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1. Introduction

The concept of semiring was firstly introduced by Dedekind in 1894, it had been studied by various
researchers using techniques coming from semigroup theory or ring theory. The algebraic theories of
semirings were widely applied in automata theory, optimization theory, parallel computation systems
and the mathematical modeling of quantum physics, etc. [7]

A semiring (S, +,-) is an algebra with two binary operations + and - such that the additive reduct
(S, +) and the multiplicative reduct (S, -) are semigroup connected by ring-like distributive laws, that is,

alb+c)=ab+ac and (b+c)a=ba+ca, Ya,b,c € S.
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In recent several decades, many authors extended the concepts and results of semigroups to
semirings which is one of the development power of semiring theory. For instance, many researchers
investigate idempotent semirings in which both additive reduct and multiplicative reduct are bands,
which play a role in semirings just as the role of bands in semigroups in many aspects [2,4, 17-19],
etc. Semirings whose additive reduct is a band are also studied by many authors [3, 11, 25], etc.
Karvellas introduced additively inverse semirings whose additive reduct is an inverse semigroup [10].
Zeleznikow studied regular semirings in which both additive and multiplicative semigroups are
regular [27]. He also introduced the orthodox semirings firstly [28]. Grillet gave the structure theorem
of semirings with a completely simple additive semigroup [6].

Meanwhile, semirings are generalizations of distributive lattices, b-lattices, rings, skew-rings. Sen,
Maity, and Shum extended the concept of Clifford semigroup to semiring by defining a class of
semiring which is called Clifford semiring and showed that a semiring S is a Clifford semiring if and
only if it is a strong distributive lattice of skew-rings [20]. What’s more, as a further generalization,
they proved that a semiring S is a generalized Clifford semiring if and only if it is a strong b-lattice of
skew-rings. Sen and Maity had also extended completely regular semigroups to completely regular
semirings by giving a gross structure theorem: A semiring S is completely regular semiring if and
only if it is a b-lattice of completely simple semirings [21]. Pastijn and Guo used inspiration for the
study of semirings which are disjoint unions of rings in theory developed for completely regular
semiring [26]. Maity and Ghosh also extended completely regular semiring to quasi completely
regular semirings, and show that S is quasi completely regular semirings if and only if S is an
idempotent semiring of quasi skew-rings [13, 14]. Since the ideas of transversals are important to
study algebraic structures which is useful in the study of semigroups structure [15, 16,23, 24]. In
2022, Huang et al. introduced some special semiring transversals into semirings and extended the
results of completely regular semirings [9].

On the other hand, in the regular semigroups with inverse transversals, split orthodox semigroups
are not only special regular semigroups with inverse transversals but also one of the origins of inverse
transversals. In [12], D. B. McAlister and T. S. Blyth introduced a kind of semigroups which are called
split orthodox semigroups and used a band, an inverse semigroup, and Munn morphism to give a
structure theorem for them. El-Qallali studied the split quasi-adequate semigroups whose idempotents
are commutative and extended the result of split orthodox semigroups [5]. Li extended split orthodox
semigroups to split P-regular semigroups [22].

To develop new ways to study semirings, we will study a kind of semirings called split additively
orthodox semirings which have the property like split orthodox semigroups. It is also a class of
special semirings with transversals. In this paper, after obtaining some properties theorems of such
semirings, we obtain a structure theorem for them by idempotent semirings, additively inverse
semirings, and Munn semigroup. Consequently, the corresponding results of Clifford semirings and
generalized Clifford semirings in [20], and split orthodox semigroups in [12] are also extended and
strengthened.

For the terminology and notions not given in this paper, the reader is referred to [1, 8].

2. Preliminaries

Firstly, we claim that the following theorem will be frequently used without further mention.

AIMS Mathematics Volume 7, Issue 6, 11345-11361.



11347

Theorem 2.1. (Miller-Clifford theorem) [8]

(1) Let e and f be D-equivalent idempotents of a semigroup S. Then each element a of R, N Ly has
a unique inverse a’ in Ry N L,, be such that aa’ = e and a’a = f.

(2) Let a,b be elements of a semigroup S. Then ab € R, N L, if and only if R, N L, contains an
idempotent.

In this section, we will list some elementary results of split bands and split orthodox semigroups.
The following results are all due to D. B. McAlister and T. S. Blyth. For convenience, throughout this
section the letter O will always denote the Green’s relation on a band B.

Definition 2.1. (Definition 1.1 [12]) Let B = U{B,, : @ € Y} be a band with structure semilattice Y and
D-classes the rectangular bands B,. Ifj : B — B/ D is the natural morphism then we shall say that B
is split if there is a morphism n : B/D — B such that nfj = idpp. Such a morphism m will be called a
splitting morphism.

Definition 2.2. (Definition 1.2 [12]) Let B = U{B,, : « € Y} be a band. Then by a skeleton of B shall
mean a subset E = {x, : a € Y} such that x, € B, for every a € Y and x,Xg = Xop = XgX, for all
a, peY.

Lemma 2.1. (Lemma 1.3 [12]) A band B is split if and only if it has a skeleton. If m : B/D — B is
splitting morphism then Imn is a skeleton of B.

We recall that the relation
Yy={(x,y) €T XT : V(x) = V(y)}

on an orthodox semigroup 7' turns out to be the smallest inverse semigroup congruence on 7.
Moveover, on B the band of idempotents of T, 7y is the same to D.

Definition 2.3. (Definition 1.4 [12]) Let T be an orthodox semigroup and letf : T — Ty be natural
morphism. Then we shall say that T is split if there is a morphism n : T [y — T such that nfj = idr,.

Definition 2.4. (Definition 1.5 [12]) Let T be an orthodox semigroup with band of idempotents B.
Suppose that E is a D-transversal of B in that E meets every D-class only once. Then we define the
span of E by

Sp(E)={a €T : (e, fecE)eRaLf}.

Lemma 2.2. (Lemma 1.6 [12]) Let T be an orthodox semigroup with band of idempotents B. Suppose
that E is a D-transversal of B in that E meets every D-class only once. Then Sp(E) meets every y-class
of T exactly once.

We denote the unique inverse of a €Sp(E) in Sp(E) by a°. Moreover, note that e = aa® and f = a°a.
Then

Theorem 2.2. (Theorem 1.7 [12]) Let T be an orthodox semigroup with band of idempotents B and
suppose that B has a skeleton E. Then the following statements are equivalent:

(1) There is an inverse subsemigroup S° of T that meets every y-class of T exactly once and has E as
semilattice of idempotents;

(2) aEa® C E for every a € Sp(E);

(3) Sp(E) is a subsemigroup of T.

Moreover, if (1) holds, then necessarily S° = Sp(E).
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B is a band with a skeleton E. e € E. Let 6 be a band isomorphism between subbands of B of the
form eBe. We say 6 is skeleton-preserving if it satisfies that

fOEE s feENfe Domb.

What is more, as shown in [12], if denote Dom(6) and Im(6) by ey,Be, and fyB f, respectively, then

eas = (foe)0™" and foy = (fyes).

Now, denote by T the set of skeleton-preserving isomorphisms 6 between subbands of B of the
form eBe, where e € E.

Lemma 2.3. (Lemma 2.1 [12]) Let B be a band with a skeleton E. Then Ty is an inverse semigroup.

Lemma 2.4. (Lemma 2.2 [12]) Let B be a band with a skeleton E. For 6 € Tg, define @ : B — B as
following:
Vb € B, b = (89[9@9)0.

Then 6¢ = 6p, V6, ¢ € Tj.

Given 0 € Tp, let 0 : egBey — fyBfy. It is clear that E N Domf = eyE and E N Codf = fyE.
Moreover, 6 induces an isomorphism 0 : esE — foE. For every x € eyE, we have x0 = x0. The
assignment : 6 — @ is then a morphism from T’ to Tz (the Munn semigroup of semilattice E).

Suppose now that S is an inverse semigroup with semilattice of idempotents E, let u : a — u, be a
morphism from S to 7.

If there exists a morphism 6 : § — T making the following diagram commutative,

S 0 - Tp

Y

Tg

we call it is a triangulation of u. Denote af = 6, then 9a = Ug, Mg : aa’E — a°aE,e — a°ea,e € aa’E.

Lemma 2.5. (Lemma 2.3 [12]) Let S be an inverse semigroup with semilattice of idempotents E and
let B be a band with skeleton E. For every a € S, let the domain and codomain of u, be e,E (so
that e, = aa’) and f,E (so that f, = a°a). Let 0 be a triangulation of u. Then given a,b € S and
e, f,u,v € B such that eLe,, fRf,, uley vRfp, we have

e (fu)éu°-£eab and (fu)éb : VRfab-
Corollary 2.1. (Corollary 2.4 [12]) If

W =W(B,S,0) = {(e.a, f) € BX S X B: eLea, fRf.}
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then the prescription
(e,a, f)(u,b,v) = (e(fu)b,, ab, (fu)6,v)
defines a binary operation on W.

Theorem 2.3. (Throrem 2.5 [12]) W(B, S, 60) is an orthodox semigroup whose band of idempotents is
isomorphic to B.

Theorem 2.4. (Theorem 2.7 [12]) The orthodox semigroup W = W(B, S, 0) is split and W]y = §S.

Theorem 2.5. (Theorem 2.8 [12]) Let T be a split orthodox semigroup with band B of idempotents. If
n:T/y — T is a splitting morphism then the set E = B N Imm of idempotents of Imn is a skeleton of B
and Sp(E) = Imn. Moreover, if 0 : Imn — Ty is given by a6 = 6,, where the domain of 6, is aa° Baa®,
the codomain of 6, is a°aBa°a and b6, = a°ba, then 0 is a triangulation of i : Imm — Ty and

T = W(B,Imnr, 6).

3. Split adtitively orthodox semirings

+
Let (S, +, ) be a semiring. Then the Green’s relation on (§,+) denoted by 7+%, Z and H. The set of
additive idempotents and the set of multiplicative idempotents of S are denoted by E*(S) and E*(S)
respectively.
We also denote the additive inverse of x € S by X', (x")" by x”, and all the additive inverses of x by

+
V(x) respectively.

+
Lemma 3.1. Let (S, +, ) be a semiring. Vx,y € S, if X' € V(x) # 0, then (xy)’ = X'y and (yx)' = yx'.

Proof: Clearly. O
In this section, we introduce the concept of split additively orthodox semirings. For convenience, T
is denoted the additively orthodox semiring whose additive idempotents forms an idempotent semiring

+ + +
always. The letter D will always denote the Green’s relation on (E(S), +). Since P is congruence on

+ +

(E(S), +, ) and every D-class is an idempotent semiring for which the additive reduct is a rectangular
band. Such idempotent semiring will be called additive rectangular idempotent semiring in this paper.

T is an additively orthodox semiring, so (7,+) is an orthodox semigroup. Then we have the
following corollary.
Corollary 3.1. The relation

+ +
y={0,y) €T XT : V(x) = V(»)}

is the smallest additively inverse semiring congruence on T.
+ + + + +
Proof: ¥x,y,a € T, xyy, then V(x) = V(y). Y(ax)" € V(ax), (ax) = ax’. Since x" € V(x) = V(y),

then
ax' +ay+ax' =a(x' +y+x") = ax’

and
ay+ax' +ay =aly+x +y) = ay.
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So \Jr/(ax) c ‘Jr/(ay). Similarly, we can show the other side. Hence, vy is the semiring congruence on 7.

Moreover, v is an additively inverse semiring congruence on 7', since 7'/ is an additively inverse
semiring.

Now, let p to be a semiring congruence on 7" such that 7'/p is an additively inverse semiring. For
(x,y) € v, leta € \+/(x)(: ‘Jr/(y)). Then both xp and yp are inverses of ap in the additively inverse
semiring T'/p. So xpy which implies that y C p.

Therefore, vy is the smallest additively inverse semiring congruence onT. m|

Moveover, on an idempotent semiring /, y is the same to Z) re. I/y=1/ Z) which is b-lattice.

Example 3.1. Let S| = {0, a, b} whose additive and multiplicative Cayley tables as following:

+[0 a b |0 a b
0[0 a b 0/0 0 0
ala 0 b a0 0 O
b|b b b b0 0 b

Then (S 1, +, -) forms an additively inverse semiring.
Let I} = {p, q} and Ay = {u, v} whose additive and multiplicative Cayley tables as following:

+‘pq o‘pq +‘uv O‘I/tv
plp p plp p wlu v wiu u
q | q (g q|p q vV |u v viu v

It is easy to verify that (I}, +, ) and (A1, +, -) form idempotent semirings. The additive reduct of (I, +, -)
is a left zero band, and its multiplicative reduct is a semilattice. The additive reduct of (A1, +,-) is a
right zero band, and its multiplicative reduct is a semilattice.
Then the direct product T = I, X S| X A, forms an additively regular semiring, and E*(T) =
Iy X E*(S1) X Ay is an idempotent semiring, hence T is an additively orthodox semiring.
Y(@i,x,y)eT,

+ +
k,y,D e V((i,x, ) ®@yeV(x) & y=x
It implies that
G, x,yyk,y,) & y=x,V(,x,y),(k,yl)eT.
So, T]y = {I; X {x} X Aq|x € S§1} = S|. Therefore, y is the smallest additively inverse semiring

congruence on T.

Definition 3.1. Let T be an additively orthodox semiring whose additive idempotents forms an
idempotent semiring and i : T — Ty be natural morphism. Then we shall say that T is split if there
is a morphism . T [y — T such that nff = idr,.

Some additively orthodox semirings are neither completely regular semirings nor split additively
orthodox semirings, see the following example.

Example 3.2. Let S| as shown in Example 3.1. Then it is also a completely regular semiring. Although
the set E*(S1) = {0, b} is an ideal of S+, (S 1, +, ) is not a generalized Clifford semiring [20].
Let I, = {p, q} and A\, = {u, v} whose additive and multiplicative Cayley tables as following:

AIMS Mathematics Volume 7, Issue 6, 11345-11361.
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+‘pq .‘pq +‘MV .‘MV
PP P PP g u | u v u|u v
919 q q|q9 p viiu v Vv ou

We can verify that (I, +, ) and (A, +, ) form semirings. The additive reduct of (I, +, ) is a left
zero band, and its multiplicative reduct is a group. The additive reduct of (A, +, -) is a right zero band,
and its multiplicative reduct is a group.

Then the direct product T = I, X S| X A, forms an additively regular semiring, and E*(T) =
I, X E*(S1) X A, forms its subsemiring, hence T is an additively orthodox semiring. But E*(T) =
{p} X E*(S1) x{u}, according to Lemma 2.5 in [21], thus (T, +, -) is not a completely regular semiring.
Since E*(T) is not an idempotent semiring, T is not a split additively orthodox semiring. Moreover,
{(p, x,u)|x € S} is an additively inverse semiring transversal of T [9].

A split additively orthodox semiring may not be a completely regular semiring, see the following
example.

Example 3.3. Let S, ={0,1,a,e, f, x,y} whose additive and multiplicative Cayley tables as following:

O R = O % - O

R S =1

= X 0 Q < Ol
“ =% - 0 9 ~ Ooln
“ R =0 O
=R SN 0 Q SO

R N =1k=
%HRQQN.ON-

onN < On < Ol
R N =1k}

—~ < xS O
“ OO N < a Ol
~ O O 8 = O|=

< = = 08 Q = O+
cocoococooolo
%H\NQN.ON-

It is easy to verify that (S ,, +, -) forms an additively inverse semiring, but IJ-rIx = {x} is not a skew-ring,
so S, is not a completely regular semiring or a generalized Clifford semiring.

Let I and Ay as shown in Example 3.1. Then the direct product T = I, X S, X A\ forms a additively
regular semiring, and E*(T) = I} X E*(S,) X Ay is an idempotent semiring, hence T is an additively
orthodox semiring. Additionally, T]y = {I} X {x} X Ay|x € S,}. Letn : T]y — {p} X S, X {u}, I} X
{x} X Ay = (p, x,u). It is easy to verify that r is a split morphism, so T is a split additively orthodox
semiring. Moreover, Imrn is an additively inverse semiring transversal of T. But Imm = §, which

+
means that it is not a generalized Clifford semiring transversal of T. In addition, H, .., = {(p, x, u)}
is not a skew-ring, so T is not a completely regular semiring.

A split additively orthodox semiring may be also a completely regular semiring, see the following
example.

Example 3.4. Let T as shown in Example 3.1. So T is an additively orthodox semiring, and T |y = {I, X
{x}XAlxeS} =S Letn : T]y — {p} xS X{u}, I x{x} X A1 = (p, x,u). It is easy to verify that  is
a split morphism, so T is a split additively orthodox semiring. What is more, Immt = {(p, x,u)|x € S} is
an additively inverse semiring transversal of T. But Imm = S| which means that it is not a generalized
Clifford semiring transversal of T. Meanwhile, T is a completely regular semiring.
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Theorem 3.1. Let T be an additively orthodox semiring with a generalized Clifford semiring
transversal S. Then the following statements are equivalent:

(1) T is a completely regular semiring;

(2) T is a split additively orthodox semiring.

Proof:  (1)=(2): T is an additively orthodox semiring which means that E*(7T") forms a band.
Moreover, E*(T) C E*(T), since T is a completely regular semiring. Let 7 : T/y — S,y — x°,x° €

\+/(x) N S. It is easy to verify that r is a split morphism.

(2)=(1): By Theorem 4.1 in [9], T is a b-lattice of additively orthodox semirings with skew-
ring transversals. For each additively orthodox semiring with skew-ring transversals S,, S, is an
additively completely simple semiring by Theorem 3.1 in [9]. Moreover, E*(T) C E*(T). Hence, S, is
a completely simple semiring. Therefore, T is a b-lattice of completely simple semiring which means
that 7 is a completely regular semiring. O

By Definition 2.1 and Definition 3.1, if there is a split morphism 7 on the idempotent semiring /,
then 7 is a split morphism on band (/, +).

Definition 3.2. Let I = U{l, : @ € Y} be an idempotent semiring, where Y is a b-lattice. Then by
a skeleton of I shall mean a subset E = {x, : a € Y} such that x, € I, for every @« € Y, and
Xo + Xg = Xoup = Xg + Xo and XoXg = Xop forall a,f € Y.

Example 3.5. Let Y = {0, e} whose additive and multiplicative Cayley tables as following:

+‘Oe O‘Oe
010 e 00 O
e |le e e|0 e

It is easy to verify that (Y,+,-) forms a b-lattice. Let I, and A, as shown in Example 3.1. Then the
direct product I = I, X Y X A forms an idempotent semiring.

Additionally, Iy = {I, X {x} X A{|lx € Y} = Y. Denote I} X {x} X Ay by y, then I = yy U ..

Let E ={(p,0,u),(p,e,u)}. Then (p,0,u) € yyand (p,e,u) € y,. Moreover,

(p,0,u) + (p,e,u) = (p,e,u) = (p,e,u) + (p,0,u),

and

(p70’ I/l) ' (P’e, I/l) = (p,O -e, I/l) = (P’Oa I/l),

where (p,0,u) € yo,
Therefore, E is a skeleton of I.

By Definition 2.2 and Definition 3.2, we easily get that if E is a skeleton of / then (E, +) is a skeleton
of (1, +).

+
Lemma 3.2. An idempotent semiring I is split if and only if it has a skeleton. If w : [/D — 1 is splitting
morphism then Imn is a skeleton of I.

Proof: By Lemma 2.1, Definition 3.1, and Definition 3.2, it is clear. O

AIMS Mathematics Volume 7, Issue 6, 11345-11361.
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4. The structure theorem

From now on, we explore the structure of split additively orthodox semirings.

Lemma 4.1. Let T be a split additively orthodox semiring whose additive idempotents forms an
idempotent semiring I. Then E = I N Imn is a skeleton of 1.

Proof: Imnr is an additively inverse subsemiring of 7', and meets every y-class of T exactly once.
As aresult, E = INImr is the set of all the additive idempotents of Imz forms b-lattice, and E meets

+
every D-class of I exactly once, hence it is a skeleton of /. O
The span of E is also the important set:

+ o+
Sp(E)={a €T : (e, f € E)eRaLf}.
By Lemma 2.2, the following lemma is obtained directly.

Lemma 4.2. Let T be a split additively orthodox semiring whose additive idempotents forms an
idempotent semiring 1. Then Sp(E) meets every y-class of T exactly once.

Noting that for every a eSp(E), exist e, f € E satisfy that e;{a.z f, then .Ze N 7+€ + contains an additive
inverse a’ of a, and @’ €Sp(F). By Lemma 4.2, we get that @’ is the unique inverse of a in Sp(E), which
is denoted by a° hereafter. Moreover, e = a + a° and f = a° + a. Actually, we can get more from the
following theorem.

Theorem 4.1. Let T be an additively orthodox semiring with an idempotent semiring of additive
idempotent I and suppose that I has a skeleton E. Then the following statements are equivalent:

(1) There is an additively inverse subsemiring S of T that meets every y-class of T exactly once and
has E as b-lattice of additive idempotents;

(2)a+ E +a° C E forevery a € Sp(E),

(3) Sp(E) is a subsemiring of T.

Proof: (1)=(2): By Theorem 2.2, it is clear.
(2)=(3): By Theorem 2.2, Sp(E) is close under addition. Now we show that it is close under

+ o+ + o+
multiplication. Given a,b € Sp(E), there exist e, ep, f,, f € E such that e,RaLf,, and e,RaLf,.
+ + + +

Since R and £ are multiplicative congruence on S, then e,e,Rab.Lf,f,. Since e.e,, f,f, € E, it

follows that Sp(E) is a subsemiring of 7.

(3)=(1): If Sp(E) is a subsemiring, by the remarks following Lemma 4.2, Sp(E) is an additively

orthodox subsemiring which meets every y-class exactly once and has E as its set of additive

idempotents. O
By Lemma 2.2, the following corollary is obtained directly.

Corollary 4.1. Let T be a split additively orthodox semiring whose additive idempotents forms an
idempotent semiring I. Then Sp(E) = Imz.

For every a €lmn, lete, = a+a°, f, = a° +a. Define 0, : e, +1+e, — f,+1+ f, by
x6, = a° + x + a. According to the proof of Theorem 2.5 (i.e. Theorem 2.8 in [12]), 6, is a skeleton-
preserving isomorphism from (e, + I + e,, +) to (f, + I + f,, +) satisfies that

VMfefoeEs feE.
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Denote all the skeleton-preserving isomorphisms ¢ between the subbands such as e + I + e of (I, +)
+ +
by T;, where e € I. Then define the addition on 7'; as composition of maps, i.e. e(¢ + @) = (ep)p. By
+
Lemma 2.3, we get that (7', +) is an inverse semigroup.

Lemma 4.3. Let T be a split additively orthodox semiring whose additive idempotents forms an
idempotent semiring I. E = I N Imn. Tg is the Munn semigroup of (E,+). For u, € Tg, define

.
0 : Imnm — T; by a@ = 6, where the domain of 6, is a + a° + I + a + a°, and the codomain is
a®+a+1+a° +a Moreover, b0, = a° + b + a, then 0 is a triangulation of u : Imnm — Tkg.

Proof: According to the proof of Theorem 2.3 (i.e. Theorem 2.5 in [12]), the mapping 6 : Imm —

+ +
T, defined by afl = 6, is a morphism from (Ims, +) to (T}, +). By the definition of 6,, we obtain that
0, = Ua, Where u, € Tg. Tg is the Munn semigroup of (E, +), and define ey, = a° + e + a which is an
isomorphism from (a+a°+E, +) to (a°+a+E, +). As aresult, 01is a triangulationof yu : Imn — Tg. O

Moreover, we can extend each 6 € %1 to a mapping 6 : I — I by defining
(Vb € B)bO = (ey + b + ¢,)h.
And define the addition between two maps as composition of maps. By Lemma 2.4, we get that
(V0,0 € Tp)0+ ¢ =6 + .

Theorem 4.2. Let S be an additively inverse semiring with b-lattice of additive idempotents E and |
be an idempotent semiring with skeleton E. For every a € S, let the domain and codomain of u, € Tg
be e, + E (so that e, = a + a°) and f, + E (so that fo=a + a) Let 8 be a triangulation of u. Then

given a,b € S and e f,u,v € I such that e.Eea, fR far u.[:e;,, vR f», we have
(1) (e + (f + u)ss )£€a+b and ((f + u)y + V)Rfm;
(2) abH(aby and e = fur = eufy = fuer = eues = ful
(3) euzeab and fv7+€fab.
Proof: (1) By Lemma 2 5, 1t is clear.
(2) Since eaLaoR f, and bebReb, then ¢, bea bR f.ep. S1m11arly, we can get that ¢, beab L faeb By
Lemma 3.1, a°bh = (ab)° = ab° So e, f;,l:(ab) L f.ep, and ea be(ab) R f.ep, that is e, fﬂ'((ab) 7{ faep.

Similarly, we get that eaeb?{ab?{ f.f»- Consequently, ab‘H (ab)’ and ey, = fu, = eufy = foer = €qep =
Jalp-

+ + + +
(3) Since eLe, and ule,, then eule e, = ey Similarly, fvRf,,. |

Theorem 4.3. Let T be a split additively orthodox semiring whose additive idempotents forms an

+ + + +
idempotent semiring 1. For any a,b € Imn and e, f,u,v € I such that eLe,, fRf,, uLle,, vRfp, then

(e+a+ f)lu+b+v)=eu+ab+ fv.

Proof: F1rst1y, on the one hand, since fL(e +a + f)Re and v.L(u + b+ V)Ru then va(e +a+
f)(u +b+ V)Reu On the other hand, since eLea, fR fa, uLeb and v73 f,, then euLeab and va fups SO
va(eu +ab + fv)Reu Hence, (e +a+ f)(u+b + v)ﬂ(eu +ab + fv).
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+ o+ + o+
Secondly, since eLe,La° and fRf,Ra°, then
eta+f+a’+e+a+f=e+a+a’+a+f=e+a+f

and
a+e+a+f+a°=a"+a+a’ =a,

+
soa® € V(e+a+ f), 1.e. a° is the unique additive inverse of e+a+ f in Imn. Similarly, (u+5b+v)° = b°
and (eu + ab + fv)° = (ab)°. Thus,

((e+a+ fu+b+v))’ =(e+a+fHlu+b+v)’ =(e+a+ f)b° =(e+a+ f)°b=a’b = (ab)°.

Consequently, (e + a + f)(u + b +v) = eu + ab + fv as required. O
Theorem 4.4. Let T be a split additively orthodox semiring whose additive idempotents forms an
+ + + +
idempotent semiring 1. For any a,b,c € Imr and e, f,u,v, g, h € I such that eLe,, fRf, ule, vRf,
+ +
gLe., hRf., then satisfies the following four equations:
ge+g- (f + u)éao =ge+ (hf + gu)éca%
h-(f +ub, +hv=(hf + gu)b + hv,
eg+ (f + u)éa" g =eg+ (fh + ug)éa”w

and
(f + u)By - h +vh = (fh + ug)6y. + vh.

+ + + + + +
Proof: For any a,b,c € Imm and e, f,u,v,g,h € I such that eLe,, fRf,, uLe,, vRf,, gLe., hRf..
On the one hand, by Theorem 4.2, we get that

(e + (f + w)B) Leasy and ((f + 1By + VIR foens

then

gle + (f + w)by)Leceay, and h((f + w0y + VIRS: fusp,
that is . .

(ge + g(f + u)0s) Lewrry and (h(f + u)by, + hv)R friar)»

where

carb) = c(a+b) + (cla+ b))’ =cla+b)+c°(a+b)
and

Jetarry = (cla + b))° + c(a + b) = c°(a+ b) + c(a +b).
So,
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ge +g(f + u)f,
= ge+g(f +u)f, + €carp)
= ge+g(f+u)b, +cla+b)+c’(a+b)
= ge+g(f+u)fpe +cla+b)+ fuup +c(a+b)
= ge+g(f +u)b, +c(a+b)+h(f+u)éb+hv+fc(a+b)+c°(a+b)
= ge+g(f+u)bype +cla+b)+h(f+ub, +hv+c(a+b)
= (g+c+h(e+(f+u)bpe+a+b+(f+u)b+v)+c°(a+b)
= (g+c+h)e+(fu+f+u+f)0e+a+b+(e,+f+u+ey)d,+v)+c’(a+b)
= (g+c+h)e+@+fo+f+u+fi+a’)+a+b+b°+e,+f+u+e,+b)+v)+c’(a+b)
= (g+c+h)e+(@+f+u+a’)+a+b+D°+f+u+b)+v)+c’(a+b)
= (g+c+h)(e+a+f+u+@+a)+b+b)+f+u+b+v)+c’(a+b)
= (g+c+h)(e+a+f+u+b+b)+@+a)+f+u+b+v)+c’(a+b)
= (g+c+h)(e+ta+f+u+f+u+b+v)+c°(a+b)
= (g+c+h)e+a+f+u+b+v)+c°(a+b).

+ +
On the other hand, since £ and R are multiplicative congruence on 7', then

+
geLece, = e,

+

hfRfcfa = fear
+

gulece, = e,

+
hRfefp = feb-
By Theorem 4.2, we get that

_ + _ +
(ge + (hf + gu)e(ca)° )-Leca+cb and ((hf + gu)gcb + hV)Rfchba

that is . .
(ge + (hf + gu)Beae) Lecarar and (hf + gu)Ba, + hVIR frgscps
where
Cearch = Ca+cb + (ca+ cb)° =ca+cb+ (cla+ b))’ =cla+b)+c°(a+b)
and
Sfearer = (ca+ cb)’ + c(a+ b) = (c(a+ b))° + cla+b) =c’(a+b)+cla+b).
So,
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ge + (hf + gu)Bcay
= ge+ (hf + gu)beay + Ccarch
= ge+ (hf + gu)Bap + ca+ cb + (ca + cb)°
= ge+ (hf + gu)Bap + ca+ cb + frgre + (ca+ ch)°
= ge+ (hf+ gu)é(ca)o +ca+ch+ (hf + gu)b + hv + fogsep + (ca + cb)°
= ge+ (fou+ hf + gu+ fei)Oiay +ca+chb+ (e + hf + gu+ ec)0ep + hv + (ca + cb)°
= ge+(ca+hf+gu+(ca))+ca+chb+ (cb®+ hf + gu+ cb) + hv + (ca + cb)°
= ge+ca+hf+gu+ ((ca)’ + ca)+ (cb+ (cb)’) + hf + gu+ cb + hv + (ca + cb)°
= ge+ca+hf+gu+(chb+(ch)°)+ ((ca)’+ca)+ hf + gu+cb+ hv+ (ca+ cb)°
= ge+ca+hf+gu+ey+ fou+hf+gu+chb+hv+(ca+ch)’
= ge+ca+hf+gu+hf+gu+cb+hv+ (ca+ch)
= ge+ca+hf+gu+chb+hv+ (ca+ch)
= (g+c+h)(e+a+f)+(g+c+h)(u+b+v)+(ca+ch)
= (g+c+hfe+a+f)+w+b+v)]+(ca+ch)
= (g+c+h)(e+a+ f+u+b+v)+(ca+ch).

Therefore,
ge+g- (f+u)bp =ge+ (hf + gu)beq

as required. Similarly, we can show the following three equations:
h-(f +ub, +hv=(hf + gu)b., + hv,

eg + (f + Wy - g = eg + (fh+ ug)fuec,
and
(f +u)by, - h+vh = (fh+ ug)b. + vh.
O
Theorem 4.5. Let S be an additively inverse semiring with b-lattice of additive idempotents E and |

be an idempotent semiring with skeleton E. For every a € S, let the domain and codomain of u, € Tg
be e, +E (sothate, = a+a°) and f, + E (so that fo=a+ a) Let 0 be a trlangulatzon of u. Then given

a,b € S and e, f,u,v € I such that eLea, fR for uLe;,, VR " g.£eL, hR f., and satisfies the following
four equations:

ge+g- (f + u)éa" =ge+ (hf + gu)éca",
h-(f +u)b, + hv = (hf + gu)b., + hv,
eg + (f + u)éa" ‘g =eg+ (fh + ug)éa"w

and
(f + u)By - h +vh = (fh + ug)By. + vh.
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Define two binary operations
(e,a, )+ (u,b,v) = (e + (f + e, a + b, (f + )by +v)

and

(e,a, f)(u,b,v) = (eu,ab, fv)

on

W =W(S.0) = {(e.a, f) € XS X I : eLeg, fRE).

Then W is a split additively orthodox semiring whose additive idempotents form an idempotent
semiring which is isomorphic to I, and W]y = §.
Conversely, every split additively orthodox semiring is of the form W(l, S, 0).

Proof: By Theorem 2.3, (W, +) is an orthodox semigroup. And the associativity of multiplication is
clear. We only need to prove the distributivity of the semiring W. Give (e, a, f), (u, b,v),(g,c,h) € W,
by the four equations,

(& ¢, Wl(e,a, ) + (u,b,v)]
= (g, c,h)e+ (f+ub,,a+b,(f+u)b,+v)
= (gle + (f + w)bs), cla + b), h((f + u)by + v))
= (ge+g-(f+wbsp,ca+cb,h-(f+u)b,+ hv)
= (ge+ (hf + gu)b.uo,ca + cb, (hf + gu)b., + hv)
= (ge,ca,hf) + (gu,cb, hv).

Thus the distributivity on left is hold. And the distributivity on right can be proved similarly. Hence W
is additively orthodox semiring as required.

By the proof of Theorem 2.3 (i.e. Theorem 2.5 in [12]), we get that EZ(W) ={(e,a,f) e W:ac€
E(S )}, moreover, the map ¢ defined from E(W) to I by (e,a, )¢ = e + f is bijective and preserves
addition. So we need to show it also preserves multiplication well. For any (e, a, f), (u,b,v) € £+?(W),
since a,b € IJ:?(S)thena0 =aand b° = b, we findthate, =a+a° =a+a=a=a°+a = f, and
e, =b+ b° b+ b b= b° +b = fb, SO eza;%f and uzb;{v On the one hand by Theorem 2.1, we
get that eR(e +f ).E f and u7€(u + v)Lv SO euR(e + f )u + v)L fv smce 72 and L are both multiplicative
congruence on /. On the other hand, we get that euLab?% fv, then euR(eu + fv).L fv by Theorem 2.1.
Therefore, (e + f)(u + v)7-( (eu + fv) which means that (e + f)(u + v) = eu + fv. Hence,

[(e,a, /)(u,b,v)|p = (eu,ab, fvyp =eu+ fv=_(e+ f)u+v)=I(ea,fdu,b,v)p.

Thus ¢ is an isomorphism as require.
By the proof of Theorem 2.3 (i.e. Theorem 2.5 in [12]), we get that

(e,a, fyy(u,b,v) © a° =b° & a=0b,
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and the mapping = : W/y — W given by y..pnm = (e, a, f,) preserves addition and satisfies that
nf = idw;,. Now we will show that it also preserves multiplication:

Yea.n\TY wpnT = (€q, a, fa)(ep, b, 1) = (eqep, ab, fofp) = (€ap, ab, fap) = Viea f)ubmT-

Finally, it is clear that
Wiy =Imr = §,

the second isomorphism being that given by (e, a, f,) < a.

Conversely, let T be a split additively orthodox semiring with the idempotent semiring / of additive
idempotents, and mapping w : T/y — T be a splitting morphism. By Lemma 4.1 and Corollary 4.1,
the set £ = INImr of additive idempotents of Imr is a skeleton of 7 and Sp(E)=Imr.

Moreover, define 6 : Imm — T; by af = 6,, where the domain of 6, isa + a° + I + a + a°, the
codomain of 6, isa° +a+ 1+ a° +aand b0, = a° + b + a. By Lemma 4.3, 0 is a triangulation of
u : Imm — Tg. By Theorem 4.4, W(I, Imn, 6) satisfies the four equations. We can therefore construct
the split additively orthodox semiring W = W(I, Imn, 6).

Define the map ¢ : W — T by

(e,a, Yy =e+a+f.

By the proof shown in [12]. ¢ is bijection and preserves addition.

+ + + +
Since for any a, b € Imrm and e, f,u,v € I such that eLe,, fRf,, uLe,, vRf,, then
(e+a+ f)lu+b+v)=eu+ab+ fv.

So it also preserves multiplication clearly.
Therefore, i is a semiring isomorphism. |
As shown in [20], a generalized Clifford semiring S is not only an additively orthodox semiring,
but also a strong b-lattice T of skew-rings R,(« € T),i.e. S =< T,R,,¢,5 >. Hence, S/y = T. Let
n:T]/y - S, = x €R,. Itis easy to verify that 7 is a split morphism, so S is a split additively
orthodox semiring.

Remark 1. From Theorem 4.5, we can see that the class of split additively orthodox semiringsis
actually not only a general extension of the class of Clifford semirings and generalized Clifford
semirings studied in [20], but also a general extension of the class of split orthodox semigroups
in[12].

5. Conclusions

In this paper, we introduce and explore split additively orthodox semirings. Some property theorems
are obtained, and a structure theorem is established by using idempotent semirings, additively inverse
semirings, and Munn semigroup. It not only extends and strengthens the corresponding results of
Clifford semirings and split orthodox semigroups but also develops a new way to study semirings.
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