AIMS Mathematics, 7(7): 11663-11686.
DOI: 10.3934/math.2022650
ATMS Mathematics Received: 22 February 2022

Revised: 08 April 2022

Accepted: 11 April 2022
http://www.aimspress.com/journal/Math Published: 15 April 2022

Research article

Representation and stability of distributed order resolvent families

Chen-Yu Li*
College of computer science, Chengdu University, Chengdu, China

* Correspondence: Email: aksleed @foxmail.com.

Abstract: We consider the resolvent family of the following abstract Cauchy problem (1.1) with
distributed order Caputo derivative, where A is a closed operator with dense domain and satisfies some
further conditions. We first prove some stability results of distributed order resolvent family through
the subordination principle. Next, we investigate the analyticity and decay estimate of the solution
to (1.1) with operator A = A4 > 0, then we show that the resolvent family of Eq (1.1) can be written as
a contour integral. If A is self-adjoint, then the resolvent family can also be represented by resolution
of identity of A. And we give some examples as an application of our result.

Keywords: integral representation; stability; distributed order calculus; functional calculus; resolvent
families
Mathematics Subject Classification: 26A33, 45K05, 47A10, 47A60, 45D05

1. Introduction

In this paper, we consider the following abstract Cauchy problem with the distributed order
derivative:

D¥u(t) = —Au(t), t>0

u(0) = xg € X, (1.D

where X is a Banach space and u satisfies the same condition as [16], that is

1
weL'0,1), f ’L“)da < oo,
0«
the resolvent family of Eq (1.1) is denoted by f(t,u,A) (if A is a constant A, then f(z,u, A) is the
resolvent family of this equation). We obtain the decay estimate of the solution if A generates an
exponentially stable semigroup, we prove that the operator norm of the resolvent family is controlled
by k(t), which is at least logarithmic decay. And faster decay of u near zero will lead to the faster
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decay of the solution. And if A is an invertible sectorial operator with some spectral conditions, then
we obtain another representation of the solution, by use of contour integral or spectral measure instead
of subordination principle. To the author’s knowledge, this is the first time to consider the analyticity
of resolvent family f(z, u, 1) with respect to parameter A, rather than parameter ¢, then by using the
contour method and spectral measure together with some basic estimates proved by [12,14,16,17], we
obtain the stability and representation of distributed order resolvent family. This method was already
used to get the decay estimate and stability of fractional resolvent family, see more details at [7, 25]
and reference therein.
Distributed order differential equation with constant coefficient:

D¥u(t) = —Au(t), t>0,1>0,

ul0)=xpe X (1.2)

is studied by [3,4, 14,16, 17,21-23] and reference therein. And the logarithmic decay of f(z, u, 4) is
obtained by different methods. For example, A. N. Kochubei [14] use the Karamata-Feller Tauberian
theorem, while A.Kubica [16] use the Laplace transform techniques. Inspired by these papers, we got
our main results which are obtained by contour integral method.

In [21-23], multi-term fractional equations with initial-boundary value has been considered. If we
let function u in (1.2) be the linear combination of the Dirac delta function, that is:

ua) = i Aibg;s
i=1

where 4; > 0 and ¢,, is the Dirac delta function with 0 < @; < @, < -+ < @, < 1, then Eq (1.2)
becomes:

AD%u(t) = —Au(t), t>0
; (1.3)

u(0) = xp € X.

And the classical solution of this equation is represented by the multinomial Mittag-Leffler function.
By exploiting several properties of this function, the polynomial decay of the solution is proved and
can not be faster than %, 8 > a;.

In [14], the author shows that if u(a) satisfies some regularity conditions, the distributed order
derivative of f can be defined as:

d
D f(r) = 7 (= 0@

for every continuous function f(¢), where

1 oo
k(t) = jo‘ T (a),u(a)da

is a positive decreasing function and plays an important role in the distributed order calculus. The
author also got the asymptotic estimates of k(¢) under the condition u(a) € C*[0, 1] and the asymptotic

AIMS Mathematics Volume 7, Issue 7, 11663—-11686.



11665

estimates of IAc(p) = fooo e P'k(t)dt under the condition u(a) € C?[0, 1]. By using these results, author
proved the completely monotonicity and decay estimate of solution. And author also consider the
following ultra-slow equation:

D™u(t, x) = Au(t,x), xeR,t>0.

Many useful estimates of the fundamental solution of this equation were obtained here.

Assuming only u € L',u # 0, A. Kubika and K. Ryszewska proved very important results [16]
that the operator norm of the resolvent family can be controlled by k(#). Thus, the change of u near-
zero influence the decay estimate of k(¢), and then influence the decay estimate of the solution [16,
Propositon 2]. Based on these results, extending the constant coefficient to the abstract densely defined,
linear coefficient operator, we draw our conclusion.

The subordination principle is a useful tool to investigate the properties of the resolvent family,
It was first proved by [2, Theorem 3.1] for fractional differential equations and then generalized to
distributed order differential equations with abstract densely defined, linear operator. In [3], the Author
proved the subordination identity of the solution of Eq (1.2):

u(t,A) = f P(t, Ve dr, t>0,
0

where ¢(t, 7) is a probability density function, satisfies

¢(t,7) 2 0, f‘x’ o(t, T)dr = 1.
0

And in [4], the constant coeflicient A is replaced by a densely defined, linear operator A, then the author
renewal the subordination identity if A generates a bounded semigroup 7'(t):

u(t,A) = foo o, )T (r)dr, t>0.
0

The order of the articles is as follows: Some preliminaries of distributed order calculus, notations,
and some important results in scalar type are provided in Section 2. The proof of decay estimates of
solution operator in Banach space is given in Section 3. In Section 4, we first prove the analyticity
and boundedness of f(z, u, 1) with respect to the variable A, then by use of contour integral method we
get the integral representation result of resolvent family, and by using representation we have proved,
some approximation results are given here. Spectral measure representation of resolvent is given in
Section 5.

2. Preliminaries

Throughout this paper, R(1) and J(1) means the real and imaginary part of a complex number A. X
is a Banach space, H is a Hilbert space. L(X) is the space of all bounded and linear operators on X. We
always assume that A is a densely defined, closed, and linear operator on X, with N(A), D(A), R(A) its
kernel, domain, and range, respectively. While o(A), p(A) denotes the spectrum and resolvent family
of A. As usual, * denotes the convolution on R, :

(f *g)1) = j; f(=s)g(s)yds. keL'(R,),feLR:,X)
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and f(1) denote the Laplace-transform of a exponentially bounded function f € L'(R,, X), defined by

f = f " e floy,
0

if this integral is convergent.
Next, we give two important definitions. The first one is the definition of sectorial operator on
Banach space X.

Definition 2.1. [12, Chapter 2] Let w € [0, 7). An operator A on X is called sectorial of angle w, in
short, A € sect(w), if
() o(A) C Y., where 3, := {zeC: |argz] < w};
2)MA,w) = sup{llle(/l,A)ll 1 1eC\ i} < oo for all ' € (w, 7).
And we call
wA):=min{0 <w <7m: A € sect(w)}

the spectral angle of A.

The second one is the definition of fractional integral and fractional derivative in Caputo sense: Let
a > 0, m = [a] the smallest integer bigger than a and

tafl
t>0
L) ={T@ ’
8a(D) {0 (<o,

where ['(a) is the Gamma function. Then the fractional integral of order @ > 0 is defined by
Jf® = (g x H®O, feL'(), 1€lCR,
and the Caputo fractional derivative of order « is defined by
D" f(1) = JTDIf (o).

For a non-negative and measurable function u : [0,1] — R we define the distributed-order
derivative with order u by

1
D50 = [ (D pou(adar
0
If function f(¢) is continuous, then the preceding definition can be simplified as follows [14]:
W d
D¥f(@0) = —((kx /)(#) = f(O)k(©)),

where

I e
k(1) —fo ra _a),u(a)da.

This function is Laplace-transformable, and the Laplace-transform of this function is given by

00 1
k) = f e~ Yk(t)dt = f 1 wa)da.
0 0
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We always assume that function u satisfies condition:

1
f(; Hyda = c, >0, jo‘ Mdcy <oo, u(a)e(0,1). (2.1)

a

There are many functions satisfies Eq (2.1), for example, u(a) = o, B € (0,0), and it is worth
mentioning that according to [16], there exists a constant y € (0, %) such that:

1-y 1 -
f u(@da =
Y

for example, if we choose u(a) = «, then Eq (2.2) is valid for every y < %
Next we lay some results for the following distributed-order differential equation,

Yo, >0 2.2)

DWu(t) = —Au(t), t>0,1>0,

4(0) = xo, (2.3)

which will be useful in this paper.

Lemma 2.2. [16] Suppose that A > 0 and u satisfies (2.1), then the unique absolutely continuous
solution of (2.3) is given by

p) > _ G(r,A
u(t) = f(t, pu, Dxo = ;0 e e )dr,

0 r

where |
fo r® sin(am)u(a)da

A+ fol r® cos(am)u(a)da)? + ( fo ' e sin(aﬂ)ﬂ(a)da)z'

G(r,A) =

To get the decay estimate of f(z, u, 1), the following important lemma is needed.

Lemma 2.3. [/6] Let p, = min {(44 )6 1} where 6 € (0, 1) is small enough such that j(; ula)yda < f
and c,, is defined in condition (2.1), then forr e (0, p,] we have

! A
f r? cos(am)u(a)da| < >
0

and for r € (p,, ) we have

1
f r sin(emp(a)da > ¢ min {r'7, 17}
0

By using this lemma, some decay estimates of f(, i, A) is obtained in [16, Proposition 2].

Proposition 2.4. [16, Proposition 2] If u satisfies condition 2.1. Then for t large enough the following
estimate holds

c
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where c is a constant depends only on u. Furthermore, when a is some fixed number from the interval
0, 1),
(1) ifk,b > 0 and u(a) < ba* a.e. on (0,a), then k()| < T

) ifk,b,B,m > 0 and u(a) < bake i a.e. on (0, @), then for any q € (0, 1)

I'(k+1)

k()] < C(l _ q)k”(lnt)k”

NI DRI
exp(=mT (1 + —)(q"B)mT (In)1);

3)ifb > 0and pu(a) < bexp(—ei) a.e. on (0,a), then |k(1)| < 7,
@) ifae(0,1) and supp(u) C [a, 1], then |k(t)| < t%

The first estimates in Proposition 2.4 was generalized to the following problem

D®u(t) = Lu(t), inQx(0,7T)
u(0)=uy inQ (2.5)
ulgo =0 forre (0,T)

with L is uniformly elliptic [16]. In this paper, we will consider more general cases. More precisely,
we will replace L by a general sectorial operator.
Next we recall the definition of resolvent families [32] with kernel a(z).

Definition 2.5. A family {R(?)} is called a resolvent family for sectorial operator A with kernel a(¢) €
L}OC(R+), if
(1) R(t)x : R, — X is continuous for every x € X and R(¢) = [;
(2) R(t)D(A) € D(A) and AR(t)x = R(t)Ax for all x € D(A) and ¢ > 0;
(3) the resolvent equation
R(tH)x = x—(a+R(@®)(t)Ax

holds for every x € D(A).

For example, f(z, u, A1) is a resolvent family for operator Ax := Ax with kernel

1
00 % . d
a(t) ;= NR(@) = lf e 1 ](; r SlIl(a'ﬂ')lul(a/) o "
o (J, r* cos(amu(@)da)* + ([, r sin(amu(@)da)?

where (k * N)(f) = 1 (the form and some interesting estimate of N(¢) is given by [14]).

Finally, we would like to give a brief introduction to a special function, the Mittag-Leffler
function [2], which plays an important role in fractional calculus.

The Mittag-Leffler function is defined as follows

had Zn 1 l,la/_'ge#
Eog)=> — = - — du, z€C,
£Q) Z:; Tan+B)  2ni fc T

. ) ) . 1 )
where C is a contour which starts and ends at —oo and encircles the disc |u| < |z]© counter clockwise.
For short, E,(z) := E,1(2) is an entire function and satisfies

DYE,(wt®) = wE,(wt?).

The most interesting properties of this function is its asymptotic expansion.
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Lemma 2.6. Let 0 < a <2, 8> 0, then

1 18 1 p= Z _N 1
E,p5(z) = o exp(z) — ; m +0(lzI™), |arg(z)| < on
and
N-1 o 1
- _ s -N _ _
Eq5(2) = Z} G —am T OW™), fare-2] < - S)m
as 7 — o0,

3. Decay estimate for resolvent family

Now we consider the abstract distributed order equation:

(1) - _
DWu(t) = —Au(t), >0 (3.1)
M(O) = X0,

and an operator family f(z,u,A) is called a distributed order resolvent family if it satisfies the
Definition 2.5 with a(r) = N(z).
In [3], the subordination identity of the solution of the equation is obtained:

ftu, A = foo o, )T (r)dr, t>0 (3.2)
0

where ¢(, 7) is a probability density function, satisfies

¢, 7) >0, fw é(t, 7)dr = 1.
0

So if A generates a bounded semigroup, it is easy to see that f(z, u, A)x is Laplace-transformable for
every x € X:

k(DRk(A), —A)x = f eV f(t,u, A)xdt, 1 >0 xe€H.
0

So by using of Laplace transform, subordination principle, and imitating the method used in [24,
Theorem 5.2] and [26, Propositon 3.3] we can easily get the following propositions.

Proposition 3.1. Letr f(t,u,A) be a distributed ordre resolvnet family on X with u(a) € C[0, 1] and

w0y #0. If
ILf (2, p, A < Mt° as t— o

for some constant M and 6 € (0, 1), then X = {0}.

Proof. If condition is satisfied, then there exist a constant N such that
£, 1, Al < N£°0

for every ¢ > 0, so we have the following inequality for every x € X,

1l

k(ORk(Y), -A)x|| < ) e f(t, 1, A)dt
0
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IA

f e Y| f(t, 1, A)|| dtl|x]|
0
N

IA

This means that |
Rk, -A)|| < Nj— 12",
Rk, -4)|| < 'ku)'

Since p(0) # 0, it follows from [14, Proposition 2.2] that
R . 1
k() ~ p(0)A (lnz) ;

then
lim R(Ak(1), -A)x = 0,
for x is arbitary, consequently, D(A) = {0}, as p(A) # 0, then X = {0}. O

Proposition 3.2. If f(t, u, A) is a distributed resolvent operator generated by A, and if A also generates
an exponential stable semigroup T (1), that is, there exist two positive constant M, w such that

IT®)] < Me™,t >0,

then
L f (2, u, A)xl| < M| x||k(2),

for every x € X and M is a constant and k(t) is defined in Proposition 2.4.

Proof. By using subordination principle (3.2), we have:

If @ p, Al = IIJ; ¢(t, DT (n)d7]|
< M f ) o, T)e ""dr
= Mf((;,u,W),
then the conclusion comes from Proposition 2.4. O

We end this section with two examples.

Example 3.3. Consider equation:

D¥u(t, x) = Au(t, x), 1>0

| (3.3)
u(0, x) = ¢(x) € Ly(R),

with additional condition u(@) ~ aa” as @ — O and a > 0,v > 1, and
A: W R) € Wy (R) — Ly(R).
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Then from [14], the classical solution of Eq (3.3) is

u(t. x) = f Z(t,x - E)PEdE.
R

and Z(¢, x) is obtained by Laplace transform in x and Fourier transform in # and has the following
estimates [14]:

1+v

~ _ Ly
1Z@t, x)| < C f e I 2 emablin T gy
0

and

d
—Z(t,
2%

00 1+v
- — _ _ )
< Cf e~y | Inp |7 galdllinn 2 gy
0

with ¢ < 0. Then we have,

llut, Ollyey < NSOl gy 122, )]s
< Clg) f e linr ™ dr
0
A
= C“(ZS(X)”Lé(R)(f +ﬁ Ye ! |lnr|_17dr
0 2
< Clgllyye (7% + 17 Unty' ™
+(Int)" f ek (Ink)"'F dk),
%
and similarily
d _a -1 1-v
au(I,X) . < Clligllpy g (672 + 17 (In2)

+(Int)"1" f e %k~ (Ink)~ "V dk).
1

2t

Thus,
e, D11y < CUnD™ ™ as 1 — oo,

Or consider other additional condition, supp(u) C [0, 1], then,
k(1) = f 1 Au(@)da < CL,
thus through the same calculation as [14, Theoorem 4.3] we have
|Z(t,x)| < C fw e_q”rg_le_”‘x"% dr,
0

and 4
—7Z
‘ <201,

0 s
< Cf e 1ol PhIr gy,
0
for some p, g > 0. Thus, we can get
ut, |l < Ct° as t— co.
wi®)
0

Both of these two estimates coincide with our theorem.
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4. Contour integral representation of resolvent family

As we all know that a bounded analytic semigroup or a bounded analytic fractional resolvent
operator can be seen as the result of functional calculus, that is, if —A is an operator with sectorial
angle w(—A) < %, then

T(f) := e M(=A) = €,

or if w(—A) < < for some « € (0, 2), then fractional resolvent operator S ,(¢) can defined by
S o(t) 1= Eo(=A1°)(=A) = Eqo(A1").

since e~ and E,(—At%) are both entire function and satisfies some boundedness conditions (see more
details in [12]). If f(z, u, 1) satisfies the boundedness condition and analytic in a sector, then we may
use functional calculus to represent the distributed order resolvent operator

J@t, 1, A)x = f(t, p, D(A)x,
but unfortunately, this is not valid since f(z, i, 4) is not analytic in any sector.

Proposition 4.1. For every sector £, = {1 : |arg(1)| < 8}, there is a Ay € Xy, such that f(t,u,A) is
diverges at A for every t > Q.

Proof. Since fol r® sin(am)u(a)da = fol r® cos(am)u(a)da = 0 as r = 0, and

) fol r® sin(am)u(a)da
lim =5 =
fo r® cos(amu(a)da

then for every 6 > 0, there must exist at least one A, € Xy and a positive constant ry, such that

1 1
A= — f ry cos(amu(a)da + i f ry sin(amu(a)da
0 0
so we have

|f(t9 M, /10)|
B @ f‘“’ et fol r® sin(am)u(a)da
T Jo T+ [ recos(amu(@)da)? + () r sinan)p(@)da)?

dr‘

1 .
|/10|| f < e fO r® sin(am)u(a)da
T tJo

dr
(o + [ o cos(amp(@)da)? + ([ re sin(amu(@)da)? |

1 .
Aol f“ e [ sin(amyp(@)da )
R r
T Jo

"o + [ r cos(amp(@)da)? + ([ o sin(amp(a)day

r

|l [ e b
= — Go(r) r? sin(am)u(a)dadr,
T Jo 0
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where
Go(r)

1
[(Ap + f re Cos(cm),u(a/)da) +( re sm(aur),u(a)da) )

( f (r = r§) cos(amu(a)da)* — ( f 12 sin(amu(a)da)*
0

+( f o sin(am)u(a)da)?

+2i( f o sin(am)u(a)da)( f (r" = ry) cos(amu(a)da) _1,

we choose |r — ry| small enough such that
[r* —rgl < Mlr — r0|r8‘_1,

then we have
M(rOa r)

|”—l”o|

Go(r) 2

where M(ry, r) is not equal to zero, thus we have

r.

1 .
M(ro, Dldol [ e fy 7 sinemp(@)da
1 A9 = f : d

Ir = rol
Obviously, f(t,u, ) is diverges at Ay. O

Though f(¢, u, 4) 1s not analytic in any sector, it may analytic in some areas, and the contour integral
method may be used. Now we prove the main result of this section, at first we give the following
definition.

Definition 4.2. We say a pair of positive number (w, €) satisfies condition (/) if it satisfies following
three conditions,

(1) w, € € (0, ).

2)e< 3.

(3) There exist two positive constants § < 1(d is given in Lemma 2.3) and r; < min{w’, w} such
that:

1
w + f r cos(am)u(a)da| > €,r € (0,r)),
0

and

> 2,1 € (r,o).

1
f r sin(am)u(a)da
0

Remark 4.3. For € small enough, the existence of r; is obvious, so for every w > 0, there always exist
a constant € such that (w, €) satisfies condition (7).

AIMS Mathematics Volume 7, Issue 7, 11663—-11686.
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Now we are in position to prove the analyticity of f(¢,u, d) for 1 € X(w, €), where (w, €) satisfies

condition (/) and
Y(w,€) :={1e€ CIR) > w,|T)] < €}.

We first prove the boundedness and decay estimate of f(¢, u, A).

Lemma 4.4. Assume (w, €) satisfies condition (I) and u satisfies conditon (2.1). Then there exist a
constant N, such that for every t > 0 and A € X(w, €),

VAT S k(t)|/ll 1

The estimate of function k(t) is given in Proposition 2.4.

Proof. We define b(r) = fol r® cos(am)u(a)da and c(r) = fol r® sin(am)u(a)da for abbreviation.
We first assume w > 1. By condition (1) we have R(1)° > w® > max{r;, 1}, forevery 0 < r < R(1)’:

1 1
f r* cos(amu(a)da > f r® cos(amu(a)da > _71‘)%(/1),
0 3

and |
3 2] < R < 1.

Then, we divide function f(z, u, 1) into two parts:

T

A,
gt
sR(/])cS r

= fl +f2,

IA

for every 0 < r < R(1)°:

1
R+ f r? cos(amu(a)da)* = R+ b(r))?
0

= RRW + b(r) +iT))?
= (R +b(r)* - ()

2
(%iﬂ)) - (BW)* >0

and there exist a constant L satisfies:

|A|2

|2+ b)) > == - (3)* > —

So,

1 R(2)° et 1
fi £ — f _ f r sin(am)u(a)dadr
m Jo /12| 0

|
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L 00 —rt
— f ¢ c(r)dr
mlAdl Jo 1

1
|

IA

because (w, €) satisfies condition (1), if > R(1)° > r;, then

[+ b)) +c(r)’l = (R + b)) = (I +c(r)’
> o(r)’ = (3
> c(r)’-¢€
3 2
> = .
4C(r)
So there is a constant C satisfies: |
|G(r, )| < C—.
c(r)
Assume n € N and no > 2,
A [ e 1
L < C iz R
T Jrap T oc(r)
00 —rt
< C @ ¢ r’dr
T R r
|| 1 foo —R()’st —y—1
< C— sV d
x R7 . e S Ry
11 f o Rst ne
< cZ& (A)°st n ld
< RO, e S Ry
< Clattrmme g,
So our conclusion valid when w > 1, if w < 1, consider operator (1 + i)A instead of A. |

Next we prove the analyticity of f(z, u, A).
Proposition 4.5. If (w, €) satisfies condition (I), then for every t > 0, f(t,u, A) is analytic in Z(w, €).

Proof. We define b(r) = [ * cos(amu(@)da and c(r) = [ * sin(am)u(a)da for abbreviation.
For every Ay € Z(w, €) and r € R, there exist a constant M (1) satisfies:

1 b(r)
e (o + b(M)2 + (M2 (Ao + B + c(r)?

} < M(Ap). 4.1)

We first prove f(t, u, A) is differentiable in Z(w, €). Let 4, Ay € Z(w, €),

00 —rt
e

A=A
ftp ) = f(tps Ag) = 0 f
/e 0

G(r, Ap)dr
-

A f T G ) — G A
0

s r
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So,
t9 5/1 - t5 a/l 1 Ce
Mo D) L (7 G,
/1—/10 T Jo r
0 —rt _
A f G ) ~Gln )
nJy 1 A— A
1 00 e—rl
= — G(r, Ay)dr
T Jo r
A (e Ao+ A+ 2b(r)
- —G((r, A .
T fo ;o) A S e
So,
lim f(t9/-l9 /l) - f(t’lu9 /10))
A= A— A
1 (e Ao [T e 240 + 2b(r)
= — G(r, Ay)dr + — G, A .
nfo p O do)dr + nfo P e ek

When ¢t > 0, by inequality (4.1), preceding equality is meaningful, and thus f(z, u, A) is differentiable
in 2(w, €). In order to prove that f(t, i, 4) is analytic, we only need to check whether f(z, u, A) satisfies
Cauchy-Riemann condition, and this can be done directly. O

By Proposition 4.5 and Lemma 4.4, if operator A satisfies some special conditions, then distributed
order resolvent family f(¢, u, A) can be represented by contour integral.

Theorem 4.6. Let A be an invertible sectorial operator and u satisfies condition (2.1). Suppose there
exist (w, €), (w1, €) satisfies condition (I), such that 0(A) C X(w, €) C X(w1, € ). Define f(t,u,A):
(t,u, YR(A, A)dA, t> 0,
Ay = e 7O
I, t=0,

where I'(wy, €) is the positive oriented boundary of (w1, €;). Then f(t,u,A)xy is a weak solution of
Eq (3.1), strongly continuous in (0, o), and satisfies:

1, 1, A)xoll < Cke(). (4.2)

Proof. We have already prove the decay estimate and analyticity of f(z, u, 1), so inequality (4.2) can
be proved directly.

1
Lf(z, pu, Al < k()C f mldﬂl < Ck(?).

r“lvfl
Now we prove the strongly continuity of f(z, u, A)x. for every €,¢ > 0, let ¢, satisfies:
0 <t —t < min{t"¢, €},

let 6 here coincident with ¢ in Lemma 4.4, and let n satisfies né > 2 + 6, if t # 0, then assume ¢ < 14,
w > 1, by proof of Lemma 4.4 and mean-value theorem,

1 oI _ oIt
Lf @, p, Dxo = f(t, 1, Dxol - < IxOl;f |—— UG Dldr
0
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Re(/l)(j e—rt _ e—rtl

= L
lell/ll ; . c(r)dr

1 0 o1t _ o
+| x| u —dr
T Re(1)® r

Re(1)? e — o h

< |xl— % nd
|X0|I T . c(r)dr

Hh—t N

+ m |X0|%( Q)yro-1+76-6

N @ E.
1]

IA

Constant N is independent of A4, z, and depend on the value of i and y. So we have:

1
f e, p, A)x = f(2, 1, A)xl| < IIXIINéf m IR(A, A)ll|dA] < Ce.
F“lvfl

Constant C is depend on the value of u and (wy, €).
If = 0, because

S, A)x = f f(t, 1, DR(A, A)xda,
I

w].€]

f AGT DN
r A

w1.€]

and

and for every ¢ > 0,
t, 1, DR(A, A)x]| < ||x|| ———=.,
1Lf @, g, DR(A, A)x]| < [l T+ P
and the right hand side of the preceding inequality is integrable on I, ,, and
ft,u, H)x - xast— 0.

Then by dominant convergence theorem, for every x € D(A),

)dA

ts, A
lim f(t, j1, A)x fepd,
t—0 /1

limf (f(t, u, DR(A, A)x —
-0 Jr

w].€]

1
f ZR(/L A)AxdA = x.

le J€]

Then we prove that £(t, u, A) is the resolvent family of equation. Since f (¢, u, A) satisfies DW f = Af
and

f e f Fft, u, HR(A, A)xodAdt
0 T

w1,€]

f e f(t, u, A)xodt
0

f f e~ f(t, 1, DAIR(A, A)xod A
T 0

w1,€]
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f K@ et Axeda
T .o ak(a) — A

ka)R(ak(a), —A)xo.

Then by the uniqueness of Laplace transform and the uniqueness of the solution, we have:
DW f(t,u, A)x = —Af(t, u, A)x,
and for every x € D(A),
fO,u,A)x = x.

This concludes the proof. O
At the end of this section, we give an application of the integral expression proved by Theorem 4.6,

we will use this representation to prove the approximation property of distributed order resolvent
family, and these approximation properties also show the uniqueness of the resolvent family.

Example 4.7. By [12, Proposition 3.1.15], if A is a sectorial operator satisfies Theorem 4.6, then for
every a € (0, 1), A® satisfies Theorem 4.6 and for every x € D(A),

limA%x = Ax,

a—1
and

sin(arr)

A%x — Axll < | (L sup lI(z + A) Ax — xl| + %L““IIXII
a

an <L

a
QL“‘I(MIIAXII +[1xD),

+
1
where L € R,. Since A and A resolvent commute, then for every x € D(A),

1St e, A%)x = (2, 1, A)xl| < flf(t,ﬂ, AR, A"[I[IRA, AllldAINIA"x — Ax]l.
r
Because both A* and A satisfy the sectorial estimate, then we have
If @, A)x = f(2, p, A)xll < Mk(DIIA"x — Axl.

The above inequality shows that we not only prove the approximation property of the resolvent family
but also give the approximation rate by Theorem 4.6.

Another important kind of approximation is the Yosida approximation, that is,

lim nA(n + A)"'x := lim A, x = Ax,

n—oco

—tA

for every x € D(A), moreover, if —A generaes a semigroup e ", then for every x € X we have

—_ . _ -1
e l‘Ax = lim e tmA(n+A) x.

n—oo

And some results about the approximation rate of Yosida approximation are given in many literatures
such as [9, 10] and references therein.
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Example 4.8. Let —A be an operator which satisfies the condition of Theorem 4.6, and A, be the Yosida
approximation of A, then for every x € D(A?),

1
lAx — Auxll = [|A*(n + A) x| < —[|A%x]].
n
So we have

”f(t’:uaAa)x - f(l’ﬂ’An)x”

IA

flf(t,,u, AR, ACNIIRA, AllldAIN|A,x — Ax]|
r

Mk
wllflzﬁdl-

IA

By Theorem 4.6 and preceding inequality, we can get the approximation rate of Yosida approximation
of distributed order resolvent family.

5. Spectral measure representation of resolvent family

If A is a densely defined sectorial operator on Hilbert space H, assume A is invertible and self-
adjoint, then there exists a constant w, such that o(A) C [w, o). So there exists a resolution of identity
E(A), such that:

(Ax,y) = f AdE, (1) = f Ad{E()x,y), x € D(A),y € H.
More properties about resolution of identity can be found in [33]. In literature [36], the author gives
some examples to show how resolution of identity and spectral measure integral works.

Example 5.1. [36] Let A is a densely defined non-negative self-adjoint operator on L*(Q), E(Q) is the
resolution of identity of operator A.
The heat-diffusion semigroup generated by A can be written as:

e = f e dE(A),t > 0,
0

and this semigroup is a contraction semigroup.
The positive fractional powers of operator A is A%, 6 € (0, 1), D(A°) C D(A),

© 1 © dt
A% = 1°dE(A :—f A _ —.
fo D=r5 ), © P

The negative fractional powers of operator A is A=, § > 0,

°° 1 © dt
A0 = f A%dE) = — f P —
0 ') Jo =0

Let function f(t, u, 1) be the resolvent family of distributed order equation with operator A = A,
then f(t, u, A) is measurable on interval [w, o). Define operator f(z, u, A):

Flp A) = f £t DAEQD),
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s AV, y) = f F(t 1 DAE (D),

and

DU, A)) = {x < H: [ NS DF AL < oo} .
We first prove the decay estimate of f(z, u, A).
Theorem 5.2. f(t,u,A) is well defined and D(f(t,u,A)) = H. If u satisfies (2.1), then
1,11, ) < NG + K,
N is a constant independent of t, and may change line by line.
Proof. We use notation p, = min {(ﬁ)%, 1} as we used in Lemma 2.3. First we assume

1
0<f u@yda =M < 1,
0
and ¢ satisfies:

5
w
d )
L ula)yda < )

and there exist a constant y € (0, %) such that:

1-y 1=
f ula)yda = —yM >0,
y Y
the existence of these constants is proved in [16].
Let x,y € H, we divide (f(t, u, A)x, y) into two parts,

ft,u, A)x,y)y = f 4 f ) e‘”@drdEx,y(ﬂ)
w TTJo r
1 00 )
[ DA [
w 1 TJo r

= 1+ ¢,

and divide ¢; into two parts,

b1

1 2 00
[ [t oo
w T Jo pa r

11 + P12

Estimate ¢, and ¢, separately, by using estimates (41) and (49) from [16]

4 1
G(r) < = f r*sin(am)da, r € (0, p,),
0
AIMS Mathematics
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and

DA 1
f e f r® sin(aﬂr)dcxﬂ < k(2),
0 0 r
P /l
f f -"G(r) L drd |E,, ()|

< f ——k(t)d |Ey (D)
Nk(@) [lxH Iyl -

IA

P11

IA

Mmln r RN 1}
lp1a| < f f drd|Ex’y(/l)|
N Ly
< - f Apy le_””d|Ex,y(/l)|
0
N
< 7||X||||)’||-

In order to estimate ¢,, we divide ¢, into four parts,

00 2 1 Z 00
e AL [ e
L T Jo m 1 2 r

= o+ P + Pz + Poy,

and estimate these four parts separately,

_,G(r)
o] < f f d”d|Exy(/l)|
< f —k(t)d|Exy(/1)|
1
< Nk@) ||xl Iyl -
By definition of p,,
00 /1 1 ~, G(r)
[pn| < f —f e t_d”d|Exvy(/l)|
1 u pa r
oo/l ! —rt y-2
< [ 2| e ard|E, W)
1 pa
M/l 1
_ f _f e_rtry_zdrd|Ex,y(/l)|
1 TTdp,
M/l 1
P S erarpd|E. )
1 T pa

N (M
< - f Apy 2 d |E,, (D)
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N
< —IixdllIyll.
t
In order to estimate ¢,3, we shall use inequality fol u(a)da = M < 1 to estimate G(r), bacause

1 1
- f cos(ma)u(a)da < f |cos(ma)| u(a)da < M < 1,
0 0

and since r € (1, 1),

< MA,

1
f r* cos(ma)u(a)da
0

then we have )
A+ f r* cos(ra)u(a)da > (1 — M)A > 0,
0

then by the representation of G(r, 1), we have

fol r® sin(mra)u(a)da - Nr
(1 - M)2a2 - Az

G(r
f f L drd .,
N f] — fl e”"'drd |E..,(D)|

N
= Iy

® A .G

f = f (r)drd|Ex}(/l)|
1 TJa

f 4 f e 17 drd |E,, ()|
1 TJa

f pIRd f e "drd |E,.,(1)|
1 A

00 ~ e—/lt
f1 7 —d E.,(D)|

1 (o)
- f e Vd |E,,(D)|
rJi

1
—||1X .
- eIyl

G(r, Q) <

SO

IA

|23l

IA

Finally we estimate ¢4,

IA

|24l

IA

IA

IA

IA

So for every x,y € H,
1
(f(t,u,A)x,y) < N(; + k@) l|xHIyll -

AIMS Mathematics Volume 7, Issue 7, 11663—-11686.
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This means )
If (2, p, AN < N(; + k(1)).

If fol u(a@)da = K > 1, then we consider operator ﬁ instead of A and this end the proof. O

Next we prove f(t, u, A) satisfies following three conditions:

(1) f(¢,u, A) is strongly continuous and f(0, u, A) = 1.

(2) f(t,u, A)D(A) € D(A), and for every x € D(A), f(t,u,A)Ax = Af(t,u, A)x.
(3) For every x € D(A), D¥ f(t, u, A)x = —Af(t, u, A)x.

By proof of Theorem 5.2, condition (1) is satisfied.

Setx € D(A),y € H,

e_SAf(tnu’A)x - f(ta /J,A)X
S s

00 —s/l_l
< W = fo o o DE

s

° et -]

I) f@, p, ) S dE, (1)
e x —x

Then (f(t,u, A)Ax,y) = (Af(t,u,A)x,y), since y € H is arbitrary, f(¢t,u, A)D(A) C D(A), and for every
x € D(A), f(t,u, A)Ax = Af(t, u, A)x.
Finally, let x € D(A),y € H,

(DY f(t, 1, A)x,y) = fo "D £t 1, D, (1)

fo —Af(t, 1, DAEy ()
<_Af(t7 M, A)X, }’>

Combining these conclusions, we have proved that f(z,u,A) is the resolvent family generated by
operator A.
So we have the following theorem.

Theorem 5.3. Let A is a densely defined self-adjoint operator on Hilbert space H, if there exist a
constant w > 0, such that o0(A) C [w, ), and function u satisfies condition (2.1). Then for every
x € D(A), distributed order equation

D¥u(t) = —Au(t),

W0) - . (5.1)

has an unique solution f(t,u, A)x, given by

ft,u,A)x = j(; f(t, u, HYdE()x.

And exists a constant N satisfies:
1
If (2, 1, Al < N(; + k(1)).

AIMS Mathematics Volume 7, Issue 7, 11663—-11686.
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Remark 5.4. Since every non-negative self-adjoint operator is a sectorial operator, contour integral can
also be used here, and obtain the same decay estimate. Here we use the spectral measure to illustrate
two things. First, the representation of the resolvent family is not unique, although resolvent family is
unique. Second, the decay speed of the resolvent family not only depends on u but also depends on the
spectral of A.

6. Appendix

In addition to the references mentioned in this article, the following literature on this topic provides
applications for Caputo fractional calculus and distributed order differential equation: In paper [6, 11,
37], arthurs give some qualitative analyses applications about Caputo fractional calculus; distributed
order differential equations with different initial value or boundary value were considered by [15,20];
many applications about distributed order differential equations, such as numerical analysis and control
theory, were given by [5,13,27-30].

7. Conclusions

In this paper, we proved the analyticity and decay estimate of f(¢, u, 4) with respect to A and then
use this property to prove the contour integral representation of f(z,u, A). If A is self-adjoint, then we
represent f(t,u, A) by resolution of identity of A, and some examples are given.
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