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Abstract: In this paper, the expansion problem which arises in a two-dimensional (2D) isentropic
pseudo-steady supersonic flow expanding into vacuum around a sharp corner for the generalized
Chaplygin gas is studied. This expanding problem catches the interaction of an incomplete centered
simple wave with a backward planar rarefaction wave and the interaction of a non-planar simple wave
with a rigid wall boundary of the 2D self-similar Euler equations. Using the methods of characteristic
decompositions and invariant regions, we get the hyperbolicity in the wave interaction domains and
prior C! estimates of solutions to the two interaction problems. It follows the global existence of the
solution up to infinity of the gas expansion problem.

Keywords: two-dimensional Euler equations; generalized Chaplygin gas; pseudo-steady supersonic
flow; incomplete centered simple wave; interaction of simple wave with rigid wall boundary
Mathematics Subject Classification: 35165, 35J70, 35R35, 35J65

1. Introduction

Supersonic flow around a bend or sharp corner, one of the most important elementary flows, is
effected by a simple wave. In [5], Courant and Friedrichs constructed these simple waves for the steady
flow. Recently, Sheng and You ( [31]) considered an expansion problem which arises in a supersonic
flow expanding into vacuum around a sharp corner under the condition that the inclination angle of
the rigid wall boundary is larger than a critical one and obtained the global solution to the expansion
problem by solving the interaction problem of a complete centered simple wave with a backward planar
rarefaction wave. In [29], Sheng and Yao considered the expansion problem when the inclination
angle of the rigid wall boundary is smaller than the critical angle. They studied the interaction of an
incomplete centered simple wave with a backward planar rarefaction wave and the interaction of a
non-planar simple wave with rigid wall boundary and obtained the global existence of the solution of
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the gas expansion problem for the polytropic gas. In [30], Sheng and Yao constructed the self-similar
solution for the supersonic flow around a convex corner and proved that the supersonic flow turns the
convex corner by an incomplete centered expansion wave or an incomplete centered compression wave
depending on the conditions of the downstream state. In [15], Lai and Sheng obtained the existence
of global piecewise smooth (or Lipshitz-continuous) solutions to the problem of pseudosteady flows
around a sharp corner for for the polytropic gas when the uniform flow is sonic or subsonic.

In this paper, we consider the problem of a supersonic flow expanding into vacuum around a sharp
corner for the generalized Chaplygin gas. Suppose that the sharp corner is made up to a horizontal
ground and a sloping straight rigid boundary at a sharp point. At the very beginning, the flow arrives
with constant velocity along the straight ground wall up to the sharp point. Further, we assume that
the oncoming flow is of constant state in a region adjacent to the part of the wall before the sharp point
and is vacuum outside of the region. We want to know how dose the flow turn the corner and expand
into vacuum. For this purpose, we study the 2D unsteady isentropic compressible Euler equations for
generalized Chaplygin gas

pi + (pu), + (pv), = 0,

(ou), + (pu + p)_+ (ouv), =0, (1.1)

(pv), + (puv), + (pu2 + p)y =0,
where p is the density, (u, v) is the velocity and p is the pressure given by p(p) = —Kp~" for generalized
Chaplygin gas, the constant K > 0 and v is the adiabatic exponent satisfying 0 <y < 1.

The expansion problem can be seen as a special 2D Riemann problem for Euler equations with
boundary. There will be an incomplete centered simple wave emanating from the sharp corner and
a planar rarefaction wave spreading from the supersonic oncoming flow to vacuum. The two simple
waves will interact with each other. Due to the particularity of the generalized Chaplygin gas, the
centered simple wave from the origin is a incomplete one, the interaction will piece together three
parts of the flow in the interaction domain. The first part is the interaction of the incomplete centered
simple wave with the planar rarefaction wave. The second part is a nonplanar simple wave adjacent to
a constant state. And the last one is the interaction of the simple wave with rigid wall boundary.

The 2D Riemann problem for the Euler equations (1.1), which is a special Cauchy problem that the
initial data are constants along each ray from the origin, are an interesting and complicated problem. It
involves many kinds of wave interactions. The solution configurations conjectured in [35]. Up to now,
there is much progress to the theory of system (1.1) or simplified models of it, see [1-3,7,8, 17,20, 24,
25,27,33,34] for polytropic gas and the Chaplygin gas equations, etc.

The expansion problem of a flow into vacuum has been a favorite problem for a long time. It has
been interpreted hydraulically as the collapse of a wedge-shaped dam containing water initially with
a uniform velocity ( [18]). This is a special 2D Riemann problem, mainly involving the interaction
of two 2D planar rarefaction waves. There have been a lot of research results on the problem. A
set of interesting explicit solutions were found in [32] for special wedge angle. In [6], Dai and
Zhang established the global smooth solution for the expansion problem of pressure gradient system.
In [19], Li studied a much more difficult problem for Euler equations of the expansion of a wedge
of gas into vacuum and established the existence of a solution to the problem in the hodograph plane
by the hodograph transformation. Li and Zheng proved the existence of the classical spolution in
the hodograph plane and the non-degeneracy of the hodograph transformation on non-simple wave
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region, and obtained the existence of classical self-similar solution of the expansion problem by the
hodograph transformation and the characteristic decompositions of characteristic inclination angles
in [23]. In [21], the authors developed the direct approach to get global classical solution for 2D
polytropic Euler equations to avoid the complicated procedure of the hodograph transformation. For
more related papers, see [9-14,16,36]. In 2010, Sheng etc. in [28] considered an oblique rarefaction
wave reflection along a compressive corner. By using the numerical generalized characteristic analysis
method, they found a critical transonic shock. A supersonic bubble near the compression corner grows
and break through as the rarefaction wave size increases in their results. The supersonic oncoming
flow with a constant state (u;, 0, p;) along the straight wall AO up to the sharp point O, expands into
the vacuum in the other region of the corner. Assuming that the inclination angle of the sloping straight
rigid boundary OB is —6 (O <0< ’f) For unsteady isentropic compressible generalized Chanpygin gas,
this expansion problem can be prescribed as the system (1.1) with the initial data (see Figure 1).

t=0 y

Vacuum

(ulsospl)

Figure 1. Initial-boundary data conditions.

(u1,0,p01), as(x,y) € {x <0,y > 0};

(u,v,p) (x,y,0) = (1.2)
Vacuum, as(x,y)e{y<0,y>—-xtan6}U {x >0,y > 0},

and the boundary data

(ov) (x,0,1) =0, asx <0,y>0;
(1.3)
(ov) (x,y,1) = — (pu) (x,y, ) tan 6, as(x,y) € {y <0,y = —xcot8},t > 0.

where u; > 0 and p; > 0, the Mach angle of the initial oncoming flow is defined by @; = arcsin f{—i
i
¢ =Kyp,* issonic velocity satisfying u; > c;.

For the sake of the discussion below, we use following notations:

I+ 3+ 1+ A - +
k:_—y, m:—y>3, ,u2: 7>1, tan® 6 = m, 5:a—’8, 0':0/ ﬂ,
2 11—y 1-vy 2 2
cos20 — k

= COSE0 TR tan’s, O =0, + 1.0, O.=0:+L0,
k+coste o n R
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04 = cos adg + sinad,, 0_ = cosPo;+sinfd,, Jy = coscd+sinod,.

In addition, we introduce @ = g(x), which is the inverse function of % = —tan x in Theorem 4.

The main result of this paper, which will be proved, is in the following theorem.

Theorem 1. Assume that 0 <y < 1, 26 — f<ay<Fand0 <6< g ! (29 - ’%), the initial-boundary
data problem (1.1) with (1.2) and (1.3) admits a global solution.

This paper is organized as follows. In Section 2, for the generalized Chaplygion gas, we present
some preliminaries, including the inclination angles (a,B) of C. characteristic, the characteristic
forms of the 2D self-similar isentropic ir-rotational compressible Euler equations and the characteristic
decompositions of speed of sound c. The characteristic equations and the characteristic decompositions
are used to control the hyperbolicity and the priori gradient estimates of the solutions. In Section 3, we
obtain the incomplete centered simple wave through the principle part of the centered simple waves and
give the expressing of the incomplete centered simple wave. In Section 4, we obtain the global solution
of the interaction of the incomplete centered simple wave with the backward planar rarefaction wave.
In Section 5, we solve the reflecting problem of the simple wave on the rigid wall by the interaction of
two symmetric simple waves. In the last section, we obtain the global existence of the solution of the
expansion problem around the sharp corner for generalized Chaplygin gas.

2. Systems of 2D pseudo-steady isentropic ir-rotational flow

2.1. 2D pseudo-steady isentropic Euler equations

System (1.1) can be written as follows for smooth flow with the self-similar variables (£, 1) = (f f)

Upe + Vo, +p(u§ + Vn) =0,
Uug + Vity + Spe = 0, (2.1)
Uve+ Vv, + %pn =0,

where (U, V) = (u—&,v—n) is the pseudo-flow velocity, c is the speed of sound with ¢ = p’(p) =
Kyp~r~! for the generalized Chaplygin gas.
We further assume that the flow is ir-rotational, i.e. u, = v,. Then, the system (2.1) can be reduced as

(cz— Uz)usc— UV(un+v§)+(cz— V2)v,7 =0,

(2.2)
u, —ve =0,
supplemented by pseudo-Bernoulli’s law:
2 U2 + VZ
< . — ¢ + Const. (2.3)
-y—-1 2

where ¢ (£,7) is the pseudo-potential function such that ¢, = U, ¢, = V. The eigenvalues of Eq (2.2)
are determined by
AU -VY - (1+2) =0, (2.4)
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which are
UV £ Jc2 (U2 + V2 = c2)
Ay = . (2.5)
U2 — 2
So, if and only if U? + V? > ¢?, the Eq (2.2) are hyperbolic. The integral curves
dn
Ci L = /li (2.6)
d&
are the pseudo-wave C.. characteristics of (2.2), respectively. The pseudo-flow characteristic is defined
by integral curves of
dn Vv
Co: == =—. 2.7
0 TNEY 2.7)
The left-eigenvectors of the eigenvalues A, are
(2.8)

L= (L va)
Multiplying (2.2) by l. on the left and differentiating the pseudo-Bernoulli’s law (2.3), we get the

characteristic forms of the system (2.1)

ou+A_0,v=0,
o_u+A,0_.v=0 2.9
0.¢? = 2k(Ud,u+ Vo).
2.2. Characteristic equations and characteristic decompositions
Let a, B be the inclination angles of C.. characteristics as in [23], defined by
tana = 4,, tanB=A_. (2.10)
For the convenience to our problem, we choose
U coso cos o
— = g’ u=§&+c Sing’
c sin .
vV sino ie., sin o 2.11)
v=n+c——;,
sino

c sing’
where o = # is the inclination angle of pseudo-flow characteristic, and 6 = % is the Mach angle

satisfying ¢> = U? + V? = Siﬁi = (see Figure 2).

Figure 2. Characteristic curves, characteristic angles and pseudo-sonic circle.
Volume 7, Issue 7, 11732—-11758.
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The pseudo-Bernoulli’s law (2.3) can be written as the function of variables a, 8 and ¢

c? c?

+
—-y—=1 2sin%§

= —¢ + Const..

Then, we have
co.a = Qcos? s (2 sin® § + c5+,8) ,

c0_B = Qcos> (—2 sin® & + cé_a) ,
(T)J_(p = O,

(2.12)

(2.13)

— : 2
where 6, = —sin o0, + cos 00, the variable ¢ = ¢(6, ¢) := /—% by letting the constant of the
pseudo-Bernoulli’s law (2.12) to be 0. Moreover, we have the characteristic equations of u, v, @ and

expressed by d..c
- sinf3 - - ina -
Bou = Tﬁmc, Ou = —S“;“a_c,
- cosf3 - = coS a =
0v=-— k'8(9+c, o_v = . o_c,
_ Qsin 26 - - tano -
co,a = o 56+c, co_a = —ﬂﬁ_c +2sin? 6,
242 2
_ tan § - - Qsin 26 -
co.fB = iéh,c — 25sin® 6, c0_B=— S o_c.
w2 2u?

Lemma 1. The Egs (2.9) or (2.13) can be reduced to the following diagonal form

3o (2 (1+ kM?)) = —2ckM  or 3,9 =0,

where
r=r(ap)=y©)-B, s=sp) =y +a,
1 to—1 in’ 6 (cos 26 — k VU? + V2 1
W(5)=——IH‘L',H(6,5)=SIH (cos ), M= T —.
2u |pcotd + 1 c (k + sin? 5) c sin o

And the characteristic decompositions of ¢ satisfy

Lemma 2. For the variable c, we have

_ _ . 1 ~ Qcos20\ -
cd,0_c = 8_c(s1n25 - —2ﬂ2008256_c + (1 - 27 )6+c),

— = . 1 - Qcos26\ -
c6_8+c = 6+c(sm2(5 - W8+C + (1 - 2#2 )8_C) .

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

AIMS Mathematics Volume 7, Issue 7, 11732—-11758.



11738

By the self-similar transformation, the initial-boundary data problem (1.1) with (1.2) and (1.3) (see
Figure 1) can be reduced to corresponding boundary data problem of (2.1) at infinity with (2.19) and
(2.20) (see Figure 3). The initial condition (1.2) is changed into

(u]’(),pl)’ é‘: < Oa n > 07 and 62 + 772 — 09,
(u,v,p) — (2.19)

Vacuum, 7> —¢tanf, &€ >0, and & +n?> — co.
and the boundary condition (1.3) is changed into
(pv) (£,1m) =0, & me{E&mlE<0,n=0};
{ (ov) (€, m) = — (pu) (€, m)tand, (&,n) € {(£,n)In <0, = —& tan 6}

We will solve the problem in the following.

(2.20)

(u1,0,p1) Vacuum

N

Vacuum

Figure 3. Boundary data at infinity.

3. Center simple wave around a corner

We have already known that a wave adjacent to a constant state is a simple wave, so we only have
to consider the the trivial case (see [13]) in our problem.

3.1. The principle part of isentropic irrotational pseudo-steady centered waves
We discuss the properties of the principal part of the centered simple wave for the system (2.1).

Definition 1. Let A(¢) be an angular domain with boundaries (see Figure 4)
A ={¢n]0<&<t, tana; <np=EA, < Stanay}, (3.1)

A function (u,v,c) (¢,n) is called a C, type centered simple wave solution for system (2.1) with the
origin (0, 0) as the center point if the following properties are satisfied (see [13,26,31])
1) (u,v,c)(&,m) can be determined by (u,v,c)(&,n) = (@t,9,¢) (€, @) and n = £tana defined on a
rectangular domain

A ={¢a)|0<é<t, mp<a<a).

Moreover, (ii, 7, &) belong to C'(A(r));
2) The function (u, v, ¢) (£, 1) defined above satisfies Eq (2.1) on A(?) \ (0, 0);

AIMS Mathematics Volume 7, Issue 7, 11732—-11758.
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3) For any @ € [a, 1], n = €A, gives the C, characteristic line passing through the origin (0, 0) with
the slope tan « at the origin.

Substituting 7 = £ tan « into pseudo-Bernoulli law (2.3), we obtain pseudo-potential function

5.2

_),_1‘

¢ = @(&, @) = Const. — %((ﬁ — &)’ + (V- Etana)®) —

(1, V,¢)(a) = ?n&(ﬁ, v,0)(&, ), pla) = éir% @(¢, ) 1s called the principal part of this C, type centered

simple wave.

n, a
n=§&tana; | |
(03] ‘ 5
AL(D) AL
rad A
f
0 1 P 0 1 £
an
n=~&tan ayp i |

Figure 4. The centered simple wave.

Theorem 2. Assume that (u,v,c)(&,n) = (i, V,0) (&, @), p(é,n) = P&, ), n =Eétane, € >0, a, < a <
ay is the C, type centered simple wave solution of the system (2.1) in pseudo-supersonic domain, then
the principal part (it, v, ¢)(@) and §(a) satisfy

A2
¢ (cy)l = Const. — @(a;),

%(ﬁz(a) +9%(@)) + ——

o, D B0
. _ @) + () \/ﬁz(a) + P2(@) — ()
ana= () - ()

0, (3.2)

Theorem 3. Assume that the functions (i1, v, ¢) (@) = ?“(}(’7" V,0)(&, @), a € [ay, 1] satisfy

()

= Const.,
1 ons

(iﬂ(a) + 92(a')) + =

dit(a) dv(a)

. +tana o =0, (3.3)

L @)@ + E@) @) + (@) - E(@)
= (@) - &(a) ’

| =

and the values of (u, v, c)(&,n) on the ray n = £tan a are defined as (it, v, ¢) (@), then (u, v, c)(&,n) is the
centered simple wave solution of (2.1) with the origin (0,0) as the center point.

AIMS Mathematics Volume 7, Issue 7, 11732—-11758.
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Proof. (1) Verifying Eq (2.4) is enough to prove that for any a € [a», @], the straight line A = g =tan
is a C, characteristic line. From the third equation of (3.3), by simple computation,

A& =& —-Ww(En-n)

= (Au (-f,ﬂ) - V(f’ﬂ)) - (/lé: - 77) = /lft(f, @) — 17(6,0’) (3.4)
= f(a)tana — P(a@) = C(C;(Sc(lc)y) =@) V1 + 22 =c&En) V1 + 22,

(2) We want to prove that the expressions of (u, v, ¢) (¢,17) = (i, V, ¢) (@) in (3.3) satisty the characteristic
system (2.9). For fixed @, along the straight C, characteristic line g = tana, u ,v, ¢ are constant, we
have 0,u = 0,v = 0,c = 0 and immediately we have 0,u+1_d,v = 0. By the second equation of (3.3),

we have
O_u+A,.0_v= =)+ A9@)0_a=0. (3.5)
(3) The pseudo-Bernoulli’s law (2.12) is also satisfied under the expressions of (u,v,c)(&,17) =

(,,,¢) (@) in (3.3). Because of d,u = 0,v = d.c = 0, it is obviously that along the direction of
C, characteristic line, we have

2 (w=8*+@v-n)’ c?
U I

(3.6)
=(u—-8&0.u+@Wv-no.v+ - 18+c =0
And along the direction of C_ characteristic, we have
Y 2 2
5_((u &) er(v o, ¢ v
- _ 2 -
=u-8&0u+(wv-naov+ € e
-y -1 (3.7)
A AL A A7 26(0/) N AL AL a
= (u(a)u (@) + V(a)V (@) + = 1c (@) — &' () — Etanad (a)) o_«
= —¢ (i (@) + tanad'v) 0_« W,
O

3.2. Center simple wave around a corner

Theorem 4. For the oncoming supersonic flow (u,,0,cy), near the corner O, the problem (2.1)
with (2.19) and (2.20) admits a local solution consisting of constant states 1(uy,0, cy), W(uy, vy, c;)
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and an incomplete centered simple wave determined by

, 1
it (@) = e @) ((d1 n dzez”("“")) sina + — (d1 - dzez”("_"‘)) cosa
i

1 )
P (@) = eHa-a) (— (d1 + dzez“(“_“‘)) cosa + — (d1 - dzez“(“_“‘)) sma)
u

R : , (3.8)

¢ (a’) = - (CZ) — e—u(a—w]) (dl + dzelp(a—m))

a = arctan Q

2_.2 2_.2
cr+u \ui—c c1—u\Jur—c .
where a; < a < @), dy = ——=——, dy = ——=——. The flow arrives at the constant states (u3, v2, ¢2)

when a < @,, and % = —tan6. From % = —tan x, we get 3_3 < 0. So we obtain the inverse function
denoted by a = g(x) (see Figure 5).
Uy
C_
1 R C,
A 0 _
=2 &
%
11
7
7

B
Figure 5. Incomplete centered simple wave in the flow around a sharp corner.

Proof. The principle part of the C, incomplete centered simple wave is

(u,v,0)(€m) = (@,9,8) (),

where «a is the inclining angle of characteristic line n = € tan «
From Theorem 3.2, we have

dit dv
— +sina— =0. 3.9
cosa/da smada 3.9)
Project pseudo-velocity (U,V) = (i(a)—¢&,V(a)—Eétana) on direction (—sina,cosa) and the

direction of C, characteristics (cos a, sin «), respectively. Then, we obtain (¢(a), g (¢, @)) satisfying:
@) = —c(a) = — ((a) — &) sina + (V(a) — Etana) cos a
= —i(a)sina + V(@) cos a, (3.10)
g a) = (ia)— &) cosa + (V(a) — Etan @) sin a.

Let & — 0, we have
¢(a) = —i(a) sina + ¥(a@) cos a,

¥(a) = limg (£.0) = da) cosa + D(a) sina (.11

AIMS Mathematics Volume 7, Issue 7, 11732—-11758.
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We obtain
F(a) + &) = i (a) + P (), (3.12)
and
i(a) = —¢(a)sina + g(a) cos a,
(3.13)
V(a) = c(a)cosa + g(a)sina.
Deriving with respect to @ on both side, we obtain
di
@) == (a)sina — &(a)cosa + g'(a) cos a — g(w) sina,
da
d9(@) (3.14)
3 = (a)cosa — ¢(a)sina + &'(a) sina + g(a)cos a.
a
Inserting (3.14) into (3.9), we have
§'(@) = &a). (3.15)
By virture of Theorem 2, the Bernoulli’s law may be changed to
@2 (@) + V(@) - (1 + 1) (@) = C.
From (3.12), accordingly,
C + & (a) = 1 (iF(e) + (@) - (@) = 1’ F (@) (3.16)
Differentiating the equation above with respect to a on both side, and because of (3.15)
26@) (@) = 2’ (@F (@) = 24’ F(@) ). (3.17)
we have
(@) = 1’g(a). (3.18)
Combining (3.15) with (3.18)
& (@) — p*é(a@) = 0. (3.19)
Solving Eq (3.19) with the initial data &(@;) = —c¢; and g*(a;) = uj — &*(@;), we obtain (3.8)
immediately. O

Theorem 5. The incomplete centered simple wave R, defined in Theorem 3 may not expand to
vacuum, i.e., the centered simple wave R, connects constant state (u,,0, c1) and another constant state
(12, v, c2), where ¢, < 0.

Proof. For any —0 < a < a;, we have e (@) > [ etla-an) < 1
6" (Cy) = _Z-’ (a) — M(_dle_ﬂ(af—al) + dze,ll(ﬂ/—a/])) < O. (3'20)

¢ (@) increases as a decreases, so the speed of sonic & (@) = dye™ ) + d,e*@=*) can not tend to
infinity. =

AIMS Mathematics Volume 7, Issue 7, 11732—-11758.
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4. Interaction of the incomplete centered simple wave with the planar rarefaction wave

4.1. Goursat problem

According to [2], the backward planar rarefaction wave R, expanding the supersonic oncoming flow
(1,0, 1) to the vacuum is determined by

1- 1wy 2 _Lty
E=u + Z\ﬂ(yp 7 - VKyp, * =u-c,

1+ I+y
R, : 2 1y 2 _ly 0<p<p. 4.1)
=u + —— K 7 = ——\Kyp, .,
U= 1+y\/ Yp 1+y\/ )74

vy =0,

u—c
uj+cy

The two waves R; and R, interact firstly at the point P (ul -y, 0 ) and then form a interaction

region X, separated from R;, R, by PD, PC,,, which are the C; cross characteristics curves determined
by R; and R,, respectively (see Figure 6). It is easy to know that the cross characteristic curve PCy, 1s
determined by

-y 1+y 2 _lyy
= + Kyo 72 — K 2
§=u 1”\/ P 1+y\/ YP,

oy (Ky(l —y) s w—c;  1—y\ _m\'? 0O<p<p (4.2)
77:P4(Wp 2 +(Ky(u1+c1_3+y)f’12) ;
Therefore, we can get the expression of PC, which is
sl A Ly fuy—cy 11—y 2¢c) e © )"
n=u m(f—u1+m) +cip, (u1+c1 —mxg—u]+ 1+)/) [\/7?)/) 4.3)

where u; — ¢y < ¢&.

We define £; more precisely to contain the boundaries PD, PC, as well as the C, cross
characteristic DE!,. The solution of the boundary data problem (2.1) with (2.19) in the outside region
of X, consists of constant state (u;, 0, ¢1), vacuum at infinity, incomplete centered simple wave R; and
the backward rarefaction wave R,, (see Figure 6). The solution of the boundary data problem inside
the wave interaction region X; can be reduced to a Goursat problem, namely, the system (2.1) with the
boundary data

e ve,pi)é,m), on PC,
(u, v, p)(&, 1) = {(u_’v_’p_) &n). on PD. (4.4)

where (., v., p.)(&, 1) is determined by rarefaction wave R,(R)).

AIMS Mathematics Volume 7, Issue 7, 11732—-11758.
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C. Ry
Co
R, P ol £l
I y )
D
A 0 Vo .
—0 R; &
II
N Vacuum

D

E2

E;g EZ /g
Figure 6. Interactions of waves and global solution of (2.1) with (2.19).
Lemma 3. (Local existence) There is a h > ¢y, h is sufficiently close to c| such that the Goursat

problem (2.1) with (4.4) admits a unique C' solution on the angular domain %, bounded by PC;, PD,
and level curve c(é,n) = h, which intersects with PC, at Cj, and PD at D,,.

Proof. From [26] we know that for sufficiently small £ > 0 the Goursat problem (2.1) with (4.4) admits
aunique local C! solution on the angular domain closed by PC.,, PD and the straight line & = u;—c, +e.
By d_c| rc., > 0, d.clpp > 0 and the characteristic decompositions (2.18), we have that the solution
satisfies d.c > 0. Let

h= inf c(,n)),

E=uj—c1+e

Then, the Goursat problem has a C ! solution on ¥,,. O

Boundary data estimates

Lemma 4. 1) On the C.. cross characteristic curve PC.,, we have

0<h<6<

{ﬁ:—gém<o. 4.5)

2) Let B = B(@) (o, < a < ay) be the image curve of PD on the (a, 8) planar; then this curve can be
one of the following three situations (see Figure 7): (i) 8 = B(a) passes through the line « — 8 = 20 and
has unique intersection point with it, such that 5'(a) > 0 above the line, 5’'(a) = 0 at the intersection
point and B’ (@) < 0 below the line;

(ii) B = B(a) doesn’t pass through a — B = 20 and has unique intersection point with it, such that
B’ (@) = 0 at the intersection point and '(@) < 0 below the line;

(iii) B = B(a) is located below a — B = 20, such that B'(a) <O.
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Figure 7. Invariant region of (a, ).

Proof. 1) According to (4.3), we get that (4.5) is valid on PC.

2) From the incomplete centered simple wave R, we obtain 0_¢ > 0 and d_a@ < 0 on PD. The
image point P of P is below the line @ — 8 = 20 because of (& — B(P) =a; +75 > 20. From the last
equation of (2.15), we get _8(P) > 0. Combining with d_a(P) < 0, we have

) -
B ()|, = 5—'8 <0.

_a|p

Hereinafter, we consider the property of 8 = B(«) along PD. Before 8 = S(a) arrives at & — 8 = 26,
we get 0_B > 0 by (2.15). Combining with d_a < 0, we have 8/ («) < 0. At the intersection point
of B = B(a) with @ — B = 26, we get d_B = 0, which combines with d_a < 0 to give 8'(a) = 0. If
(@, B)(D) is located above the straight line @ — 8 = 26, 8 = B(e) must pass through the straight line .
After 8 = B(e) passes through a — 8 = 26, we have §_8 < 0 by (2.15), which combines with _a < 0
to give B'(a) > 0. Moreover, d_a < 0 implies that there is only one intersection point of 8 = S(a) with
a—pf= 20. Then, we have that, the case (ii) holds, if (a, B)(D) is on the line @ — 8 = 26. The case (iii)
holds, if (@, 8)(D) is located below the straight line. O

Lemma 5. (Invariant region) Suppose that the Goursat problem (2.1) with (4.4) admits a C' solution
on Xy, (h > c¢y), and the assumptions of Theorem 1 hold, there exists a positive constant & such that for
any € € (0, &),

(@,B) (& m) € As, V(&) € Xy, (4.6)

where A, = (29— f-e +8) X (—’—; - — 29+3).

Proof. Because of a; < g and ’—ZT < 49—’—;, we have the square domain A = (29 - g, al)x(—g, a) — 2@) -
I', where I' denotes the open strip region between the line @ — 8 = 0 and the line « — 8 = n. By
computations, for sufficient small constant &, > 0, the open square domain A, C I" for any € € (0, &).
The images of PC, and PD are both in A, from @, > 20 — Z in Theorem 1. According to the

_ 2
local existence in Lemma 3 and P € A, we have (a,8)(&,n) € A, for any (£,17) € X, when h is
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sufficiently close to ¢;. Referring to Figure 7, the four vertexes of A, are M ’(29 - ’5’ —ga;-20+ ),
N'(ay +ea;—20+¢), P(a +e-%—¢g)and C, (20 - % —&,-% — o).
Then, due to d_c|pc., > 0, d,c|pp > 0 and the characteristic decompositions (2.18), we have that

d.c>0 in I, 4.7)
If the conclusion of Lemma 5 is invalid, by the method of continuity, there must exist a point H € X,
such that (o, ) (H) € U l; and (@, B) (&,17) € A forall (€,n) € Xy \ {H}, where Xy is the closed domain

bounded by characterlstlc curves PH,, PH_, H.H and H_H, and H, (H_) is the intersection point of
the C, (C-) characteristic curve passing through H with PD (PC,,), (see Figure 8).
1) If (o, B) (H) € M'N’ \ {N’}, we have

cg_ﬁ (H) = sm 20

(tan 0 — tan® 6)(9 clg <0

which contradicts to 0_3 (H) > 0.
2)If (o,B) (H) € N’P’\ {N’}, we have
sin 20
2u?

cO,a (H) = (tan2 0 — tan’ 6) O.cly <0

which contradicts to d,a (H) > 0.

Figure 8. Domain Z.

3)If (o, B) (H) € P’C',\{C..} or (o, 8) (H) € C/,M’ \ {C’,}, we obtain the conclusions similarly.
4)If (a, B) (H) = N’, we define & on H, H such that

_ in2s . a— d’1—2é+8 B
o, = Sn (tan2 6 — tan? ( ))(9+c, along H,H,

22 2 (4.8)
a(H,) =a(H,)
Then we have
a(H,) <a; +e.
Combining (4.8) with the first equation of (2.15), we get
b, (o — @) = s12n ié[tanz @ - (al ; 20+ 8) — tan’ a—;ﬁ]3+c, along H,H, (4.9)
(@-a)(Hy) =0
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Substituting a (H,) = @ (H,) into the first equation of (4.9), we get 0, (a—a&)(H,) < 0. We
assert that (@ — &) (H) < 0, H € H,H. If not, there exists a point H, € H,H \ {H,,H} such that
(@—a&)(H)) =0and (¢ — &) (&,1n) <0, (¢,n) € H.H, \ {H,, H}. Therefore, 0, (o — &) (H;) > 0. But,
according to hypothesis 20 — S—e<a(Hp)<a+e -F-e<B(H)<a - 20 + & and the Eq (4.9),
we get 0, (o — @) (H;) < 0, which leads to a contradiction. Hence, we get

a(H)<a(H)<a; +¢,

which contradicts to the hypothesis (@,8) (H) = N’. Similarly, we have that (o, 8) (H) = C/, is also
impossible. o

Let £ — 0, we can get the following theorem according to Lemma 5.

Theorem 6. (Hyperbolicity) Assume that the Goursat problem (2.1) with (4.4) admits a C' solution on
Y, (h > cy), and the assumptions of Theorem 1.1 hold. Then there holds

~ T a 7
20— — - — <6< —+ —
0< 1 2_6_2+4<7r

and

0<20—-=<a<a, -

(SR

T
2
on X

Lemma 6. (C° estimates) Assume that the Goursat problem (2.1) with (4.4) admits a C" solution on
2, (h > cy), and the assumptions of Theorem 1.1 hold. Then there exists a function M(h), such that

Il (i, v, ©) llcog,)< M(h).

Proof. We choose the maximum & := £(h) on the level curve c(&,n) = h, and for any u on the domain

X5, we have
cos
w=¢&+ e < &hy + Ch = M(h).
sin o

we can estimates v similarly. O

Lemma 7. Assume that the Goursat problem (2.1) with (4.4) admits a C ! solution on %, (h > ),
and the assumptions of Theorem 1.1 hold. Then ‘%C are uniformly bounded in X, that is (%C, %) €

(0, N) x (0, N), where N = 2u>.

Proof. Since ‘%‘ > 0 on PC, and ‘Lf > 0 on PD, we can get % > 0 for all (¢,7) € %, from

C —
characteristic decompositions (2.18). As 4 is sufficiently close to cy, it is obvious that ||%C||Co < N.

We use the method of contradiction to prove the uniform boundedness. Suppose there exists a
interior point 7" such that % = N or % = N and %, %) € (0,N)x (0, N) on Z7\{T'}, where X7
is the closed domain bounded by PT_, PT., TT_, TT, (the C_ characteristic curve passing through T
intersects with PC,, at point 7_, the C. characteristic curve passing through T intersects with PD at
point 7', ). Without loss of generality, we assume that % = N at the point 7. So we get 0, (ac;g‘) (T)=0.
Because of the first equation of the characteristic decompositions (2.18), we get

- (0 o_ 3 0_ Qcos26)\ 0
co, Q :E Sin25——c E—c3 2+ c0s20) 9.¢ .
c3 2u? c3
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Substituting %(T) = N into the above equation, we have that

cd. (%) (T) = N(sin 26 — 2M%ZS%SN - (2 + %) %) <0,
which leads to a contradiction. So we complete the proof. O
From Lemma 7, (2.14) and the identities
5, = _sin,Béfr — sin aé_’ = cos,BEL.r — cos aé_’
sin(26) sin(20)

we have the following lemma.

Lemma 8. Assume that the Goursat problem (2.1) with (4.4) admits a C' solution on %, (h > ¢,), and
the assumptions of Theorem 1.1 hold. Then there exists a constant P, which is independent of h, such
that
Pht
” (Dl/l, DV, DC) ||CO(Z;,)S %

4.2. Global solution

Theorem 7. Assume that the assumptions of Theorem 1.1 hold. Then the Goursat problem (2.1)
and (4.4) admits a unigque C' solution on the region X bounded by PC., and PD.

Proof. The Goursat problem (2.1) with (4.4) admits a C! solution on X,. Similar to the proof in
Theorem 4.12 in [31], we obtain that the level curve c(&,n7) = h is Lipschitz continuous, and then it is
rectifiable. See Figure 9, let Q’ and Q are two arbitrary different points on the level curve c(&,n) = h.
The C., characteristic passing through Q’ intersects with the C_ characteristic passing through Q at a
point J. The level curve c(£,7n) = h is a non-characteristic because of d,.c > 0, so J # Q' and J # Q.
By the method in Theorem 4.12 in [31], it can be proved that the ‘small’ Goursat problem (2.1) with
the C. characteristic boundaries JQ’ and JQ admits a unique C' solution if the |Q’ Q)] is sufficiently
small. Then, by the Heine-Borel Theorem, we can extend the existence region of C! solution from X,
to X (h > h) by solving finite number of ‘small’ Goursat problem. i

Figure 9. ‘Small’ Goursat problem in (¢, 17) plane.
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5. Interaction of a non-planar simple wave with the solid boundary

After the interaction of the incomplete centered simple wave R; with the backward planar
rarefaction wave R, in the wave interaction region X, a simple wave denoted by R;, which is adjacent
to the constant state (uy, v», ¢;), emits from the C, cross characteristic curve DE., (see Figure 6). The
characteristic decompositions (2.18) follow that d,.c| pet. > 0, and then d.c > 0in R;. Therefore R}
is an expand wave. Using (2.18), the two equations in the middle of (2.15) and d,c > 0 in R;, we
know that the straight characteristics of R can not intersect with each other. Then RS will touch the
rigid wall and interact with each other. The straight characteristic DF touches the boundary firstly and
reflects a C,. characteristics.

The outcome of the reflecting of the simple wave R on a rigid wall simply corresponds to the
interaction of two symmetric simple waves with the wall as the axis of symmetry. So the reflecting
problem above can be solved by the interaction of two symmetric simple waves R and R}, which is
the symmetric part of R; with respect to OB. It forms a new Goursat problem, the two characteristic
boundaries of which are C, characteristics FE2 and C_ characteristics FE'?, see Figure 6. The solution
of the reflecting problem is the half part of the Goursat problem.

5.1. Interaction of two symmetrical simple waves

We may study a new symmetric Goursat problem for convenience because of the invariance of the
system in coordinates translation and rotation, (see Figure 10).

Figure 10. Interaction of two symmetrical simple waves.
Assume that the parametric form of D’E’! is
§=8(s5), n=h(s), s1<s<s,
and the values of u, v, c and @ on D'E"’! are
u=1iu(s), v=us), c=cs), als)=als) (s1<s<s),

where @; < a@(s) < @, and a(s) is the C, characteristic inclination angle, @; = min a(s) and
S1<85<82
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&, = max a(s). By the symmetry, the parametric form of DE_, is
51585852

é: = g(S), 77 = —h(S), S <s< 82,
and the values of u, v, c and 8 on DE!, are
u=i(s), v=-ws), c=dc(s), B(s)=-als) (s1<s=<s5),

where —a(s) is the C_ characteristic inclination angle. From Figure 2, the parametric expression of the
C_ cross characteristic FE? is

& =&(s) = u(s) — c(s)sina(s) — c(s)cot M cos(al(s)),
5~ B G-b
n = n(s) = v(s) + c(s) cos a(s) — ¢(s) cot B sin(a(s)),
from the last equation of (2.15), the C_ characteristic angle 8(s) along FE’? is determined by
L sin@s)=Be) (. as) -,
B'(s) = 27(5) (m tan 5 )c (s), (5.2)
B(s1) = —a(s)).

By the symmetry, we can also obtain the parametric expression of the C, cross characteristic FEZ2.
In this section, we study the symmetric Goursat problem (2.1) with boundary data

{ (v, gz = (W,v,0) (). 7(s)) = (@,,2) (s), 51 <5< 5. (5.3)

(I/l, v, C)lFE%0 = (I/l, v, C) (f(S), _77(5)) = (ﬁ’ _‘_}’ Z‘) (S)a
where (&1, v,¢) € C'.

5.1.1. Local existence

The problem (2.1) with (5.3) is a standard Goursat problem. Then we have the following local
existence theorem.

Lemma 9. (Local existence) There is a h' > ¢y and h’ is sufficiently close to c|, the Goursat
problem (2.1) with (5.3) admits a unique C' solution on the angular domain %, bounded by FE!,,
FE; and level curve c(§,n) = I', which intersects with FE' at E;, and FE at Ej,.

Proof. The proof is similar to that of Lemma 3, we omit the detail. O

5.1.2. Boundary data estimates

Lemma 10. On the boundary FE?,
1) when @; + @, < 20, (a,B)@) € [@1, @] X [@; — 20, —-a,];
2) when @ + @, > 26, (a,B)@) € [@1, @] X [-a», @ — 26).
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Proof. When @ + @, < 20, we have B(sy) = —a(sy) € [a; — 20, —a]. Suppose that there exists an
s" € (81, $2), satisfying B(s") = —a@,, while B(s) < —ay, s € (51, s"). Then we have

a(s) =BG’ _als’) - (=) _ a(s’) +a <0
2 2 2

by the last equation of (2.15), we get 0_B(s’) < 0. This is a contradiction. Thus B(s) < —a, for all
s € (51, 52).

On the other hand, suppose that there exists an s € (s, s»), satisfying B(s”) = a@; — 20, while
B(s) > a; — 20, s € (s1, s”). Then, we have

a(s) = B(s") _ @(s") — (@ =260 _aGs") -

- 0>0
2 2 y  v20

by the last equation of (2.15), we get d_B(s’) > 0. This is a contradiction. Thus 8(s) > @, — 20, for all
s € (51, 52).

The other case can be proved similarly, we omit the details. O

Similarly, On the boundary FEZ2, we can also obtain the boundary estimates.

Lemma 11. On the boundary FE'?,
1) when @, + @, < 20, (a,B)@) € [@1, - + 20] X [-@, —@1];
2) when ay +an > 29, (Q,B)(C_Y) € (—C_lg + 2@, C_ZQ] X [—C_ZQ, —C_Z]].

5.1.3. Hyperbolicity and priori C° estimates

Lemma 12. (Invariant region) In the case of @, + @, < 20, suppose that the Goursat problem (2.1)
with (5.3) admits a C' solution on Xy (b’ > c1), and &, > 0, there exists a positive constant g, such
that for any ¢ € (0, &),

((I,ﬁ) (‘fa 77) € A;» v (59 77) € Zh” (54)
where A, = (d/l —&,—a; +20+ 8) X (d/l —20—¢g,—a, + 8).

Proof. Because of @; > 0, we have a closed square domain A’ := [@, —@; + 201 x [a; — 20, -a;] c T,
where I denotes the open strip region between the lines @« — 8 = 0 and @ — 8 = 7. By computations,
for sufficient small constant g, > 0, the open square domain A}, C I for any & € (0, g)). The images
of the two boundaries FEZ and FE’? are both in A,. Refer to Figure 11, the four vertexes of A/ are
Pi(@) — & —a& +&), Pa(~a) +20+ &, -, +&), P3(—@; +20+ &, — 20— &) and Py(@, — &, @) — 20 - &).
We denote that ll = P1P2, lz = P2P3, l3 = P3P4 and l4 = P4P1.
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B a—-B=0 a—p =26
ol R 5_1'1 —C_kl.+2‘9
7 a)—¢€ L= +20%¢ @
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Iy b a=p=n
a1—20 ¢ ... .| .
@ —20-g ¢ Pyt & Py

Figure 11. Invariant region of («, ).

Then, due to d_c|gg2 > 0, d.clpz2 > 0 and the characteristic decompositions (2.18), we have that

0.c>0 in X,. (5.5

If the conclusion of Lemma 12 is invalid, by the method of continuity, there must exist a point H’ € Xy,

4
such that (o, 8) (H") € |J l; and (@, B8) (¢,717) € A forall (¢,n) € £, \{H'}, where £y is the closed domain
i=4

bounded by characteristic curves FH ", FH',H' H and H'_H’, and H’, (H’_) is the intersection point
of the C, (C_) characteristic curve passing through H’ with FE”? (FE?2), (see Figure 12).

Figure 12. Domain % .

) If (a,B) (H") € [, \ {P,}, we have

= , sin 20 5 A )\ =
B(H) = -5 (tan® & — tan® ) d_c],, < 0.
which contradicts to d_8 (H’) > 0.
2) If (a,B) (H') € I, \ {P5}, we have
sin 29

co,a(H) = (tan2 0 — tan’ 6) 5+C|H, <0,

2u?
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which contradicts to d,a (H’) > 0.
3)If (a,B)(H') € 3\ {P4} or (a,p) (H") € Iy \ { P4}, we get the conclusion similarly.
4) If (a, B) (H") = P,, we define @ on H’, H’ such that

- _ sin20 A a—(—a, +¢)\= P
{ co,@ = 2 (tan29— tan’ + 0,c, along H'\H’, (5.6)
aH',)=a(H,).
Then by
a1 —e<q <d/(H’+)<C_l’2 < - +29< - +29+8,
we have
a(H',) < —-a +20+e.
Combining (5.6) with the first equation of (2.15), we get
- . sin 26 a&—(—a; +¢&) a—B\- ,
{ co, (a—@) = 202 ( 2 + — tan? T'B)8+c, along H' . H’, 5.7)
(@—a)(H'y) = 0.

Substituting @ (H’,) = @ (H’,) into the first equation of (5.7), we get 0, (@ — &) (H',) < 0. We assert

that (¢« — &) (H') < 0, A" € H',H'. If not, there exists a point H'; € H'.H’ \ {H',, H'} such that

(@—a&)(H')=0and (@ —&) (& n) <0, (& n) e H H\{H.,,H}. Therefore, 4, (a — &) (H';) > 0.

But, according to hypothesis @ — & < a(H'y) < —a; + 20+¢e a-20-¢ < B(H'|) < —a; + ¢

and the Eq (5.7), we get 9, (@ — &) (H’}) < 0, which leads to a contradiction. Hence, we get
aH)<aH)<n—a +20+¢,

which contradicts to the hypothesis (@, ) (H’) = P,. Similarly, we have that (a,8) (H’) = P4 is also
impossible. o

Similarly, we can obtain the invariant region to the other case.

Lemma 13. (Invariant region) In the case of @, + @, > 26, suppose that the Goursat problem (2.1)
with (5.3) admits a C' solution on X, where i’ > ¢, and @, < 20, there exists a positive constant &
such that for any € € (0, ),

(@.B) (& m €A, V(& n €y, (5.8)
where A, = (—&2 +20—¢,a, + 8) X (—&2 —&,@ — 20+ 8).

Let £ — 0, immediately, we have that if the Goursat problem (2.1) with (5.3) admits a C' solution
on X under the conditions 0 < @7 < @, < 20, the solution satisfies that

0<a13532@)—@1<g, (5.9)
or -
0<29—a2s55@2<§. (5.10)

Lemma 14. (C° estimates) Assume that the Goursat problem (2.1) with (5.3) admits a C' solution on
2, (W' > cy). Then there exists a function M'(h") > 0, such that

11t v, ) lleogs, ) < MK, (5.11)

Proof. The proof is similar to that of Lemma 6, we omit the detail. O
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5.1.4. Gradient estimates

Lemma 15. Assume that the Goursat problem (2.1) with (5.3) admits a C! solution on Xy (W > ¢)).
Then %C are uniformly bounded in X, that is

(5’+C 9-c

3’3

)e 0, N) x (0, N) (5.12)

where N = 2u°.

Proof. From Lemma 7, we know % € (0, N) on DE!. Due to FE? is the C, cross characteristic
curve of the simple wave R;, we get % € (0, N) on FEZ,. By symmetry, we also have d_c € (0, N) on
FE’>. We will prove that the results are also correct in the interior of X, .

Let 77 be an arbitrary point in X, and X7 is a closed domain bounded by FT, FT”, T.T" and T'T’,
T, (T”) is the intersection point of C, (C_) characteristic curve passing through 7’ with F E’? (FE2%).
Without loss of generality, assume %(T’) = N, by the first equation of (2.18) we have

C3

cd, (a_:) (T") = N(sin 26— N-& (2 4 $2cos20 2‘5) 5+3C) <0.
¢ C

2u% cos? 6 2u?

It is a contradiction. Therefore, by the method of continuity we prove the uniform boundedness of

G, O
Lemma 16. (Gradient estimates) Assume that the Goursat problem (2.1) with (5.3) admits a C!
solution on Xy, (W > c1). Then there exists a positive constant P’ which is independent of h', such
that )
Plh/
Du, Dv, D NS —.
| (Du, Dv, Dc) |cogs, & ()

Proof. The proof is similar to that of Lemma 8, we omit the detail. m|

5.2. Global solution

Theorem 8. Assume that 0 < &, < @& < 26. The Goursat problem (2.1) with (5.3) has a solution on a
triangle domain bounded by FE'?, FE2., (see Figure 13).

B2

Figure 13. ‘Small’ Goursat problem in (&£, 77) plane.
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6. Global solution of the gas expansion problem around the sharp corner

Proof. By the invariant region for (a,f) in section 4, we obtain the range of the C_ characteristic
inclination angle 8 in R;, which is

ﬁ S (—g,al - 2@)
Then the range of angles between the characteristic inclination angles in R; and the rigid wall OB is
A V4
(—al +2H—0,§ —9).
So we get that @) = —a; + 20-0, @, = 5 — 6. Then, if
0< —a +29—0<g—9<29.
we obtain the Theorem 8. |

Proof. Combining Theorems 7 and 8, we get Theorem 1. O
7. Conclusions

In this paper, the self-similar solutions for the 2D pseudo-steady isentropic irrotational supersonic
flow of the generalized Chaplygin gas around the convex corner are constructed. The supersonic flow
turns the convex corner near the cusp of the corner locally by an incomplete centered expansion wave.
Using the methods of characteristic decompositions and invariant regions, we get the global existence
of the solution up to infinity of the gas expansion problem.
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