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1. Introduction and preliminaries

In 1960, Schweizer and Sklar [1] introduced the notion of continuous triangular norm. After that
in 1965, Zadeh [2] introduces the theory of fuzzy sets. Using the concept of fuzziness, in 1975,
Kramosil and Michalek [3] defined the fuzzy metric space with the help of continuous t-norm. The
fuzzy approach to the distance follows from the idea that it is not necessary that there always exist a
real number to define the distance between any two points which we have to approximate or to find,
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but it is a fuzzy notion. In 1994, George and Veeramani [6] modified the definition of fuzzy metric
spaces. Grabeic [4] extend the well known fixed point theorem of Banach to fuzzy metric spaces in the
sense of Karamosil and Michalek [3]. After that, Gregori and Sapena [5] extended the fuzzy banach
contraction theorem to fuzzy metric space in the sense George and Veeramani’s [6]. In 2012, Sedghi
and Shobe [7], proved common fixed point theorem in b-fuzzy metric space. In 2020, Abbas et al. [8],
proved fixed point theorems in fuzzy b-metric spaces. Recently, Shamas et al. [9] proved fixed point
results without continuity by using triangular property in fuzzy metric spaces. In this paper, we prove
fixed point theorems without continuity by using triangular property on fuzzy b-metric space.
Now, we present some basic definitions and lemma as follows:

Definition 1.1. [7] A 3-tuple (T, ¥,, %) is called a fuzzy b-metric space(FBM space) if T is an arbitrary
(non-empty) set, = is a continuous §-norm and ¥, is a fuzzy set on 17 x (0, ), satisfying the following
conditions for each N, @, & € 7, 1, > 0 and a given real number s > 1,
(FBM1) ¥,(N, @, 1) > 0,
(FBM2) ¥,(N, @,1) = 1iff N = @,
(FBM3) ¥,(N, @, 1) = ¥y(w, N, 1),
(FBM4) ¥,(N, @, s5(r + g) > P,(N,&, 1) * Y, (&, @, 9),
(FBM5) P,(N, @, .) : (0, 0) — [0, 1] is continuous.
The function ¥, is called a fuzzy b-metric.

Definition 1.2. [7] Let (7, ¥,, *) be a FBM space.
(D1) A sequence {N;} converges to X € 1" if limj_,, ¥,(N;, N, 1) = 1 forall r > 0 and denoted as N; — N.

(D2) I
]lfl_r)lgo SUQ(NU Nf’ I‘) =1

for all sufficiently large i, f and for any r > O then &; is called a Cauchy sequence in T'.

(D3) If every Cauchy sequence is convergent in 7" then 7" is called a complete FBM space.

Definition 1.3. Let (7, ¥, *) be a FBM space with s > 1. The FBM space ¥, is triangular if

1 1 1
——1Ss(——1+——1)
(N, @, 1) (N, €,1) (& @, 1)
Lemma 1.4. A fuzzy b-metric space ¥, is triangular.

Proof. Let ¥, : % x (0, c0) — [0, 1] be a fuzzy b-metric (FBM) defined by

YN, @,1) = forall N,@w € 1,r > 0.

T+ N - @’

We need the following inequality which we can easily obtained from results proved in [11, 12],

N — o2 IN &P _ 2
IN—fllf—wls(l é"lzlf WI) sl él ;If ol (L.D)

Now,
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1 R-wf R-f+é-af
YN, @, 1) B r B Y
< IN— &P + | — o + 2IN - €I - vl

r
< IN-éP+ 1€ -alP + IR ¢P + |6 - af

, by using (1.1)

2(IN — &P s If—wrlz)
S(IN —r & Lk _rw|2)

r r

IA

{rmes 1+ e - 1)
“\r®Ey T T WEwy )

which implies that

;—1SS(;—I+;—1), forr > 0.
Vo(N.@.1) HEED  FEm

Hence, FBM with s > 2, ¥, is triangular. O

Motivated by Shamas et al. [9], we prove fixed point theorems without continuity by using triangular
property on FBM space with an application. This idea is new and we hope that this research article will
open new horizon for interested researcher in this field. Now, we give our main results in the following
section. Next, we establish the application of our results in the next section for better understanding of
our main result.

2. Main results

In this section, we prove common fixed point theorems to FBM spaces without continuity by using
triangular property.

Theorem 2.1. Let (T, ¥,,*) be a complete FBM space with s > 1 in which ¥, is triangular. Let
I,Q: T — T be a pair of self-mappings such that

1 1
7,800 S “‘(av@(x, p— 1)
Y,(N, @, 1) B 1)
Y,(N, Qm, 2s1) * Yy (w, I'N, 2s1)
YN, I'N, 1) * Vy(w, Qw, 1) ~ 1)
PN, @, 1) % Po(R, Qw, 291) * V,(w, 'R, 2s7)

1
L . S
+0‘4(sf/@(z~c, IRy Y(w, Q1) )

+ Qz(

oo
2.1)

forall X, @ € T,v > 0,a; € (0,1) and ay, a3z, as > 0 with a; + @y + @3 + 2a4 < é Then, I' and 2 have
a common fixed point in 1.
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Proof. Fix 8y € 7 and construct a sequence of points in 7" such that

Nojr1 = I'Ny;,
Nojra = Wiy 1,

i > 0. Then,

1 1

—-1= -1
%(Nzin s Roji2, 1) YIQ(FNZi’ ONoi11,1)

1
—mkpm%xmbo_q
? (xzp N2;+1 ,1) )
P,(Noj, QNRj41, 267) * P, (NQI+I,FN21,2sr)
Wo(Naj, I'NRoj, 1) # Po(Roji1, N1, 1) )
(N, sz, 1) % PL(Nogj, ONRoji1, 267) * Po(Nojer, TNy, 25r)

bd

+
I
N

1
-1+ - 1)
SUQ(NZp 'Ry, 1) o (Roje1, ONRoji1, 1)

=

-1)
ng(sz =~<2 i+1, 1)

(
|
(7 e
(
( o (Raj, Noji1, 1) 1)
(
(
(
rolg,

+

(0%
2 TQ(N2]’ N21+2, 250 * P (N21+1, N2]+la 251’)

b (sz Nojr1,1) * &, (sz, Noji2, 1) )
¥, (R, N21+13 ) * ¥ (sz Noji2, 251) * ¥, (sz, Noi+1, 250

+ a3

+

ay

1
14 —Q
Y’g(le, N21+1 ,1) %(sz L Roj12, 1)

=a

) ( %(sz, N21+1 ) )
1 -1]+ (0%} —

v, (Nz N21+1 ,T) %(xzj, sz+2, 2s1)

Yo (Nojs1, Nojsn, 1) 1)

¥Ry, NZHZ, 2s1)

1
+ ( -1+ - 1).
) TQ(NZia sz ,1) Wg(xzma N2j+2, r)

Since, ¥,(Rj, Noji2, 251) > P,(Noj, Noji1, 1) * Po(Noji1, Nojio, 1), for v > 0, we have further

1 1
—1Sa( —Q
YIQ(NZHI s Noj2, 1) : (Nzi, Noji1,1)

( b4 (Nzl, Noj+1, 1) )
+ > -1
b (Nzl, N21+1 1) x P (sz , N21+2, r)
( 7, (sz , N21+2, r) )
+ a3 -1
%(Nzl, N21+1 1) x P (xzm , N21+2, r)
1
+ ( -1+ - 1).
! b (sz N21+1, r) TQ(NZHI > t'421+2, r)
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After simplification, we get that

1 1
-1< ( - 1), 2.2)
SI’g(z’¢2j+1 ,Noj10, 1) y %(Nzi, Noj+1, 1)
for r > 0, where Y= (a’] + a3 +a4)/(1 - — CY4) < 1, since a>, 3,y = O with g + an + a3+ 2a4 < %
Similarly,

1 1

- 1= -1
P, (N2, Noj3, 1) Vo (I'Nojs1, 2Noji2, 1)

1
"y, o(Roj1, Noji2, 1) - 1)
¥o(Nois1, Noji2, 1) 1)
Wo(Nojs1, QNoji2, 267) * Po(Rojra, I'NRj41, 251)
o(Noist, I'Noj41, 1) * Po(Rojia, QN0 1) )
Yo(Rojs1, N21+2, 1) * Po(Noje1, ONoji0, 251) * Po(Nojen, N1, 2e1)

<
+ >

+ a3

+

1
o 14 —Q
* l}’g(xzm, szm ,1) ng(xzm, N2, 1)

=

-1)
SUQ (sz ,Noi0, 1)

(
(
(
(
(
( Py (N1, Nojia, 1) 1)
(
(
(
roof

+

o
? Wg(xzm , N2,+3, 2s1) % P, (N21+2, Nojr2, 257)

Yo (Noir1, Nojaa, 1) * Po(Noji2, Nojys, 1) )
%(Nmﬂ, Nojr2, 1) # p(Nojs1, Nojez, 261) * Po(Nojia, Najro, 2s1)

+

as

1+ —Q
Wg(xzm, N2I+2, r) WQ(NZHZ, 2~<2i+3, r)

+

ay

(0

WQ(N21+1 , N21+2, r)
1 -1+ (0% -1
b4 (sz s Noj2, 1) P, (Najr1, Noje3, 257)
v, (82]+2’ Noji3, 1) )
-1
Yo(Rojs1, Nzl+3, 257)

1
+a ( -1+ — 1).
! 7, (sz, N21+2, r) YJQ(NZHZ» N2i+3, r)

Since, %(sz, Nojr3, 21) > %(sz, Nojs2, 1) * %(Nmz, Nois3, 1), for r > 0, we have

1 1
-1<a ( — 1)
YJQ(N21+2, N21+3, r) : ¥, (sz > N21+2, r)

( ?, (sz, Noji2, 1) )
+ ap -1
b (N21+l9 N2]+25 I‘) * P, (N2]+29 N21+3’ r)
( Y, (N21+2’ N21+3, r) )
+ a3 -1
Yjﬁ (sz s Noj0, 1) * Q(Nzi+23 Nis3, 1)
1
+ -1+ - 1).
4( b (N21+1 , N21+2, r) TQ(NZHZ, N2i+3, r)
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After simplification, we have
1
YIQ(N21+2’ N21+3, r)

forr > 0, where y = (@) + a3 + a4)/(1 —as —ay) < 1, since as, @3, a4 > 0 with @ + @, + a3 + 2a4 < é
Now, from (2.2) and (2.3) and by induction, we have

1
1 < ( —1), 23
4 ng(xzm,xzm,f) (23)

1 1
-1< 7( - 1)
TQ(N21+2’ Nzi+3, r) 5”@(821“ , N21+2, r)

1
<7 -1)
7 TQ(NZj, Noj+1,1)

< 721+2(; B 1)_
TQ(NO’ Nl » r)
Therefore,

]15{1.0 Yo (Noir1, Noji2, 1) = 1, (2.4)
for r > 0. Note that ¥, is triangular, then, for all £ >} > jo,
1 1 1
——135(——1+——1)
yIQ(Niv xf’ r) TQ(NU 8i+1 ) r) 5U‘Q(xi+l ) Nﬁ r)

1
By —
TQ(Ni’ NI+1 ’ r)

1
+ sz( - 1)
o(Ris1, Nig2, 1)

+ 53( ! - 1)
Tg(xﬁ% Nit3,1)

- 1
b o - )
TQ(Nf—l s N’f’ r)

) ) ) 1
< (sy' + G2yt 4 gt k_l)(— - 1)
reRy 7 AR R D)

5yl ( 1

< —1) 0. i > oo,
-\ TR Ny ) @I

Therefore, (X;) is a Cauchy sequence in 7. Since 7" is a complete, there is @, € 1" such that

lim ¥, (N1, @y, 1) = 1, (2.5)
j—o0

for r > 0. Next, we show that Qw, = @,. Since ¥, is triangular,

1 1 1
—155( 14 —1} 2.6)
VYo(w, Qwy, 1) Tg(wl’xlﬂl,r) %(sz,gwl,f)
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forr > 0. By (2.1), (2.4) and (2.5), forr > 0,

1 1
- 1= _
WQ(NZHI,lear) TQ(FNZi’lear)

1
= N,y 71, 0) 1)
Y,(Noj, @1, 1)
YNy, Q@ , 2s1) * P, (wl,FNzl,Zsr) )
Po(Noij, 'Ry, 1) * Vo, Qwy, 1)
Po(Noj, @1, 1) * Po(Ryj, Quy, 291) * (@, 'Ry, 2sr) )

<
+ >

+ a3

+

=« 1)
: %(Nzl,wl,r)
b (NZD zD-lar) )
+ a»
Wg(xz lea 25r) * ¥, ('ZD'[, 821+l’ 25r)
T(szxzm,f) T(wl,gwl,f) )
+ a3 -1

TQ(NZP @,1) x P, (sz Qw,2s1) * ¥, (Wl’ N21+1, 2s1)

(
(
(
“4(Wg(le,rle,r) b ‘Pg(wl,lel,r) -1)
(Fmes
(
(
7

+ 4

1
14 _ 1).
(Nzl, z'<zl+1,f) %(Wl,le,f)
Since
Yo(Roj, I'my, 291) 2 W,(Nyy, @1, 1) * V(@ y, '@y, 1),

for r > 0. Then,

1
Tg(sz, Qwy,1)

/\

-1

-1)
v, (8215 wi, r)

o
( ¥, (Roj, @1, 1) 1)
(

+

YN Ry, @1, 1) * Vo1, Q1) % Vo1, Rojer, 251)

b (sz Noji1,1) * Yy(w@1, Qw, 1) _ )
(Roj, @1, 1) * P, (szwl,r) * Vo(wy, Qw, 1) * TQ(WI’NZHI,ZSQ

+ a3
b

0
1
14 _ 1)
%(Nzia Noj+1,1) SUg(wl ,Qw,1)
1

'Pg(wl,gwl,r)

+ a4(

- (ap + a4)( - 1), as | — oo.

Then,

1 1
li ( - 1) <(ay + ( - 1),
o AW, (R, Q. 1) @+ N . 0,0

forr > 0. By (2.5) and (2.6), we get

1
y’g(wl,gwl,f)

1
1< ( _ 1).
R 7 pmys
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Note that (@, + @4) < 1 because a», @3, s > 0 with @; + @» + @3 + 2a4 < 1. Then,
‘I’Q(wl,!)w],r) =1.

Therefore, Qw; = @,. Similarly, we can show that I'w, = @, because ¥, is triangular. Therefore,

1 1 1
——135( 1+ —1), 2.7)
&Ug(wla FTD'[, r) &Ug(wla NZHZ’ I.) YIQ(N21+2a wa I‘)

forr > 0. By (2.1), (2.4) and (2.5), for r > 0,

1 1
- 1=
%(Nznz,rwl,r) ng(rwl’QNZiH’r)

-1

1
= al(sv (@1, N D) 1)
Yo(m, Nois1, 1)
Yo(@, QNRpji1, 257) * Vo (Nojir, [, 2sr) )
Vo(w, I, 1) * Po(Roji1, QNojiq, 1) )
(@), x2,+1, V) % (@, Doy, 250) # Py(Royey [y, 251)

+ a3

+

o 1+ _ 1)
! ¥ (m, le, r) Yo (N1, ONoji1, 1)

+

b (wl’ N2]+la r) )
an

Wg(wl’ x2]+29 ZSr) * (82]+19 rwl’ 25r)
T(Wl,rwl,r)* T(N2]+1’821+2’r) )
Yo(m, sz, 1) * Yo (m, Nojia, 267) * P, (N21+1, Iy, 251)

+
kS

’;

+ @y

oo
(
(7o
“1( ¥, (w), xzm,r) 1)
(
(
(Fomr e

1+ - 1).
(Wl,rwl,f) %(sz,xznz,r)
Since

YR, T'wy, 287) > Vy(Rojer, @1, 1) * Yoy, ['wy, 1),

for r > 0. Then,

1
WQ(NZHhrwl’r)

1
<a — 1)
1( Tg(wl»xﬁﬂ,r)

+ a/z( %(Wh sz,f) _ )
Yo (w1, Nojio, 251) * P,(Noje1, @1, 1) * Vo(w, '@y, 1)

+ 0/3( Yo(w, ['wy, 1) * %(sz, Noj2,1) B )
Yo(@1, Nojr1, 1) * Vo, Nojio, 281) * Po(Nojv1, @1, 1) * Vy(w, [T, 1)
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1 1
+a ( -1+ - 1)
! Syg(wl,rwl,f) TQ(N2i+laN21+2»r)

- (ap + cu)(m - 1), as | — oo.
Therefore,
lim sup( ! - 1) <(ay + a4)(; - 1),
j—00 Yo (Nojs1, [Ty, 1) Y, (w, ['w,1)
for r > 0. By (2.7) and (2.5), we get
; —1<s(ap + a4)(; - 1),
Yo(wm, ['Ty,1) V(@ ['@y,1)

for r > 0. Note that a, + a4 < %, since a; + a» + a3 + 2a4 < % Then,
?’Q(wl,le,r) =1.

Therefore, I'w; = @w,. Hence, @, is a common fixed point of /" and Q. O

Example 2.2. Let 7" = [0, o), * be a continuous 6-norm and ¥, : 7?2 % (0, 00) — [0, 1] by

Y,(N, @, 1) = forall N, w e 7,r > 0.

T
r+ N - @’

Then, easily one can verify that ¥, is triangular and (¥, *) is a complete FBM space with s > 1. Define
I,Q:7T — Tby

B ifNe[0,1),
r)y=<2" .
= if N e [1, OO)
and
X ifNe[0,1),
QN) =32 .
Bl ifN e[, 0.
LetX,w € [0,1) and r > 0, then
1 . Ir(N) — Q@)
P (I (R), Aw), 1) a r
_ 3N - 20
361
13N — 2@
<
36r
IN — @
- 4y
“lzwen )
- A\,N, T, 1)
et
< — _
T A\P,N, T, 1)
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N 1( YN, @, 1) ~ 1)
3\Y,(R, Qw, 291) * V,(w, 'R, 2s7)

N 1( YN, I'N, 1) * V,(w, Qw, 1) _ 1)
SVE,R, @, 1) * P,(N, Qw, 291) * ¥, (w, I'N, 2s1)

1 1
= 1 ~1)
" 6(%(&, Ry ¥(w, Qw0 )
LetN€[0,1), w €[1,0)andr > 0, then

1 1= IF(R) — Q@)
P (I(N), Aw), 1) B r
BN -2w + 2]

%
!
q

|
o
=

1
— -1
v,(N, @, 1) )

IA

1
YN, @,1) 1)
Y,(N, @, 1) _ 1)
Y, (N, Qw, 251) * ¥(w, I'N, 2s1)
P,(N, I'N, 1) * Vp(w, Qw, 1) _ 1)
PN, @, 1) * Pp(N, Qw, 2s1) * Vp(w, ['N, 251)

+

+
— QA= W= m e -

—

1

= 1 - 1).
" 6(%(8, IRy Y(w, Q1)
Letw € [0,1), N € [1,0) and r > 0, then

1 1= IF(N) - Q@)
P (IF(R), Qw), ) r
BN -2w - 3]
B 361
IN - @’
- 4r

YN, IR, 1) * V,y(w, Qw, 1) 1)
PR, @, 1) * Ppo(N, Qw, 2s1) * V,(w, ', 2s7)

0

|
|
)
|
|

1 1
-1 1),
VIR Y@, Q1) )
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Let N, @ € [1,00) and r > 0, then

! -1
¥ (I(N), Aw), 1)
_ &) - Q)P
T
B 13N -3 - 2@ + 2
B 361
BN - 2w - 1)

%
|
g,

|
N
=

1
—
Y,(N, @, 1) )

IA

1
N, w,1) 1)
Y, (N, @, 1) ~ l)
YR, Qw, 2s1) * V,(w, 'R, 2s7)
Y,(N, I'N, 1) * Vo(w, Qw, 1) _ 1)
PN, @,1) * P o(N, Qw, 291) x Vo(w, ['N, 251)

+

+
e S Bl—= N[ —

N N —\

1
T (R S D 1).
6( PN, IT'N, 1) VY (w, Qw, 1)
Therefore, all the conditions of Theorem 2.1 are fulfilled. Hence I" and £ have a common fixed point.

Corollary 2.3. Let (T, ¥,,*) be a complete FBM space with s > 1 in which ¥, is triangular. Let
I,Q: 7T — T be a pair of self-mappings such that

1
— J<af—1
v (TN, Qw,v) “‘( 7N, @, 1) )
EU,Q(Nv wa r) 1)
Y,(N, Qw, 2s1) * ¥y (w, I'N, 2s1)

+ Cb’g(

1 1

+ -1+ - 1), 2.8

a4( P,(N, I'N, 1) VY,(w, Qw, 1) &9

forallNX,@ e T,v > 0,a; € (0,1) and ay, ay > 0 with a; + @, + 2a4 < % Then, I' and Q have a unique
common fixed point in T.

Proof. 1t follows from the proof of Theorem 2.1 that @, is a common fixed point of /" and £ in 7" such
that I'w; = Qw, = w,. For uniqueness, let 8| be another common fixed point of /" and Q in 7" such
that FNl = QNl = Nl. Then,
! 1= ! 1
g/&)(xl9w1’r) B TQ(FNI’levr)

1
<o
—al(yf@(xl,wl,r) )
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y/E)(b‘la/w-l’r) _ 1)
TQ(Nl,le,ZSY) * Tg(wl,FNl,Zsr)

1 1
1 — 1).
" “4(%<N1,rx1,r> " Y (@, Qo 1)

+ a’z(

Since,

Tg(wl’rxlazsr) 2 Tg(wl’xl’r) * WQ(NDI—‘NDI)
= %(Wl,xl,f)* 1
= %(Wl,xbr)

and

WQ(Nl, le, 25f) > TQ(Nl, wi, r) * ?’Q(wl, le, I’)
= WQ(N],WI,r)* 1
= WQ(NI’ wbr)’

for r > 0. Consequently,

1 1
——130(——1)
¥,(N1, @, 1) N, Ry, @,1)
( Y,(Ry, @1,1) )
+ > -1
%(Nl,wl,f)* Tg(wlaxhr)
+ ( ! 1+ ! 1)
o _ _
) SU,Q(Nlaz<l7r) Tg(wlawhr)
1
_ —_1)
(as + “2)( AR
1
- ~1
(a1 + “2)( v, (I'N,, Qw1 1) )
1
< o+ o - 1
R o
<(a +a/)i(;—1)
=TT YR, @)

— 0, as | — oo.
Since, a; + @, < 1, therefore ¥, (X, w;,r) = 1. Hence N, = @, forr > 0.

Example 2.4. Let T" = [0, c0), * be a continuous ¢-norm and ¥, : T? % (0, 00) — [0, 1] by

TQ(N7 wa r) = T

m, for all N,’ZD'E 'Y',r>0.
—w

AIMS Mathematics Volume 7, Issue 6, 11102—-11118.
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Then, easily one can verify that ¥, is triangular and (¥, *) is a complete FBM space with s > 1. Define

IQ2:7T - 7Tby

and

LetN,w € [0,1) and r > 0, then

N .
”&‘{i ifN € [0, 1),
5—1, 1fN€[1,oo),
by if N e[0,1),
ea® =47
g—l, lfNE[l,OO).
1 —
o (I'N), Aw@), 1)
_IC N) - Q@)
T
_ 3N - 2@
- 36
IN - WI2
1
_EQNNWG )
1
E(yf N, @, 1) )
1 Y,(N, @, 1)
S(yf (R, Qw, 2s1) % Vy(w, TN, 2e1) )
1 P (R, TR, 1) * Vy(w, Qw, 1)
5@%8w%ﬂ9ﬂ&Qw2@*T@vFN%O )
1

{14+ — -1}
6( YR, FN, r) VY (w, Qw, 1) )

LetX €[0,1), w € [1,00)and r > 0, then

1 L2 T® - Qo)

v (IN), Aw),1) r

AIMS Mathematics

3N -2@ + 6

Y, (N, @, 1) _ )
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11115

+_
5

1( YN, IR, 1) * Vy(w, Qw, 1) 1)
PR, @,1) * Po(N, Qw, 2s1) * V,(w, ', 2s7)

1 1

1
= 1 ~1).
" 6(‘1’9(8, Sy Y@, Qo) )

Letw € [0,1), N € [1,0) and r > 0, then

1
Y,(F(N), Qw),1)

Let X, w € [1,00) and r > 0, then

1
Y,(F(N), Qw),1)

_ &)~ Q@)
v
BN - 2w - 6/?
B 36t
IN — @l
- 2r
Uil
2\V,(N, @, 1)
1 1
< —(— - 1)
2Q\V,(N, @, 1)
N 1( Y,(N, @, 1) _ 1)
3\P,(N, Qw, 2s1) * Y, (w, I'N, 2s1)
N 1( P,(N, I'N, 1) * Vp(w, Qw, 1) B 1)
S\EN, @, 1) % PR, Qw, 291) * P, (w, 'R, 2s7)
+ 1( ! -1+ ! - 1).
6\ P, (N, I', 1) Yy(w, Qw, 1)
_Ire¥) - Q@)P
v
_ 3N - 2@
- 36r
N - @
T 2r
_ 1(; _ 1)
2\V,(N, @, 1)
1 1
< —(— - 1)
2\V,(N, @, 1)
N l( YN, @, 1) B 1)
3\P,(N, Qw, 2s1) * Y, (w, N, 2s1)
N l( PN, I'N, 1) * Vo(w, Qw, 1) i 1)
SVE,N, @, 1) * P,(N, Qw, 291) * ¥y (w, I'N, 2s1)
1

1
- 1 ~1)
" 6(%(8, Ry ¥ (@ Qo) )

Based on Theorem 2.1, it is concluded that @ is a common fixed point and by Corollary 2.3 follows

that it is unique.

AIMS Mathematics
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Theorem 2.5. Let (1, ¥,,*) be a complete FBM space with s > 1 in which ¥, is triangular. Let
I,Q: T — T be a pair of self-mappings such that

1 1
7,08 Qo0 S “1(%(& @0 1)
Y,(N, @, 1) _ 1)
Yo(N, Qw, 2s1) * V,(w, ', 2s7)
(8, TN, ¥) * y(w, Q, 1) ) 1)
PN, @, 1) * Po(R, Qw, 2s1) * P, (w, ['N, 2s7)

1 |
o+ 2.
+“4(¥fg(w, Ry TN Qo) ) 29)

+ Qz(

+ 03(

forallR, @ € T,v > 0,a; € (0,1) and as, a3, a4 > 0O with a| + a; + @3 + 2a4 < i Then, I and Q have
a common fixed point in 1.

Proof. The proof is similar as the proof of Theorem 2.1. O

Corollary 2.6. Let (T, ¥,,*) be a complete FBM space with s > 1 in which ¥, is triangular. Let
I,Q: 7T — T be a pair of self-mappings such that
. 1< al(; - 1)
Y,(I'N, Qw, 1) YN, @,1)
YN, @, 1) _ 1)
(N, Q@, 261) x Vy(w, ['N, 2s7)

+ CZQ(

1 1
4 2.1
- “4( V(@ I8 PR, Qw,0) ) (2.10)

forall N, @ e T,v > 0,a, € (0,1) and ay, @y > 0 with a; + a; + 2a4 < é Then, I' and Q have a unique
common fixed point in T.

Proof. The proof is similar as the proof of Corollary 2.3. O
3. Applications

In this section, we study the existence and unique solution to an Fredholm integral equations as an
application of Theorem 2.3. Let 7" = C([0, ], R) be the space of all real-valued continuous functions
on the interval [0, ], where O < n € R. The Fredholm integral equations are

Ui
N(T) = f %, (7, b, R(b))db,
0

1
N(7) = f Ka(t, b, N(H))db. 3.1)
0

The binary operation * is defined by p *x g = pq, V p,q € [0,n]. The standard fuzzy metric ¥, :
T X 7T x(0,00) — [0, 1] defined by

Y,(N, @, 1) = forall N, w € 7 and v > 0.

r+ N -’

Then, one can easily verify that ¥, is triangular and (7, ¥,, *) is a complete FBM space with s > 1.

AIMS Mathematics Volume 7, Issue 6, 11102-11118.
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Theorem 3.1. Assume that

(T1) there is a continuous function 0 : [0,n] X [0,n] — [0, ) and a; € (0, 1) such that

|K1 (7,5, (D)) — Koz, h, @) < Va10(z, H)IN(D) — @ (h)l.
(T2) "6z, b)db < 1.

Then, the Eq (3.1) have a unique common solution in 1.

Proof. Define the mappings I, : 1" — 7" by

7
I'(N() = f K (7, b, R(D)db,
0

7
QN(7)) = fo Ka(t, b, N(h))db.

Notice that

1 1= IN(7) — @ (1)
P (I'N(7), Qe (1)), 1) B r

2
(F1761 75,80 = Fa(r. b, @)l
T
3 I 1% (. 5, 8(D)) = Ko(x, b, @(H))Pdb

r

_ B 6@ DN - )Py

T
IN(D) — @(h)?
—

r

<

1
—a - 1).
1( ¥, (R(1), (1)), 1)
Therefore, all the conditions of Corollary 2.3 are fulfilled with a; € (0,1) and @, = @4 = 0. Hence I
and Q have a unique common fixed point in 7. m|

4. Conclusions and future work

In this paper, we introduced triangular property, proved common fixed point theorems on FBM
spaces. Recently, Huang et al. [10] proved fixed point theorems on extended b-metric spaces. It is an
interesting open problem to study the fuzzy extended b-metric spaces instead of fuzzy b-metric spaces
and obtain common fixed point results on fuzzy extended b-metric spaces.
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