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Abstract: The aim of this paper is to study the existence of ground states for a class of fractional
Kirchhoff type equations with critical or supercritical nonlinearity

(a+b f I(—2) 2 uldx)(—A)'u = Au + |ul"%u + plul’u, x € R3,
R3

wdx = 2
R3
6+8s

where s € (3, 1), a,b,c > 0, S <q<2,p=2202= ﬁ), u > 0and A € R as a Langrange
multiplier. By combining an appropriate truncation argument with Moser iteration method, we prove
that the existence of normalized solutions for the above equation when the parameter u is sufficiently
small.

with prescribed L?-norm mass
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1. Introduction

In this paper, we study mainly the existence of ground states to the Kirchhoff type problem with
critical or supercritical nonlinearity

2_ 2 (1.1)

{(a +b fR3 [(=2)2uPdx)(=A)u = Au+ |u|?>u + plulPu, x € R3,
us = c*,

R3
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where s € (2, 1), a, b, >0, ¥ < g< 27, p>2:(2; =
(—2)* denotes the fractional Laplacian operator.

The operator (—A)* can be seen as the infinitesimal generators of Lévy stable diffusion processes,
see [1,2] for example. This operator appears in several areas such as biology, chemistry and
physics (see [3—6]). Problem (1.1) is viewed as being nonlocal because of the appearance of the
term b fR3 |(—=A)2ul?, which implies that Eq (1.1) is no longer a pointwise identity. This also results
in lack of weak sequential continuity of the energy function associated to (1.1), so it make the study
of (1.1) particularly interesting. Over the last decade, many mathematicians were particularly keen
on the study of nonlinear equations involving nonlocal operators, we can look it up in [7-14] and the
references therein.

It is well known that problem (1.1) arises from looking for the standing wave type solutions ¢(x, t) =

e y(x), A € R for the following time-dependent nonlinear fractional Kirchhoff equation

= 2S) u > 0 is a real parameter, and

d
i = (a+b fR (-2) ¢ldx)(=2)'¢ ~ fleDe, x € R, (1.2

where 0 < s < 1, i denotes the imaginary unit. The stationary case of (1.2) is the following equation
(a+b f3 (=2)2pldx)(-a)'¢ = fllghe, x € R, (1.3)
R

Clearly, ¢ solves (1.2) if and only if the stand wave u(x) satisfies (1.1) with f(u) = |u|"% + plulP~2.
Alternatively one can consider the existence of normalized solutions to (1.1), that is, solutions with
prescribed L?>-norm. Since solutions ¢ € C([0, 1], H*(R?)) to (1.2) maintain their mass along time (In
fact, multiplying (1.2) by the conjugate ¢ of ¢, integrating over R*, and taking the imaginary part, we

et %lgo(t)l% =0, t €[0,T].), itis natural and interesting, from a physical point view, to search for such
solutions.

When s = 1, Problem (1.3) becomes the Kirchhoff equation. In the past several years, the Kirchhoff
type equations has been studied extensively by many researchers(see [15-23]). For all we know, the
existence results to problem (1.1) have been mostly available for the case where p,q € (2,2}) and
A 1s fixed and assigned. Whena =1, b =0, s = 1 and u = 0, i.e., for the Laplacian operator,
Jeanjean’s [24] was the first paper to prove existence of normalized solutions in purely L?-supercritical
case. Liand Ye in [25] considered problem (1.1) withs = 1,u =0,N =3,4 = —-1,¢q € (3, 6) and proved
that (1.1) has at least one least energy solution by dealing with a constrained minimization problem
on a manifold of H'(R?), which is obtained by combining the Nehari manifold and the corresponding
Pohozaev identity. Liu, Chen and Yang in [26] considered problem (1.1) with 2 < ¢ < p < 2}
and proved some existence results about the normalized solutions. However, there is few literature
concerned about the normalized solutions for fractional Kirchhoff equation with critical or supercritical
nonlinearity. With regard to the point, we attempt to study this kind of problem in this paper.

It is well known that the fractional order Sobolev space H := H*(R?) can be defined as follows

Ju(x) = u@)P

H'®R) = {ue PR : f sy < +oo,
X —yPrs

RO

2
s = f f '”l(x) (:gf'ddy+ f udx)?,
6 - R3
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and the inner product is

)y = f f u(x) — u@))OX) =vQy) , dy + f v
RS R3

|X _ y|3+2s

According to [26], we know that

lll = ¢ f ((=8)suPdx +
R3

S—

1
Jul*dx)>
R3

is also a norm on H*(R?) which is equivalent to ||u|;. Moreover, we define H(R?) := {u € H*R?) :
u(x) = u(|x|), x € R}
Let H = H X R with the scalar product
GoE=06dm+6)r
and the corresponding norm
1 =1 0+ 1 B
Let || - ||, be the usual norm of space L'(R*) where 2 < t < oco. H is continuously embedding into
L'(R®) for ¢ € [2,27] and there exists a best constant S * such that

- Jos 1(=2)2uPdx

mn 3
ueH,u#0 ||u||2*
s

St = (1.4)

The normalized weak solution for the problem (1.1) is obtained by looking for critical points of the
following C! functional

S b S 1
T () = ff (—a)su + —(f (—a)3uf)? - = f uf - £ f ul?
2 R3 4 R3 q R3 p R3

constrained on the L2-spheres in H:
S(c) ={u € H| ||ul], = ¢ > 0}
u. s called a ground state of (1.1) on S (c) if

djﬂlS(c)(uc) =0and j,u(uc) = uggl(fc){j’U(u) : djylS(c)(u) = 0}

Since p > 27, the functional J, is not well defined on H*(R?) unless p = 2%. Moreover, we need
to overcome the lack of compactness in studying critical and supercritical growth. Hence, we cannot
directly use variational methods to prove the existence of normalized solutions. To overcome these
difficulties, we use a new method, which came from [14,18]. The main idea of this method is to reduce
the supercritical problem into a subcritical one. In comparison with previous works, this paper has
several new features. Firstly, we consider the nonlinear term with supcritical growth. Secondly, we
give the existence of normalized solution for the appropriate truncation problem of (1.1). Finally, the
existence of a normalized ground state solution is obtained by Moser iteration method. The results in
this paper extend the results in paper [4,24,26]. There have been no previous studies considering the
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existence of normalized ground state solutions for problem (1.1) involving supcritical growth to the
best of our knowledge.
Our main result is the following:

Theorem 1.1. For any ¢ > 0, there exists a u* > 0 such that, problem (1.1) has a couple of solutions
(e, ) € H'(R?) x R for any u € (0, u*]. Moreover, u, is a positive ground state, radially symmetric
function and 4. < 0.

Remark 1.2. When % < q < 2}, 9,18 not bounded from below on S (c), i.e., irsl(f)jﬂ(u) = —00. So,

the minimization problem constrained on § (¢) does not work. We try to look for a critical point with a
minimax characterization. Although 7, has a mountain-pass geometry on S (c), the boundedness of the
obtained Palais-Smale sequence is not yet clear. Motivated by [4], we try to construct an auxiliary map
I, which on § (¢) xR has the same type of geometric structure as J,, on S (c). Besides, the Palais-Smale
sequence of I, satisfies the additional condition, which is the key point to obtain the boundedness of
the Palais-Smale sequence.

2. Preliminaries

In this section, we give a truncation argument in order to overcome the lack of compactness in
studying critical and supercritical growth. Let M > 0 be a constant. For fixed ¢ > 0, u > 0, M > 0,
we investigate the existence of ground state for the following truncation problem

2 _ 2 2.1)

{(a +b fR3 I(=2)2uPdx)(=A)u = Au + |ul?>u + udy(u), x € R3,
us=c,

R3

where s € (%, 1), a,b >0, 6+38S <g< 2, pz2202;= 3-62s)’ and

() = P21, ltl < M,
T M, 1> m

To investigate (2.1), we define the the energy functional £, : H — R by

Eu) =2 f |(—A)%u|2dx+é( f |(—A)%u|2dx)2—l f lul?dx — f Dy(wdx,  (2.2)
2 R3 4 R3 q JRr3 R3

where Dy (1) = fot dy(t)dt. It is easy to obtain that £, € C'(H,R) and

(E/(w),vy=(a+b f (=2)?ul’dx) f (=) u(=a)?vdx - f luluvdx — f dy(wvdx  (2.3)
3 R3 R3 R3

R

forall u,v € H.

Theorem 2.1. For any ¢ > 0 and M > 0, there exists a y; > 0, such that, problem (2.1) has a couple
of solutions (u,, A.) € H;‘(R3) X R for any u € (0, u1]. Moreover, u, is a positive ground state, 4. < 0
and E,(u.) = m,,, where

m,, = Inf E, (u
CH uevie) u(1t)
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and V(c) is the Pohozaev manifold defined in lemma 2.4.
Next, we give some useful preliminary lemmas to prove Theorem 2.1.

Lemma 2.1. [8] If @ € (2, 27), there exists an optimal constant C(s, @) such that for any u € H,
s Pa. a—a
[ < coan [ -mtupy [ e 2.4
R3 R3 R3
where B, := 3(‘;—;2)

Lemma 2.2. [19] H:(R?) is compactly embedding into L'(R?) for ¢ € (2,2%).
As in [4], we introduce the useful fiber map preserving the L>-norm, that is,

(T x u)(x) := e%Tu(eTx), fora.e. x e R’ (2.5)

Define the auxiliary functional / : H — R by

a 5 b ST P
L(u,7) = E(Txu) = Eez”f (=2)?uf* + ¢t (f (=2)2uP)®
R3

1 3 (2.6)
—— T |u|qu—,uerﬁ”f Dy(u)dx,
q R3 R3
where
) S M’
o )b 2.7)
g, |ul>M,
then we can obtain that [, is a C !_functional.
Lemma 2.3. [13] The map (#,7) € H — 7 % u € H is continuous.
Similar to Lemma 2.1 in [4], we can easily get the following lemma.
Lemma 2.4. Let (4, 2) € S(c) X R be a weak solution of Eq (2.2). Then u belongs to the set
Vic) :={ueS(): Py,(u)=0}
where
P.w)=a f (=) uldx + b( f (—ayultdn? - P f uptdx — P f Dy(dx.  (2.8)
R3 R3 N R3 S R3

Lemma 2.5. For any u € §S(c), T € R is a critical point for ®,(7) := I,(u, 7) if and only if 7 % u € V(c).

Proof. For any u € S(c) and 7 € R, we have

(@,)'(7)
= ase™” f [(=2)2ul® + bse™™( f (=) uP’)® = B f jul” — ppre f Dy (u)
R3 3 3

R R (2.9)
= asf (—8)3 (x % w)* + bS(f (—8)3(x % w))’ _ﬁqﬁ (T * wl? - ,Uﬁri’f Dy (7 * u)
= SPL(r % u). : :

It is easy to see that Lemma 2.5 holds. O
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Lemma 2.6. Let u € S(c) be arbitrary fixed, then

(1) fR3 |(—2)2(t * w)> - 0 and I,(u,7) > 0 as T — —o0;

2) ng |(=A)2(T % u)|*> = +o0 and L,(u,7) > —00 as T — +oo.

Proof. For fixed u € S(c), we can easily get the conclusions (1) and (2) from the facts

f I(=2)2(r % w)? = ** f I(=a)2ul,
R3 R3

S b S eﬁ qT
L(u,7) = fezﬂf (=n) uP + —e4”<f (—a)iufy? - S f ul? — ,ueﬁ’”f Dy (wdx
2 R3 4' R3 q R3 R3

and B,r > B,q > 4s. O

Lemma 2.7. For every u € S(c), there exists a unique 7, € R such that 7, x u € V(c), where 7, is a
strict maximum point for ®,(7) and ®,(1,) > 0.
Proof. For u € S(c) and 7 € R, by (2.9) we have

(@,)"(r) =2as’ f (=2)7 (7 % w)* + 4bs’( f (=8)% (r % w)*)’
R’ R? (2.10)
—4B; f (T % W)l — u(B.r)’ f Dy (7 * u).
R3 R3

Since 1B, > gB, > 4s, it is easy to see that (®,)'(r) > 0 as 7 — —oo, and (¥,)'(r) < 0 as T — oo. So,
there exists 7, € R such that (®,)'(r,) = 0. From Lemma 2.5, 7, x u € V(c¢).
Combining with (®,)'(t,) = 0, (2.9) and (2.10), we have

(®,)"(t,) = —2as fR 3 [(=2)2 (7 * w)* = By(gB, — 45) fR @l = prB (B = 45) fR Dyl xuw) <0,

which together with Lemma 2.6 implies that 7, is unique and it is a strict global maximum point for
®,(r) and O,(7,) > 0. O

3. Characterization of mountain pass level

As in [4], firstly, we prove that E,,(u) has the mountain pass geometry on S (c) X R in the following
lemma.

Lemma 3.1. There exists k. > O such that

P,(u), E,(u)>0forall ue A, and O0<supE,(u)< ir%Bf E, (u)

uceh .
with
A.={ueS): f I(=2)2uP <k}, B.={ueS): f I(=2)2uf = 2k,).
R3 R3

Proof. Let k > 0 be arbitrary fixed and suppose u, v € S(c) are such that

f |(—A)%u|2 <k, and |(—A)%v|2 - k.
R3

R3

AIMS Mathematics Volume 7, Issue 6, 10790-10806.
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Then for k small enough, by (2.4) and % > % > 4, there exist constants C; and C, such that

P() > a f (=)uf + b f (—a)iuP)? - Ci( f (—a)iu) 5 = Cx( f (—a)iup)™s,
R3 R3 R3 R3
S b s 3(r-2
B >3 [ ol + 3 [ 1eotaly - [ 1ot o [ i-att)s
R3 R3

and
a s o b s oo 1
E0) - By =5 f o + 2 f Carvfr = [ bir—p [ Due)
q Jr3 R3

a s
-3 f (=8)uf = 3¢ f (—a)iupPy?
R3 b
zak+bk2—§k——k2—cl<f (—a)ivP) 5 —C2(f (—a)iv?) 5
2
Jak @k e e

2 2

By the above inequalities, we can obtain that there exists k. > 0 sufficiently small such that Lemma 3.2
holds. =
Next, we need to construct the minimax characterization of 1, and E,,.

Lemma 3.2. Let

Yen = inf max I,(h(t
Yew heF, 1€10,1] w(h(0)

with
[, ={h e C(0,1],5(c) xR) : h(0) € (A.,0),h(1) € (E,0)}, E, :={u € S(c): Eu(u) <0}

and

Yeu - },?rf ggﬁE (h())

with
I'.={heC(0,1],S(c)) : h(0) € A., h(l) € Eg},

then we have
70,/4 =Yeu = Mey > 0.

Proof. Firstly, we prove that ¥, = y.,.
For any h € I'.,we can write it into

h(t) = (hi (1), ha(1)) € S (c) X R.
We set h(t) = hy(t) % hy(£), then h(f) € T,, and

n%glx] I (h(t)) = max E (hz(t) * h (1) = max E,(h(1)),

AIMS Mathematics Volume 7, Issue 6, 10790-10806.
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which implies ¥.,, > y.,. On the other hand, for any & € I';, if we set h(t) = (h(t),0), then we get hel.
and

tnﬁ%l (h(1)) = max E,(h(1)).

This infers that ¥.,, < Yeyu. SO, Yoy = Yoy

Secondly, we claim that for u € S(c), E,(u) < 0 implies P,(u) < 0.
For u € S(c), if E,(u) < 0, then ®,(0) < 0. By the proof of Lemma 2.7 and Lemma 2.6, we easily see
that , < 0, so

1 1
Py(u) = P,(0 % u) = ;(CDM)'(O) < ;(CDM)'(TM) =0

That is
E,(u) <0= P,(u) <0. (3.1

Next, we prove that m., = y.,.
For any u € V(c), by Lemma 2.6 and Lemma 2.3, there exists ~ < —1 and ¢* > 1 such that

hy:7€[0,1] > (1 -7t +1t)*uand h, el..

By Lemma 2.7, we have rr%(a)ulc] E,(h,(7)) = E,(u). So we have m., > vy.,. On the other hand, for any
7€[0,

h(t) = (hy (1), hy(7)) € T, we know that h,(0) % 1 (0) = hy(0) € A, hp(1) * hy(1) = hy(1) € E)). Hence
by Lemma 3.1, we can deduce that
Py(ha(0) * 1 (0)) > 0,

and using (3.1), ) )
P (hao(1) % hi(1)) < 0.

From Lemma 2.3, the function Pﬂ(T) = Pﬂ(ilg(’l') * 1 (7)) is continuous in [0, 1]. Therefore, there exists
7 € (0, 1) such that P,(7) = 0, which implies that /() * (%) € V(c), and

Iél[gl)li] I(h(1)) = max Eﬂ(hz(r) * (1)) > 1nf E,(u),

which implies that y., = Y., > m¢,. S0, me, = Ve
Finally, we prove that m., > 0.
For any u € V(c), then P,(u) = 0. By (2.4), we have

(= A)Zulde+b(f (=) uldxy’ <C1(f (—8)Fuldx) +Cz(f (~2)iuldn)™
R3

noticing that 78, > gB, > 4s, there exists 6 > 0 such that 1r‘}(f ) &3 |(—=a)2ulPdx > 6, and
uev(c

1
E,(u) =E,(u)— ZP (u)
f - A>zu|2dx+<ﬁ ——) f e+ (-~ 1) f Dy(wydx -
1)

>

EERSE

Thus, m,, > 0. O

AIMS Mathematics Volume 7, Issue 6, 10790-10806.
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Remark 3.3. Let

. 1= inf Eo(h(t
P grgg%&f] o(h(?))

with
I ={heC(0,1],S(c)) : h(0) € A, h(1) € E°}, E* := {u € S(c): Eo(u) <0}

Obviously, I c T, Eg(u) > E,(u) for u € S (c). Thus we can deduce that p. is independent of positive
numbers u, M and p. > ., for any u > 0.

In the following lemma, we give the relationship between the Palais-Smale sequence for / and that
of E,.
Lemma 3.4. Let ¥, and ., be defined in Lemma 3.2. Then there exist a sequence {(v,, T,)} C S (c)xR
such that for n — oo, we have
(1) 1,V Tw) = Ve
(2) (1) s )xr(Va, T,) = 0, 1.e., it holds that

aTI/l(Vl’H Tn) -0

and
<au1p(Vn, 7-n)a ¢> -0
with
peT, = {gaeH:f vap = 0}.
R3

In addition, setting u,(x) = 7, % v,(x), then for n — oo, we get
(1) E(un) = Veps
(i) Py(u,) — 0,
(iii) E} |5 (un) — 0, i.e., it holds that
(E} (), ) = 0
with
peT, ::{goeH:f3u,,¢p:O}.
R

Proof. According to the construction of y¢,, we know that the conclusions (1) and (2) follow directly
from the Ekeland’s Variational Principle [8, Proposition 2.2]. Next we mainly show (i)—(iii).
For (i), by Lemma 3.2, ¥., = ¥.,. we notice that

Ep(un) = Eu(Tn * Vn) = I/z(vnaTn)’

thus (i) holds.

By (2.9), we can get that 0.1,(v,, 7,) = sP,(t, * v,). Thus, (ii) is a consequence of 0.1,(v,, 7,) — 0
as n — oo.

For the proof of (iii), by the definition of I, we have

SN e (Va(X) = va(@(x) — &())
<aul/1(vn9 Tn)’ QD) =ae f RO |x _ y|3+2stdy

bt f f (Va(x) = va(»))? f f (Va(x) = v W(@(x) — &(y))
zs |x — yP*5dxdy RS |x — yP*2sdxdy

_Padmn f 3 ValT2v,@ — ue’t f Auvn)®,

R R

AIMS Mathematics Volume 7, Issue 6, 10790-10806.
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where p €T, .
On the other hand, for any ¢ with satisfying ¢ € T,, , by using (2.3), we have

(E} (), ¢)
_ f (0, (x) — up(y)((x) — <P(y))
R6 |X )é|3+2s
b f (Un(x) — up(y)) dxdy f f (un(X) u, () ((x) — 90(y))
R6 Ix _ y|3+25 R6 |)C y|3+2s
|un|q_2un‘10dx Y dM(un)Sde
R3 R3
f f €7 (v, (™ x) — V(€™ y))(e(x) — so(y))
I_x y|3+2v
371 Tn _ T 2 ET" T _ Tn _
b f f (Va(e™x) — v, (e™y)) dxdy f f e2(v,(e™x) — vu(e y))(so(X) o(y) dxdy
RS |X _ y|3+2s R6 |X _ y|3+2.s
|37y, (e )" 23, (™ X)p(x)dx — f dy (€3, (€™ X)) p(x)dx
R3 3 1, R3_ 3z, -7,
— g f (Va(x) = v, () (e 2p(e™™x) — e 2" p(e”™y)) dxd
R6 |x_y|3+25 3 3
+be™ f @) =00 g f (@) = v (e ) — e e Ty))
o Jx—yPr RS lx — yPP*2

—eWPatn Ivn(x)Iq_zvn(x)e_%T"go(e_”x)dx— ,ue’B’T” f dy(vy)e” 2T”(,o(e " x)dx
R3 R3

Setting .
P(x) = €727 (e x),

we get (iii) if we could show that ¢ € T, . In fact, @ € T, follows from the following equalities

f Uy = f 2, (" x)e(x)
ﬁ Va(X)e (e T x) = f Vn.
R3 R3

4. Proof of Theorem 2.1
According to Lemma 3.4 and Lemma 3.2, there exist a Palais-Smale sequence {u,} C S (c) for E, s

atlevel y., > 0, and it satisfies P,(u,) — 0 as n — oco. By applying the Lagrange multipliers rule there
exists {4,} C R such that

(a+ bf (=22 uaP) (= 2) 1ty = |10, = prdpg () = Aty + 0(1), as n — oo, (4.1)
R3

(1). As P,(u,) — 0, we have
af |(—A)3u,,|2+b(f I(=2)2u,|?)? :@f |un|4+“ﬂ’rf Dy(u,) +o(1)as n — co.  (4.2)
R3 R3 S R3 S R3

AIMS Mathematics Volume 7, Issue 6, 10790-10806.
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Thus, by (4.2) we deduce that

S b s
E,(un) + 0n(1) = Ef |(_A)2un|2+1(f I(—A)zunlz)z—#f Dy (uy,)
R,
15 S .
—la |(_A)2un|2+b(f (=A)2u, ) - Hper f Dy (uy)] + o(1)

4B, Jw
—a(i——> f (=)l + b(s = ) f (—a)bu, )2 4.3)
2 fug 4 By
DM(un)
q R3
<Yeut1

Since 6+8§

the boundedness of ng [(=A)2u, |, thus {u,} is bounded in H.

(2). According to Lemma 2.2, we know that the embedding Hrs(R3) — L'(R%) is compact for ¢ €
(2, 2%), and we can deduce that there exists u, € HS(R3) such that, up to a subsequence, u, — u.
weakly in H, u,, — u, strongly in LY(R?) for g € (6+385, 2). since {u,} C S(c)is bounded in H. By (4.1),
we obtain that

Lt =a f (=2)2u,* + b( f [(=2)2u, ) - f lun|? — ur f Dy(uy) + 0,(1). (4.4)
R3 R3 R3 R3

Using the fact that the boundedness of {u,} in H and (4.2), we can deduce that {4,} is bounded. Hence,
up to a subsequence 4, — 4. € R.

(3). We claim that u. # 0. We assume by contradiction that u. = 0, by (4.2) we deduce that
fR3 [(=A)2u,|*> — 0. Recalling that P,(u,) — 0, according to (4.3), we have E,(u,) — 0, which is
a contradiction to the assumption that E,(u,) — ., # 0. Now, since 4, — A, and u,, — u. # 0 weakly
in H, together with (4.1), we know (u., A.) is a couple of solutions to (2.1). By the Pohozaev identity,
we obtain

_ 2 R _
o, f =)+ 2
2 R3

Combining with the (4.4) for u., we get

1 = At = & ;ij a f|< &)iuf +b(f (=8)EucPy] + g ((_2")) Dy(u) (4.5)

Since < g < 2} and (4.5), there exists u; > 0 such that 4. < 0 for u € (0, u;].
@). Testlng (4.1) and (2.1) with u, — u., we can obtain that

< g <2} and (2.7), it implies that 5a <1 and Brr > B,q. According to (4.3), we can deduce

2s s 1 1
b(f I(—2)7u*)* = 3(f E/lcluclz + =luc|? + uDy(u.)).
R3 R3 q

6+SS

<E;1(un) - E;,(uc)’ Up — Uc) — /lcf lu, — ue = On(l)'
R3
Using the strong L” convergence of u,, we infer that

a f [(=2)2 (uy, — ue)* + b( f [(=2)2 (uy — u )P = A, f lu, — ul* = 0,(1),
R3 R3 R3

which, being A, < 0, implies u, — u,. strongly in H. Therefore, E,(u,) — E,(u.), as n — oo. From
Lemma 2.4 and Lemma 3.2, we easily obtain that u, is a ground state of (2.1) and E,(u.) = m,,. |
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5. Proof of main result

In this section, we devote to complete the proof of Theorem 1.1. From the truncation argument in
Sections 2—4, we can see that if the ground state u, of (2.1) satisfy ||u |l < M. Then u,. € H is a ground
state of (1.1).

Lemma 5.1. Let(u., 4.) be a couple of solutions of problem (2.1) for u € (0, ], then there exists a
constant K, > 0 independent of u, M > 0 such that ||u.|| < K..
Proof. By Theorem 2.1 and Lemma 2.4, it is easy to see that

Ey(uc) =Yeu and Py(uc) =0, (51)

It follows from (5.1) and Remark 3.3 that

1 a
Pec 2 Yeu 2 E,u(uc) - ZP,u(uc) = Z||Mc||2

Consequently, there exists a constant K. > 0 independent of y, M > 0 such that [|u.|| < K.. |

Lemma 5.2. If (u., A.) be a couple of solutions of problem (2.1) for u € (0, i;], then u. € L*(R?), and
there exists a constant B. > 0 independent u, M > 0 such that

L pg
”uC”OO < Bc(l +I~12?_‘1M2§—q).

Proof. For convenience, we replace u, with u in the following. Let L > 0 and 5 > 1, we first define the
following functions:
T(u) = uui(ﬂ Ve H,

where u; = min{u, L}. Since T is an increasing function,we have
(x =[Tx) =T =0, Yx,yeR.

Let d(r) = %Itl2 and ¥Y(¢) = fot(‘I"(T))%dT.Then,if x >y, by Cauchy-Schwarz inequality, we have

Q' (x = Y[T(x) =T = (x=NIT(x) —TH)]
=(x —y)f T (t)dt

=(x=y) f (¥'(1)*dr

> ( f ¥ (1)dt)*

= [¥(x) - YO)P.

The same arguments hold for x < y. Therefore,
@' (x = YIT(x) = TO] = [¥(x) = PO, Yx,y R, (5.2)
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By the definition of u;, it is easy to see that [uu;” "] < L*#Dy and Y'(u) € H. Taking Y'(u) as a test
function in Eq (2.1), and let g, y(x, ) = [f|77%¢ + pdy(f), we obtain

) (102 BD )y 26D
(@+b [ N—a)iup) [ [, Lo’ it o),

lx—y[3+2s (5.3)
=4 ) u(x)uui(ﬁ_l)(x)dx + fR3 8um(x, u(x))uui(ﬁ_l) (x)dx.
Since ¥(u) > ém{i—l and (5.2), we get
(u(x) = u(y) iy (x) = uy P (y))
a PR dxdy
R3xR3 ~ =) 54
a uad; ! (x) - ung (P 64
> — e dxdy.
B RIxR3 |x — y[P+=
For any € > 0, there exists C, > 0 such that
|gune(x, D < &lt] + Co(1 + uMP ™)t (5.5)

Let w, = m{‘z_l. By employing Holder’s inequality and (5.3)—(5.5), we have

a ff lwr(x) — wL(y)lzdxdy
B? R3xR3 |x — ypPr2s

< sf (wr)*dx + C-(1 +,uM”q)f lu(x)|% > (w)*dx (5.6)

<e j& (WL)’dx + Co(1 + uM? ’q)(f (P dx) 7 ((r)dx)t,
R3 R3

where ‘12;*2 + } = 1 and 27 € (2,2}). Moreover, it follows from (1.4) that

S illull3 < f (—a)7ul. (5.7)
R3
Therefore, we deduce from (5.6) and (5.7) that
lwel3: < CB lw,ll5 + (1 +#M”_")Ilullggzllwdli],

where C > 0 is a constant. From the definition of u;, we have u; < u in R3. Letting L — +o0, using
the Fatou’s Lemma, one has

p) 2 - -2 2
lull . < CAlully + (1 + M=l llull 5, - (5.8)
By the interpolation inequality, we get [lullag < |lully llullg,,, where o € (0, 1) satisfies 55 = 557 + 57
Thus, o = ’iﬁj), which shows that o — 1 as 8 — +oco. Since 26(1 —0) =2 + 2{(;:? < 2, we get
2, 2B(1— 2 2
lull5 < el NaallZ < (1 + Nello) el 5,
which together with (5.8) yields
R 1
% 2 - 2155 115,11k
gz, < CEBALL + Ilully + (1 + M~ )ladl3, 17 [l (5.9)
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where k € {0, 1} and C; > O is a constant. Let 6§ := 3, then 6 > 1. Taking 8 = 6 in (3.13), we deduce

21’
that
L1 _
lullgp: < CPO7[1 + [lull; + (1 + uM” ")Ilull‘; 29||M||2*, (5.10)
where k; € {0, 1} and o) = ’Eg%:) Taking 8 = 6% in (5.9), we get
1 2 _
lullg2a: < C2” 021 + |lull3 + (1 + uM? q)llull ok ||M||2*9, (5.11)

where k, € {05, 1} and 0 . Ci 1) . Combining (5.10) with (5.11), we have

62—
AT itE 2 P=q 42135+ 53 11,1k
llullg2o: < C| 677 [1 + lully + (1 + ") lual 5. 7177 2 |fuel| 5.7
Taking 8 = €',i € N, one has

i
1

mzl k2 ; P—q q- 2 Z 29”’ kika...
llelloio: < Cf =k [1 + llull3 + (1 + M Mael [y, = Fr=r = {faal [y, (5.12)
where k; € {0, 1} and 0; = ’g:}).

Next, we divide into two cases: |[u|l,: > 1 and |[u]|>: < 1.
(1) Assume that [|u|l» > 1 is in force. In view of kik, ... k; < 1, we have ||u||
i = +o01n (5.12), we can know that

Sk < lully:. Letting

1 14 o1
ltlleo < CT7PO@Z [1 + flull3 + (1 + pMP )] aall 2172 [l

- _q _

o 1 te, rand k; € 0, 1, we have 0 < 0710...0; <

(2) Assume that [[u]|,: < 1 1is true. By o =
kiky ...k; < 1, which shows that ), lno,, < Z Ink,, < 0. From the fact that In(1 — s) > = for all
m=1 ’

m=1

s € (0,1), one has

;lnknglnvm:;ln(l_ t@tm__ll)z 1t_t;9m1_1 .

which implies that

kiky...k; > e* forall i e N.

kiks...k
By |lull>; < 1, we have [|ul],.”

"< ||l/t||;/:. Similarly, letting i — +o0 in (3.16), we reach
16 1
lulle < C7P O[T+ |ull3 + (1 +/JM”_q)IIMIIZ;2]2<9'“|Iu||§§-

Consequently, we have u € L*(R?) and

L 6 _
ulle < C;7 0@ [1 + * + (1 +,llMp_q)llthg:z]z“’l*”||M||£;, (5.13)
wherer=lorrt=¢* < 1.
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Finally, by (1.4) and Lemma 5.1, there exists C, > 0 such that |[u|: < C,. Therefore, it follows
from (5.13) and 6 = 2;_—2‘”2, there exists a constant B, > 0 independent u, M > 0 such that

1 pq
[l < B(1 4+ %4 M%),

O
Proof of the Theorem 1.1. By Lemma 5.2, for any ¢ > 0, there exists a constant B, > 0 independent
on u and M such that

1 rq
]l < Be(1 +Iu2§-w MZP’;—qq)'

Thus, for large M > 0, we can choose small y* > 0 with y* < y; such that ||u ||l < M forall u € (0, u*].
By Theorem 2.1, problem (1.1) has a couple of solutions (u., A.) € H,S(R3) X R for any u € (0, u*].
Moreover, u, is a positive ground state, radially symmetric function and A, < O. O
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