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1. Introduction and preliminaries

Fuzzy set theory performs a significant role in our real-life challenges involving unpredictability.
They enable us to depict a difficult and unpredictable situation in a simplistic manner. This fact sparked
an intriguing research study that resulted in the advancement of fuzzy set theory. In 1965, Zadeh
presented the idea of fuzzy sets [29], which sparked a flurry of study that led to the development of
a more appealing fuzzy system theory. Kramosil and Michalek [17] pioneered the concept of fuzzy
metric. They applied probabilistic metric space notions to the fuzzy case. The conventional fuzzy
metric was modified by George and Veeramani [12] to obtain a Hausdorff topology started by fuzzy
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metric. In fuzzy metric spaces, Garbiec [13] developed a fuzzy variant of the Banach contraction
principle which is given as follows: “Let (¥, M,*) be a complete fuzzy metric space such that
lim M(#,x,t) = 1 forall 3,%x € Yand T : Y — Y be a mapping satisfying M(T3, Tx, kt) > M(¥, x, 1)

—00

forall 9, € ¥,0 < k < 1. Then T has a unique fixed point in Y.

The authors in [8, 19, 21] initiated the concepts of fuzzy b-metric spaces, fuzzy rectangular metric
spaces and fuzzy rectangular b-metric spaces, as well as proving a banach fixed point theorem and
other fixed point theorems in the underlying metric, which is discussed in detail in the following.

Definition 1.1. [21] Let Y be a nonempty set, b > 1 a real number, = a continuous t-norm, and Mg be
a fuzzy seton Y X Y X [0, 00). Then, Mg is said to be a fuzzy b-metric on 'Y, if, for all 9, x, devy, Mg
Sfulfills the following criteria:

(1) Mg(9,%,0)=0fort=0;

(2) Mg(P,x,t) =1 if and only if ¢ = » for all t > 0O;

(3) Mg(9,%,1) = Mg(x,9,1);

(4) Mg(9,%,b(t + 1)) > Mg(9,9,t) * Mg(D,%,1) forall t,1 > 0;

(5) Mg(D,x,.):(0,00) — [0, 1] is left continuous and tlirg Mg, x, 1) = 1.

The quadruple (Y, Mg, *,b) is called fuzzy b-metric space.

Definition 1.2. [8] Let Y be a nonempty set, * a continuous t-norm, and Mg be a fuzzy set on Y X
Y X [0, 00). Then, Mg is called fuzzy rectangular metric, if, for any #,x € Y and all distinct points
0, % € Y\{9, %}, the following requirements are fulfilled:

(1) Mg(#,%,0)=0fort=0;

(2) Mg(9,%,t) = 1 if and only if & = x for all t > 0;

(3) Mg(D,%,t) = Mg(x,9,1);

(4) Mg, %, t +1 +1") > Mgy (9,9, 1) * Mg(D,5,1') * Mg(%,%,t") for all t,¢',t" > 0;
(5) Mg(,x,.):(0,00) — [0, 1] is left continuous and tlgg Mg(D, %, 1) = 1.

Then, (Y, Mg, %) is known as a fuzzy rectangular metric space.

Definition 1.3. [/9] Let Y be a nonempty set, b > 1 a real number, * a continuous t-norm, and Mgy,
be a fuzzy set on Y X Y X [0, 00). Then, Mgy, is called fuzzy rectangular b-metric, if, for any &,x € Y
and all distinct points 0, % € Y\(9, %}, the following requirements are fulfilled:

(1) Mgp(,%,0) =0 fort =0;

(2) Mgy(D,%,t) = 1 if and only if & = » for all t > 0O;

(3) Mgp(9,2,1) = Mgy,(%,9,1); 3 3

(4) Mgy,(9,%,b(t +1 +1")) > Mgy(9,9,1) * Mgy, (9, %, 1) * Mgy (32, %,1t") forall t,t', 1" > 0;
(5) Mgp(P,x,.) : (0,00) — [0, 1] is left continuous and tlglolo Mg, (9, %,t) = 1.

Then, (Y, Mgy, *, b) is known as a fuzzy rectangular b-metric space.

Furthermore, researchers discovered that in cone metric spaces, rational type contraction is
meaningless because of vector division. As a consequence, some results are not applicable to cone
metric spaces. To deal with this issue, Azam et al. [6] proposed complex valued metric spaces as a
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novel setting of metric fixed point theory in 2011. Rather than using the set of positive real numbers
as a foundation set, they utilized the set of complex numbers as a partial structural ground set. The
researchers obtained fixed point findings that met rational contraction and explored their significance
in this scenario. For more recent fixed point results, refer to [1-4,15,16,20,26]. The relevant concepts
and results will be essential in what proceeds, in accordance with Shukla et al. [25].

The complex number over the field of real numbers is denoted by C. Let P = {(c,d) : 0 < ¢ <
00,0 < d < oo} C C. §and [ are used to represent the elements (0, 0), (1, 1) in P, respectively. Define a
partial ordering < on C by #; < t, (or equivalently, #, > t;) if and only if 1, —#; € P. We write t; < 1,
(or equivalently, 7, > t;) to indicate Re(t;) < Re(t,) and Im(t;) < Im(t;). The sequence {t,} is said to be
monotonic with respect to < if either 7, < t,,, foralln e Nort,,, <t, foralln € N.

The closed unit complex interval is defined as I = {(¢,d) : 0 < ¢ < 1,0 < d < 1}, as well
as the open unit complex interval I, = {(c,d) : 0 < ¢ < 1,0 < d < 1} and Py, represents the set
{(c,d) : 0 < ¢ < 00,0 < d < oo}, respectively. It needs to be noted that 7,7, € C,#; < t, if and only
if t, —t; € Py. For A C C, if there is an element infA € C such that it is a lower bound of A, that is
infA < cforall c e Aandd < infA for every lower bound d € C of A, then infA is called the greatest
lower bound or infimum of A. In the same way, we define supA, the least upper bound or supremum
of A, in the regular manner.

Remark 1.4. [25] Lett, € P for alln € N. Then

(i) If the sequence {t,} is monotonic with respect to < and there exist y,6 € P such thaty <t, <9,
forall n € N, then there exists at € P such that lim t, = t.

n—oo

(ii) Given the partial ordering < is not a linear (total) order on C, the pair (C, <) is a lattice.
(iii) If A C C is such that there exist y,0 € C withy < c6 for all c € A, then infA and supA both exist.
Remark 1.5. [25] Let t,,t,,9 € P for all n € N. Then

(i) Ift, < t, < lforalln € Nand lim t, = [, then lim ¢, = [.

n—o0o n—oo

(ii) If t, <V foralln e Nand lim t, = x € P, then x < .

n—oo

(iii) If 9 < t, foralln e Nand lim t, = x € P, then 9 < x.

n—oo

Shukla et al. [25] pioneered the idea of complex fuzzy set and complex valued z-norm which is
presented below.

Definition 1.6. [25] Let Y be a nonempty set. A complex fuzzy set M is characterized by a mapping
with domain Y and values in the closed unit complex interval 1.

Definition 1.7. [25] A binary operation = : [ X I — [ is called as complex valued t-norm if for all
t, 4, h, t3,t4 € I, the following requirements are met:

(l) *(tl’IZ) = *(tZ’ tl);
(ii) (11, *(f2, 13)) = *(x(t1, 12), 13);

(iii) (11, 1) < =(t3, t4) whenever t| < t3,t, < 1.
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(iv) tx0=0,txl=1

Example 1.8. [25] Let the binary opertions 1, %,,%*3 : I X I — I is defined for all t; = (cy,d,),t, =
(c2,dy) € I by

(i) 11 1 1y = (c1¢2, didr);

(ii) t| %y t; = (min{cy, c2}, min{d,, d,});
(iii) t; %3 1, = (max{c; + ¢, — 1,0}, max{d, + d, — 1,0}),
then i, %, and %3 are complex valued t-norms.

Shukla et al. [25] recently proposed a novel idea of complex valued fuzzy metric spaces, specifying
numerous associated topological properties for complex valued fuzzy metric spaces. Furthermore,
they developed and studied the fuzzy form of the well-known Banach contraction principle in several
perspectives.

Definition 1.9. [25] Let Y be a nonempty set, = a continuous complex valued t-norm, and Mg a
complex fuzzy set on Y? x Py fulfills the following criteria:

(1) 0 < Mg(3,2,1);

(2) Mg(P,x,t) = lif and only if & = x for all t € Py;
(3) Mg(D,2%,1t) = Mc(x, 0, 1),

(4) Ms(9,9,0) * Ms(D,%,1") < Ms(9, 2,1 +1);

(5) Ms(9,x,t) : Py — I is continuous

forall 9,%,9 € Y and t,t € Py. Then (Y, Mg, ) is said to be complex valued fuzzy metric space and
Mg is called a complex valued fuzzy metric on Y. The degree of closeness among two points of Y with
regard to a complex parameter t € Py can indeed be considered as a complex valued fuzzy metric.

Example 1.10. [25] Let (Y,d) be a metric space. The complex fuzzy set Mg and * be defined by

Me(9,%,1) = e+fit,£9’,,) and 1y * 1y = (e1e, f1/2), for all 9,x € Y, t; = (ey, f1).1n = (e2, o) € 1,

t = (e, f) € Py. Then (Y, M, %) is a complex valued fuzzy metric space.

Theorem 1.11. [25] Let (Y, Mg, *) be a complete complex valued fuzzy metric space and T : Y — Y
be a mapping such that

[ = Me(TO, Tx,t) L k[l — Mc(3,%,1)], forall 9,x € Y,t € Py,

where 0 < k < 1. Then T has a unique fixed point in Y.

Demir [10] introduced the theory of complex valued fuzzy b-metric spaces, relying on the results
of Shukla et al. [25]. In the setting of complex valued fuzzy b-metric spaces, he delved into various
topological aspects and established several fixed-point theorems.

Definition 1.12. [10] Let Y be a nonempty set, b > 1 a given real number, * a continuous complex
valued t-norm, and Mg, a complex fuzzy set on Y* X Py fulfills the following criteria:
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(1) 0 < Mgp(9, %, 1);

(2) Mgy(D,%,t) = Lif and only if ¢ = x for all t € Py,
(3) Mgp(9,%,1) = Mgy(2,9,1);

(4) Mgy, 9,1) * My, %, 1') < Mo (93, %, b(t + 1'));
(5) Mgpy(9,%,1) : Pg — 1 is continuous

for all 9, x, deYandt,t € Py The quadruple (Y, Mgy, *, b) is called a complex valued fuzzy b-metric
space and Mgy is called a complex valued fuzzy b-metric on X.

On the other hand, the kinematics of numerous complicated and transient systems can be modeled
using fractional differential equations. They can be found in a wide range of scientific and engineering
disciplines, including physics, chemistry, biology, biophysics, economics, control theory, signal and
image processing, and so on. Fractional derivatives are very useful for modelling nonlinear systems
that describe a variety of phenomena. The widespread use of FDEs in engineering and science has
resulted in a huge increase in research in this area everywhere across the world.

Meanwhile, mathematicians assert that a complex structure and processes cannot be explained by
a single differential equation. As a result, coupled systems with fractional differential equations have
garnered considerable attention, and a lot of work has gone into studying. The analysis of coupled
systems of differential equations of various orders is particularly important since this this sort of system
emerges in a plethora of applied applications; see [7,11,14,23,27,28] and the references given therein.
The implicit FODEs are a kind of differential equation that is crucially significant. Several researchers
have investigated on implicit equations; see [5,9, 18,22, 24] and the sources referenced therein for
more information. Various fixed point methodologies have been used by many authors to extrapolate
the preceding results to the ensuing equations.

Though there are only limited results in a fuzzy version of complex valued metric spaces, the
eventual goal in this manuscript is to embrace the concept of a complex valued fuzzy rectangular b-
metric spaces and illustrate various fixed point and coupled fixed point results. Ultimately, we delve at
the existence and uniqueness of a coupled system of nonlinear implicit fractional differential equations,
as seen below.

DVHt) = x1(t, %(1), D" Ht) =0t € T

Dn(t) = x2(t, 1), Dx(t)) = 0;t € I

O)i=0 = —®)l;=u, ﬂ/(l‘)hzo = _ﬁ,(t)lt:U’ ﬁ”(t)|t:0 = _79”,(t)|t:U’
1#()li=o = =#(Dli=u» %" Oli=0 = =" Oli=u, %" (Oli=0 = —%"" (O)li=u,

where 3 < w,z < 4,7 =[0,U] with U > 0. The functions y, x> : J X R X R — R are continuous.
The following is a description of the manuscript’s structure: In Section 1, we provide some essential
facts that will be used to explain our primary results. Section 2 presents the concept of a newly
developed metric space, namely complex valued fuzzy rectangular h-metric spaces, as well as an
important lemma for the metric defined is proved. In Section 3 and Section 4, various new and
interesting fixed point and coupled fixed point results are illustrated. In Section 5, we establish some
necessary conditions for the Green’s function of the proposed Implicit FODE’s. Under the appropriate
conditions, we explore the existence theory as well as uniqueness of solutions to the stated problem

(1.1)
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in (1.1) respectively, by applying our coupled fixed point theorem derived in the previous section. The
conclusion of the work is presented in Section 6.

2. Main results

The idea of complex valued fuzzy rectangular b-metric spaces (or simply CVFRb-MS) is presented
in this main section, together with an example and a fundamental lemma for the underlying metric.

Definition 2.1. Let Y be a nonempty set, b > 1 a given real number, * a continuous complex valued
t-norm, and Mg a complex fuzzy set on Y? X Py fulfills the following criteria:

(1) 0 < Mg(,x,1);

(2) Mg(9,%,t) = lif and only if & = x, for all t € Py;

(3) Mg(P,x,t) = Mg(2,,1);

(4) Mg(9,0,1) * Mg(D,5%,1') * Mg(%,%,1") < Mg(3,2,b(t + 1 +1"));
(5) Mg(,x,t) : Py — I is continuous

for all t,t',t" € Py, O,x € Y and distinct 9% € Y\{9,%). The quadruple (Y, Mg, *,b) is called a
complex valued fuzzy rectangular b-metric space and Mg is called a complex valued fuzzy rectangular
b-metric on X.

Example 2.2. Let Y =Nand Mg : Y X Y X Py — I be given by

(-2

Mg(D,%,1) = e = |

forall 9,x € Y,t = (c,d) € Py. Define * by a; * a, = (c\ca2,d dy) where ay = (c1,dy),a; = (c3,d,) € 1.
Then (X, Mg, =, b) is a complex valued fuzzy rectangular b-metric space with b = 3.

Example 2.3. Let Y = N and the function R, : Y X Y — R such that Ry, is defined by

0, ifdP=ux
ﬂb(ﬂ,%) = 4-x7 l‘fﬁ’% € {1’2}’19 F
x, ifvorx¢{l,2}and % # x

where x > 0. Then (Y,R,) is a rectangular b-metric space with b = %. Let Mg : Y?> X Py — I can be
defined as

_ef .
Mg (9, %, 1) = {ef+R1;(ﬁ,x)l’ ift e Py

0, ift=40
where t = (e, f) € Py and t| x t, = (min{ey, fi}, min{es, f>}) for t; = (ey,e2),t, = (f1, f2) € 1. Hence
(X, M,, %) is determined as a complex valued fuzzy rectangular b-metric space with b = %. The first,

second, third, and fifth conditions of Definition 2.1 are all factually true. Consider the following for
any 9,x € Y and t = (ey, f1),t' = (ez, f5) and t” = (es, f3) to illustrate the forth condition

Yer+terte)fi+ i+ f)
e +er+e)(fi+ fr+ f3)+ R(9,%)

4
My(9, 2, b+ +1") = M(0. 2. 5 ((e1, fi)+(ex, f)+(es. 1)) =
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Ford=1,x=2
Hea+ea+e)fi+ o+ fr)
Her+er+e3)(fi+ L+ f3) + R(1,2)
Yer+erte)fi+h+f)

%(61 teyte)(fi+ ot f3)+4x
4x

Mg(1,2,b(t+1 +1")) =

=[- L
Her+er+e)(fi+ o+ f3) +4x
In a related manner, we can see that
eifi X erfs X
Mg(1,3,1) = I=1- I, Mg@3,4,¢) = [=1- ,
R( ) eifi +x etfi+x R ) erfr+x erfro+x
17 €3ﬁ X
Mgp(4,2,1") = ——[=1[- l
R ) esfs +x esfs +x
As a consequence, for all t,t',t" € Py, we get
Mg(1,2,b(t + 1 + 1)) = [ - - ha !
et +ex+e)fi+ o+ f5)+4x
= - - a /
ser+et+e)fi+ it fi)+x
>1— [
€1f1 + X
- M3, = (S Al )
€1f1 + X elfl + X
Likewise, it can be proven that
Mg(1,2,b(t +1 + 1)) > Mg(3,4,7) = (e jf{i - - jf]ji x)
22 22
and Mg(1,2,b(t + 1 +1")) > Mg(4,2,1") = (e jfﬁ .- jj]i x).
3J3 3J3

As a result, it follows that

M’R(l,z’b(t-i_t +1 )) z (min{elfl +x €2f2 +x e3f3 +x

_[_efi e fi i erf erf . esfs esfs
eifi+x efi+x erfr+x erfo+x esfs+x esfs+x
= Mg(1,3,1) * Mg(3,4,1) * Mg(4,2,1").

The subsequent cases can be checked in the same way. Hence, for all t,t',t” > 0
Mg(9,%,b(t +1 + 1) = Mg(¥,0,1) * Mg(9,%,1) * Mg(%,%,1").

Therefore (X, Mg, *) is a complex valued fuzzy rectangular b-metric space.

e1fi erfa esf3 }mzn{ e fi erf2 esfs

eifi+x erfo +x esfs +x

})
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Example 2.4. Let Y = U U W, where U = {,ll :n € Nyand W = N. Define Mg : Y X Y X Py — [ so
that Mg(, %, t) = Mg(x, 9, t) for all 9,% € Y and

I ifo=un
Mg(D,%,t) = Wlmgl, ifdeUxe{6,7}, orde{6,7},xecU
Cﬂlﬂzl, otherwise

where t = (c,d) € Py. Define * by a, * a, = (c\c2,d dy) where ay = (c1,dy),a, = (c2,d) € 1. Then
(X, Mg, *,b) is a complex valued fuzzy rectangular b-metric space with b = 5. However, we can infer
that (X, Mg, *, b) is not a complex valued fuzzy b-metric space, because fort = (1,2) and t' = (1,3),
we have

L) L
MR(E’ §’b(t +t )) = MR(Z, 3,5((1,2) + (1,3)))
= MR(%, %, (10, 25))

= (0.027,0.027)

11 11
0.033,0.033) = Mg| =, —, (1,2) | * Mg| -, =, (1,3)].
<( ; ) R(24( ))* R(43( ))

Lemma 2.5. Let (Y, Mg, *,b) be a complex valued fuzzy rectangular b-metric space and t,,t, € C. If
1 < tp then Mg(9, %, 1) < M(ﬂ,%,btz)fOV all ¥, » € Y.

Proof. Lett,,t,,t3 € P such that t; < t3 < t,. Therefore 13 — t; € Py and t, — t3 € Py so we have for all
hrxey,
Mg, %, 1) = 1= 1« Mg(9,2,1,)
= Mg(3, 9,13 — 1) * Mr(9, 0,1, — 13) * Mg(D, %, 1)
> Mg(®, %, bty).
O

Definition 2.6. Let (Y, Mg, =, b) be a complex valued fuzzy rectangular b-metric space. An open ball
B, r, t) with center ¥ € Y and radius r € Iy, t € Py is defined as

B, rt)y={x e X :l—r < Mg(l,x,t)}. 2.1

Definition 2.7. Let (Y, Mg, *) be a complex valued fuzzy rectangular b-metric space. A sequence {1},}
in Y is said to be

(1) convergent, if for every r € Iy and t € Py, there exists ng € N such that for all | — r < Mg(%, «, 1).
We denote it by lim ¢, = 4.

n—oo

(2) Cauchy if for every t € Py, lim inf Mg(1,, 3, 1) = L.

—00 m>n

(3) (Y, Mg, =) is called complete CVFRb-MS, if every Cauchy sequence in Y converges to some ¢ in Y.
We exclude the proof of the next lemma as it is similar to arguments of [25].

Lemma 2.8. Let (Y, Mg, *,b) be a complex valued fuzzy rectangular b-metric space. A sequence {1,}
in Y converges to 9 € Y if and only if lim Mg(%,,9,t) = [ holds for all t € Py.

AIMS Mathematics Volume 7, Issue 6, 10867-10891.
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3. Fixed point theorem on CVFRb-MS

Theorem 3.1. Let (Y, Mg, *,b) be a complete complex valued fuzzy rectangular b-metric space and
P :Y = Y be a mapping that fulfills the criteria

1
[ — Mg(PD, P, Bt) < E(l - A, %, 1),V9,x € Y and t € Py, 3.1

where 5 € (0, 1) and

2Mg(3, P, bt) (I + Mg(, %, 3b*t))
[+ Mg (1, P9I, bt) ’
2Mg(3, P, bt)(Il + Mg(x, P>, 3b*t))
[+ Mg(%,Px, bt) ’
Mg(9, P?x, 30 1) Mg (%, P>, bt)
Mgz(9, PO, bt) « Mg(x, Px, bt) * Mg(Px, P?x, bt)}'

A@, %, 1) = max{Myg(ﬁ, %,3b°1),

(3.2)

Then P has a unique fixed point in Y.

Proof. Let 9 € Y be the starting point for a sequence {},,} where #, = P, for all n € N. Suppose,
for the sake of generality ¢, # #,.1, Vn > 0. Using Eq (3.2) and Lemma 2.5, we obtain

[ = Mg(@ns1, Ons2, B1) = | = Mg(P G, PO, B1)
2Mg(0, PO, )L + Mg(D,, i1, 30%1))
[+ Mg(3,, P9, bt) ’
2MR (11, Pusrs O+ MR(9011, P>, 3b°1))
[+ Mg(0s1, PO, bY) ’
MR8, P*F i1, 30> DM (B 11, P> S, 1)
Mg, Py, bt) 5 Mr(Bs1, POs1, b1) % Mr(PF i1, P01, b1) })

1
< E(l - max{MR(ﬁn, Fnit, 30°1),
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2MR(0y, Oi1, O + Mg(9y, 0141, 30°1))
[+ Mg(9,, 31, bY) ’
2MR( D41, Dusas DO+ Mg(Dy41, s, 3670))
[+ Mg(0p41, D s2, DY) ’
Mg( D, 043, 30> Mg (9,11, 92, b1)
Mg, Oni1, bE) % Mr(D i1, Oni2, 1) 5 Mg(9 12, Uns3, bY) })
2Mg(B, i1, DO+ Mg(, 341, DY)
[+ Mg(3,, 041, bE) ’ 3.3)
2MR( @11, nsa, DO+ Mg(D 111, G142, DY)
[+ MR(ﬂnH, ﬁn+2, bt) ’

Mﬂ(ﬁna ﬂn+39 bt)M‘R(ﬂrHl, ﬂn+2’ bt) })
MR(ﬂrH ﬂn+17 bt) * M’R(ﬁn+l7 ﬂn+2’ bt) * M’R(ﬁn+2, 0n+37 bt)

1
= E(l - maX{MR(ﬂna ﬂn+l’ 3b2t)9

1
< E(Z - maX{MR(ﬂn, Byi1, b),

1
< E(l - maX{MR(ﬂn7 19‘}'l+19 bt)a M‘R(ﬂn? ﬁn+l’ bt), Mﬂ(ﬂn+l7 19”+2, bt)7 Mﬂ(ﬂn+la ﬂn+29 bt)})

<l- maX{M‘R(ﬁna ﬁn+l’ bt)’ Mﬂ(ﬂn’ ﬁn+1a bt)a M‘R(ﬁrwla ﬂn+29 bt)a M’R(ﬂn+la ﬂn+2’ bt)}

This results in
Mg(D i1, Ops2, 1) = max{Mg(P,, 311, bt), Mr(F i1, Faa, 1)} (3.4)

If max{Mg(8,, Ie1, b1)s MR 1, Fus2, O] = Mp(D o1, D2, bi), then
Mg(D11, Fpsa, Bt) = Mg(D,41, 0,12, bt) which ends in a contradiction by Lemma 2.5. Hence

Mﬂ(ﬁ‘n+laﬂn+2’ﬁt) z Mﬂ(ﬁ'n’ ﬁn+labt)' (35)
Since Bt < t, by Lemma 2.5, we get Mg(3,,11, 12, bt) = Mg(,41, P42, Bt). Then Eq (3.5) becomes
MR(ﬂn+1 ’ ﬂn+27 bt) Z MR(ﬂn+] s ﬂn+29ﬁt) Z MR(ﬁl’la ﬂn+] ’ bt) (3.6)

which ylelds MR(ﬂn+l9ﬁn+29 bt) z MR(ﬂ}’u ﬁn+l’ bt) i-e" Mﬂ(ﬁn+l’ﬁn+2’ t) z MR(ﬂn’ ﬁn+la t) NOW, let
&, = Mg(3,, 9,41, 1), we shall prove that lim &, = [. We have, by definition

[ & 26 2 6. (3.7)

As aresult {£,} 1s a monotonic sequence in P, and by employing Eq (3.7) and Remark 1.4, there is an
element [ € P such that
limé, =1. (3.8)

n—oo

Inequality (3.3) gives

1
l - Mﬂ(ﬁn+la ﬂn+2’ﬁt) < E[l - maX{MR(ﬂna ﬁn+l’ t)a Mﬂ(ﬂrﬁla ﬁn+2’ bt)}]

(3.9)
1, 1
= [ 1= S|l 5 Mr(@r, O, bt) < Mg, 0,12, 1) < Mg, Oraa, b).
Taking limit n — co, we arrive at
1 ,
[1 —E](l—l)ﬁe. (3.10)
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As ; < 1, we get [ = I', by utilizing Remark 1.5. Thus

lim &, = 1. (3.11)

n—oo
Consider

l - Mﬂ(ﬂn+1’ ﬂn+3’ﬁt) = l - M’R(Pﬁna P0n+2’ﬁt)
2MR(D s Dsr, O+ Mg(D,, O12, 30°1))
[+ MR(ﬁnaﬁnH,bt) ’
2MR(D42, a3y DO+ Mg(9 12, Fs2, 36°1))
[+ Mg(Pi2, 043, b) ’

M’R(ﬂn’ ﬁn+4a 3b2t)M7€(ﬁn+2’ ﬁn+29 bt) })

1
< E(Z - maX{MR(ﬁn, Fpins 30°1),

Mﬂ(ﬁn’ ﬁn+1’ bt) * Mﬂ(ﬂn+2’ 19n+3a bt) * Mﬂ(ﬁn+3, ﬂn+4a bt)
1
< E(l - maX{MR(ﬁna ﬂn+l’ bt) * Mﬂ(ﬁrﬁla ﬂn+37 bt) * Mﬂ(ﬂn+3a ﬂn+29 bt)9

2M’R(ﬂn9 ﬁn+la bt)(MR(ﬁna ﬂn+1’ bt) * Mﬂ(ﬁn+la ﬂn+3’ bt) * Mﬂ(ﬁn+3a ﬂn+27 bt))
[+ Mﬂ(ﬁna ﬂn+15bt) ,
2lM‘R(ﬁn+2, ﬂn+3a bt) M’R(ﬂn, ﬁn+1a bt) * M‘R(ﬁn+l, ﬂn+3a bt) * M‘R(ﬁn+3’ ﬂn+4a bt) })
[+ M‘R(ﬁn+2a ﬂn+3’ bt) ’ M‘R(ﬂn’ ﬁn+1a bt) * Mﬂ(ﬁn+2’ ﬂn+3a bt) * Mﬂ(ﬁn+3’ 19n+4a bt) .

(3.12)
Passing the limit n — oo in the last inequality, we get
1
[ - lim M‘R(ﬂrﬁl’ ﬁn+3,ﬁt) < B(l - maX{ lim MR(ﬂn+l’ ﬁn+39 bt)9 lim MR(ﬁn+l9 19',“_3, bt)’
n—o0 n—o0 =0 (3.13)

L 1im MR(Je1, Be3, b1)}).

If max{lim Mg(%,+1, %43, bt), [} = [, then the inequality (3.13) becomes lim Mg(3,.1, 43, bt) = 1. 1If

n—oo n—oo

max{lim Mg(3,.1, 43, bt), [} = lim Mg($,+1, P43, bt), inequality (3.13) then implies

1
[ - lim MR(ﬁn+l’ ﬂn+3a bt) <[l-lim MR(ﬁn+l9 ﬁn+3aﬁt) < E[l — lim M’R(ﬂn+la ﬂn+39ﬁt)]

n—oo

= |1- %]1 +[1- %]gi_)r?o Mg(S i1, Oz, BE) < 6.

As i < 1, we get lim Mg(%,,1, 3,43, bt) > 1. Thus in both the cases

lim Mg(9,+1, Fni3, bt) = L. (3.14)

n—oo

To verify that {,} is Cauchy, define R, = {Mg(#,,3,,t) : m > n} C I for n € N and fixed ¢ € Py.
Because 6 < Mg(9,,9,,t) < [, for all n € N, the infimum exists, by utilizing Remark 1.4. Consider
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Mg(3,, 9, 1) in 2 cases. For odd m, we get

Mﬂ(ﬁna ﬁm, t) z M‘R(ﬂna ﬁn+1’ i) * MR(ﬂn+l’ ﬂn+2’ i) * Mﬂ(ﬂn+25 0ma i)

3b 3b 3b
> Mﬂ(ﬁn, IR é) * MR(ﬂnH, Dni2s é) kLK Mﬂ(ﬂm—3, V-2, (3b)+21)

t t
* Mﬂ(ﬂm_z, ﬂm—l’ W) * Mﬂ(ﬂm_l, ﬂm, W)

For even m, we get through using the rectangular inequality

M@ o) = M(Bs B 52) % (B2, O3, 57) 5 MBI 5 )
> Mﬂ(ﬁn, Pi0, 3Lb) % MR(ﬂ,H,z, 19"+3, 3ib) *...% Mﬂ(ﬂm_& T2, (3b)lm_g_2 )

t t
* M‘R(ﬁm—Z’ D1 W) * Mg(D-1, Dy W)

Thus for all m, it follows that lim inf Mg(¥,, 3, 1) = [ 1 ... =1, by using Eqs (3.11) and (3.14),

n—oo m>n

respectively. Hence

lim inf Mg(3,, 3, t) =1, forall t € Py. (3.15)

n—oo m>n

Thus we have proven that {#,} is a Cauchy sequence in Y. Due to the completeness of Y and
Lemma 2.8, there is an element I € Y such that

lim Mg(9,,9,t) = [ for all t € Py. (3.16)

For any t € Py and for n € N, we deduce using Eq (3.1) that

[ - Mg(P0,. PV, #) < 1= Mg(P9,. P, %)

2MR( D, Firs 351+ Mg(D,, 9, 1))
[+ Mg(0y, Fni1, 35) ’
2MR(I, PO, L)1+ Mg(®, D12, 1))
I+ Mg(®, P9, &) ’
Mg(D, P>, ) Mg(S, I 12, 55)
Mg, Opi1, 55) * Mr(D, P, 57) * Mr(PF, P, ﬁ)})

1
< E(Z - maX{MR(ﬁn, 0, 1),
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Mg( @, Opi1, 35)(L+ Mg(D,,, 9, 1))
[+ Mg, Oi1, %)
2Mz (3, P9, 3ib)(l + Mg(®, 040, 1)
[+ Mg(d, P9, %) ’

b

1
< E(Z - max{MR(ﬁn, 0, 1),

t
MR(ﬂrn Pzﬂ, t)MR(ﬂ9 ﬂn+2’ %)})

Mg( @, D1, 35)L + Mg(D,, 9, 1))
[+ M@ Oprs %)
2MR(I, PO, 1)1+ MR(®, D112, 1)
[+ Mg(9,P0, %) ’

<[- max{MR(ﬂ,,, 9,0,

t
M’R(ﬂn’ pZ,ﬂ, t)M‘R(ﬂ’ ﬂn+2a %)}

Thus, we get

Mg, Opets 35)1L + Mg(9,, 9, 1))
I+ Mg(0, O i1, 37) ’
2MR(S, PO, L)1+ Mg(, D112, 1))
I+ Mg(9, P9, L)

t
Mg(P,. P, @) > maX{Mﬂ(ﬂn, 9,1),

t
s MR(ﬁna Pzﬂa I)Mﬂ(ﬁ'a ﬂn+29 %)}

(3.17)
Finally, for any ¢ € Py, we have
t t t
My(®. P00 = My(9. 9. 57) * My(0. Py, 57)  Me(PD,. PO, =)
t t
= Mg(8, 0, =) 5 M8 PO, )
Mg, O i1, )+ Mg(S,, 9, t 3.18
maX{MR(ﬁn,ﬂ, . R( 1> 35)( RE ))’ (3.18)
[+ MR(ﬂn, 0n+]a 3_]7)

ZMR(09 Pﬂa i)(l + Mﬂ(ﬁ9 ﬁn+25 t))
I+ Mg(@. P9, %)

t
’ MR(ﬂrn Pzﬂ, t)MR(ﬂ, ﬂn+2’ @)}

Taking limit n — co, we get

2MR(3, PI, 35)(1 + 1)
21

Mg(9, PO, 1) > [ % [ = max{z, I, , Mg(, P20, t)} =1

As aresult, we get Mg(¢, P, t) = [ for all t € Py, i.e., P = . Suppose that x is an another fixed point
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of P and there exists r € Py with Mg(9, %, t) # [, then

[ — Mg(®,%,Bt) = 1 — Mg(PI, Px, Bt)
2Mz(3, PO, bt)(l + Mg(, %, 3b°t))
[ + Mg(%, P9, bt) ’
2Mg (%, P, bt)(l + Mg(x, P>, 3b°t))
[+ Mg(x, Px, bt)
Mg(9, P*, 3b* 1) Mg (2, P>, bt)
Mg(9, PO, bt) * Mg(%, P, bt) * Mg(Prx, P2x, bt)
21 (1 + Mg(9, %, 3b°1))

< —

1
- [ — max{MR(ﬁ,%,?)bzt),

’

1

I+1 ’
201+ Mg(x,9,3b°t)) Mg(3, %, 36> )Mz (%, 9, bt)
[+1 ’ Ix]x]

<1l- max{MR(ﬁ, %,3b°t), Mr(9, %, 3b%1), Mg(%, O, 3b*1),

Mg(9, %, 3b*1) Mg(x, 0, bt)}.

Therefore
Mg(9, %, 8t) > max{Mg(, %, 3b*t), Mr(9, %, 3b°t) Mg (%, 9, bt)) (3.19)
= Mg(9, %, 3b%0), '

which ends in a contradiction, according to Lemma 2.5. Therefore ¢} = x is the unique fixed point
of P. i

4. Coupled fixed point theorems on CVFRb-MS

Theorem 4.1. Let (Y, Mg, *,b) be a complete complex valued fuzzy rectangular b-metric space and
P :Y = Y be a mapping that fulfills the criteria

[ — Mg(P, %), P@D, %), 1) < BU — A, %), (D, #%),1)), YD, %), D, %) € Y XY and t € Py, 4.1)
where € (0, 1) and

(I + Mg(9, 9, 3b0))(1 + Mg(I, P(I, ), 3b1))
Mg, P, %), 1) ’
(I + Mg(x, %, 3bt)(I + Mg(x, P(x, ), 3bt))
Mg(, P(xe, 9), 1) }

A, %), (9, 7),1) = maX{MR(ﬂ, 9, 3bt), Mg(x, %, 3bt),

4.2)
Then P has a unique coupled fixed point of the form (9, %) which satisfies PO = (9,D).

Proof. Let (¥, %) € Y and define two sequences {1},} and {x,} by the iterative approach as
D1 = P, 24), 01 = P, 3y) forall n € N.
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Suppose, for the sake of generality 3, # 9,1, Yn > 0. Due to Eq (4.2) and Lemma 2.5, we get

[ - Mﬂ(ﬂn+la ﬁn+2, t) =1~ MR(P(ﬂna %n)’ 7)(19,“_1, %n+1)7 t)
< B(1 = max{Mg(8y, 91, 3b0), M(stn, %11, 3b0),
(L + MR, D1, 360)1 + MRy, D11, 3b1))

MR(ﬁn’ 7.9"+1, t) ’
(l + MR(%na Xn+1s 3bt))(l + MR(%n’ Xn+l, 3bt)) }) (43)
MR(%n’%n+l’ t)
< B(1 - max{Mg(@,, D1, 1), MOts %1, 1), (s D, 1),
MR(%n’ %n+1’ t)})
< 1= max{Mg(, 91, 1), MGt 211, 1)},
which gives
MOyt B, 1) = max{ Mgy, Oir, 1), Mg(ot, %oer, ). (4.4)
Similarly, we can find
[ - M‘R(%n+19 Xn+2, t) <Il- maX{MR(ﬂn’ ﬂn+1a t)a MR(%n’ Xn+ls t)}, (45)
which is equivalent to
Mg (%1, Hns2s 1) = maX{MR(ﬁm D1, 1), Mr(% 0, %415 1)}- (4.6)

Combining Eqs (4.4) and (4.6), we get ¢,..1 > ¢, for all n € N, where
¢ = maX{MR(ﬁn,ﬁnﬂ,t), MR(%n,%nH,t)}- By definition, we have I > ¢,.; > ¢, > 6. Thus {¢,} is a
monotonic sequence in Y and hence by Remark 1.4, there exists [’ € Py such that lim ¢, = I’. From

inequality (4.3) and (4.5), it implies that o
(L =B+ B < Pns1- 4.7)
Letting limit n — oo and by employing Remark 1.5, we get [ = [’. Thus
lim ¢, = L. (4.8)

n—oo
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By considering the inequalities (4.4) and (4.6), we find

[ = Mg(@i1, Di3, 1) = L = MR(P (G, %), P(Dns2, %042), 1)
< B(1 - max{Mg(8,, 9,112, 3b1), Mg(ot,, #02, 3b1),
(I + Mg, 042, 300))(I + Mg(9, 941, 3D1))
Mg, D1, 1) ’

(I + Mg(3, %42, 3b0))L + Mg (2, %11, 3bt))})
MR(%n’ Xn+1, t)

< ﬁ(l - maX{M'R(ﬂn’ ﬁn+1a t) * Mﬂ(ﬁrﬁl, ﬂn+3a t) * M’R(ﬂn+3’ ﬂn+2a t),

Mg (2, 2001, 1) % MR(41, %043, 1) % Mg(%,43, %10, 1),
(Mg, Dpi1, 1) % Mr(D i1, Fni3s 1) % Mr(43, Di2, DIMR(D 5, i1, 301)
Mg(D 4, i1, 0)
[Mg (%, %11, 1) % MR(% 11, %435 0) % MR(%043, %012, DIMR(0, %0115 3191)})
Mg, i1, 1)

< B(1 = max{Mg(®, 9.1, 1) % Mgt Drs3, 1) * M3, Oz, 1),

MR(%I’H %n+1 > t) * MR(%n+1a %n+39 t) * MR(%H+37 %n+25 t)})
< ﬁ(l - max{maX{MR(ﬂn—l’ 29,1, t)’ MR(%n—h %n, t)} * MR(ﬁn+l’ ﬂn+3a t)
* Max{Mg(D12, Fni1, 1), MR(% 12, %ps1, D},
maX{M‘R(%n—l, %n, t), M‘R(ﬂn—l, 0na t)} * M‘R(%n+la Xn+3, t)

i+ Max{Mg(tn2, %ns1, £)s Mg 12, O, D))

4.9)
By taking a limit on both sides, we arrive at

= T Mg(@.1, B43,0) < |1 = im max{Me(ner, 23 0, MR s1, Bras, D)

= (1 -pl+ ﬁr}l_)f{)lo max{Mg(%n+1, %135 1)y MR(G 11, Fni3, D} < r}l_)f{}o Mg(D11, Fns3, 1).
Likewise, we can prove

(1 =Pl + B lim max{Mg(n+1, %3, s MR r1, Tz, D} < M Mg(tnir, %43, 1),

n—oo

which gives
(A =pi+plim ¢, <limg,,,, (4.10)

where ¢7 | = max{Mg(%,11, %p43, 1), Mgr(D11, 943, 1)}. As B < 1, from inequality (4.10) we get
lim ¢,,, > [, forall n e N. 4.11)

To illustrate that {,} and {x,} is Cauchy, define R, = {Mg(?,,3,,t) : m > n} C [ and §, =
{Mg(%,,%,,1) : m > n} C I forn € N and fixed ¢ € Py. Due to the fact that 8 < Mg(3,,3,,,t) <[, and
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0 < Mg(x%,, %y, t) <[ forall n € N, the infimum exists by utilizing Remark 1.4. Consider Mg(3,,, ¢, 1)
in 2 cases, i.e., for both odd and even m and using Eqs (4.4) and (4.6), we get

M@ o) = M Dt 2) # MOt Dz 50) o M5, O —— )

m-n—1

(3b) 2
# Mg(0-2 Ot (319)+21) + Mg(0-1, O (319)%)
= max{Ma(n-1, O ), Ma{s-1, 0 5} 5
max{Ma( s Dt 52 ), Ma{is i1, 52} 5
M s ) M )
and
M@ o) = M(Bs B =) % (B2, O 52) o M5, O (3,9;»1—;—2 )
e M(O -2 Oy, (319);22)  M(O-1, O (31?);22)
= Ma(0 Ouizs é) e Mo sz é) ¢ M(Bs2s D, é) _—_
Mi(D-3, B2, ﬁ) e M(B2s D, (3@232 )
M(-1, O (3@%)
= max{Ma(ns Oa.2s 52), Ma{ss a2 5]+
maX{MR(ﬂn+1, D2, 3%) MR(%nH’ AR 3%)} *
max{Mg(p2, D1, #) M(n-20 71, W)}‘
In both the cases, it concludes from (4.8) and (4.11) that
i inf My(9,, 0, 1) = 15 L1 =1
Therefore, for all m,n € N and 1 € P,
lim inf Mg(8, 0. 1) = 1. 4.12)

n—oo m>n
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By following the same aforementioned steps, we get

lim inf Mg(s¢,, %, 1) = L. (4.13)

n—o00 m>n

Therefore, from (4.12) and (4.13) it is apparent that {¢},} and {x,} are Cauchy sequences in Y. Due to
the completeness of Y and Lemma 2.8, there exists elements ¥}, % € Y so that

lim Mg(3,,3,t) = lim Mg(x,,x,t) =1, for all t € Py. 4.14)
For any t € Py and for n € N, we deduce from Eq (4.1) that

[ = Ma(P (G, ), PO ), 5) < (1 = max{ M, 0,1, M(i 2.,
(I + Mg, 9, ) + Mg(9n, F11, 1))
M(Brr Brrs D)
(I + Mg(%n, 2, D)L+ Mgr(%n, %5115 1)) })
Mg (%0, ns15 3)

’

< B(1 = max{Mg(8,, 9, 1), Mgty %, 1),
M‘R(ﬁn’ ﬁ’ t) M‘R(ﬁn’ 19'”+1 s t) MR(%I’U %, t) M‘R(%n’ Xn+1, t) })
MR(ﬂn9 ﬁn+l’ i) ’ MR(%n’%n+l’ ﬁ)
< 1 = max{Mg(B,, 9, 1), Mg(ot, %, 1),
MR(ﬁna ﬂ t)MR(ﬁn’ ﬁn+l’ t) MR(%n’ ”, t)MR(%n’ Xn+ls t)}
Mﬂ(ﬁna ﬁn+1’ 3b) ’ M‘R(%na Hn+l, 3b)

(4.15)
Therefore

M@, (0,2, 1) = Ma(0 00, 57) * Ma(8ns B, 57) * M, PO, 20, 57 )

> Mg(9, 0, 3b) * Mg(0y, D1 3b)

Mg(9,, D, OMg(D,1, i1, 1) (4.16)
M‘R(ﬁna ﬂn+l’ ﬁ)

max{My(®,, 9, 1), My(otus %, 1),

M’R(%Ih x, t)M'R(%na Hn+l, t)}

Mg (%, Zni1s 55)
Taking limits n — oo, we get
Mg (D, P, x),t) = I« «max{l,[,[,1} =1,
i.e., Mg(®, P(H,x),t) = | = & = PP, x). Similarly, we can prove ¥ = P(x,1}). As a result, the pair

AIMS Mathematics Volume 7, Issue 6, 10867-10891.



10885

(4, %) 1s a coupled fixed point of £. To demonstrate (¢4, ) is a unique coupled fixed point, consider

= Mg, %,t) =1 — Mgr(P(D, %), P(x, D), 1)
(I + Mg, %,3b1))(I + Mg(F, P9, %), 3bt))

< B(1 — max{Mg(8, 2, 3bt), Mg(x, 9, 3bt), O P00 :

(I + Mg(3,9,3bt))(I + Mg(%, P(x,),3bt)) })
Mg(x, P(x,1),1)
(I + Mg(D, %, 1)) Mg(, P(3, %), 1)
Mg, P, %), 1) ’

< B(1 - max{Mg(®. . 1), Mg (2, 9. 1),

(I + Mg(e, 9, )Mg(x, P(x, D), t) })
Mg(x, P, D), 1)
< B(1 - max{Mg(8, 2, 1), Mg (¢, 9. 1), Mg(9, %, 1), M(¢, 9, 1)}).

4.17)
From the previous inequality, we can deduce

[— Mg, x,t) < ﬁ(l — Mg(9, x, I))
=1 -Bl-1-B)Mg(?,x,1t) <6.

As B < 1, we get Mg(P,%,1) > 1, i.e., Mg(F,%,t) = [ which implies ¢ = ». Hence (7, ) is a unique
coupled fixed point of P. O

Theorem 4.2. Let (Y, Mg, *,b) be a complete complex valued fuzzy rectangular b-metric space and
P : Y — Y be a mapping that fulfills the criteria

[ = Mg(P@. ), P, 7),1) < B(I - max{Mg(8, . 1), Mg (2¢, %, 1)}), (4.18)

for all (9,%),(,%) € Y xY and t € Py and 8 € (0,1). Then P has a unique coupled fixed point of the
form (&, 3) which satisfies PY = (9, 9).

5. Existence and uniqueness results for (1.1)

In this section, we examine at if a coupled system of nonlinear implicit fractional differential
equations (1.1) exists and if it is unique. For a more extensive discussion of the problem’s origin,
the reader might refer to [27]. We prove the existence of solutions to problem (1.1) utilising our
deduced fixed point theorems. Let ¥ = {J()|[¢ € C(J)} be a Banach space with the property of
having a norm defined as [|¥||y = max,c4|J(#)|. Correspondingly, over the product space, the norm is
1@, 2)lyxy = 19y + [la¢lly-

In the context of Lemma 5 in [27], the solution of the given system (1.1) is analogous to the
subsequent integral equations,

U
9(t) = f G, (t, $) x1(5,%(s),C D" 9(s))ds, t € J,
0 5.1)

U
x(t) = f G.(1, 5) x2(5,9(5), D*%(s))ds,t € J,
0
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where G,, and G, are Green’s function given by

(U=-9""" | (U=20U-5""2 .

G, (t s) {_ 2l (w) + Ar(w-1) fo<t<s<U
(="' —(U=g)""1/2  U=20T-5"2 .

) + e f0<s<r<U
_U-s | U-2n(U-s) 2 .

G.(t, 5) { Mo T A if 0<r<s<U
=97 -(U-sy"12 | U-20U-s"% .

') t ey if0<s<r<U

The system (1.1) turns into a fixed point problem. In the sense of Lemma 5 in [27], an operator
P:Y XY — Y XxYisdefined as
P, %)
= . (5.2)

P.(9, %)

fOU G (1, 8) x1(s, %(5)," D"9(s))ds

P00 =",
i G(t, 9) xa(s,9(5). D(s))ds

The solution of the suggested system (1.1) then corresponds to the fixed point of the operator . The L?
norm of the Green’s function of a coupled system of implicit fractional differential equations provided
in (1.1) is approximated herein.

Lemma 5.1. Let 3 < w,z < 4. Foreveryt,s € (0, 1), the Green’s function G,, (t,.) = (G,/(t,.), G.(t, .))
where G,(t,.),G,(t,.) € L,, obeys

7

2 - 1 3
f Gt $)I"ds < [5(F(w))2 12T — 1))+ 4T(w)T(w — 1)]’

(5.3)

7 1 1 3
G.(t,s)ds < — + + .
fo Gt s)ds < [S(F(z))2 120G - 1) 4TIz - 1)]
Proof. (1)If3 <w,z <4, thenfor(0 < s <t < U, weobtain

-1+ U-s)»1)2 N U - 2¢(U — 5)*2
T(w) AaI'w—-1)
< 3(U - s)*! N U - s)W‘Z.
2T (w) ATw—1)

G (2, 5)| <

5.4)

(2)For0<t<s<U,
(U _ S)w—l s |U _ Ztl(U _ s)w—z
2I°(2) 4I'(w - 1)
B CE )i
2I°(w) 4aI'w—-1)

Therefore, by Eqgs (5.4) and (5.5), for every ¢, s € (0, 1), we have

G (1, 9)| <

(5.5)

9(U _ S)ZW—Z UZ(U _ S)Zw—4 3U(U _ S)ZW—3

2
G (8, 9)I” < ATwm)? 16w —1))2  aTwmLw = 1)

(5.6)
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which yields

U U 9(U _ s)2w—2 U UZ(U _ S)Zw—4 U 3U(U _ S)Zw—3
2
fo IGu, )l ds < fo sy fo 6o - et fo AT =1

B 1 U2w—1 . U2(U)2w—3 . (3U)U2w—2
4w - DT W)? 4w -3)T(w- 1) TWwI(w-DHC2w-2)

u’ 1 1 3
< — + + .
4 [5Tw)? 12(C(w—1))2  4(w)I'(w—1)
In a similar fashion, it can be proved that
7

U
f Gut, s)ds <
0 4

1 N 1 N 3 ]
5@ 12(TE-1))*  4r@Qle-D]

O

Theorem 5.2. Let the assertions (HI)—(H3) hold, then the boundary value problem (1.1) will have a
unique solution in Y.

(H1) Let3 <w, z <4 and

ol ! + ! + 3 <1

4 5Tw))? 1200w = 1)) 4L (w)I'(w—1) ’ 57
U7[ 1 1 3 ] G7)
— + + <1,
4 15T()?* 120 (z—-1)* 4I'(oI(z—-1)

holds.

(H2) Suppose that the function y(t,%(.)," D"9(.)), x2(t,3(.), D*x(.)) € L, for any ¥,x € C[0, 1] and

forallt € J =[0,U] and i = 1,2, there exist some positive constants C;, D; such that ,/1{%‘1 +

uc,
1-D,

< 1 and the inequality

b1t %, p) = x1(t. %, p)| < Cile — % + Dilp - pl, Yt € T,

_ N (5.8)
(1.9, 9) = xa2(t, 8, §)| < Col9 = 9 + Dalg — Gl, Yt € T,

where p(t) =€ DV(t) and q(t) = D*n(¢).
(H3) For A = 1/% and A\, = ,/1{%2, consider

@ =8¢~ 2] <||(

) ) )”
VA + A, VA + AT

Hence the map P defined in Eq (5.2) has a unique fixed point, and accordingly, the problem (1.1) has
a unique solution.
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Proof. 1tis simple to verify that (¥, Mg, *, b) is a CVFRb-MS with the complex valued fuzzy rectangular
b-metric specified by 3
19, %) = @, DI

Mgr((3, %), (9, %),1) = | - Tredh (5.9)

Let p(t) = x1(t,%(1), p(t)) and p(7) = x1 (2, (1), p(7)). Then

lp(0) = p(O] = 12, %(2), p(1)) = x1(2, 2(2), p(2))]

(5.10)
< Cilx(#) = %(0] + Dalp(t) = p(O)l-

Thus

p0) = PO < ) = 0.

For any 9, % € Y, we find by considering Cauchy—Schwarz inequality and the formulation of the map
P in Eq (5.2)

U
|pw(ﬁ’ %) - P1&'(19" %)|2 f Gw(ta S)[Xl(t9 %(8)50 Dwﬁ(s)) _Xl(t’ %(S)’C Dwﬁ(s)]ds'z
0

U
= fo Gt D0 (1 7(5). PU) — X1 (1. 7). )|

U U
f |G(t,s)|2ds)( f |p(s) - [)(s)|2ds)

f |p(s) = p(s)|'ds (5.11)

< f I%(s) %(s)*ds
0 1—
5 U
<17 D — ()| ( fo ds)
2
(,/ I _Dl maX |2 (¥) — %(t)l)

1P, (I, %) — Pou(F, %)| < Ajmax |x(1) — Z(2)|, (5.12)

IA

which results in

uc,

where A] = 1D,

. As a result of the above inequality, we arrive at

1P (@, ) = P, 2l < Aslle = 7.

Similarly, we can find
1P (0, %) — P.(F, %) < AallPF — ],

with A, = 1{%2. Through combining the preceding two equations, we get
1P, %) = PO, 2| < (A1 + AN, %) — @B, 7). (5.13)
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Consider

[

— PG 2|2 DB R
l—Mﬂﬂamjwwan:p{pW”&@ Pmeqznﬂ&m PO,

1+cd 1+cd
_ 1P, %) — P, %)Ilzl
1+cd

W [CORLT

1+cd
2

P J
H( VAI+A2’ V/\1+/\2) ]
1 +cd

(23, 19||21
1+cd

<A1+ Az)z(

= Ay +A2|(

1@, ) 11D, %)I1? /
l+cd’ 1+cd

<A1+ Ay) (max{

_ 1, 2)II? 15, )|
= (A4 +A2)(l—max{1 " Tacd ,1 - T+ od }l)

= (A1 + Ay) (I - max {Mg(®, . 1), Mg(D, %.1)))

= B(1 - @, B), (¢, 2),1)),

where Q((,9), (%, %),1) = max {Mg($9,%,1), Mg(%,%,t)} and B = A, + A, < 1. As a result of the
preceding inequality, we conclude that the conditions of the Theorem 4.2 are met. Hence % has a fixed
point (¥*(f), %x*(t)) € Y, that is unique. Therefore, problem (1.1) has a unique solution (*(¢), x*(¢)). O

6. Conclusions

In this research study, we examined the existence and uniqueness of solution to a coupled system
of nonlinear implicit fractional differential equations. The problem is investigated using a new notion
known as complex valued fuzzy rectangular b-metric spaces. It utilizes a new approach of applying a
coupled fixed point theorem for the associated fixed point approach depends on contractive iterates of
the integral operator. We subsequently used an appropriate complex valued fuzzy rectangular b-metric
space to determine the problem’s uniqueness solvability within certain conditions.
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