x’t), xeR", >0,

where
O0<tr<1,

p(e0)’

and p, = lim p(x).
Lemma 2.2. [32] Let k be a positive integer. Then one has that, for all b € BMO(R") and all i, j € Z
with j > i,

-1 k k k
C™ 1 llpo@n < sup Il (b= DbB) x5 lloen< C Il b llgyoen)

B |l xB llro@)
| (6 = bp)xs, lro@n< CG =) | b lsmoen|l X8, Nl -
Lemma 2.3. [33] Let p(-) € B(R"), there exists a positive constant C such that

m Il x& lro@nl X8 ||L,/(A)(Rn)§ C.

Lemma 2.4. [27] Let p(-) € P(R"), for all f € L"O(R") and g € L” O(R"), then

| f)g() [dx <1y || f llro@nll & 1y o)
er
where r, = 1 + 1% - p% This inequality is named the generalized Holder inequality with respect to the
variable Lebesgue spaces.

Lemma 2.5. [34] Let p(-), pi1(:), p2(-) € P(R"), so that ﬁ = ﬁ + [%. Then the inequality

| 12 lro@n< C I fi llzmo@nll f2 lr20@n

holds for any f; € LP(R") and i = 1, 2.
We will use the following two Lemmas on the boundedness of weighted Hardy operator

H,g(s) := fm gw(tdt, H;g(s) = fm(l + é)g(t)w(l)dt, 0<s < oo,

where w is a weight.
Lemma 2.6. [35] Let v, v, and w be weights on (0, c0) and v(s) be bounded outside a neighborhood
at the origin. The inequality

sup v2(s)H,g(s) < Csupvi(s)g(s)

s>0 s>0

holds for some C > 0 for all non-negative and non-decreasing functions g on (0, o) if and only if

< w(t)dt
B = —_—
S;‘iloj v2(s) , essinfv(r)
1<r<oo
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Lemma 2.7. [36] Let v{, v, and w be weights on (0, c0) and v,(s) be bounded outside a neighborhood
at the origin. The inequality

sup vo(s)H,8(s) < Csup vi(s)g(s)

s>0 s>0

holds for some C > 0 for all non-negative and non-decreasing functions g on (0, co) if and only if

« t w(t)dt
B = 1+-)———
ss1>1(}§) v2(s) s ( s)ess inf v{(r)
1<r<oo

Lemma 2.8. [17] Let p(-) € LH(R") N P(R"). Then || - lIzno,.,* - llsmo-
Lemma 2.9. [18] Let T be a bilinear Calderén-Zygmund operators. If p(-), pi(-), p2(-) € LHR") N

n a1 1 . 1 . (R 7 —
P(R™) such that 0= 70 ¥ 2o then for all f; € LP(R"), i = 1,2, we have
I TCf1s 12) lero@n< C |l fi llmognll f2 lz2o@ny -

Lemma 2.10. [21] Let 7 be a bilinear Calderén-Zygmund operators, by, b, € BMO(R"). If
p(), pi(), p2(-) € LHR") N P(R") such that ;% = I#) + ;#«)’ then for all f, € LPOR"), i = 1,2,
we have

Il (D1, b2, T1(f1, f2) lpo@n=< C |l b1 |lsmo@nll D2 llsmo@yll fi llrio@nll 2 llprogny -

3. Bilinear 6-type Calderén-Zygmund operators on M (R")

The main results of this section are stated as follows.
Lemma 3.1. Let 7, be a bilinear 6-type Calderén-Zygmund operator defined by (1.4) with 6

satisfies (1.1). Suppose p1(-), p»(-), g(-) € LHR") N P(R") such that ﬁ _ ﬁ N I#('). Then for
all f; € LFOR"), i = 1,2, we have
Il To(f1, 5) llwo@n< C I A lmognll £ limoen 3.1)

with the constant C > 0 independent of f; and f>.

The above result can be proved by using a similar proof method with that of Lemma 2.9, which is
omitted here for brevity.

We are now ready to extend the definition of Ty(f;, ) when f; € MPiO¥(R") (i = 1,2) and T, be a
bilinear 6-type Calderén-Zygmund operator defined by (1.4) with 6 satisfies (1.1).
Definition 3.2. Let 7, be a bilinear 6-type Calderén-Zygmund operator defined by (1.4) with 6
satisfies (1.1). If ¢(-), p1(-), p2(-) € LHR") N P(R") such that ﬁ = #(_) + #(.), ©, @1, o satisfy the
condition

w essinf[@)(xg, 8)@a(xg, §)s0a0-9]
f t<s<co dt < Cp(xg, 1), (3.2)
3

. (0q(x0.0)+1
2

and denote ¢(xg, ) = ¢1(x9, F)@a2(xo, r), where C does not depend on r. Suppose that Ty is a bounded
linear operator on L{“(R"). For any f; € MPO¥(R"), i = 1,2, and x € B = B(xo, r) € B, we define

To(f1, f2)(%)

= To(fiX Bxo2)» J2X Bro20)(X) + To(f1X B(xo.2r)» J2X R\ B(x9.27))(X)

+ To(fixrm Bxo.2r)s F2X Bxo,20)(X) + To(fixmm Bxo,2r)> J2X R\ B(xg,26))(X)
=:E\+E,+ E;+ E,4.

(3.3)
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We need to show that 7(f;, f>) is well defined. That is, the above definition is independent of the
selection of B(xo, r). Its proof is similar to the Theorem 3.1 in [37].
Theorem 3.3. Let Ty be a bilinear 6-type Calderon-Zygmund operator defined by (1.4) with 6
satisfies (1.1). If g(-), p1(-), p2(-) € LH(R™) N P(R") such that % = ﬁ + [#(‘), ©, @1,y satisfy the
condition (3.2) and ¢ = ¢,¢,. If T, is a bounded linear operator on L/ (R"), then T is a well defined
linear operator on MO (R").

Since 7y is well defined on MI¥(R"), we are allowed to study the boundedness of 7, on
Mq(-),w(Rn)‘
Theorem 3.4. Let Ty be a bilinear 6-type Calderon-Zygmund operator defined by (1.4) with 6
satisfies (1.1). Suppose pi(-), p2(-), g(-) € LHR") N P(R") such that % = L 4+ L Then for

1210 p2()
any ball B = B(xo,r) and f; € L” ‘O®Rm), i = 1,2, the following inequality

loc

| To(f1s 12) a0,

00

0 ,r)+6 , -6 ,H—0 ,H—1

< Crn (307 +0p, (30 r)f ” ﬁ ”LPI(')(B(xo,Z))” f2 ”L”Z(')(B(X(),[)) t N (x0:1)=6p, (¥0,1) dr
2r

holds, where the constant C > 0 independent of f; and f;.

Now, we present the boundedness of bilinear 6-type Calderén-Zygmund operators on the
generalized variable exponent Morrey spaces based on Lemma 3.1 and Theorem 3.4.
Theorem 3.5. Let Ty be a bilinear #-type Calder6n-Zygmund operator defined by (1.4) with 6
satisfies (1.1). Suppose pi(-), p2(), g(-) € LHR") N PR") such that -~ q() ml(,) + %, ©, @1, @ satisfy
the condition (3.2) and ¢ = ¢;¢,. Then T is bounded from the place MP1O¢1(R") x MP2O¢2(R") to the
place MIO¥(R"),
Collory 3.6. Let T be a classical bilinear Calderén-Zygmund operators. If g(-), p1(-), p2(-) € LHR") N
P(R") such that —~ q() pll(_) + !f(.), ®, 1, @, satisty the condition (3.2) and ¢ = ¢¢,. Then 7 is bounded
from the place MP1O¥1(R") x MP20O¢2(R") to the place MO (R™).
Proof of Theorem 3.3. Let f; € MPO¥(R"), i = 1,2. As T, is bounded on LIO(R"), E; is well
defined.

Noting that | x —y; | + | x =y, |=| xo — > | for x € B(xo,r), y1 € 2B and y, € (2B)°. Applying
Lemma 2.1, Lemma 2.4 and Lemma 2.3, E, can be estimated as

£ < ff Ifl(yl)llfz(h)ld 1
2B eBY <2|x yi 2

C f | /i) | dyy f L0
(23)« | X0 —y2 |

f | iy | dy Z L L2v) ||2ndy2

c+1 B\ 2k B | X0 — )2

(3.4)

IA

IA

IA

Ll’/z(')(Zk” B)

k. N—2
Cllfi lmoemll Tl Z(z P fa llpoerpll 11
k=1

Cll fl “Ll’l(‘)(ZB)” 1]

2k+2 r

k. N—2n,/~k+1_~N—1
(> [ @ ol Ul )
k=1

IA

192B)
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IA

IA

IA

IA

IA

2" | fil

Lpl(')(ZB)” 1 ||Lp,1(A)(ZB)

2k+2 r

—-2n—1
X E 0) t 11 . dt)
( =1 Lm, I 72 ller-0cs I ”Lpz()(B(XOJ))

Cll i ool gy [ 1A Voo

CLWﬁ
2

cl sl
i=1

2r

—6,,, (x0.0)—
0@l £ o £

* @1(x0, H)pa(x0, 1)
|M/’i(')#’i R dt
2r !

2
Coxo, ) [ I fi llywsos e -
i=1

Similar to the estimates for E, it is easy to get

E;

<

IA

IA

IA

IA

Cf | 2(y2
2B

)|d)72f | Al | dy,
(

2y | Xo = yi

00

Cll i Mool gy [ 1A N

Cf:llfl |

2r

110@oll 2 112720

, t

2 (o)
X0, I Xo,
I oy [ B D200
i=1 2

2
Coro, ) [ I i llywsoss e -
i=1

t_n_0P2 (x0,0)—1 dt

9,)2 (XOst)_ldt

R
L9 (B(xo,1)

9171 ()C(),I)—@,,z (x0,0)—1 dl

For E,. Noting that | x —y; | + | x =y, || xo — y1 |=| X0 — y» | for x € B(xy, r) and y;, y, € (2B). By
applying Lemma 2.1, Lemma 2.4 and Lemma 2.3, it follows that

E,

AIMS Mathematics

<

IA

IA

HOD 1 £00) |d

(2B)° J(2B)°

2 y1dy,
(;1 | x —yi D>
L AGD I £02) |

LBY f(zB)c |

14dy2
Xo=y1 "l xo—y2 I

00 2
eyl len [ taoia

j=1 =1

CZ(er)_zn | fi llemogimpll 1]

Jj+ly

J=1
%) 2j+2r
ey
=12

2/+1B\2iB
L"19@i+1B)

Q@) o

I 2 @il 1]

LPQ(')(ZI'”B)
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01 2 Dol 10 )

[Se]

272y
-6 ,H—0 ,H—1
C E f || fi ”L”l(‘)(B(xo,t))” b ||LP2(')(B(x0,t))t py (X0.0)=0p, (x0.0~1 44
- 2J

Jj=1

IA

J+ly

IA

-0, ’ _07 N -1
Cf 1A ool 2 oy £ =000 dr
2

r

IA

) =6 -1
Cf I fi ool f2 oo pi (006, 0.0-1 gy
2

r

2 00
@1(x0, D2 (x0, 1)
C 1:1 || ﬁ ||MP,‘(')M;(R)1) ]; dt

, t

IA

2
< C‘P(XO, I") H ” f; ||MP[(')»<F,‘(RH) .

i=1

Therefore, on the right hand side (3.3) is well defined.
Finally, it remains to show that the definition is independent of B(xy,r) € B. That is, for any
x € B(xp,7) N B(w, R) with B(xy, r), B(w,R) € B and B(xy, ) N B(w,R) # @, we have

To(f1X Bxo.2)» J2X Bro 20 )(X) + To(f1X Bxg.2r)> J2X R\ B(x0.2r))(X)

+ To(fixrnBo20)» J2X Bxo.2r))(X) + To(fiXmmBxo.2r)s J2X R\ B(x0,20))(X)
= To(fiX Bw2r)s J2X Bw2r)(X) + To(fiX Bw2r)s J2X R Bw2R))(X)

+ To(fixrmBw2Rr)> J2X Bw2r)(X) + To(fLXrm Bw2R)s J2X RN Bw.2R))(X)-

Suppose B(S, M) € B be selected so that B(xy, 2r) N B(w,2R) C B(S, M). According to the estimate of
E,, E,, E;5 and E4, for any x € B(xy,r) N B(w, R), we can get

TG(leB(S,M)\B(xQ,Zr)’fQXB(S,M)\B(xO,Zr)) = f f K(x,y1,y2) f(y1) f(y2)dyidy, < oo,
B(S,M)\B(x0,2r)

B(S,M)\B(xo,2r)

To(f1X B, M)\Bw2R)> J2X B, M)\Bw2R) = f f K(x,y1,y2) f(y1)f(y2)dyidy, < oo.
B(S,M)\B(w,2R)

B(S,M)\B(w,2R)

Because of XB(xo,Zr)ﬁ's XB(S,M)\B(xo,Zr)ﬁ € Lpi(')(Rn)’ where i = 1,2, the linearity
of Ty on LIO(R™) implies that

To(f1X Bxo.2r)s J2X Bo20) + To(f1X Bxo.2r)» JAX RN B(x0.20))
+ To(fixrn\Bo.20)» J2X Bexo.2r) + To(fLX RN B(xo.2)> J2XRN\B(x0.21))
= To(f1XBxo.2r)» J2X Bxo2n) + To(f1X Bxo.2r)» J2X BS.M)\B(xo.2r))
+ To(f1X Bxo.2n> JoXrm\B(s.m)) + To(fiX Bs M)\B(xo.2r)> J2X Bxo.29))
+ To(fixrnss.ms J2X Bo2r) + To(f1X Bs M)\B(xo.2r)> J2X BGS M)\ B(xo.2r))
+ To(fLX BS.M\B(xo.2)» J2XR\B(s.M)) + To(fiLxmnBs.m)> J2X BS.M)\Bxo.2r))
+ To(fixrn\Bes.m)s Jo2Xrr\B(S M)
= To(fixss.ms foxsis.m) + To(fixses.my> foxrnses.m)
+ To(fixrnss.ms 2Xs.m) + To(fixrmbes.ms J2XR\B(s.M))-
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Similarly, we also get

To(f1XBw2r)s J2XBw2r) + TolfiX Bw2r)s J2X R\ Bw2R))
+ To(fixrmBw2Rr)s J2X Bw2r) + To(fiXrm Bw2R)> J2X RN\ Bw2R))
= To(fixses.mys foxBs.n) + To(fixses.ans foXrnBs.m) '
+ To(fixenss.ans LX) + To(fixrmpes.ms f2Xrm\B(s.M))
Therefore, T4(f1, f>) is well defined when f; € MPO¥%(R™), i = 1,2. Obviously, because of (3.3), Ty is

a linear operator on MO (R™).
When f € LPORY) N MPOY(R™) (i = 1,2), E», E3 and E4 guarantee that

To(f1X Bxo2r)s J2X BN B(xo.20) = f f K(x,y1,y2)f (1) f(y2)dyidy; < o,
R™"\B(x9,2r) <J B(xq,2r)

To(fixrm Bxo2r)s J2X Bxo2r) = f f K(x, y1,y2)f(y1) f(y2)dy dy, < oo,
B(x0,2r) JR"\B(xo,2r)

To(fixemB(xo.20)» 2XRNB(xo.2) = f f K(x,y1,y2) f (1) f(y2)dyidy, < oo.
R™\B(x0,2r) JR"\B(x0,2r)
Consequently, Ygm ix2nfi € LPFO(R") (i = 1,2) and the linearity of T, on L/ (R") implies that

To(f1, f2)(x)
= To(f1X Bro2)» J2X B(xo.2r))(X) + To(f1X Bxo.2r)> J2X RN B(xp.21))(X)

+ To(fiXrn\Bxo2r)s J2X B(xo.20)(X) + To(f1X R\ B(x0,2r)5 J2X R B(x0.2r))(X)
= To(f1, [2)(%).

That is, 75 reduces to Ty on L1© N MIO#(R"). Therefore, Ty is an extension of Tj.

So, we can get the precise definition of bilinear #-type Calderén-Zygmund operators on generalized
variable exponent Morrey spaces.
Proof of Theorem 3.4. For arbitrary ball B = B(xo, ), we represent f as f; = f!+ f? fori = 1,2, where

fil = fix2s and f,-2 = fiXrn\28-
Then, it can be rewritten as

| Ta(f1s 12) a0 Bxo.r)
<l Te(ff,le ) lzeo By + Il To(f, 11’f22 ) 2o (Bxo.r)

+ Te(flz,le) |z Bxory + I Te(ffafzz) Il o0 B(xo.)
=hL+L+L5L+1,

According to Lemma 3.1, we conclude that

I

IA

C || fl ”LPI(')(ZB)” fz ||LP2<‘>(23)

00

Cré oD || f, ol f2 12008 f 1 lon-lgy

2r

IA

IA

8, (xo, —6,(x0,0)—1
Cr 4 (x0,1) f ” f1 ||Lp1(_)(B(x0’t))|| fz ||LP2('>(B(x0,t)) f 4 (X0,1) dt
2

r
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(oo

0, ,r)+0 , -0, ,H)-6 -1
= Crfntontinton f LA lenoaesaanll fo lmoqacng 007000 dr,
2

r

where

o= ¢ =0,,(x0,1) + 0,,(x0, 1), O0<t<,

0,(xo, 1) = q(x0)  p1(xo0) pz(xo)
! 7 = e e = O (X0, D)+ O0p(x0, 0, 12 1

According to Lemma 2.1 and the estimate of E;, I; can be estimated as

Lo | f f |f1<y1> I () | driys sy
2B JEBY (2| —yi )2

| 202) |

@By | Xo —y2 I

C a0, r)f | i) | dyy Z f; | 2(002) ||2ndy2

2k+1B\2kB | Xo— )2

IA

| filyp) [ dyy ||

d)’2 Il a0 (B(x0,r))

IA

IA

0, ;)0 , -0, -6 H-1
Crin oo f 1 fi Mmool fo ez 12000 dr.
2

r

Similar to the estimates for I, it is easy to get

| /i) |

L < C | 202) | dys || n dy, ”L‘I(')(B(xo,r))
2B il

(2B) | xo —

00
bq(x0, —2n-1
< P ol Ulyzogy [ 1A o £ 0 o0
2r ?
(o]
(7 ,h)+0 s -6, -0 -1
< Cpfnontinten f I fi Nesroaoanll o Mmooy £ 000 e,
2

r

For 1. On the basis of Lemma 2.1 and Ej, it follows that

| /i) || 2(02) |
14 < ”f f leI f2 Y2 dyldyz ”L‘i(')(B(xo,r))
a8 eBr (ZI —yi

| fl(yl) | 2(02) |
I . ,,d)’1d)’2 246 (B(xo,r))
(2B) J(2B)° | xo —y1 1" X0 = y2 |

o 2
e S [ ol

g 241 B\2/B

IA

IA

IA

) ,r)+0 s -6 ) -1
C % (00 ¥6p; (x0.1) f I fi ool fo oo £ 0= 0m00dr,
2

r

On account of the above estimates for I, I5, I; and 14, (3.4) is obtained.
Proof of Theorem 3.5. Let f; € MPO¥(R"), i = 1,2. According to Theorem 3.4, Lemma 2.6 and
(3.2), we get

| To(f1: 12) lImeoeern)
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“1_—0,(x0,
= sup  @(x0, 7) U N Ty(fiy £2) o)

xo€R”,r>0

-1 —8,, (x0.)—0,, (x0.1)—1
< C sup QO(X(),}") f || fl ”L”l(')(B(xo,t))” f2 ||L”2(')(B(xo,t))t P1(x0 1) pz(xo 1) dr
2r

xp€R™,r>0

: ™ 1%, Dpa(x0, )
-1 1(X0, 1)®2( X,
<[ [1flwosg sup @) dr
i=1 x0€ER",r>0 2r t

2
<C[ 1 lawown,
i=1
thus, the proof of the Theorem 3.5 is completed.

4. Commutators of bilinear 6-type Calderén-Zygmund operators on M?#(R")

Now we formulate the main results of this section.
Lemma 4.1. Let T, be a bilinear 6-type Calderon-Zygmund operator defined by (1.4) with 6
satisfies (1.5). Suppose pi(-), p2(-), p() € LHR") N PR") such that ﬁ = 1%() + 1#(.), by, by €
BMO(R"). Then for all f; € LFO(R"), i = 1,2, we have

2
Il (b1, b2, Tol(f1 1) lro@n< € l_[ I bi llsmo@n|l fi llro@nll f2 0@ 4.1

i=1

with the constant C > 0 independent of f; and f.

As this result can be proved in a way similar to Lemma 2.10, we do not present the proof here for
the sake of brevity.

We now ready to study the boundedness of the commutator [b;, b,, Ty] on MI#(R") by (3.3).
Definition 4.2. Let 7 be a bilinear 6-type Calderén-Zygmund operator defined by (1.4) with 6 satisfies

(1.5). Suppose pi(-), p2(), p(), 4(), $1(), $2(), s() € LHRDNP(R") such that i3 = ~5+5, o5 =
i L i i

0T 7m0 30 =50 T o b1 b2 € BMOR"), ¢, ¢1, ¢, satisty the condition
o0 essinf[@;(xg, $)pa(xg, §)s%a 0]
t<s<oo
U log;)2 pOYE dt < Co(xo, 1), (4.2)
7}"

and denote ¢(xg,r) = ¢1(xo, r)¢2(x0, r), where C does not on r. Suppose that Ty and [by, b, Ty] is a
bounded linear operator on LP(R"). For any f; € MPIO%(R"), i = 1,2, and x € B = B(xo,7) € B, we
define

(D1, b, Tol(f1, f2)(%)
= [b1, by, Tol(fiX B(xo.2r)» J2X Bxo2) )(X) + (D1, Do, Tol(fiX Bxo.2r)> J2X R\ B(xo,26))(X) (4.3)
+ [b1, by, Tol(fixrm\Bxo.2r)> J2X Bxo20)(X) + [B1, Do, Tol(fiXmm Bexo,26)» J2X RN B(xo.29) ) (X)-
Theorem 4.3. Let Ty be a bilinear 6-type Calderon-Zygmund operator defined by (1.4) with 6

satisfies (1.5). Suppose pi(-), p2(-), p(), q(-), s1(:), s2(-), s(-) € LHR") N PR") such that

4 -+ .+ + .t .t 1 _ 1, 1 n : o
D=0 50 0= 0T o 0 =50 TR0 by, b, € BMOR"), ¢, ¢1, ¢, satisfy the condition (4.2)
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and ¢ = ¢¢,. If Ty and [by, b>, Ty] is a bounded linear operator on L”)(R"), then [b;, by, Ty] is a well
defined linear operator on MIO¢(R™),

The result can be proved by using a similar proof method with that of Theorem 3.3, which is omitted
here for brevity.

Additionally, for any f € LPO(R") N MPiO%(R™), where i = 1,2, we have [by, by, Ty] = [b1, by, Ty].

Since [by, by, Ty] is well defined on MI#(R"), we are allowed to study the boundedness of
commutators of bilinear #-type Calderén-Zygmund operators on MO (R"),
Theorem 4.4. Let Ty be a bilinear 6-type Calderon-Zygmund operator defined by (1.4) with 6
satisfies (1.5). Suppose pi(:), p2(-), p(), q(-), s1(:), s2(-), s(-) € LH(R") N PR") such that
% = !% + % }%) = ﬁ + 1%’ %) = f() + é() by, b, € BMO(R"). Then for any ball B = B(x, r)
and f; € L”Y(R"), i = 1,2, the following inequality

loc

Il {61, b2, Tol(f1s f2) llLaoBxg.ry)
0,(x0,
< C || by llssocnl b2 lsyogs %" (4.4)

00

I -0 -9 -1
X [ (I+ 108;) I f1 lzr10Baemll 2 oo by (x0:0)=6p; (0.0~1 ¢
2r

holds, where the constant C > 0 independent of f; and f,.

Combining Lemma 4.1 with Theorem 4.4, the following Theorem shows the boundedness of
commutators of bilinear #-type Calderén-Zygmund operators on the generalized variable exponent
Morrey spaces.

Theorem 4.5. Let Ty be a bilinear 6-type Calderon-Zygmund operator defined by (1.4) with 6
satisfies (1.5). Suppose pi(:), p2(-), p(), q(-), s1(:), s2(-), s(-) € LH(R") N PR") such that
S0t 0 =50t 5 35 = 50+ no s b2 € BMORY), ¢,¢1, ¢, satisfy the condition
(4.2) and ¢ = ¢,,. Then [by, by, Ty] is bounded from the place MP1O#1(R™) x MP20-¢2(R") to the place
MIOLRY).

Collory 4.6. Let T be a classical bilinear Calderén-Zygmund operators. Suppose pi(-), p2(-), p(-),
q(), 51(-), s2(-), s(-) € LHR") N P(R") such that ﬁ = 1% + %, 1% = 1%() + 1%(-)’ % = %()
#), by, b, € BMO(R"), ¢, ¢1, ¢, satisfy the condition (4.2) and ¢ = ¢1¢,. Then [by, by, 7] is bounded
from the place MP1O#1(R") x MP2O¢2(R") to the place MO (R™).

Proof of Theorem 4.4. We decompose the function f; in the form f; = f! + f2 in the proof of

Theorem 3.4, where i = 1,2. For all f; € Liji')(R"), then

Il b1, D2, Tol(f15 12) llLayBixo.r)
<I b1, b2, Tol(fy o) sy + 11 [B1, B2, Tol(f f3) s eao.n

+ 11 [61, b2, Tol(f2, ) Nwaoweorny + 11 101552, Tl (FE, 15 Niao s
=: H, + H, + H; + Hy.

LetLt =-L4+-L L -1, L FomLemma?2.5, Theorem 4.1 and Lemma 2.1, it follows that
p() piC)  p2()” q() pC)  sC)
s
Hi < |1 lpo@eemll 11,62, Tol(fy s £2) lroBxo.r)
< C |l by llsmoenl b2 lsso@nll 1 0@ mll f1 lroes)
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(v}

X( ” f2 ||L”2(‘>(ZB) rep(x(%’)f I p(x(),t)—ldt)
2r

2 00

[Z) S -6, ,H—0 H—1

< C| ||| b; ||spon rao" f I i lzmomaomll fo oy ¢ 0o G0 "1ds,
i=1 2r

Now we deal with H,. H, can be decomposed into four terms.

2
H, < || l—[(bi — b)) To(f!, 1) Loy

+ 11 (b1 = BB To(f] (b2 = (52)B) ) 0 (Bexo )

+ 1| (b2 = (B2)B)To((br = BB 1) Lo )

+ || To((b1 = (b)) f] (b2 = (02)B) ) a0 Bexg.r)
=: Hy + Hy + Hy3 + Hyy.

Noting that | x —y; | + | x =y, || xo —yz |f0r x € B(xp,r), y1 € 2B and y, € (2B)". Let

4 -+ Lt 1 _ 1 ., 1 1 _ L
0 =70 Tm0 0 =0T R0 G = p() + s() By Lemma 2.5, Lemma 2.1, lemma 2.8 and

Lemma 2.4, one has

2
1 2
] [ = B) Mool TalhL £ o

2r

Hy, <
< 161 = (BB o)l b2 = (b2)B 20, f | /i) | dy;
2B
| 2(32) |
><( I f —————dy> ||2roB(xy.) )
@By | Xo — y2 " o
Os(x0,
< C |l by lsmoenll b2 ssocs 7 | 11| f | fiyo) | dy
28
| 2(02) |
Z oy, 2
— n
2k+1 B\2k B | X0 —y2 |
0 0, (x0,1)=0, (x0,1)—1
< Cn | B; lsmon r r>f Il fi ool £ limo s 10000 nton=1gy,

From Lemma 2.5, Lemma 2.8, Lemma 2.1, Lemma 2.4 and Lemma 2.3, it follows that

Hy < by = ()5 lpomumll Tolfls (b2 = (2)8) ) Lo
< b= (b)s ”LVI(‘)(B(XO r))” 1 ”LYZ(')(B(xo r)
| )l ) |
|| f f SOV TEO ) - o1y 1 dyatys oo
B (Z |- = yi
< Cl by llsmoenll 1 lLsoBx.m) f | fiy) | dy
28

| %0 — v2 " dya |20 B )

« (f | 2(02) | b2(y2) — (b2) |
(2B)°
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IA

C |l b1 llsmown rg"(xo’r)f | i) | dy;
28

« dr
x| f@ 1509 1202) = Gy ( f| o Jav:|

C |l b1 llsmowrn Veq(xo’r)f | fiy) | dy
28

00 d
([ 1A 10200 - Gl s
2r B(xq,1) !

C |l by llsmowm platzon) | i) | dys
2B

) dr
x( f f |02 11 52002) = Bl | dysy)
2r  JB(xo.1) t

04(x0,
+C || by llsmogn %" | i) | dys
28

o dr
([ 1A @~ B o)
2r B(xp,t) i

0q(x0,
C |l by llBmogy r a0 || St llzrios)ll 1

IA

IA

IA

1M192B)

© dr
g f 15 llmoseanll 520) = (B2 | )
2

’
r L29B(x.0) 2+

04(x0,
+C || b1 llzmogs 7 Nl fi llmoes)ll 1]

U’Il('>(23)
X(|(b2)B(xoz)—(b2)B| 1A ol 1l i)

’ o o L29B(xo.0) (2041
) req(XO’r)

IA

C |l b1 llsmoenll b2 llBmo:

~ ! -0 -0 -1
X [f (1 + lOg;) [| fl ||Lp1<.)(8(x0’[))|| f2 “U’Z(‘)(B(xo,t)) £ p1 (G0:0)=0py (x0.0=1 44|
2

r

By applying Lemma 2.5, Lemma 2.1, Lemma 2.8, Lemma 2.4 and Lemma 2.3, we can deduce that

Hy; < || (by = (b2)p)To((by — (bl)B)ﬁl»fzz) )
< by = 025 lsomuemll TolBr = GO ) 0B
< by —(b2)s ||LS2<~>(B(x0,r))|| 1 ”le(')(B(xo,r))
| ) f2(2) |
X ( I f f / O PO b3, = (1) | dyadys ooy )
28 JBy -
(; =yl
< C b2 llsmo@nll T lLso By f [ b1(y1) — (b)g |l fily1) | dy
2B
| f2(02) |
x ||f = PO s st )
( @By | Xo = y2 [ V2 Mooy
< C |l by llsmorn rg"(xo’r)f [ b1(y1) = B)s Il fi(y1) | dy
2B
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IA

IA

IA

IA

IA

X [LB)C | 2(2) | (ﬁciy2| %)dyz]

Cll b, ”BMO(R”) rg"(xo’r)f [ bi(y1) = (b)s |l fily1) | dy
2B

« dt
x( f f A0 [ dya)
2r B(x¢,t)

Cll b, ”BMO(]R") plazon | b1(y1) = (b1)2s |l fi(y1) | dyy
2B

* dr
X (f f | 2(02) | d)hm)
2r B(xp,t) !

+C || by |lpyogn ™" | (b1)2s — (b)) Il 1) | dys
28

0 dr
X (f f | 2002) | d)bm)
2 I B t

04 (x0,
C 1 ba llsmony 77 Nl fi llpmoall b1() = (b1)as |l

00 dr
X : Ll Snrl
([ 08 ol Ui, 707)

r

04(x0,
+C |l b2 llgmogn 7N fi llmoasll 11

"190B)

| (b1)28 — (b1)s |

’
L”l(')(ZB)

0 dr
X . N il
(fz‘ L2 W00l ”L”Z(')(B(xo,t)) 2+l )

r

2r
04(x0,
C |l by llzmoenl b2 llgmogn % r)(l + 1087) I fi llzrioepll 1]

- _H s _1
X(f 12 Nl aeg £ 20" dt)
2

r

’
19028)

8,(x0.
C | by llsmon|l b2 llsogn r™™”

0 t -0 -0 -1
X I:f (1 + log;) || ﬁ ||L1’1(')(B(x0,t))|| fz “U’Z(‘)(B(xo,t)) t l’l(XOJ) PQ(XO,I‘) dt X
2

r

Further, according to Lemma 2.1, Lemma 2.4, Lemma 2.8 and Lemma 2.3, we obtain that

H24 <

IA

IA

IA

AIMS Mathematics

Cf | bi(y1) = B)g |l i) [ dy |l
2B (

b - b -
! f f 10100 = s 12262) = B2)a | 4y 4 £10) | dysdyn lsocsce
2B J(2B)¢

2
(; |- —yi D>
| 2(02) | b2(y2) — (b2)B |

2B) | X0 —y2

dy, ”L‘?(')(B(xo,r))

C,ﬂq@o,’)f | b1(y1) = (b1)g || fi(r1) | dyy f | 2002) | b2(y2) — (b2)s |
2B (2B)

< dt
A(f ]
Ixo—yzlt

Ot f | bin) = B Il i) | dwy
2B
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(o) d
([ 1p0 10200 - Gl )
2 B(xo,1) !

r

0,(x0,r)
< Criv® L fillpmoapll b1() = (b1)s ||Lp’l<.)(23)
* dt
([ 18 ol 20 = G g 7o)
q(x0.7)
< q . o) — ’ j— ,
< Cr Il fi llzro s ( | b1(-) = (D1)28 ||Lp|(.)(2B) + 1 (b1)2g — (b1)s ”L”1<'><2B) )
X : by(:)— (b /
[ [0 M (1820 = Gl Do
dr
PR A o
< Crin b b 1 1+ log =
= r Il b1 lBro@nll b2 llBmo@nll fi llr sl ||L,,'l(.) + log
(2B) r
«| i 1+ logE Il 2 lleae ML, 2 dr
L o p) 12 IR 0 g )
< C |l by llswoenl b2 lssodn r¥"

(T £y’ 6, (30.00~0p, (X011
X f (1 +log ’j) I fi lromeomll fo o) ¢ o 0n o0 dt].
- J2r

Which, together with the estimates for Hyy, H»,, Ho3 and Hy4, we get

0q(x0,
H2 S C || bl ”BMO(R”)H b2 ”BMO(R") 7 q(XO r)

~ ! : -0 —6 -1
X[f (1 + log;) || fl ||Lpl(.)(B(X0J))|| f2 ||L”2(')(B(xo,t)) t o (%0,5)=0p, (x0.1) dt]
2

r

Similarly, it is not difficult to obtain

2
H; < || n(bi — b)) To(fE 1) Loy
i=1

+ 11 (b = (b)B)To(fL, (b2 = (02)B) ) LB
+ || (by = (b2))To((b1 — (bl)B)flz’ le) ”L‘i(‘)(B(xo,r))
+ 1| To((by = (b1)B) f1. (b2 = (b2)8) f2) et Biso.

(x0,r)

IA

9
C |l b1 llsmownll b2 llsmowny ™

- A% -6 -6 -1
X [f (1 + log;) Il fl ||Lp1<-)(3(x0,t))|| fz ||Lp2(-)(B(x0’t)) £ 0p1 (0:0)=0py (x0.0-1 44|
2

r

It remains to estimate Hy. Noting that | x —y; | + | x =y, =] x — y; |*| x — y» | for x € B(xy, r) and
v1,¥2 € (2B). By using Lemma 2.1, Lemma 2.4, Lemma 2.8 and Lemma 2.3, we can deduce that

b - b -
o< [ [ L0 OOn IO ZO0 ) ) fn | vy
By e (X 1= i b

| 5131 = (b1 |l ba(y) = (ba)s |
snf f‘ L= 2V LRI P8 L fio) I A02) | dvidys oo
(2B) J(2B) | xo —y1 " X0 = y2 |
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o 2
C o) Z H(Zfr)_”f | fiyd) | bi(yi) — (bi)s | dy;

<
j=1 i=1 2/+1B\2/B
0
< cpinny, l_[@’r) [ 1 1500 = @) | d
T 2/+1B\2/B
6. (xo, P
+Crftson) Z ﬂ(zfr> " f | 0D 1 (b5 = (B)s | dy;
o 2/+1B\2/B
0
< Cr 4 (x0,7) Z l_[(zj ) n ” f ||L17()(2/+13)|| b; () (b )ZJHB ||Lpr,'(‘)(2./'+|B)
j=1 i=
8, (xo, i \—
+Cr 4 (x0,1) Z l_[(zfr) n | (bi)2-f+]B - (bi)B ||| ﬁ ||Lp,-(-)(2j+13)|| 1 ”L”;(')(ZJ'HB)
=1 =1
0 5 2/+1r 2
< C |l by llssoenl b2 sogsy ré™ r)Z(2Jr) "(1 +log )
Jj=1
X ( Il sll 1 ||L",1<"(2j+13)” L llroipl 1 “Lp'zo(sz) )
2/+2) f 2
ol
< C |l b1 llsmoenll b2 llsmogn rlao F)Zf " 1 + log;)
2J+1y
X ( E A N0 meonmll 1 ”Lp,n(')(B(xo,z))” L2 0@l 1 ”yé(»)(B(xO,z)) dt)
04(x0,
< C |l by llsmoenl b2 llsmogny r¥"

- A% -0 -9 -1
<[ [ (1 tog2) 13 Tl f Moy 750 0 ]
2

which, combining the estimates of H;, H, and Hj, implies (4.4).
Proof of Theorem 4.5. Let f; € MPiO%(R"), i = 1,2. By Theorem 4.4, Lemma 2.7 and (4.2), we
obtain
Il (b1, b2, Tol(f1, f2) || pmaoremny
= sup  @(xg, )" r O\ [By, by, Tol(fis £2) e B

xoeR” r>0

N 1\
< Cl_[ Il bi llpmowsy sup  ¢(xo,7) lf (1 + log;)
2r

x0€R”,r>0

-9 =0 -1
X ( ” fl ”Lp](')(B(x(),t))” f2 ||Lp2(')(B(x(),t)) t pl(xo 1) pz(XO 1) dt)

<C]_[||b lasooll f; lpwomn  SUp - @(xo, 7)™

i=1 xo€R”,r>0

(1 + log ) Sol(xo,f):Oz(xo,t)
2r

2
<[ |18 llswonll f: o,

i=1
which is our desire result.
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5. Conclusions

In this paper, I mainly obtain the boundedness of bilinear 6-type Calderén-Zygmund operator T
and its commutator [by, b,, Ty] on the generalized variable exponent Morrey spaces.
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