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Keywords: acyclic edge coloring; planar graph; cycle; girth; maximum degree
Mathematics Subject Classification: 05C10, 05C15

1. Introduction

All graphs considered in this paper are finite simple graphs. For a graph G, we use V(G), E(G),
F(G), A(G) (A for short and reserved), and g(G) to denote the vertex set, edge set, face set, maximum
degree and girth, respectively. A graph G is 2-connected if there are two paths between any two distinct
vertices.

Let G be a planar graph. The acyclic edge k-coloring of graph G is a mapping ¢ : E(G) —
{1,2,...,k} such that any two adjacent edges receive different colors, and there are no bichromatic
cycles in G. The acyclic chromatic index of G, denoted by x, (G), is the smallest integer k such that G
is acyclically edge k-colorable.

Fiamc¢ik posed a famous conjecture for acyclic edge coloring of any graphs.

Conjecture 1.1. /3] For any graph G, x,(G) < A(G) + 2.

The conjecture is still open.

For any graph G, Alon, McDiarmid and Reed [1] proved that y,(G) < 64A. Molloy and Reed [8]
improved this bound to 16A. Later, Fialho et al. [4] showed that X;(G) < 3.569(A — 1), and most
recently to 2A — 1 by Kirousis and Livieratos [7].
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There have been numerous investigations about acyclic edge coloring of planar graphs.

For any planar graph G, Basavaraju et al. [2] proved that y,(G) < A + 12, Wang et al. [9] proved
that y(G) < A + 7, Wang and Zhang [10] proved that x,(G) < A + 6.

Let G be a planar graph with small grith. Shu, Wang and Wang [11] proved that y(G) < A(G) + 2
if g(G) > 4. For planar graph G with g(G) > 5, Hou et al. [6] proved that X;(G) < A(G) + 1; they also
proved that such graph has x,(G) = A(G) if A(G) > 9. For planar graph G without 4-cycles, Wang and
Sheng [13] proved that X;(G) < A(G) + 3. Then Wang, Shu and Wang [14] improved this bound to
A(G) + 2 when A(G) > 5. In 2012, Fiedorowicz [5] proved that the planar graph G without an i-cycle
intersect to a j-cycle has )(;(G) < A(G) + 2 for i, j € {3,4}. Most recently, Shu et al. [12] proved that
the planar graph G without intersecting triangles has y,(G) < A(G) + 2.

In this paper, we consider the planar graph without 3-cycles and intersecting 4-cycles, and prove
the following theorem:

Theorem 1.1. Let G be a planar graph without 3-cycles and intersecting 4-cycles. If A(G) > 8, then
X.(G) < AG) + 1.

2. Notation

Let G be a simple planar graph. For a vertex v € V(G), N(v) denotes the set of vertices adjacent to
v, and d(v) = |[N(v)| denotes the degree of v. For f € F(G), we use b(f) to denote the boundary walk
of f and write f = [ujuy...u,] if uy,u,,...,u, are the vertices on b(f) enumerated in the clockwise
direction. For f = [uju,...u,], let 6(f) denote the minimum degree of any vertex on b(f). That is,
o(f) = min{d(u;),i = 1,...,n}. The degree of a face f, denoted by d(f), is the number of edges in its
boundary walk.

For f € F(G), f is called a k-(or k*-, or k™-) face if d(f) = k (or d(f) > k, or d(f) < k). For
v € V(G), vis called a k-(or k*-, or k~-) vertex if d(v) = k (or d(v) > k, or d(v) < k). If u € N(v) and
d(u) = k, then u is called k-neighbor of v. Let N (v) = {x € N(v)|d(x) = k}, and ni(v) = [Ny (v)|.

Let ¢ be an edge coloring of G and v be a vertex of G. Then, C(v) = {c(uv) : u € N(v)}, F{(uv) =
C() \ {c(uv)}. Let a, B be two colors. An (a, §)-bichromatic path with respect to c is a path consisting
of edges that are colored with @ and S alternately. An (a, 8)-bichromatic path which starts at the vertex
u via an edge colored « and ends at v via an edge colored « is an («, 8),.,-bichromatic path. We use
“w.l.o.g.” as a shorthand for “without loss of generality”.

3. Proof of Theorem 1.1

We apply a discharging procedure to prove Theorem 1.1. Discharging is a tool in a two-pronged
approach to inductive proofs. It can be viewed as an amortized counting argument used to prove that
a global hypothesis guarantees the existence of some desirable local configurations. In an application
of the resulting structure theorem, one shows that each such local configuration cannot occur in a
minimal counterexample to the desired conclusion. Such local configurations are called reducible
configurations. In this section, we give some reducible configurations.

Let G be a counterexample with minimum |V(G)| + |E(G)| of Theorem 1.1. In other words, G
is a connected simple planar graph without 3-cycles and intersecting 4-cycles, A = A(G) > 8, but
X;(G) >A+2. LetCbeacolorsetof G,C ={1,2,...,A + 1}. Now, we discuss the structures of G.
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3.1. The properties of minimal counterexample
Lemma 3.1. The graph G is 2-connected.

Proof. By contradiction, suppose that v is a cut vertex of G. Let Cy, Cs, ..., C/(t > 2) be the connected
components of G \ v. For each 1 < i < ¢, there is an acyclic (A + 1)-edge coloring ¢; of G; = C; U {v}.
We can adjust the colors in each c¢; such that the colors appearing on the edges incident with v are all
distinct. Now the union of these colorings is an acyclic (A + 1)-edge coloring of G, a contradiction. O

Lemma 3.2. The graph G does not contain a 2-vertex adjacent to a 3™ -vertex.

Proof. By contradiction, let d(v) = 2, N(v) = {u,w}, d(u) < 3 (See Figure 1(1)). We prove the case
d(u) = 3, and d(u) = 2 can be proved in a similar way. Let N(u) = {v,u;, u»}, G =G —uv. By the
minimality of G, G admits an acyclic (A + 1)-edge coloring c. Suppose that c(uu;) = i fori = 1,2. We
consider the following two cases. O

) 2

Figure 1. The configurations of Lemmas 3.2 and 3.4.

Case 3.1. |C(u)yn C(v)| = 0.
Since |C\ (Cw)UCW)|=A+1-3=A-2>0, we can color uv with a for « € C \ (C(u) U C(v)).
Therefore, c can be extended to be an acyclic (A + 1)-edge coloring of G, a contradiction.

Case 3.2. |[C(u) N C(v)| = 1. Wlo.g., assume that c(vw) = c(uuy) = 1. If there exists a color
v € {3,...,A+ 1} such that G contains no (1, y).,-bichromatic path via u, and w, then we can color
uv with y. In this way G is acyclically edge (A + 1)-colorable, a contradiction. Thus, there must
exist a (1, @)q)-bichromatic path via u, and w for each a € {3,4,...,A + 1}. So C(u;) = C(w) =
{1,3,4,...,A + 1}. Now we recolor vw with 2. Similarly, there must exist a (2, @), -bichromatic path
via u, and w for each a € {3,4,...,A+1}. So C(uy) =1{2,3,4,...,A+1}. Now we exchange the colors
between uu, and uu,, color uv with 3, color vw with 1. Therefore, c can be extended to be an acyclic
(A + 1)-edge coloring of G, a contradiction.

Next we discuss the degree sum of the neighbors of a particular vertex.
Lemma 3.3. Letd(v) = k€ {2,3} and Nw) = {v;, 1 <i<k}. Then Zle dv;)) > A+ k+ 1.

Proof. By contradiction, assume that 3% d(v;) < A + k. Let G' = G — vv,, by the minimality of G, G’
admits an acyclic (A + 1)-edge coloring c. Since the neighbors of each 2-vertex are both 4*-vertices,
we have 3 < d(v;) < A+k—-6when 1 <i < 3andk = 3. Suppose that c(vv;) =i —1fori=2,... k.
We consider the following three cases. O
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Case 3.3. |C(vi) N C(v)| = 0.

Since |C\ (Cv)UCW)I=A+1=-dv)-1)—-dWV)—-1)=A+3-dv))—dWv) = A-d(v) >0,
we can color vvy with a for a € C \ (C(vy) U C(v)). Therefore, c can be extended to be an acyclic
(A + 1)-edge coloring of G, a contradiction.

Case34. |C(vi)NCWw)| = 1. W.lo.g., assume that 1 € C(vy).
(i) k = 2.

Since |[C\(C(v) )UC( )| = A+1—-(d(v))—1)—(d(v2)—1) = A+3—=(d(v))+d(vy)) = A+3—-(A+2) =1,
we can color vvy with B for B € C\ (C(v)UC(v,)).Therefore, ¢ can be extended to be an acyclic (A+1)-
edge coloring of G, a contradiction.

(ii) k = 3.

Since |C\ (Cv) )UCHOWUCW ) =2A+1—-(dv)—-1)=1=(dv)—1)=A={d))+d())+2 >
A—A+2 =2 we can color vvy with a for « € C \ (C(v{) U C(v) U C(v,)), c is an acyclic (A + 1)-edge
coloring of G, a contradiction.

Case 3.5. |C(vi) N C(v)| = 2. Namely, d(v) = k = 3.

Since |C\ (C(v))UCm)UCW)| 2A+1-(dv)—1)=(d() -1 —(dv3) - 1)=A-(d(v) +
d(vy) + d(v3)) +4 > 1, we can color vv; with a for « € C \ (C(v;) U C(v2) U C(v3)), c is an acyclic
(A + 1)-edge coloring of G, a contradiction.

For a 2-vertex, the number of 37-vertex and A-vertex of its neighbors is discussed below.

Lemma 3.4. For a 2-vertex v, let N(v) = {x,y}. Then (1) ny(x) < d(x)+d(y)—A-2; (2) no(x) +n3(x) <
dx)+dy)—A—1;(3) ny(x) + n3(x) <d(x)+d(y) — A -2 ifd(x) < A.

Proof. Assume that d(x) = s+ 1, d(y) = t+ 1, N(x) = {v,x1,x2,..., x5}, NO) = {V,y1,92,..., %}
(See Figure 1(2)). Let G = G — vy, G admits an acyclic (A + 1)-edge coloring c. Let c(yy;) = i
for1 <i<t, T=C\F{vx). Itisclearthat|[T|=A+1-s5>2.

If T\ Fy(vy) # @, then we can recolor vx with a for @ € T \ FY(vy), color vy with B for B €
{t+1,...,A+ 1}(8 # a). Now c can be extended to be an acyclic (A + 1)-edge coloring of G, a
contradiction. So T C F;(vy) =1{1,2,...,th

If there are iy € T and jy € {t + 1,...,A + 1}, such that G contains no (iy, jo)y)-bichromatic path
through x, then we can color vx with iy, color vy with jy, G is acyclically edge (A + 1)-colorable, a
contradiction. So G contains (o, j).y-bichromatic path for c(vx) = ap, @9 € T and j € {t+1,...,A+1}.
This means that {r+1,...,A+ 1} C F{(vx). W.Lo.g., letc(xx;) = t+ifor1 <i < A+1-t. Now recolor
c(vx) = iforany i € T. Similarly, G contains (i, j),-bichromatic path for any j € {r+1,...,A + 1}.
So T C F?{ (xx;), which means that d(x;)) > [T|+ 1 for 1 <I<A+1-1t

() Since d(x) <A, |T|=A+1-s=A+1—-(d(x)—1) = A—d(x)+2 > 2. This means that d(x;) > 3
for 1 <i < A+1-t. Therefore, n,(x) < d(x)—(A+1—-1t) =d(x)-A-1+d(y)—1 =d(x)+d(y)—A-2.

(2) If there are at least two 3-vertices in {xi,..., Xa+1—;}, then assume that d(x;) = d(x,) = 3. Since
T CF(xx)(1 <I<A+1-1),andd(x)) =d(x;) =3, wehave T = {1,2}. So F{ (xx;) = F{,(xx;) =
{1,2}. Now we exchange the colors between xx; and xx,, color vx with 1, color vy with t + 1, G is
acyclically edge (A + 1)-colorable, a contradiction. Therefore, ny(x) + n3(x) <d(x) - (A+1-1)+1 =
dx)+dy)—A-1.

B)Ifdx)y <A then|T| =A+1-5s=A+1-(dx)—-1) =A—-d(x) +2 > 3. This implies
that d(x;)) > |T|+1 > 4for1 <[ < A+ 1 -1t Therefore, ny(x) + n3(x) < dx)—(A+1-1) =
dx)—A-1+dy)-1=dx)+d(y)—A-2. O
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Lemma 3.5. For 2-vertex v, let N(v) = {x, y}. If np(x) = d(x) — 2, then nx(x) = 2, np(y) = 1, n3(y) < 1,
diy) = A

Proof. Let N(x) = {v, x1, X2, ..., X}, NO) = (v, y1,¥2, ..., %}, d(x;) = 2, N(x;) = {x, x;} for3<i<s
(See Figure 2(3)). Observe that ny(x) < d(x) + d(y) — A — 2 by Lemma 3.4. If n,(x) = d(x) — 2, then
d(y) = A, which means that t = A — 1. Let G' = G — xv, G admits an acyclic (A + 1)-edge coloring c.
Suppose that c(xx;) =ifor1 <i<s, T =C\ Fi(vy). It isclearthat |T| =A+1-(d(y)—1)=2.

Y X3 Va1

©)) “4)

Figure 2. The configurations of Lemmas 3.5 and 3.6.

(1) na(x) = 2,ma(y) = 1.
We consider the following two cases.

Case 3.6. T\ F{(vx) # 0.
We can recolor vy with a for « € T \ F(vx), color vx with B for B € {s+1,...,A+ 1}(B # a). Now
¢ can be extended to be an acyclic (A + 1)-edge coloring of G, a contradiction.

Case3.7. T\ F(vx) = 0.

Thatis, T C F(vx) ={1,2,..., s}
())TN{3,....,s} 0.

Leta e TN{3,...,s}. Since|C\(Cx)UCx DN =2A+1-(Wdx)-1)-1=A+1-dx) > 1,
we can color vy with a, color vx with 8 for p € C \ (C(x) U C(x,)), ¢ can be extended to be an acyclic
(A + 1)-edge coloring of G, a contradiction.

(i) TN{3,...,st=0.

Thatis, T={1,2} and F;(vy):{3, 4,...,A+1}. Note that c(vy) € {1, 2}, w.l.o.g., suppose that c(vy)=1.
If there is a color y € {s + 1, ..., A + 1} such that G contains no (1,y).-bichromatic path via x, and
y, then we can color vx with vy. In this way G is acyclically edge (A + 1)-colorable, a contradiction.
So there must exist a (1, j)-bichromatic path via x; and y for each j(j € {s +1,...,A + 1}), which
implies that {s + 1,...,A+ 1} C C(x1) N C(y). Now we recolor vy with 2, and don’t change the colors
of the other edges, c is still an acyclic (A + 1)-edge coloring of G — xv. As the same argument above,
we have that {s + 1,...,A + 1} € C(xp). If there is i € {3,4,...,s}, such that G contains no (1, i) .-
bichromatic path via x, and y, then we can color vx with i. Don’t change the colors of the other edges,
and remove the color of xx;, c is still an acyclic (A + 1)-edge coloring of G — xx;, now we consider the
color of xx;. W.l.o.g., assume that i = 3.

IfC(Xg,)C;) =j=2s5+1, then |C(x) UC(x3)] < s+ 1 = d(x) < A, we can color xx3 with « for
a ¢ (C(x) U C(x3)), G is acyclically edge (A + 1)-colorable, a contradiction.
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]fC(XgX;) = j € {l,2}, then it can be seen from the above argument that for each a € {s+1,...,A+1},
there are (i, @)x,)-bichromatic paths (i = 1,2). So G — xx3 contains no (i, @), -bichromatic path
(i =1,2) foreach a € {s+1,...,A + 1}, we can color xx3 with a, G is acyclically edge (A + 1)-
colorable, a contradiction.

Ifc(x3x'3) = j = 3, then we can color xx; with a for a ¢ (C(x) U C(v)) since |[C(x) UC(V)| < s+ 1 =
d(x) < A+ 1, Gis acyclically edge (A + 1)-colorable, a contradiction.

Ifc(x3x'3) = j€{4,..., s}, thenwe can recolor xxz with a for a ¢ (C(x)UC(x;)) since |C(x)UC(x;)| <
s+1 =d(x) < A+1, Gisacyclically edge (A+1)-colorable, a contradiction. Hence, there are (1,1i),.,)-
bichromatic paths via x; and y for each i € {3,4, ..., s}, which implies that {1,3,4,...,s} C C(x)).

In conclusion, C(x;) = C(y) = {1,3,4,...,A + 1}. Now recolor vy with 2, and don’t change the
colors of the other edges, c is still an acyclic (A + 1)-edge coloring of G — xv. As the same argument
above, we have that C(xy) = {2,3,4,...,A + 1}. It follows that F{ (xx1) = F{ (xx2) = Fi(vy) =
{3.4,....,A+ 1} and (1,2} C Fy(yy) for L <i <t Thend(x)) =d(x2) =A+1-2+1=A, m(y) = 1.

(2)n3(y) < 1.

By contradiction, assume that d(y;) = d(y,) = 3. Now exchange the colors between yy; and yy,,
and don’t change the colors of the other edges, G — xv has a new acyclic (A + 1)-edge coloring ¢. Let
¢y) = a.

Ifae{s+1,...,A+ 1}, then let ¢(xv) = a. By symmetry, suppose that ¢(vy) = 1, G is acyclically
edge (A + 1)-colorable, a contradiction.

If @ € {3,4,..., s}, assume that @ = 3, then let ¢(xv) = 3, remove the color of xx3, G — xx3 admits
an acyclic (A + 1)-edge coloring ¢ . Leto (x3x'3) = (. It follows from the above argument that there
is a (1, A)(x)-bichromatic path through x;, so G — xx3 contains no (1, A), ,,)-bichromatic path via x;,
and x;. Similarly, G — xx; contains no (2, A) ,)-bichromatic path via x, and x,. If 8 € {1,2},
then let ¢ (xx3) = A, G is acyclically edge (A + 1)-colorable, a contradiction. If 8 € {4, ..., s}, then let
¢ (xx3) =y fory ¢ (¢ (x) U(/)’(xﬁ)), G is acyclically edge (A+ 1)-colorable, a contradiction. If 8 > s+1,
then let ¢ (xx3) = y for y ¢ (¢ (x) U ¢ (x3)), G is acyclically edge (A + 1)-colorable, a contradiction.
This implies that n3(y) < 1. O

Lemma 3.6. For 2-vertex v, let N(v) = {x,y}. If d(x) = 4 and ny(x) + n3(x) = 2, then nx(x) = 2,
m(y) = 1,n3(y) < 1,d(y) = A

Proof. Note that ny(x) + n3(x) < d(x) +d(y) = A -2 = d(y) — A+ 2 by Lemma 3.4. It is clear that
d(y) = Assince ny(x)+n3(x) = 2. Let N(x) = {v, x1, x2, X3}, N(Y) = {v,y1,¥2,...,yYa-1} (See Figure 2(4)).
If ny(x) = d(x) — 2 = 2, then np(x) = 2,n2(y) = 1 and n3(y) < 1 by Lemma 3.5. We prove the case
ny(x) = 1 and n3(x) = 1. Suppose that d(x3) = 3. Let G = G — xv, by the minimality of G, G admits
an acyclic (A + 1)-edge coloring c. Assume that c¢(xx;) = ifor 1 <i <3, T = C\ Fj(vy). Clearly,
T|=A+1-(A-1)=2.

(1) na(x) = 2,n2(y) = 1.

We consider the following two cases.

Case 3.8. T\ F{(vx) # 0.
We can recolor vy with « for « € T \ F{(vx), color vx with S for B € {4,...,A+ 1}(B # a), cis an
acyclic (A + 1)-edge coloring of G, a contradiction.
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Case3.9. T\ F{(vx) = 0.
That is, T € F{(vx) = {1,2,3}). Since |T| = A+1-(A-1) =2, {1,2,3}\T # 0. As the same
argument of Case 2 in Lemma 3.5, we have ny(x) = 2, ny(y) = 1 by setting s = 3.

(2) n3(y) < 1.

By contradiction, suppose that d(y;) = d(y,) = 3. It follows from the above argument that F’ M (1) =
FY,(yy2) = {1,2}. By the symmetry, assume that c¢(vy) = 1, exchange the colors between yy; and yy»,
G — xv has a new acyclic (A + 1)-edge coloring ¢. Let ¢(yy;) = a.

Ifae{4,...,A+ 1}, then let ¢(vx) = @, G is acyclically edge (A + 1)-colorable, a contradiction.

If @ = 3, then let ¢(xv) = 3, and remove the color of xx3, G — xx3 has an acyclic (A + 1)-edge
coloring ¢'. It follows from the above argument that there are (i, y),y.,-bichromatic paths under ¢ of
G—-xvfori=1,2andy € {4,5,...,A+ 1}. So G — xx3 contains no (i, ¥),-bichromatic path. If
|¢,'(X) N (x3)] = 0, then [¢' () U (x3)] < 3 +2=5<A+1 Let ¢ (xx3) = B for B € C\(¢'(X),U¢'(X3)),
¢ can be extended to G, a contradiction. If |¢ (x)N¢ (x3)| = 1, then suppose 1 € ¢ (x3). Let ¢ (xx3) =
forf e {4,...,A+1}\ ¢'(x3), ¢ can be extended to G, a contradiction. If |¢'(x) N ¢ (x3)| = 2, then
¢ (x) N ¢ (x3) = {1,2}, we can let ¢ (xx3) = Bfor B € {4,...,A + 1}, ¢ can be extended to G, a
contradiction. This implies that n3(y) < 1. O

Next we discuss the number of 3™ -vertex in the neighbors of A-vertex.
Lemma 3.7. Ford(v) = A, ifn,(v) > A =3, then n,(v) + n3(v) < A = 2.

Proof. Assume that v, € N(v), N(v4) = {v,v,}. By Lemma 3.4, no(v) < d(v)+d(v,))—-A-2 = d(v,) -2 <
A=2,m0) +n3(v) <dv)+d(v,) - A—-1=dv,) -1 <A-1;if ny(v) = A =2, then d(v,) = A; if
n(v) + n3(v) = A —1, then d(v;) = A. Note that np(v) = 2 when n,(v) = A — 2 by Lemma 3.5. Namely
n3(v) =0, n,(v) +n3(V) =A-2+0=A-2.

Otherwise n,(v) = A — 3. By contradiction, suppose that n,(v) + n3(v) > A — 1. We have that
n,(v)+n3(v) = A—1since no(v)+n3(v) < A—1. Let N(v) = {vi,va,...,val, N(v;) = {v, x;} for4 < i < A.
Assume that d(v,) = d(v3) = 3 (See Figure 3(5)). Let G =G — vy, by the minimality of G, G admits
an acyclic (A + 1)-edge coloring ¢. Let c(vv;)) = ifor1 < i < A-1,T = C\ F{ (vaxa). Since
m(v) + n3(v) = A — 1, it follows from the above argument that d(x,) = d(xa-1) = ... = d(xy) = A,
T|=A+1-(A-1)=2. O

We consider the following two cases.

Case3.10. T\ C(v) # 0.
We can recolor vaxa with a for a € T \ C(v), color vvy with B for f € {A,A + 1}(B # «), c is an
acyclic (A + 1)-edge coloring of G, a contradiction.

Case3.11. T\ C(v) =0. Thatis, T C C(v) ={1,2,...,A—1}.
()T Nn{4,5...,A—1}#0.

We can color vaxa withifori € T N{4,5,...,A — 1}, color vvs with j for j € {A,A + 1} \ {c(v;x;)},
G is acyclically edge (A + 1)-colorable, a contradiction.
(i) TN{4,5,....,A—-1} =0.

That is, T C {1,2,3}. Note that c(vaxp) € T C {1,2,3}. When c(vaxp) = 1, if there exists a color
vy € {A, A+ 1}, such that G contains no (1,y),)-bichromatic path via xx and vy, then let c(vvp) =y, G
is acyclically edge (A + 1)-colorable, a contradiction. Hence, G contains (1, i),,,)-bichromatic paths
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6)) ©)

Figure 3. The configurations of Lemmas 3.7 and 3.8.

via xp and v for each i € {A, A+ 1}. This implies that {A,A+ 1} C C(vi)NC(xp). If2 € T, then we can
recolor vaxa with 2, c is still an acyclic (A + 1)-edge coloring of G — vv,, the same argument shows
that C(vy) = {2,A,A + 1}. If 3 € T, then we can recolor vaxs with 3, c is still an acyclic (A + 1)-edge
coloring of G — vv,, the same argument shows that C(v3) = {3, A, A + 1}.

(a) 1 ¢ T. Namely, T = {2, 3}.

It follows from the above argument that Fy (vv2) = F} (vv3) = {A, A + 1}. Now exchange the colors
between vv, and vvs, we can color vaxy with a for a € T, color vwa with A, G is acyclically edge
(A + 1)-colorable, a contradiction.

(b) 1 € T. Suppose that T ={1,2}.

It follows from the above argument that {A,A + 1} C C(vy) and Fy (vv2) = {A,A + 1}. Now let
c(vaxp) = 2,c(vvp) = 7, remove the color of vvy, c is still an acyclic (A + 1)-edge coloring of G — vv.
LetT =C\ F{ (v1x7), it is clear that IT'| = A+ 1— (A~ 1) = 2. It follows from the above argument
that T' € {1,2,3}), and 1 € T'. Assume that c(v;x;) = 1. Since there is a (1, Ay -bichromatic path
through v\, G — vv; contains no (1, A), ., -bichromatic path via v\ and x;, we can color vv; with A, G
is acyclically edge (A + 1)-colorable, a contradiction.

The following Lemma shows if a k-vertex(k € {4, 5, 6}) has no 2-neighbor, then n;(v) < k.
Lemma 3.8. Let v be a k-vertex, with k € {4,5,6}. If n,(v) = 0, then n3(v) < k.

Proof. By contradiction, suppose that n3(v) = k. Let N(v) = {x,v,Vv2, V3, V4, Vie1}, N(x) = {v, x1, X2}
and N(v;) = {v, v;., v;./} (1 <i<k~-1)(See Figure 3(8)). Let G = G — xv, by the minimality of G, G’
admits an acyclic (A + 1)-edge coloring c. Let c(vv;) = ifor 1 <i < k— 1. We consider the following
three cases. |

Case 3.12. |C(x) N C(v)| = 0.
Note that |C\ (C(x) UCW)| = A+1-2—-(k—-1) = A—-k > 0, we can color xv with a for
a € C\(C(x)UCv)), cisan acyclic (A + 1)-edge coloring of G, a contradiction.

Case 3.13. |C(x)NC(v)| = L.
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W.lo.g., assume that c(xxy) = c(vvy) = 1, c(xxy) = k. If there exists a colory € {k+1,...,A+ 1}
such that G contains no (1,7y)..v-bichromatic path, then we can color xv with vy. In this way G is
acyclically edge (A + 1)-colorable, a contradiction. So there must exist (1, @), -bichromatic paths
foreach a € {k+1,...,A + 1}, which implies that {k + 1,...,A + 1} C C(x;) N C(vy). Thus, d(vy) >
A+1—-k+1>A-4>4 acontradiction.

Case 3.14. |C(x) n C(v)| = 2.

W.l.o.g., assume that c(xx,) = c(vvy) = 1, c(xxp) = c(vvy) = 2.
(i) A >09.

Since dvi) = d(v,) = 3 and A > 9, we have that {k,...,A + 1} \ (C(vi) U C(vy)) # 0. Let
Belk,...,A+ 1} \ (C(vi) U C(vp)). Note that G contains no (i, 5)x-bichromatic path for i = 1,2, we
can color xv with B, c is an acyclic (A + 1)-edge coloring of G, a contradiction.

(ii) A = 8.
(a) k € {4,5}.

Since d(vi) = d(v;) = 3 and A > 8, we have that {k,..., A+ 1} \ (C(vi) U C(vy)) # 0. Let
Belk,...,A+1}\ (C(vi) U C(vp)). Note that G contains no (i, 8)-bichromatic path for i = 1,2, we
can color xv with B. In this way c is an acyclic (A + 1)-edge coloring of G, a contradiction.

(b) k = 6.

If there exists a color y € {6,7,8,9} such that G contains no (i, ) -bichromatic path fori = 1,2,
then we can color xv with y. In this way G is acyclically edge (A + 1)-colorable, a contradiction. So
{6,7,8,9} C (C(vy) U C(vy)). Since d(vy) = d(v,) = 3, we have that C(v;) UC(v,) ={1,2,6,7,8,9} and
c(vlv'l) ¢ C(vy), c(vlv'{) ¢ C(v,). We can recolor vv, with a for a € {c(vlvll), c(vlvlll)}, don’t change the
colors of the other edges, G has a new acyclic (A + 1)-edge coloring ¢, and |C'(x) N C'(v)| = 1. By the
similar argument in case 2, we can get an acyclic (A + 1)-edge coloring of G, a contradiction.

3.2. Discharging

Note that G is a minimal counterexample to Theorem 1.1, and G is a connected planar graph. By

Eulers formula |V| + |F| — |E| = 2 and the relation Y, d(v) = >, d(f) = 2|E(G)|, we can derive the
veV(G) fEF(G)
identity

> dv-H+ ¥ @df)-4)=-8.
@)

veV(G)

We define the initial charge function by w(v) = d(v) — 4 for v € V(G) and w(f) = d(f) — 4 for

f € F(G). It follows from the identity that > w(x) = —8. According to the structures of G,
xeV(G)UF(G)
we design some discharging rules and redistribute charge such that the total amount of charge has not
changed. Once the discharging is finished, a new charge function w'(x) is produced. Next, we prove
w (x) > 0 for all x € V(G) U F(G). Therefore, we can get the following contradiction
0< > w (x) = > w(x) = -8.
xeV(G)UF(G) xeV(G)UF(G)
Hence, we demonstrate that the counterexample can not exist and Theorem 1.1 is proved.
Discharging rules:

(R1) Every 5*-face f sends d%_f to each incident vertex.
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(R2) Every 4-vertex v sends % to each adjacent 3-vertex, and then distributes the remaining extra
charge evenly among all adjacent 2-vertices.

(R3) Every 5-vertex v sends % to each adjacent 3-vertex, and then distributes the remaining extra
charge evenly among all adjacent 2-vertices.

(R4) Every 6*-vertex v sends % to each adjacent 3-vertex, and then distributes the remaining extra
charge evenly among all adjacent 2-vertices.

In the following, we will prove that w’(v) > 0 for each v € V(G). Observe that 6(G) > 2 by
Lemma 3.1.

(1) dwv) =3, w(v) = -1.

Let N(v) = {vi, vz, v3}. We have that d(v;) + d(v;) + d(v3) > A +4 > 12 by Lemma 3.3. Since the
neighbors of 2-vertex are both 4*-vertices, then n,(v) = 0, thatis d(v;) > 3 fori = 1,2, 3, and n3(v) < 2.

If n3(v) = 2, suppose that d(v;) = d(v,) = 3, then d(v3) > 6. This implies that ' (v) > —1+2x%+§:0
by R1, R4. If n3(v) = 1, then either ny(v) = 1, ns+(v) = 1 or ny(v) = 0, ns+(v) = 2. By R1,R2,R3, R4,
we have that ' (v) > =1+ 2 x £ +min{ + 2,2x 2, £ + £,2x 3} = 0. If n3(v) = 0, then ny(v) = 3. By
RI,RA, w () >-1+2x1+3x1=0.

2)dv) =4, w(v)=0.

If ny(v) # 0, then ny(v) + n3(v) < 2 by Lemma 3.4.
This means that ' (v) > 043 x 1 — Iny(v) = 225450 5y () = 0 by R1, R2,

If ny(v) = 0, then n3(v) < 3 by Lemma 3.8, which implies that w' (v) > 0 +3 X £ —=3 x 1 = 0 by
R1,RA4.

B3)dv) =5 wk)=1.

If no(v) # 0, then ' (v) = 1 +4x 1 = Zny(v) = X80 5 ) = 0 by RILR3,

If n,(v) = 0, then n3(v) < 4 by Lemma 3.8. This implies that w'(v) > 1 + 4 X % -4 x % = % > (0 by
R1,R3.

@) dv) =6, w() =2.

If no(v) # 0, then &' (1) = 2+ 5 x 1 — Iny(v) - Z2EZ50 5 1) = 0 by RI, R4

If n,(v) = 0, then n3(v) < 5 by Lemma 3.8. This implies that w'(v) > 2+5x % -5 % = 0by RI, R4.

S)dw) 27, w(v) =dv)—4.

If ny(v) # 0, then w'(v) > d(v) — 4 + % X (dv)-1) - %VZ}(V) -
R1,R4.

If ny(v) = 0, then ' (v) > d(v) =4 + £ X (d(v) = 1) = 2n3(v) > 2d(v) - & — 2d(v) = 2d(») - & > 0
by R1, R4.

6)dv) =2, wlv) = =-2.

For convenience, let 7(u — v) denote the charge transferred out of u into v according to the above
rules, u,v € V(G). Let N(v) = {x, y}, then ny(x) < d(x) — 2, ny(y) < d(y) — 2 by Lemma 3.4.
(6.1) If one of vertices in {x,y}, such as x, has ny(x)=d(x) — 2, then n(x)=2, ny(y)=1, n3(y) < 1
and d(y)=A by Lemma 3.5. By Rl and R4, we have that 7(y — v) > L0 X)) 51 ) >

na(y)
N—A+Ldon-1-1x3 ,
QIS dDSTS — Sd(y) - 2 = Sx (A—4) > 2. This implies that ' (v) > =2+ 1 + 2 =3 > 0 by RI.

(6.2) ny(x) < d(x) — 3, ny(y) < d(y) — 3. Suppose that d(x) < d(y).
(6.2.1) d(x) > 9.
Observe that ny(x) + n3(x) < d(x) + d(y) — A — 1 by Lemma 3.4. Note that 7(x — v) >

d(v)—4+1x(dw)-1)-2n3(v)
na(v)

X ny(v) = 0 by
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d(x)—6
n2(x)

w(X)+éX(ci(;)x—)1)—gn3(x) S d()—4+1d(0)-1-Ix(d0)-1-mx) _ 2dn-2E+3 me) _ 3 >< 1+

3 d(x)—6\_3
n2(x) na(x) ) 2 5 X (1 + )_5 x

d(x)-3

(2~ =) by R1, R4,
S1m11arly, (y > v)>2 X (2- 00" 3) Since d(x) >9,d(x) <d(y), we have 1(x - v) > = ]0, Ty —
v) > 5 This implies that w ) > -2 + +2 X 15 =0by RI.
(6.2. 2) d(x) = 8, then ny(x) < d(x) -3 = 5
(a) A >09.
Observe that n,(x) + n3(x) < d(x) +d(y) — A -2 < d(x) -2 by Lemma 3.4. Note that 7(x — v) >

W+ XA -1)=3n3() _ d@)=4+ §x(@(0)-D-3x(dx)-2-m(x) _ d@-5y < 3 A5+ _ 3 _
na(x) . na(x) X(1+ na(x) 7 = §X(1+d(x)—3) - §X(2_d(x)—3) - 25
by R1, R4.
If d(y) = d(x) < A, then we have 7(y — v) > 2 X (1 - (y)) > 32 x (1 +2) = 3 by the similar
argument above. This implies that w'(v) > -2 + % + 2 x 2 25 55 > 0by R4.

If d(y) = 9, then we have ny(y) + n3(y) < d(x) + d(y) — A -1 <d@y) -2, n(y) <dy) —3by
Lemma 3.4. This means that 7(y — v) 3 x (1 +902) > Ix (2 25) by Rland R4. 7(y —> v) > 1
since d(y) > 9. So w'(v) > 2+ + +1 == >ObyR4
(b) A = 8.

Now we have d(x) = d(y) = A = 8. Observe that n,(x) + l’l3(X) <dx)+dy)-A—-1<d(x)-1=7
by Lemma 3.4. If ny(x) < 4, then T(x = v) 2 x(1+ 21 > 35 (1+3) = & by R1, R4. Similarly,

if np(y) < 4, then 7(y — v) > <. If np(x) > 5 then we have nz(x) = 5 due to nz(x) <dx)-3=5.
Observe that ny(x) + n3(x) < A 2 = 6 by Lemma 3.7. This implies that 7(x — v) > 3 x (1 +

2O-L) = 2x(1+32) = 3 by RI, R4. Similarly, if ny(y) < 5, then 7(y — v) 2 %. Hence,
w(v)2—2+%+min{2xm, 2x 2 2+ 2y =0byRIL

(6.2.3) d(x) = 7, then ny(x) < d(x) -3 = 4.
Observe that ng(x) + n3(x) < d(x) +d(y) — A -2 < 5 by Lemma 3.4. Note that 7(x — v) > g
X(1 + 24212y > 3 by R1, R4

ny(x)
Ifd(y)2 =17, then we have that ny(y)+n3(y) < d(x)+d(y)—-A-2 =12-A < 4, nz(y) <d(y)-3 =4by

Lemma 3.4, Note that 7(y — v) > w)+Ex(de)-1)-2n3() S d0)- —4+1x(dy)-1)-2x@- mO) _ >< 1+ 2d(y)—11) S 3
n(y) = n2(y) m@) /=5

X(1+3) =3 by R1,R4. We have that ' (v) 2 =2+ § + 15 + 3 = % > 0 by RI.
If d(y) 2 8 then we have that n,(y) + n3(y) < d(x) + d(y) -1 <d@y) -2, np(y) <d(y) —3 by

Lemma 3.4. | \
diy)-1)-3 dy) =4+ L x(d(y)=1)= 3 x(d(y)-2—
Note that 7(y — v) > W)+ x(n<2y(>)) )=3m0) o do)-4+Ex(d0) nz)@fX( 0)-2-mO) I (1+ d(y) 5) Ix@-

7o) 3)) by R1, R4. Since d(y) > 8, 7(y — v) > %‘5*, we have that w'(v) > -2 + é + ﬁ + =2 > 0by
R1.
(6.2.4) d(x) = 6, then ny(x) < d(x) —

By Lemma 3.4, we have that n,(x) + n3(x) < d(x) + d(y) — A —2 < 4. Note that 7(x — v) > g
x(1 + 2421y > 4 by R1, R4,

ny(x)
If a’(y)2 = 6, then we have that nz(y) +n3(y) <d(x)+d(y)-A-2=10-A <2 by Lemma 3.4. So

W)+ +X(d(y)=1)=2n3(y) d(y)=4+ 1 X(d()-1)=3xQ2-m(y) _ 2d(y)—9 3
n,(y) < 2. Note that 7(y — v) > ) 2 ,,2(}) - na(y) )25

X(1 +3) = 3 by R1, R4. This means thatw' (v) > -2+ 1 + $ + 2 = 1 > 0 by R1.
Ifd@y) = 7 then we have that nz(y) +n3(y) < d(x) + d(y) A 2 =11-AK< 3 by Lemma 3.4. So

W)+ Ex(de)-D-2n3() d(y) —4+Ex(d(y)-1)-2x(3- m0) _ 2d(»)-10
ny(y) < 3. Note that 7(y — v) > n20) = m() e )

X(1+ %) = £ by R1, R4. This means that w'(v) > —2+§+ :+1=2>0byRl.

3
X1+

><(1+
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If d(y) > 8, then we have that ny(y) + n3(y) < d(x) +d(y) — A -1 < d(y) — 3, na(y) < d(y) — 3 by
Lemma 3.4.

Note that 7(y — v) > w(y>+§x(i<2y(;1>—§n3<y> d(y)—4+5X(d(y) nl;(;)—x(d(y) 3-m0)) _ >< a dgz;;t) > % X (2 -
753) by R1,R4. Since d(y) = 8, 7(y — v) 2 31, we have that ' (v) = =2+ 5 + £ + 33 = % > O by RI.
(6.2.5) d(x) = 5, then ny(x) < d(x) -3 = 2.

By Lemma 3.4, we have that n,(x) + ng(x) a’(x) + d(y) — A -2 < 3. Note that 7(x — v) >

O+ X(d(x) Dhm(x) > 1+4X§_7X(3 () _ 2 + $X (x) > 5 + SX3 = 17—0 by R1,R3. Observe that
d(x)+d(y) > A+3byLemma33 sod(y) > A+3 d(x) > 6

If d(y) = 6, then we have that n,(y) + n3(y) < d(x) +d(y) —A—-2 =9—-A < 1 by Lemma 3.4, which
W)+ Ex(dy)-1)-2n3(y) 2+5x1-0x3

means that n,(y) = 1, n3(y) = 0. Note that 7(y — v) > > 20) 2 = —= =3 by R1,R4.
Sow (v) > 2+ + 1 +3 = >ObyR1.

Itdy) =17, then we have that my) +n3(y) <dx)+d(y)—-A-2=10—-A <2by Lemma 34. So

1 _1-2n VAt L (d()=1)= 2 (21 (y

nz(y) < 2. Note that T(y V) > w(y)+5X(ci(2y()))l) 513(y) > d(y) 4+5X(d(i)2()lv)) $X(2-ma(y)) _ %X (1+-3)> 5
X(1+3) =3 by R1,R4. Hence, ' (v) > -2+ 1 + & + 3 = 1 > 0 by RI.
IfdQy) > 8 then we have that n,(y) +n3(y) < d(x)+d(y) A—1 < d(y)—4 by Lemma 3.4. So ny(y) <

>
>

nz(y)

WO+ EXA)-1)-3n3(y) _ de)-4+1x@y)-D)-2x(@dy)-4-m ) _ 3 d(y)-3 3
d(y) — 4. Note that 7(y — v) > e > 2 o) X (1 + = 0 ) =3
><(2+d0) 7) by R1, R4. Observe that 7(y — v) > 2 smce d(y) > 8. Then w'(v) > 2+ + +— =35>0

by R1.
(6.2.6)d(x) =4

By Lemma 3.4, we have that ny(x) + n3(x) < d(x) +d(y) —A -2 < 2.
(@) na(x) + n3(x) =2

By Lemma 3.6, we have that nx(x) = 2, ny(y) = 1, n3(y) < 1, and d(y) = A. Note that 7(y —
V) > WOt X(Cfl(zy()))l) im0 do’)_“%diy)_é_lxg =%Gy)-% = %A -4 > Z by RLLR4. So w'(v) >
—2+ + = —3 > (0 by RI.

(b) nz(x) + I’l3(X) < 1. Thatis nz(x) = 1 n3(x) =0

Note that 7(x — v) > Wt s X(g,l,(x)x -imo > O+3X%1_OX%
by Lemma 3.3,s0d(y) > A+3 -d(x) > 7.

If d(y) = 7, then we have that n,(y) + n3(y) < d(x) +d(y) —-A—-2 =9 —-A < 1 by Lemma 3.4, which
means that n,(y) = 1, n3(y) = 0. Note that 7(y — v) > w(y)Jr%X(i(zy(;l)_%n}Q}) = 3+6X%1_0X% = 25—1 by R1, R4.
Sow(M>-2+1+2+2=3>0byRL

If d(y) > 8, then we have that n,(y) + n3(y) < d(x) +d(y) — A -1 < d(y) — 5 by Lemma 3.4. Hence
m(y) <d@)->5.

Note that (y — v) > w<y>+éx(¢i<2y(>)—)1>—%n3<y) > d<y>—4+gx(d(y)—nlz)(jx(d(y)—S—nz(y)) “3x(l+ d’(ly)(y—)z) Sk @2+
o 5)by R1,R4. We have that 7(y — v) > ¢ < since d(y) > 8. Hence, w ‘(v) > 2+ + + = =0byRI.

After R1 — R4, we get w' (v) > 0, for all v € V(G). For all f € F(G), if d(f) = 4, then w(f) =
w(f) = d(f) =4 = 0.1 d(f) > 5, then we have w'(f) = d(f) — 4 — “H== x d(f) = 0 by R4.

In summary, we get the following contradictory formula:

= 2 by R1, R2. Observe that d(x)+d(y) > A+3

8= Z w(x) = Z W' (x) > 0.

xeV(G)UF(G) x€V(G)UF(G)

The above contradiction indicates that G does not exist, so Theorem 1.1 is true.
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4. Conclusions

In this paper, we consider the acyclic chromatic index of planar graphs without 3-cycles and
intersecting 4-cycles and proved that such graphs have y(G) < A + 1 if A(G) > 8. A natural problem
in context of our main result is the following:

What is the optimal constant ¢ such that X;(G) < A(G) + 1 for every planar graph G with g(G) > ¢?
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