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1. Introduction and preliminaries

Fuzzy set theory performs a significant role in our real-life challenges involving unpredictability.
They enable us to depict a difficult and unpredictable situation in a simplistic manner. This fact sparked
an intriguing research study that resulted in the advancement of fuzzy set theory. In 1965, Zadeh
presented the idea of fuzzy sets [29], which sparked a flurry of study that led to the development of
a more appealing fuzzy system theory. Kramosil and Michalek [17] pioneered the concept of fuzzy
metric. They applied probabilistic metric space notions to the fuzzy case. The conventional fuzzy
metric was modified by George and Veeramani [12] to obtain a Hausdorff topology started by fuzzy
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metric. In fuzzy metric spaces, Garbiec [13] developed a fuzzy variant of the Banach contraction
principle which is given as follows: “Let (Y,M, ∗) be a complete fuzzy metric space such that
lim
t→∞

M(ϑ, κ, t) = 1 for all ϑ, κ ∈ Y and T : Y → Y be a mapping satisfying M(Tϑ,Tκ, kt) ≥ M(ϑ, κ, t)
for all ϑ, κ ∈ Y, 0 < k < 1. Then T has a unique fixed point in Y”.

The authors in [8, 19, 21] initiated the concepts of fuzzy b-metric spaces, fuzzy rectangular metric
spaces and fuzzy rectangular b-metric spaces, as well as proving a banach fixed point theorem and
other fixed point theorems in the underlying metric, which is discussed in detail in the following.

Definition 1.1. [21] Let Y be a nonempty set, b ≥ 1 a real number, ∗ a continuous t-norm, and MB be
a fuzzy set on Y × Y × [0,∞). Then, MB is said to be a fuzzy b-metric on Y, if, for all ϑ, κ, ϑ̃ ∈ Y, MB
fulfills the following criteria:

(1) MB(ϑ, κ, 0) = 0 for t = 0;
(2) MB(ϑ, κ, t) = 1 if and only if ϑ = κ for all t > 0;
(3) MB(ϑ, κ, t) = MB(κ, ϑ, t);
(4) MB(ϑ, κ, b(t + t′)) ≥ MB(ϑ, ϑ̃, t) ∗ MB(ϑ̃, κ, t′) for all t, t′ > 0;
(5) MB(ϑ, κ, .) : (0,∞)→ [0, 1] is left continuous and lim

t→∞
MB(ϑ, κ, t) = 1.

The quadruple (Y,MB, ∗, b) is called fuzzy b-metric space.

Definition 1.2. [8] Let Y be a nonempty set, ∗ a continuous t-norm, and MR be a fuzzy set on Y ×
Y × [0,∞). Then, MR is called fuzzy rectangular metric, if, for any ϑ, κ ∈ Y and all distinct points
ϑ̃, κ̃ ∈ Y\{ϑ, κ}, the following requirements are fulfilled:

(1) MR(ϑ, κ, 0) = 0 for t = 0;
(2) MR(ϑ, κ, t) = 1 if and only if ϑ = κ for all t > 0;
(3) MR(ϑ, κ, t) = MR(κ, ϑ, t);
(4) MR(ϑ, κ, t + t′ + t′′) ≥ MRb(ϑ, ϑ̃, t) ∗ MR(ϑ̃, κ̃, t′) ∗ MR(κ̃, κ, t′′) for all t, t′, t′′ > 0;
(5) MR(ϑ, κ, .) : (0,∞)→ [0, 1] is left continuous and lim

t→∞
MR(ϑ, κ, t) = 1.

Then, (Y,MR, ∗) is known as a fuzzy rectangular metric space.

Definition 1.3. [19] Let Y be a nonempty set, b ≥ 1 a real number, ∗ a continuous t-norm, and MRb

be a fuzzy set on Y × Y × [0,∞). Then, MRb is called fuzzy rectangular b-metric, if, for any ϑ, κ ∈ Y
and all distinct points ϑ̃, κ̃ ∈ Y\{ϑ, κ}, the following requirements are fulfilled:

(1) MRb(ϑ, κ, 0) = 0 for t = 0;
(2) MRb(ϑ, κ, t) = 1 if and only if ϑ = κ for all t > 0;
(3) MRb(ϑ, κ, t) = MRb(κ, ϑ, t);
(4) MRb(ϑ, κ, b(t + t′ + t′′)) ≥ MRb(ϑ, ϑ̃, t) ∗ MRb(ϑ̃, κ̃, t′) ∗ MRb(κ̃, κ, t′′) for all t, t′, t′′ > 0;
(5) MRb(ϑ, κ, .) : (0,∞)→ [0, 1] is left continuous and lim

t→∞
MRb(ϑ, κ, t) = 1.

Then, (Y,MRb, ∗, b) is known as a fuzzy rectangular b-metric space.

Furthermore, researchers discovered that in cone metric spaces, rational type contraction is
meaningless because of vector division. As a consequence, some results are not applicable to cone
metric spaces. To deal with this issue, Azam et al. [6] proposed complex valued metric spaces as a
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novel setting of metric fixed point theory in 2011. Rather than using the set of positive real numbers
as a foundation set, they utilized the set of complex numbers as a partial structural ground set. The
researchers obtained fixed point findings that met rational contraction and explored their significance
in this scenario. For more recent fixed point results, refer to [1–4,15,16,20,26]. The relevant concepts
and results will be essential in what proceeds, in accordance with Shukla et al. [25].

The complex number over the field of real numbers is denoted by C. Let P = {(c, d) : 0 ≤ c <

∞, 0 ≤ d < ∞} ⊂ C. θ and l are used to represent the elements (0, 0), (1, 1) in P, respectively. Define a
partial ordering ⪯ on C by t1 ⪯ t2 (or equivalently, t2 ⪰ t1) if and only if t2 − t1 ∈ P. We write t1 ≺ t2

(or equivalently, t2 ≻ t1) to indicate Re(t1) < Re(t2) and Im(t1) < Im(t2). The sequence {tn} is said to be
monotonic with respect to ⪯ if either tn ⪯ tn+1 for all n ∈ N or tn+1 ⪯ tn for all n ∈ N.

The closed unit complex interval is defined as I = {(c, d) : 0 ≤ c ≤ 1, 0 ≤ d ≤ 1}, as well
as the open unit complex interval Iθ = {(c, d) : 0 < c < 1, 0 < d < 1} and Pθ represents the set
{(c, d) : 0 < c < ∞, 0 < d < ∞}, respectively. It needs to be noted that t1, t2 ∈ C, t1 ≺ t2 if and only
if t2 − t1 ∈ Pθ. For A ⊂ C, if there is an element in f A ∈ C such that it is a lower bound of A, that is
in f A ⪯ c for all c ∈ A and d ⪯ in f A for every lower bound d ∈ C of A, then in f A is called the greatest
lower bound or infimum of A. In the same way, we define supA, the least upper bound or supremum
of A, in the regular manner.

Remark 1.4. [25] Let tn ∈ P for all n ∈ N. Then

(i) If the sequence {tn} is monotonic with respect to ⪯ and there exist γ, δ ∈ P such that γ ⪯ tn ⪯ δ,
for all n ∈ N , then there exists a t ∈ P such that lim

n→∞
tn = t.

(ii) Given the partial ordering ⪯ is not a linear (total) order on C, the pair (C,⪯) is a lattice.

(iii) If A ⊂ C is such that there exist γ, δ ∈ C with γ ⪯ cδ for all c ∈ A, then in f A and supA both exist.

Remark 1.5. [25] Let tn, t′n, ϑ ∈ P for all n ∈ N. Then

(i) If tn ⪯ t′n ⪯ l for all n ∈ N and lim
n→∞

tn = l, then lim
n→∞

t′n = l.

(ii) If tn ⪯ ϑ for all n ∈ N and lim
n→∞

tn = κ ∈ P, then κ ⪯ ϑ.

(iii) If ϑ ⪯ tn for all n ∈ N and lim
n→∞

tn = κ ∈ P, then ϑ ⪯ κ.

Shukla et al. [25] pioneered the idea of complex fuzzy set and complex valued t-norm which is
presented below.

Definition 1.6. [25] Let Y be a nonempty set. A complex fuzzy set M is characterized by a mapping
with domain Y and values in the closed unit complex interval I.

Definition 1.7. [25] A binary operation ∗ : I × I → I is called as complex valued t-norm if for all
t, t1, t2, t3, t4 ∈ I, the following requirements are met:

(i) ∗(t1, t2) = ∗(t2, t1);

(ii) ∗(t1, ∗(t2, t3)) = ∗(∗(t1, t2), t3);

(iii) ∗(t1, t2) ⪯ ∗(t3, t4) whenever t1 ⪯ t3, t2 ⪯ t4.
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(iv) t ∗ θ = θ, t ∗ l = l.

Example 1.8. [25] Let the binary opertions ∗1, ∗2, ∗3 : I × I → I is defined for all t1 = (c1, d1), t2 =

(c2, d2) ∈ I by

(i) t1 ∗1 t2 = (c1c2, d1d2);

(ii) t1 ∗2 t2 = (min{c1, c2},min{d1, d2});

(iii) t1 ∗3 t2 = (max{c1 + c2 − 1, 0},max{d1 + d2 − 1, 0}),

then ∗1, ∗2 and ∗3 are complex valued t-norms.

Shukla et al. [25] recently proposed a novel idea of complex valued fuzzy metric spaces, specifying
numerous associated topological properties for complex valued fuzzy metric spaces. Furthermore,
they developed and studied the fuzzy form of the well-known Banach contraction principle in several
perspectives.

Definition 1.9. [25] Let Y be a nonempty set, ∗ a continuous complex valued t-norm, and MC a
complex fuzzy set on Y2 × Pθ fulfills the following criteria:

(1) θ ≺ MC(ϑ, κ, t);

(2) MC(ϑ, κ, t) = l if and only if ϑ = κ for all t ∈ Pθ;

(3) MC(ϑ, κ, t) = MC(κ, ϑ, t);

(4) MC(ϑ, ϑ̃, t) ∗ MC(ϑ̃, κ, t′) ⪯ MC(ϑ, κ, t + t′);

(5) MC(ϑ, κ, t) : Pθ → I is continuous

for all ϑ, κ, ϑ̃ ∈ Y and t, t′ ∈ Pθ. Then (Y,MC, ∗) is said to be complex valued fuzzy metric space and
MC is called a complex valued fuzzy metric on Y. The degree of closeness among two points of Y with
regard to a complex parameter t ∈ Pθ can indeed be considered as a complex valued fuzzy metric.

Example 1.10. [25] Let (Y, d) be a metric space. The complex fuzzy set MC and * be defined by
MC(ϑ, κ, t) =

e+ f
e+ f+d(ϑ,κ) and t1 ∗ t2 = (e1e2, f1 f2), for all ϑ, κ ∈ Y, t1 = (e1, f1), t2 = (e2, f2) ∈ I,

t = (e, f ) ∈ Pθ. Then (Y,M, ∗) is a complex valued fuzzy metric space.

Theorem 1.11. [25] Let (Y,MC, ∗) be a complete complex valued fuzzy metric space and T : Y → Y
be a mapping such that

l − MC(Tϑ,Tκ, t) ⪯ k[l − MC(ϑ, κ, t)], for all ϑ, κ ∈ Y, t ∈ Pθ,

where 0 ≤ k < 1. Then T has a unique fixed point in Y.

Demir [10] introduced the theory of complex valued fuzzy b-metric spaces, relying on the results
of Shukla et al. [25]. In the setting of complex valued fuzzy b-metric spaces, he delved into various
topological aspects and established several fixed-point theorems.

Definition 1.12. [10] Let Y be a nonempty set, b ≥ 1 a given real number, ∗ a continuous complex
valued t-norm, and MCb a complex fuzzy set on Y2 × Pθ fulfills the following criteria:
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(1) θ ≺ MCb(ϑ, κ, t);

(2) MCb(ϑ, κ, t) = l if and only if ϑ = κ for all t ∈ Pθ;

(3) MCb(ϑ, κ, t) = MCb(κ, ϑ, t);

(4) MCb(ϑ, ϑ̃, t) ∗ MCb(ϑ̃, κ, t′) ⪯ MCb(ϑ, κ, b(t + t′));

(5) MCb(ϑ, κ, t) : Pθ → I is continuous

for all ϑ, κ, ϑ̃ ∈ Y and t, t′ ∈ Pθ. The quadruple (Y,MCb, ∗, b) is called a complex valued fuzzy b-metric
space and MCb is called a complex valued fuzzy b-metric on X.

On the other hand, the kinematics of numerous complicated and transient systems can be modeled
using fractional differential equations. They can be found in a wide range of scientific and engineering
disciplines, including physics, chemistry, biology, biophysics, economics, control theory, signal and
image processing, and so on. Fractional derivatives are very useful for modelling nonlinear systems
that describe a variety of phenomena. The widespread use of FDEs in engineering and science has
resulted in a huge increase in research in this area everywhere across the world.

Meanwhile, mathematicians assert that a complex structure and processes cannot be explained by
a single differential equation. As a result, coupled systems with fractional differential equations have
garnered considerable attention, and a lot of work has gone into studying. The analysis of coupled
systems of differential equations of various orders is particularly important since this this sort of system
emerges in a plethora of applied applications; see [7,11,14,23,27,28] and the references given therein.
The implicit FODEs are a kind of differential equation that is crucially significant. Several researchers
have investigated on implicit equations; see [5, 9, 18, 22, 24] and the sources referenced therein for
more information. Various fixed point methodologies have been used by many authors to extrapolate
the preceding results to the ensuing equations.

Though there are only limited results in a fuzzy version of complex valued metric spaces, the
eventual goal in this manuscript is to embrace the concept of a complex valued fuzzy rectangular b-
metric spaces and illustrate various fixed point and coupled fixed point results. Ultimately, we delve at
the existence and uniqueness of a coupled system of nonlinear implicit fractional differential equations,
as seen below.

cDwϑ(t) − χ1(t, κ(t),c Dwϑ(t)) = 0; t ∈ J
cDzκ(t) − χ2(t, ϑ(t),c Dzκ(t)) = 0; t ∈ J

ϑ(t)|t=0 = −ϑ(t)|t=U, ϑ
′(t)|t=0 = −ϑ

′(t)|t=U, ϑ
′′(t)|t=0 = −ϑ

′′′(t)|t=U,

κ(t)|t=0 = −κ(t)|t=U, κ
′(t)|t=0 = −κ

′(t)|t=U, κ
′′(t)|t=0 = −κ

′′′(t)|t=U,

(1.1)

where 3 < w, z ≤ 4,J = [0,U] with U > 0. The functions χ1, χ2 : J × R × R→ R are continuous.
The following is a description of the manuscript’s structure: In Section 1, we provide some essential

facts that will be used to explain our primary results. Section 2 presents the concept of a newly
developed metric space, namely complex valued fuzzy rectangular b-metric spaces, as well as an
important lemma for the metric defined is proved. In Section 3 and Section 4, various new and
interesting fixed point and coupled fixed point results are illustrated. In Section 5, we establish some
necessary conditions for the Green’s function of the proposed Implicit FODE’s. Under the appropriate
conditions, we explore the existence theory as well as uniqueness of solutions to the stated problem
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in (1.1) respectively, by applying our coupled fixed point theorem derived in the previous section. The
conclusion of the work is presented in Section 6.

2. Main results

The idea of complex valued fuzzy rectangular b-metric spaces (or simply CVFRb-MS) is presented
in this main section, together with an example and a fundamental lemma for the underlying metric.

Definition 2.1. Let Y be a nonempty set, b ≥ 1 a given real number, ∗ a continuous complex valued
t-norm, and MR a complex fuzzy set on Y2 × Pθ fulfills the following criteria:

(1) θ ≺ MR(ϑ, κ, t);

(2) MR(ϑ, κ, t) = l if and only if ϑ = κ, for all t ∈ Pθ;

(3) MR(ϑ, κ, t) = MR(κ, ϑ, t);

(4) MR(ϑ, ϑ̃, t) ∗ MR(ϑ̃, κ̃, t′) ∗ MR(κ̃, κ, t′′) ⪯ MR(ϑ, κ, b(t + t′ + t′′));

(5) MR(ϑ, κ, t) : Pθ → I is continuous

for all t, t′, t′′ ∈ Pθ, ϑ, κ ∈ Y and distinct ϑ̃, κ̃ ∈ Y\{ϑ, κ} . The quadruple (Y,MR, ∗, b) is called a
complex valued fuzzy rectangular b-metric space and MR is called a complex valued fuzzy rectangular
b-metric on X.

Example 2.2. Let Y = N and MR : Y × Y × Pθ → I be given by

MR(ϑ, κ, t) = e−
(ϑ−κ)2

c+d l

for all ϑ, κ ∈ Y, t = (c, d) ∈ Pθ. Define * by a1 ∗ a2 = (c1c2, d1d2) where a1 = (c1, d1), a2 = (c2, d2) ∈ I.
Then (X,MR, ∗, b) is a complex valued fuzzy rectangular b-metric space with b = 3.

Example 2.3. Let Y = N and the function Rb : Y × Y → R such that Rb is defined by

Rb(ϑ, κ) =


0, if ϑ = κ

4x, if ϑ, κ ∈ {1, 2}, ϑ , κ
x, if ϑ or κ < {1, 2} and ϑ , κ

where x > 0. Then (Y,Rb) is a rectangular b-metric space with b = 4
3 . Let MR : Y2 × Pθ → I can be

defined as

MR(ϑ, κ, t) =

 e f
e f+Rb(ϑ,κ) l, if t ∈ Pθ

θ, if t = θ

where t = (e, f ) ∈ Pθ and t1 ∗ t2 = (min{e1, f1},min{e2, f2}) for t1 = (e1, e2), t2 = ( f1, f2) ∈ I. Hence
(X,Mr, ∗) is determined as a complex valued fuzzy rectangular b-metric space with b = 4

3 . The first,
second, third, and fifth conditions of Definition 2.1 are all factually true. Consider the following for
any ϑ, κ ∈ Y and t = (e1, f1), t′ = (e2, f2) and t′′ = (e3, f3) to illustrate the forth condition

MR(ϑ, κ, b(t+t′+t′′)) = MR
(
ϑ, κ,

4
3

(
(e1, f1)+(e2, f2)+(e3, f3)

))
=

4
3 (e1 + e2 + e3)( f1 + f2 + f3)

4
3 (e1 + e2 + e3)( f1 + f2 + f3) + Rb(ϑ, κ)

l.
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For ϑ = 1, κ = 2

MR(1, 2, b(t + t′ + t′′)) =
4
3 (e1 + e2 + e3)( f1 + f2 + f3)

4
3 (e1 + e2 + e3)( f1 + f2 + f3) + Rb(1, 2)

l

=

4
3 (e1 + e2 + e3)( f1 + f2 + f3)

4
3 (e1 + e2 + e3)( f1 + f2 + f3) + 4x

l

= l −
4x

4
3 (e1 + e2 + e3)( f1 + f2 + f3) + 4x

l.

In a related manner, we can see that

MR(1, 3, t) =
e1 f1

e1 f1 + x
l = l −

x
e1 f1 + x

l, MR(3, 4, t′) =
e2 f2

e2 f2 + x
l = l −

x
e2 f2 + x

l,

MR(4, 2, t′′) =
e3 f3

e3 f3 + x
l = l −

x
e3 f3 + x

l.

As a consequence, for all t, t′, t′′ ∈ Pθ, we get

MR(1, 2, b(t + t′ + t′′)) = l −
4x

4
3 (e1 + e2 + e3)( f1 + f2 + f3) + 4x

l

= l −
x

1
3 (e1 + e2 + e3)( f1 + f2 + f3) + x

l

≻ l −
x

e1 f1 + x
l

= MR(1, 3, t) =
(

e1 f1

e1 f1 + x
,

e1 f1

e1 f1 + x

)
.

Likewise, it can be proven that

MR(1, 2, b(t + t′ + t′′)) ≻ MR(3, 4, t′) =
(

e2 f2

e2 f2 + x
,

e2 f2

e2 f2 + x

)
and MR(1, 2, b(t + t′ + t′′)) ≻ MR(4, 2, t′′) =

(
e3 f3

e3 f3 + x
,

e3 f3

e3 f3 + x

)
.

As a result, it follows that

MR(1, 2, b(t + t′ + t′′)) ⪰
(
min

{ e1 f1

e1 f1 + x
,

e2 f2

e2 f2 + x
,

e3 f3

e3 f3 + x

}
,min

{ e1 f1

e1 f1 + x
,

e2 f2

e2 f2 + x
,

e3 f3

e3 f3 + x

})
.

=

(
e1 f1

e1 f1 + x
,

e1 f1

e1 f1 + x

)
∗

(
e2 f2

e2 f2 + x
,

e2 f2

e2 f2 + x

)
∗

(
e3 f3

e3 f3 + x
,

e3 f3

e3 f3 + x

)
= MR(1, 3, t) ∗ MR(3, 4, t′) ∗ MR(4, 2, t′′).

The subsequent cases can be checked in the same way. Hence, for all t, t′, t′′ > 0

MR(ϑ, κ, b(t + t′ + t′′)) ⪰ MR(ϑ, ϑ̃, t) ∗ MR(ϑ̃, κ̃, t′) ∗ MR(κ̃, κ, t′′).

Therefore (X,MR, ∗) is a complex valued fuzzy rectangular b-metric space.
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Example 2.4. Let Y = U ∪W, where U = { 1n : n ∈ N} and W = N. Define MR : Y × Y × Pθ → I so
that MR(ϑ, κ, t) = MR(κ, ϑ, t) for all ϑ, κ ∈ Y and

MR(ϑ, κ, t) =


l, if ϑ = κ

1
c+d+ϑ+8 l, if ϑ ∈ U, κ ∈ {6, 7}, or ϑ ∈ {6, 7}, κ ∈ U

1
c+d+2 l, otherwise

where t = (c, d) ∈ Pθ. Define * by a1 ∗ a2 = (c1c2, d1d2) where a1 = (c1, d1), a2 = (c2, d2) ∈ I. Then
(X,MR, ∗, b) is a complex valued fuzzy rectangular b-metric space with b = 5. However, we can infer
that (X,MR, ∗, b) is not a complex valued fuzzy b-metric space, because for t = (1, 2) and t′ = (1, 3),
we have

MR

(
1
2
,

1
3
, b(t + t′)

)
= MR

(
1
2
,

1
3
, 5((1, 2) + (1, 3))

)
= MR

(
1
2
,

1
3
, (10, 25)

)
= (0.027, 0.027)

≺ (0.033, 0.033) = MR

(
1
2
,

1
4
, (1, 2)

)
∗ MR

(
1
4
,

1
3
, (1, 3)

)
.

Lemma 2.5. Let (Y,MR, ∗, b) be a complex valued fuzzy rectangular b-metric space and t1, t2 ∈ C. If
t1 ≺ t2 then MR(ϑ, κ, t1) ⪯ M(ϑ, κ, bt2) for all ϑ, κ ∈ Y.

Proof. Let t1, t2, t3 ∈ P such that t1 ≺ t3 ≺ t2. Therefore t3 − t1 ∈ Pθ and t2 − t3 ∈ Pθ so we have for all
ϑ, κ ∈ Y ,

MR(ϑ, κ, t1) = l ∗ l ∗ MR(ϑ, κ, t1)

= MR(ϑ, ϑ, t3 − t1) ∗ MR(ϑ, ϑ, t2 − t3) ∗ MR(ϑ, κ, t1)

⪰ MR(ϑ, κ, bt2).
□

Definition 2.6. Let (Y,MR, ∗, b) be a complex valued fuzzy rectangular b-metric space. An open ball
B(ϑ, r, t) with center ϑ ∈ Y and radius r ∈ Iθ, t ∈ Pθ is defined as

B(ϑ, r, t) = {κ ∈ X : l − r ≺ MR(ϑ, κ, t)}. (2.1)

Definition 2.7. Let (Y,MR, ∗) be a complex valued fuzzy rectangular b-metric space. A sequence {ϑn}

in Y is said to be

(1) convergent, if for every r ∈ Iθ and t ∈ Pθ, there exists n0 ∈ N such that for all l − r ≺ MR(ϑ, κ, t).
We denote it by lim

n→∞
ϑn = ϑ.

(2) Cauchy if for every t ∈ Pθ, lim
n→∞

inf
m>n

MR(ϑn, ϑm, t) = l.

(3) (Y,MR, ∗) is called complete CVFRb-MS, if every Cauchy sequence in Y converges to some ϑ in Y.

We exclude the proof of the next lemma as it is similar to arguments of [25].

Lemma 2.8. Let (Y,MR, ∗, b) be a complex valued fuzzy rectangular b-metric space. A sequence {ϑn}

in Y converges to ϑ ∈ Y if and only if lim
n→∞

MR(ϑn, ϑ, t) = l holds for all t ∈ Pθ.
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3. Fixed point theorem on CVFRb-MS

Theorem 3.1. Let (Y,MR, ∗, b) be a complete complex valued fuzzy rectangular b-metric space and
P : Y → Y be a mapping that fulfills the criteria

l − MR(Pϑ,Pκ, βt) ≺
1
b

(l − ∆(ϑ, κ, t)),∀ϑ, κ ∈ Y and t ∈ Pθ, (3.1)

where β ∈ (0, 1) and

∆(ϑ, κ, t) = max
{

MR(ϑ, κ, 3b2t),
2MR(ϑ,Pϑ, bt)(l + MR(ϑ, κ, 3b2t))

l + MR(ϑ,Pϑ, bt)
,

2MR(κ,Pκ, bt)(l + MR(κ,P2ϑ, 3b2t))
l + MR(κ,Pκ, bt)

,

MR(ϑ,P2κ, 3b2t)MR(κ,P2ϑ, bt)
MR(ϑ,Pϑ, bt) ∗ MR(κ,Pκ, bt) ∗ MR(Pκ,P2κ, bt)

}
.

(3.2)

Then P has a unique fixed point in Y.

Proof. Let ϑ0 ∈ Y be the starting point for a sequence {ϑn} where ϑn = Pϑn−1 for all n ∈ N. Suppose,
for the sake of generality ϑn , ϑn+1,∀n ≥ 0. Using Eq (3.2) and Lemma 2.5, we obtain

l − MR(ϑn+1, ϑn+2, βt) = l − MR(Pϑn,Pϑn+1, βt)

≺
1
b

(
l −max

{
MR(ϑn, ϑn+1, 3b2t),

2MR(ϑn,Pϑn, bt)(l + MR(ϑn, ϑn+1, 3b2t))
l + MR(ϑn,Pϑn, bt)

,

2MR(ϑn+1,Pϑn+1, bt)(l + MR(ϑn+1,P
2ϑn, 3b2t))

l + MR(ϑn+1,Pϑn+1, bt)
,

MR(ϑn,P
2ϑn+1, 3b2t)MR(ϑn+1,P

2ϑn, bt)
MR(ϑn,Pϑn, bt) ∗ MR(ϑn+1,Pϑn+1, bt) ∗ MR(Pϑn+1,P2ϑn+1, bt)

})
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=
1
b

(
l −max

{
MR(ϑn, ϑn+1, 3b2t),

2MR(ϑn, ϑn+1, bt)(l + MR(ϑn, ϑn+1, 3b2t))
l + MR(ϑn, ϑn+1, bt)

,

2MR(ϑn+1, ϑn+2, bt)(l + MR(ϑn+1, ϑn+2, 3b2t))
l + MR(ϑn+1, ϑn+2, bt)

,

MR(ϑn, ϑn+3, 3b2t)MR(ϑn+1, ϑn+2, bt)
MR(ϑn, ϑn+1, bt) ∗ MR(ϑn+1, ϑn+2, bt) ∗ MR(ϑn+2, ϑn+3, bt)

})
≺

1
b

(
l −max

{
MR(ϑn, ϑn+1, bt),

2MR(ϑn, ϑn+1, bt)(l + MR(ϑn, ϑn+1, bt))
l + MR(ϑn, ϑn+1, bt)

,

2MR(ϑn+1, ϑn+2, bt)(l + MR(ϑn+1, ϑn+2, bt))
l + MR(ϑn+1, ϑn+2, bt)

,

MR(ϑn, ϑn+3, bt)MR(ϑn+1, ϑn+2, bt)
MR(ϑn, ϑn+1, bt) ∗ MR(ϑn+1, ϑn+2, bt) ∗ MR(ϑn+2, ϑn+3, bt)

})
≺

1
b

(
l −max

{
MR(ϑn, ϑn+1, bt),MR(ϑn, ϑn+1, bt),MR(ϑn+1, ϑn+2, bt),MR(ϑn+1, ϑn+2, bt)

})
≺ l −max

{
MR(ϑn, ϑn+1, bt),MR(ϑn, ϑn+1, bt),MR(ϑn+1, ϑn+2, bt),MR(ϑn+1, ϑn+2, bt)

}
.

(3.3)

This results in
MR(ϑn+1, ϑn+2, βt) ⪰ max

{
MR(ϑn, ϑn+1, bt),MR(ϑn+1, ϑn+2, bt)

}
. (3.4)

If max
{
MR(ϑn, ϑn+1, bt),MR(ϑn+1, ϑn+2, bt)

}
= MR(ϑn+1, ϑn+2, bt), then

MR(ϑn+1, ϑn+2, βt) ⪰ MR(ϑn+1, ϑn+2, bt) which ends in a contradiction by Lemma 2.5. Hence

MR(ϑn+1, ϑn+2, βt) ⪰ MR(ϑn, ϑn+1, bt). (3.5)

Since βt ≺ t, by Lemma 2.5, we get MR(ϑn+1, ϑn+2, bt) ⪰ MR(ϑn+1, ϑn+2, βt). Then Eq (3.5) becomes

MR(ϑn+1, ϑn+2, bt) ⪰ MR(ϑn+1, ϑn+2, βt) ⪰ MR(ϑn, ϑn+1, bt) (3.6)

which yields MR(ϑn+1, ϑn+2, bt) ⪰ MR(ϑn, ϑn+1, bt) i.e., MR(ϑn+1, ϑn+2, t) ⪰ MR(ϑn, ϑn+1, t). Now, let
ξn = MR(ϑn, ϑn+1, t), we shall prove that lim

n→∞
ξn = l. We have, by definition

l ⪰ ξn+1 ⪰ ξn ⪰ θ. (3.7)

As a result {ξn} is a monotonic sequence in P, and by employing Eq (3.7) and Remark 1.4, there is an
element l′ ∈ P such that

lim
n→∞

ξn = l′. (3.8)

Inequality (3.3) gives

l − MR(ϑn+1, ϑn+2, βt) ≺
1
b

[l −max{MR(ϑn, ϑn+1, t),MR(ϑn+1, ϑn+2, bt)}]

=⇒
[
1 −

1
b

]
l +

1
b

MR(ϑn, ϑn+1, bt) ≺ MR(ϑn+1, ϑn+2, βt) ⪯ MR(ϑn+1, ϑn+2, bt).
(3.9)

Taking limit n→ ∞, we arrive at [
1 −

1
b

]
(l − l′) ⪯ θ. (3.10)
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As 1
b < 1, we get l = l′, by utilizing Remark 1.5. Thus

lim
n→∞

ξn = l. (3.11)

Consider

l − MR(ϑn+1, ϑn+3, βt) = l − MR(Pϑn,Pϑn+2, βt)

≺
1
b

(
l −max

{
MR(ϑn, ϑn+2, 3b2t),

2MR(ϑn, ϑn+1, bt)(l + MR(ϑn, ϑn+2, 3b2t))
l + MR(ϑn, ϑn+1, bt)

,

2MR(ϑn+2, ϑn+3, bt)(l + MR(ϑn+2, ϑn+2, 3b2t))
l + MR(ϑn+2, ϑn+3, bt)

,

MR(ϑn, ϑn+4, 3b2t)MR(ϑn+2, ϑn+2, bt)
MR(ϑn, ϑn+1, bt) ∗ MR(ϑn+2, ϑn+3, bt) ∗ MR(ϑn+3, ϑn+4, bt)

})
≺

1
b

(
l −max

{
MR(ϑn, ϑn+1, bt) ∗ MR(ϑn+1, ϑn+3, bt) ∗ MR(ϑn+3, ϑn+2, bt),

2MR(ϑn, ϑn+1, bt)(MR(ϑn, ϑn+1, bt) ∗ MR(ϑn+1, ϑn+3, bt) ∗ MR(ϑn+3, ϑn+2, bt))
l + MR(ϑn, ϑn+1, bt)

,

2lMR(ϑn+2, ϑn+3, bt)
l + MR(ϑn+2, ϑn+3, bt)

,
MR(ϑn, ϑn+1, bt) ∗ MR(ϑn+1, ϑn+3, bt) ∗ MR(ϑn+3, ϑn+4, bt)
MR(ϑn, ϑn+1, bt) ∗ MR(ϑn+2, ϑn+3, bt) ∗ MR(ϑn+3, ϑn+4, bt)

})
.

(3.12)
Passing the limit n→ ∞ in the last inequality, we get

l − lim
n→∞

MR(ϑn+1, ϑn+3, βt) ≺
1
b

(
l −max

{
lim
n→∞

MR(ϑn+1, ϑn+3, bt), lim
n→∞

MR(ϑn+1, ϑn+3, bt),

l, lim
n→∞

MR(ϑn+1, ϑn+3, bt)
})
.

(3.13)

If max{ lim
n→∞

MR(ϑn+1, ϑn+3, bt), l} = l, then the inequality (3.13) becomes lim
n→∞

MR(ϑn+1, ϑn+3, bt) ⪰ l. If
max{ lim

n→∞
MR(ϑn+1, ϑn+3, bt), l} = lim

n→∞
MR(ϑn+1, ϑn+3, bt), inequality (3.13) then implies

l − lim
n→∞

MR(ϑn+1, ϑn+3, bt) ≺ l − lim
n→∞

MR(ϑn+1, ϑn+3, βt) ≺
1
b

[l − lim
n→∞

MR(ϑn+1, ϑn+3, βt)]

=⇒
[
1 −

1
b

]
l +

[
1 −

1
b

]
lim
n→∞

MR(ϑn+1, ϑn+3, βt) ≺ θ.

As 1
b < 1, we get lim

n→∞
MR(ϑn+1, ϑn+3, bt) ⪰ l. Thus in both the cases

lim
n→∞

MR(ϑn+1, ϑn+3, bt) ⪰ l. (3.14)

To verify that {ϑn} is Cauchy, define Rn = {MR(ϑn, ϑm, t) : m > n} ⊂ I for n ∈ N and fixed t ∈ Pθ.
Because θ ≺ MR(ϑn, ϑm, t) ≺ l, for all n ∈ N, the infimum exists, by utilizing Remark 1.4. Consider
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MR(ϑn, ϑm, t) in 2 cases. For odd m, we get

MR(ϑn, ϑm, t) ⪰ MR
(
ϑn, ϑn+1,

t
3b

)
∗ MR

(
ϑn+1, ϑn+2,

t
3b

)
∗ MR

(
ϑn+2, ϑm,

t
3b

)
⪰ MR

(
ϑn, ϑn+1,

t
3b

)
∗ MR

(
ϑn+1, ϑn+2,

t
3b

)
∗ . . . ∗ MR

(
ϑm−3, ϑm−2,

t

(3b)
m−n−1

2

)
∗ MR

(
ϑm−2, ϑm−1,

t

(3b)
m−n−1

2

)
∗ MR

(
ϑm−1, ϑm,

t

(3b)
m−n−1

2

)
.

For even m, we get through using the rectangular inequality

MR(ϑn, ϑm, t) ⪰ MR
(
ϑn, ϑn+2,

t
3b

)
∗ MR

(
ϑn+2, ϑn+3,

t
3b

)
∗ MR

(
ϑn+3, ϑm,

t
3b

)
⪰ MR

(
ϑn, ϑn+2,

t
3b

)
∗ MR

(
ϑn+2, ϑn+3,

t
3b

)
∗ . . . ∗ MR

(
ϑm−3, ϑm−2,

t

(3b)
m−n−2

2

)
∗ MR

(
ϑm−2, ϑm−1,

t

(3b)
m−n−2

2

)
∗ MR(ϑm−1, ϑm,

t

(3b)
m−n−2

2

)
.

Thus for all m, it follows that lim
n→∞

inf
m>n

MR(ϑn, ϑm, t) ⪰ l ∗ l ∗ . . . ∗ l = l, by using Eqs (3.11) and (3.14),
respectively. Hence

lim
n→∞

inf
m>n

MR(ϑn, ϑm, t) = l, for all t ∈ Pθ. (3.15)

Thus we have proven that {ϑn} is a Cauchy sequence in Y . Due to the completeness of Y and
Lemma 2.8, there is an element ϑ ∈ Y such that

lim
n→∞

MR(ϑn, ϑ, t) = l for all t ∈ Pθ. (3.16)

For any t ∈ Pθ and for n ∈ N, we deduce using Eq (3.1) that

l − MR
(
Pϑn,Pϑ,

t
3b2

)
≺ l − MR

(
Pϑn,Pϑ,

βt
3b2

)
≺

1
b

(
l −max

{
MR(ϑn, ϑ, t),

2MR(ϑn, ϑn+1,
t

3b )(l + MR(ϑn, ϑ, t))

l + MR(ϑn, ϑn+1,
t

3b )
,

2MR(ϑ,Pϑ, t
3b )(l + MR(ϑ, ϑn+2, t))

l + MR(ϑ,Pϑ, t
3b )

,

MR(ϑn,P
2ϑ, t)MR(ϑ, ϑn+2,

t
3b )

MR(ϑn, ϑn+1,
t

3b ) ∗ MR(ϑ,Pϑ, t
3b ) ∗ MR(Pϑ,P2ϑ, t

3b )

})
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≺
1
b

(
l −max

{
MR(ϑn, ϑ, t),

MR(ϑn, ϑn+1,
t

3b )(l + MR(ϑn, ϑ, t))

l + MR(ϑn, ϑn+1,
t

3b )
,

2MR(ϑ,Pϑ, t
3b )(l + MR(ϑ, ϑn+2, t))

l + MR(ϑ,Pϑ, t
3b )

,

MR(ϑn,P
2ϑ, t)MR

(
ϑ, ϑn+2,

t
3b

)})
≺ l −max

{
MR(ϑn, ϑ, t),

MR(ϑn, ϑn+1,
t

3b )(l + MR(ϑn, ϑ, t))

l + MR(ϑn, ϑn+1,
t

3b )
,

2MR(ϑ,Pϑ, t
3b )(l + MR(ϑ, ϑn+2, t))

l + MR(ϑ,Pϑ, t
3b )

,

MR(ϑn,P
2ϑ, t)MR

(
ϑ, ϑn+2,

t
3b

)}
.

Thus, we get

MR
(
Pϑn,Pϑ,

t
3b2

)
⪰ max

{
MR(ϑn, ϑ, t),

MR(ϑn, ϑn+1,
t

3b )(l + MR(ϑn, ϑ, t))

l + MR(ϑn, ϑn+1,
t

3b )
,

2MR(ϑ,Pϑ, t
3b )(l + MR(ϑ, ϑn+2, t))

l + MR(ϑ,Pϑ, t
3b )

,MR(ϑn,P
2ϑ, t)MR

(
ϑ, ϑn+2,

t
3b

)}
(3.17)

Finally, for any t ∈ Pθ, we have

MR(ϑ,Pϑ, t) ⪰ MR
(
ϑ, ϑn,

t
3b

)
∗ MR

(
ϑn,Pϑn,

t
3b

)
∗ MR

(
Pϑn,Pϑ,

t
3b

)
⪰ MR

(
ϑ, ϑn,

t
3b

)
∗ MR

(
ϑn,Pϑn,

t
3b

)
∗

max
{

MR(ϑn, ϑ, t),
MR(ϑn, ϑn+1,

t
3b )(l + MR(ϑn, ϑ, t))

l + MR(ϑn, ϑn+1,
t

3b )
,

2MR(ϑ,Pϑ, t
3b )(l + MR(ϑ, ϑn+2, t))

l + MR(ϑ,Pϑ, t
3b )

,MR(ϑn,P
2ϑ, t)MR

(
ϑ, ϑn+2,

t
3b

)}
.

(3.18)

Taking limit n→ ∞, we get

MR(ϑ,Pϑ, t) ⪰ l ∗ l ∗max
{
l, l,

2MR(ϑ,Pϑ, t
3b )(l + l)

2l
,MR(ϑ,P2ϑ, t)

}
= l.

As a result, we get MR(ϑ,Pϑ, t) = l for all t ∈ Pθ, i.e., Pϑ = ϑ. Suppose that κ is an another fixed point
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of P and there exists t ∈ Pθ with MR(ϑ, κ, t) , l, then

l − MR(ϑ, κ, βt) = l − MR(Pϑ,Pκ, βt)

≺
1
b

[
l −max

{
MR(ϑ, κ, 3b2t),

2MR(ϑ,Pϑ, bt)(l + MR(ϑ, κ, 3b2t))
l + MR(ϑ,Pϑ, bt)

,

2MR(κ,Pκ, bt)(l + MR(κ,P2ϑ, 3b2t))
l + MR(κ,Pκ, bt)

,

MR(ϑ,P2κ, 3b2t)MR(κ,P2ϑ, bt)
MR(ϑ,Pϑ, bt) ∗ MR(κ,Pκ, bt) ∗ MR(Pκ,P2κ, bt)

}]
=

1
b

[
l −max

{
MR(ϑ, κ, 3b2t),

2l (l + MR(ϑ, κ, 3b2t))
l + l

,

2l (l + MR(κ, ϑ, 3b2t))
l + l

,
MR(ϑ, κ, 3b2t)MR(κ, ϑ, bt)

l ∗ l ∗ l

}]
≺ l −max

{
MR(ϑ, κ, 3b2t),MR(ϑ, κ, 3b2t),MR(κ, ϑ, 3b2t),

MR(ϑ, κ, 3b2t)MR(κ, ϑ, bt)
}
.

Therefore
MR(ϑ, κ, βt) ⪰ max{MR(ϑ, κ, 3b2t),MR(ϑ, κ, 3b2t)MR(κ, ϑ, bt)}

= MR(ϑ, κ, 3b2t),
(3.19)

which ends in a contradiction, according to Lemma 2.5. Therefore ϑ = κ is the unique fixed point
of P. □

4. Coupled fixed point theorems on CVFRb-MS

Theorem 4.1. Let (Y,MR, ∗, b) be a complete complex valued fuzzy rectangular b-metric space and
P : Y → Y be a mapping that fulfills the criteria

l − MR(P(ϑ, κ),P(ϑ̃, κ̃), t) ≺ β(l − ∆((ϑ, κ), (ϑ̃, κ̃), t)),∀(ϑ, κ), (ϑ̃, κ̃) ∈ Y × Y and t ∈ Pθ, (4.1)

where β ∈ (0, 1) and

∆((ϑ, κ), (ϑ̃, κ̃), t) = max
{

MR(ϑ, ϑ̃, 3bt),MR(κ, κ̃, 3bt),
(l + MR(ϑ, ϑ̃, 3bt))(l + MR(ϑ,P(ϑ, κ), 3bt))

MR(ϑ,P(ϑ, κ), t)
,

(l + MR(κ, κ̃, 3bt)(l + MR(κ,P(κ, ϑ), 3bt))
MR(κ,P(κ, ϑ), t)

}
.

(4.2)
Then P has a unique coupled fixed point of the form (ϑ̃, ϑ̃) which satisfies Pϑ̃ = (ϑ̃, ϑ̃).

Proof. Let (ϑ0, κ0) ∈ Y and define two sequences {ϑn} and {κn} by the iterative approach as

ϑn+1 = P(ϑn, κn), κn+1 = P(κn, ϑn) for all n ∈ N.
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Suppose, for the sake of generality ϑn , ϑn+1,∀n ≥ 0. Due to Eq (4.2) and Lemma 2.5, we get

l − MR(ϑn+1, ϑn+2, t) = l − MR(P(ϑn, κn),P(ϑn+1, κn+1), t)

≺ β
(
l −max

{
MR(ϑn, ϑn+1, 3bt),MR(κn, κn+1, 3bt),

(l + MR(ϑn, ϑn+1, 3bt))(l + MR(ϑn, ϑn+1, 3bt))
MR(ϑn, ϑn+1, t)

,

(l + MR(κn, κn+1, 3bt))(l + MR(κn, κn+1, 3bt))
MR(κn, κn+1, t)

})
≺ β

(
l −max

{
MR(ϑn, ϑn+1, t),MR(κn, κn+1, t),MR(ϑn, ϑn+1, t),

MR(κn, κn+1, t)
})

≺ l −max
{
MR(ϑn, ϑn+1, t),MR(κn, κn+1, t)

}
,

(4.3)

which gives

MR(ϑn+1, ϑn+2, t) ⪰ max
{
MR(ϑn, ϑn+1, t),MR(κn, κn+1, t)

}
. (4.4)

Similarly, we can find

l − MR(κn+1, κn+2, t) ≺ l −max
{
MR(ϑn, ϑn+1, t),MR(κn, κn+1, t)

}
, (4.5)

which is equivalent to

MR(κn+1, κn+2, t) ⪰ max
{
MR(ϑn, ϑn+1, t),MR(κn, κn+1, t)

}
. (4.6)

Combining Eqs (4.4) and (4.6), we get ϕn+1 ⪰ ϕn for all n ∈ N, where
ϕn = max

{
MR(ϑn, ϑn+1, t),MR(κn, κn+1, t)

}
. By definition, we have l ⪰ ϕn+1 ⪰ ϕn ⪰ θ. Thus {ϕn} is a

monotonic sequence in Y and hence by Remark 1.4, there exists l′ ∈ Pθ such that lim
n→∞

ϕn = l′. From
inequality (4.3) and (4.5), it implies that

(1 − β)l + βϕn ≺ ϕn+1. (4.7)

Letting limit n→ ∞ and by employing Remark 1.5, we get l = l′. Thus

lim
n→∞

ϕn = l. (4.8)
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By considering the inequalities (4.4) and (4.6), we find

l − MR(ϑn+1, ϑn+3, t) = l − MR(P(ϑn, κn),P(ϑn+2, κn+2), t)

≺ β
(
l −max

{
MR(ϑn, ϑn+2, 3bt),MR(κn, κn+2, 3bt),

(l + MR(ϑn, ϑn+2, 3bt))(l + MR(ϑn, ϑn+1, 3bt))
MR(ϑn, ϑn+1, t)

,

(l + MR(κn, κn+2, 3bt))(l + MR(κn, κn+1, 3bt))
MR(κn, κn+1, t)

})
≺ β

(
l −max

{
MR(ϑn, ϑn+1, t) ∗ MR(ϑn+1, ϑn+3, t) ∗ MR(ϑn+3, ϑn+2, t),

MR(κn, κn+1, t) ∗ MR(κn+1, κn+3, t) ∗ MR(κn+3, κn+2, t),

[MR(ϑn, ϑn+1, t) ∗ MR(ϑn+1, ϑn+3, t) ∗ MR(ϑn+3, ϑn+2, t)]MR(ϑn, ϑn+1, 3bt)
MR(ϑn, ϑn+1, t)

[MR(κn, κn+1, t) ∗ MR(κn+1, κn+3, t) ∗ MR(κn+3, κn+2, t)]MR(κn, κn+1, 3bt)
MR(κn, κn+1, t)

})
≺ β

(
l −max

{
MR(ϑn, ϑn+1, t) ∗ MR(ϑn+1, ϑn+3, t) ∗ MR(ϑn+3, ϑn+2, t),

MR(κn, κn+1, t) ∗ MR(κn+1, κn+3, t) ∗ MR(κn+3, κn+2, t)
})

≺ β
(
l −max

{
max{MR(ϑn−1, ϑn, t),MR(κn−1, κn, t)} ∗ MR(ϑn+1, ϑn+3, t)

∗max{MR(ϑn+2, ϑn+1, t),MR(κn+2, κn+1, t)},

max{MR(κn−1, κn, t),MR(ϑn−1, ϑn, t)} ∗ MR(κn+1, κn+3, t)

∗max{MR(κn+2, κn+1, t),MR(ϑn+2, ϑn+1, t)}
})
.

(4.9)
By taking a limit on both sides, we arrive at

l− lim
n→∞

MR(ϑn+1, ϑn+3, t) ≺ β
[
l − lim

n→∞
max{MR(κn+1, κn+3, t),MR(ϑn+1, ϑn+3, t)}

]
=⇒ (1 − β)l + β lim

n→∞
max{MR(κn+1, κn+3, t),MR(ϑn+1, ϑn+3, t)} ≺ lim

n→∞
MR(ϑn+1, ϑn+3, t).

Likewise, we can prove

(1 − β)l + β lim
n→∞

max{MR(κn+1, κn+3, t),MR(ϑn+1, ϑn+3, t)} ≺ lim
n→∞

MR(κn+1, κn+3, t),

which gives
(1 − β)l + β lim

n→∞
ϕ∗n+1 ≺ lim

n→∞
ϕ∗n+1, (4.10)

where ϕ∗n+1 = max{MR(κn+1, κn+3, t),MR(ϑn+1, ϑn+3, t)}. As β < 1, from inequality (4.10) we get

lim
n→∞

ϕ∗n+1 ⪰ l, for all n ∈ N. (4.11)

To illustrate that {ϑn} and {κn} is Cauchy, define Rn = {MR(ϑn, ϑm, t) : m > n} ⊂ I and S n =

{MR(κn, κm, t) : m > n} ⊂ I for n ∈ N and fixed t ∈ Pθ. Due to the fact that θ ≺ MR(ϑn, ϑm, t) ≺ l, and
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θ ≺ MR(κn, κm, t) ≺ l for all n ∈ N, the infimum exists by utilizing Remark 1.4. Consider MR(ϑn, ϑm, t)
in 2 cases, i.e., for both odd and even m and using Eqs (4.4) and (4.6), we get

MR(ϑn, ϑm, t) ⪰ MR
(
ϑn, ϑn+1,

t
3b

)
∗ MR

(
ϑn+1, ϑn+2,

t
3b

)
∗ . . . ∗ MR

(
ϑm−3, ϑm−2,

t

(3b)
m−n−1

2

)
∗ MR

(
ϑm−2, ϑm−1,

t

(3b)
m−n−1

2

)
∗ MR

(
ϑm−1, ϑm,

t

(3b)
m−n−1

2

)
⪰ max

{
MR

(
ϑn−1, ϑn,

t
3b

)
,MR

(
κn−1, κn,

t
3b

)}
∗

max
{
MR

(
ϑn, ϑn+1,

t
3b

)
,MR

(
κn, κn+1,

t
3b

)}
∗

...

max
{
MR

(
ϑm−2, ϑm−1,

t

(3b)
m−n−1

2

)
,MR

(
κm−2, κm−1,

t

(3b)
m−n−1

2

)}
.

and

MR(ϑn, ϑm, t) ⪰ MR
(
ϑn, ϑn+2,

t
3b

)
∗ MR

(
ϑn+2, ϑn+3,

t
3b

)
∗ . . . ∗ MR

(
ϑm−3, ϑm−2,

t

(3b)
m−n−2

2

)
∗ MR

(
ϑm−2, ϑm−1,

t

(3b)
m−n−2

2

)
∗ MR

(
ϑm−1, ϑm,

t

(3b)
m−n−2

2

)
⪰ MR

(
ϑn, ϑn+2,

t
3b

)
∗ MR

(
κn, κn+2,

t
3b

)
∗ MR

(
ϑn+2, ϑn+3,

t
3b

)
∗ . . . ∗

MR
(
ϑm−3, ϑm−2,

t

(3b)
m−n−2

2

)
∗ MR

(
ϑm−2, ϑm−1,

t

(3b)
m−n−2

2

)
∗

MR
(
ϑm−1, ϑm,

t

(3b)
m−n−2

2

)
⪰ max

{
MR

(
ϑn, ϑn+2,

t
3b

)
,MR

(
κn, κn+2,

t
3b

)}
∗

max
{
MR

(
ϑn+1, ϑn+2,

t
3b

)
,MR

(
κn+1, κn+2,

t
3b

)}
∗

...

max
{
MR

(
ϑm−2, ϑm−1,

t

(3b)
m−n−2

2

)
,MR

(
κm−2, κm−1,

t

(3b)
m−n−2

2

)}
.

In both the cases, it concludes from (4.8) and (4.11) that

lim
n→∞

inf
m>n

MR(ϑn, ϑm, t) ⪰ l ∗ l ∗ . . . ∗ l = l.

Therefore, for all m, n ∈ N and t ∈ Pθ

lim
n→∞

inf
m>n

MR(ϑn, ϑm, t) = l. (4.12)
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By following the same aforementioned steps, we get

lim
n→∞

inf
m>n

MR(κn, κm, t) = l. (4.13)

Therefore, from (4.12) and (4.13) it is apparent that {ϑn} and {κn} are Cauchy sequences in Y . Due to
the completeness of Y and Lemma 2.8, there exists elements ϑ, κ ∈ Y so that

lim
n→∞

MR(ϑn, ϑ, t) = lim
n→∞

MR(κn, κ, t) = l, for all t ∈ Pθ. (4.14)

For any t ∈ Pθ and for n ∈ N, we deduce from Eq (4.1) that

l − MR
(
P(ϑn, κn),P(ϑ, κ),

t
3b

)
≺ β

(
l −max

{
MR(ϑn, ϑ, t),MR(κn, κ, t),

(l + MR(ϑn, ϑ, t))(l + MR(ϑn, ϑn+1, t))
MR(ϑn, ϑn+1,

t
b )

,

(l + MR(κn, κ, t))(l + MR(κn, κn+1, t))
MR(κn, κn+1,

t
b )

})
≺ β

(
l −max

{
MR(ϑn, ϑ, t),MR(κn, κ, t),

MR(ϑn, ϑ, t) MR(ϑn, ϑn+1, t)
MR(ϑn, ϑn+1,

t
3b )

,
MR(κn, κ, t) MR(κn, κn+1, t)

MR(κn, κn+1,
t

3b )

})
≺ l −max

{
MR(ϑn, ϑ, t),MR(κn, κ, t),

MR(ϑn, ϑ, t)MR(ϑn, ϑn+1, t)
MR(ϑn, ϑn+1,

t
3b )

,
MR(κn, κ, t)MR(κn, κn+1, t)

MR(κn, κn+1,
t

3b )

}
.

(4.15)
Therefore

MR(ϑ,P(ϑ, κ), t) ⪰ MR
(
ϑ, ϑn,

t
3b

)
∗ MR

(
ϑn, ϑn+1,

t
3b

)
∗ MR

(
ϑn+1,P(ϑ, κ),

t
3b

)
⪰ MR

(
ϑ, ϑn,

t
3b

)
∗ MR

(
ϑn, ϑn+1,

t
3b

)
∗

max
{
MR(ϑn, ϑ, t),MR(κn, κ, t),

MR(ϑn, ϑ, t)MR(ϑn, ϑn+1, t)
MR(ϑn, ϑn+1,

t
3b )

MR(κn, κ, t)MR(κn, κn+1, t)
MR(κn, κn+1,

t
3b )

}
.

(4.16)

Taking limits n→ ∞, we get

MR(ϑ,P(ϑ, κ), t) ⪰ l ∗ l ∗max{l, l, l, l} = l,

i.e., MR(ϑ,P(ϑ, κ), t) = l =⇒ ϑ = P(ϑ, κ). Similarly, we can prove κ = P(κ, ϑ). As a result, the pair
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(ϑ, κ) is a coupled fixed point of P. To demonstrate (ϑ, ϑ) is a unique coupled fixed point, consider

l − MR(ϑ, κ, t) = l − MR(P(ϑ, κ),P(κ, ϑ), t)

≺ β
(
l −max

{
MR(ϑ, κ, 3bt),MR(κ, ϑ, 3bt),

(l + MR(ϑ, κ, 3bt))(l + MR(ϑ,P(ϑ, κ), 3bt))
MR(ϑ,P(ϑ, κ), t)

,

(l + MR(κ, ϑ, 3bt))(l + MR(κ,P(κ, ϑ), 3bt))
MR(κ,P(κ, ϑ), t)

})
≺ β

(
l −max

{
MR(ϑ, κ, t),MR(κ, ϑ, t),

(l + MR(ϑ, κ, t))MR(ϑ,P(ϑ, κ), t)
MR(ϑ,P(ϑ, κ), t)

,

(l + MR(κ, ϑ, t))MR(κ,P(κ, ϑ), t)
MR(κ,P(κ, ϑ), t)

})
≺ β

(
l −max

{
MR(ϑ, κ, t),MR(κ, ϑ, t),MR(ϑ, κ, t),MR(κ, ϑ, t)

})
.

(4.17)
From the previous inequality, we can deduce

l − MR(ϑ, κ, t) ≺ β
(
l − MR(ϑ, κ, t)

)
=⇒(1 − β)l − (1 − β)MR(ϑ, κ, t) ≺ θ.

As β < 1, we get MR(ϑ, κ, t) ⪰ l, i.e., MR(ϑ, κ, t) = l which implies ϑ = κ. Hence (ϑ, ϑ) is a unique
coupled fixed point of P. □

Theorem 4.2. Let (Y,MR, ∗, b) be a complete complex valued fuzzy rectangular b-metric space and
P : Y → Y be a mapping that fulfills the criteria

l − MR
(
P(ϑ, κ),P(ϑ̃, κ̃), t

)
≺ β

(
l − max

{
MR(ϑ, ϑ̃, t),MR(κ, κ̃, t)

})
, (4.18)

for all (ϑ, κ), (ϑ̃, κ̃) ∈ Y × Y and t ∈ Pθ and β ∈ (0, 1). Then P has a unique coupled fixed point of the
form (ϑ̃, ϑ̃) which satisfies Pϑ̃ = (ϑ̃, ϑ̃).

5. Existence and uniqueness results for (1.1)

In this section, we examine at if a coupled system of nonlinear implicit fractional differential
equations (1.1) exists and if it is unique. For a more extensive discussion of the problem’s origin,
the reader might refer to [27]. We prove the existence of solutions to problem (1.1) utilising our
deduced fixed point theorems. Let Y = {ϑ(t)|ϑ ∈ C(J)} be a Banach space with the property of
having a norm defined as ∥ϑ∥Y = maxt∈J |ϑ(t)| . Correspondingly, over the product space, the norm is
∥(ϑ, κ)∥Y×Y = ∥ϑ∥Y + ∥κ∥Y .

In the context of Lemma 5 in [27], the solution of the given system (1.1) is analogous to the
subsequent integral equations,

ϑ(t) =
∫ U

0
Gw(t, s) χ1(s, κ(s),c Dwϑ(s))ds, t ∈ J,

κ(t) =
∫ U

0
Gz(t, s) χ2(s, ϑ(s),c Dzκ(s))ds, t ∈ J,

(5.1)
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where Gw and Gz are Green’s function given by

Gw(t, s) =

−
(U−s)w−1

2Γ(w) +
(U−2t)(U−s)w−2

4Γ(w−1) , if 0 ≤ t ≤ s ≤ U
(t−s)w−1−(U−s)w−1/2

Γ(w) +
(U−2t)(T−s)w−2

4Γ(w−1) , if 0 ≤ s ≤ t ≤ U

Gz(t, s) =

−
(U−s)z−1

2Γ(w) +
(U−2t)(U−s)z−2

4Γ(z−1) , if 0 ≤ t ≤ s ≤ U
(t−s)z−1−(U−s)z−1/2

Γ(z) +
(U−2t)(U−s)z−2

4Γ(z−1) , if 0 ≤ s ≤ t ≤ U.

The system (1.1) turns into a fixed point problem. In the sense of Lemma 5 in [27], an operator
P : Y × Y → Y × Y is defined as

P(ϑ, κ)(t) =


∫ U

0
Gw(t, s) χ1(s, κ(s),c Dwϑ(s))ds∫ U

0
Gz(t, s) χ2(s, ϑ(s),c Dzκ(s))ds

 =
Pw(ϑ, κ)

Pz(ϑ, κ)

 . (5.2)

The solution of the suggested system (1.1) then corresponds to the fixed point of the operatorP. The L2

norm of the Green’s function of a coupled system of implicit fractional differential equations provided
in (1.1) is approximated herein.

Lemma 5.1. Let 3 < w, z ≤ 4. For every t, s ∈ (0, 1), the Green’s function Gw,z(t, .) = (Gw(t, .),Gz(t, .))
where Gw(t, .),Gz(t, .) ∈ L2, obeys∫ U

0
|Gw(t, s)|2ds <

U7

4

[
1

5(Γ(w))2 +
1

12(Γ(w − 1))2 +
3

4Γ(w)Γ(w − 1)

]
,∫ U

0
|Gz(t, s)|2ds <

U7

4

[
1

5(Γ(z))2 +
1

12(Γ(z − 1))2 +
3

4Γ(z)Γ(z − 1)

]
.

(5.3)

Proof. (1) If 3 < w, z ≤ 4, then for 0 ≤ s ≤ t ≤ U, we obtain

|Gw(t, s)| ≤
(t − s)w−1 + (U − s)w−1/2

Γ(w)
+
|U − 2t|(U − s)w−2

4Γ(w − 1)

≤
3(U − s)w−1

2Γ(w)
+

U(U − s)w−2

4Γ(w − 1)
.

(5.4)

(2) For 0 ≤ t ≤ s ≤ U,

|Gw(t, s)| ≤
(U − s)w−1

2Γ(z)
+
|U − 2t|(U − s)w−2

4Γ(w − 1)

≤
3(U − s)w−1

2Γ(w)
+

U(U − s)w−2

4Γ(w − 1)
.

(5.5)

Therefore, by Eqs (5.4) and (5.5), for every t, s ∈ (0, 1), we have

|Gw(t, s)|2 ≤
9(U − s)2w−2

4(Γ(w))2 +
U2(U − s)2w−4

16(Γ(w − 1))2 +
3U(U − s)2w−3

4Γ(w)Γ(w − 1)
(5.6)
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which yields∫ U

0
|Gw(t, s)|2ds ≤

∫ U

0

9(U − s)2w−2

4(Γ(w))2 ds +
∫ U

0

U2(U − s)2w−4

16(Γ(w − 1))2 ds +
∫ U

0

3U(U − s)2w−3

4Γ(w)Γ(w − 1)
ds

=
1
4

[
U2w−1

(2w − 1)(Γ(w))2 +
U2(U)2w−3

4(2w − 3)(Γ(w − 1))2 +
(3U)U2w−2

Γ(w)Γ(w − 1)(2w − 2)

]
<

U7

4

[
1

5(Γ(w))2 +
1

12(Γ(w − 1))2 +
3

4Γ(w)Γ(w − 1)

]
.

In a similar fashion, it can be proved that∫ U

0
|Gz(t, s)|2ds <

U7

4

[
1

5(Γ(z))2 +
1

12(Γ(z − 1))2 +
3

4Γ(z)Γ(z − 1)

]
.

□

Theorem 5.2. Let the assertions (H1)–(H3) hold, then the boundary value problem (1.1) will have a
unique solution in Y.

(H1) Let 3 < w, z ≤ 4 and

U7

4

[
1

5(Γ(w))2 +
1

12(Γ(w − 1))2 +
3

4Γ(w)Γ(w − 1)

]
< 1,

U7

4

[
1

5(Γ(z))2 +
1

12(Γ(z − 1))2 +
3

4Γ(z)Γ(z − 1)

]
< 1,

(5.7)

holds.

(H2) Suppose that the function χ1(t, κ(.),c Dwϑ(.)), χ2(t, ϑ(.),c Dzκ(.)) ∈ L2 for any ϑ, κ ∈ C[0, 1] and

for all t ∈ J = [0,U] and i = 1, 2, there exist some positive constants Ci,Di such that
√

UC1
1−D1
+√

UC2
1−D2

< 1 and the inequality∣∣∣χ1(t, κ, p) − χ1(t, κ̃, p̃)
∣∣∣ ≤ C1|κ − κ̃| + D1|p − p̃|, ∀t ∈ J ,∣∣∣χ2(t, ϑ, q) − χ2(t, ϑ̃, q̃)
∣∣∣ ≤ C2|ϑ − ϑ̃| + D2|q − q̃|, ∀t ∈ J ,

(5.8)

where p̃(t) =c Dwϑ(t) and q̃(t) =c Dzη(t).

(H3) For Λ1 =

√
UC1

1−D1
and Λ2 =

√
UC2

1−D2
, consider

∥∥∥(ϑ − ϑ̃), (κ − κ̃)
∥∥∥ < ∥∥∥∥( ϑ

√
Λ1 + Λ2

,
ϑ̃

√
Λ1 + Λ2

)∥∥∥∥.
Hence the map P defined in Eq (5.2) has a unique fixed point, and accordingly, the problem (1.1) has
a unique solution.
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Proof. It is simple to verify that (Y,MR, ∗, b) is a CVFRb-MS with the complex valued fuzzy rectangular
b-metric specified by

MR((ϑ, κ), (ϑ̃, κ̃), t) = l −
∥(ϑ, κ) − (ϑ̃, κ̃)∥2

1 + cd
l. (5.9)

Let p(t) = χ1(t, κ(t), p(t)) and p̃(t) = χ1(t, κ̃(t), p̃(t)). Then

|p(t) − p̃(t)| = |χ1(t, κ(t), p(t)) − χ1(t, κ(t), p̃(t))|

≤ C1|κ(t) − κ̃(t)| + D1|p(t) − p̃(t)|.
(5.10)

Thus
|p(t) − p̃(t)| ≤

C1

1 − D1
|κ(t) − κ̃(t)|.

For any ϑ, κ ∈ Y , we find by considering Cauchy–Schwarz inequality and the formulation of the map
P in Eq (5.2)

|Pw(ϑ, κ) − Pw(ϑ̃, κ̃)|2 =
∣∣∣∣∫ U

0
Gw(t, s)[χ1(t, κ(s),c Dwϑ(s)) − χ1(t, κ̃(s),c Dwϑ̃(s)]ds

∣∣∣∣2
=

∣∣∣∣∫ U

0
Gw(t, s)[χ1(t, κ(s), p(s)) − χ1(t, κ̃(s), p̃(s))]ds

∣∣∣∣2
≤

(∫ U

0

∣∣∣G(t, s)
∣∣∣2ds

)(∫ U

0

∣∣∣p(s) − p̃(s)
∣∣∣2ds

)
<

∫ U

0

∣∣∣p(s) − p̃(s)
∣∣∣2ds

≤

∫ U

0

C1

1 − D1
|κ(s) − κ̃(s)|2 ds

≤
C1

1 − D1
max

t
|κ(t) − κ̃(t)|2

(∫ U

0
ds

)
≤

(√
UC1

1 − D1
max

t
|κ(t) − κ̃(t)|

)2

(5.11)

which results in
|Pw(ϑ, κ) − Pw(ϑ̃, κ̃)| ≤ Λ1max |κ(t) − κ̃(t)|, (5.12)

where Λ1 =

√
UC1

1−D1
. As a result of the above inequality, we arrive at

∥Pw(ϑ, κ) − Pw(ϑ̃, κ̃)∥ ≤ Λ1∥κ − κ̃∥.

Similarly, we can find
∥Pz(ϑ, κ) − Pz(ϑ̃, κ̃)∥ ≤ Λ2∥ϑ − ϑ̃∥,

with Λ2 =

√
UC2

1−D2
. Through combining the preceding two equations, we get

∥P(ϑ, κ) − P(ϑ̃, κ̃)∥ ≤ (Λ1 + Λ2)∥(ϑ, κ) − (ϑ̃, κ̃)∥. (5.13)
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Consider

l − MR(P(ϑ, κ),P(ϑ̃, κ̃), t) = l −
[
l −
∥P(ϑ, κ) − P(ϑ̃, κ̃)∥2

1 + cd
l
]
=
∥P(ϑ, κ) − P(ϑ̃, κ̃)∥2

1 + cd
l ∗ l

=
∥P(ϑ, κ) − P(ϑ̃, κ̃)∥2

1 + cd
l

⪯ (Λ1 + Λ2)2
(
∥(ϑ, κ) − (ϑ̃, κ̃)∥2

1 + cd
l
)

≺ (Λ1 + Λ2)2
(∥∥∥∥( ϑ

√
Λ1+Λ2

, ϑ̃
√
Λ1+Λ2

)∥∥∥∥2

1 + cd
l
)

= |Λ1 + Λ2|

(
∥(ϑ, ϑ̃∥2

1 + cd
l
)

⪯ (Λ1 + Λ2)
(
max

{
∥(ϑ, κ)∥2

1 + cd
,
∥(ϑ̃, κ̃)∥2

1 + cd

}
l
)

= (Λ1 + Λ2)
(
l −max

{
1 −
∥(ϑ, κ)∥2

1 + cd
, 1 −

∥(ϑ̃, κ̃)∥2

1 + cd

}
l
)

= (Λ1 + Λ2)
(
l −max

{
MR(ϑ, κ, t),MR(ϑ̃, κ̃, t)

})
= β

(
l −Ω((ϑ, ϑ̃), (κ, κ̃), t)

)
,

where Ω((ϑ, ϑ̃), (κ, κ̃), t) = max
{
MR(ϑ, κ, t),MR(ϑ̃, κ̃, t)

}
and β = Λ1 + Λ2 < 1. As a result of the

preceding inequality, we conclude that the conditions of the Theorem 4.2 are met. Hence P has a fixed
point (ϑ∗(t), κ∗(t)) ∈ Y , that is unique. Therefore, problem (1.1) has a unique solution (ϑ∗(t), κ∗(t)). □

6. Conclusions

In this research study, we examined the existence and uniqueness of solution to a coupled system
of nonlinear implicit fractional differential equations. The problem is investigated using a new notion
known as complex valued fuzzy rectangular b-metric spaces. It utilizes a new approach of applying a
coupled fixed point theorem for the associated fixed point approach depends on contractive iterates of
the integral operator. We subsequently used an appropriate complex valued fuzzy rectangular b-metric
space to determine the problem’s uniqueness solvability within certain conditions.
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