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1. Introduction

In 1922, Banach proved his famous result known as the Banach contraction principle, which is a
simple and powerful result with a wide range of applications [12]. Many generalizations of Banach
contraction principle can be seen in the literature, see e.g., [5,9,16,17,19,21-24].

Consider the kth order nonlinear difference equation

Xp = f(Xp_1, Xn-2s oo Xni)y, n=kk+1,... (1.1)

with initial values xo, ..., x;_; € X, where k > 1 is a positive integer and f : X* — X. This difference
equation can be discussed with the perspective of fixed point theory by considering the fact that x* is a
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fixed point of f if and only if it is the solution of (1.1) exist, that is,
X=X x0).

The first step in this direction is taken by PreSi¢ in 1965 by establishing a generalization of the
Banach contraction principle in the following manner:

Theorem 1.1. [28] Let (X,d) be a complete metric space. Given k > 1 a positive integer and f :
X* — X. Assume also that

k
d(f(xo, ... Xk=1), f(x1,...x)) < Z nid(xi—1, x;), ¥ xo,..., %1 € X,
i=0

k

where 11,1, ..., N are positive constants such that Z n; € (0,1). Then there exists a unique x* € X
i=1

such that x* = f(x*,x*,...x"), that is, f has a unique fixed point x* € X. Moreover, for any initial

values xo, . .., x—1 € X the iterative sequence given by (6.1) converges to x*.

Note that for k = 1, the map f : X — X becomes a self map and hence the above Theorem is the
generalization of Banach contraction principle (for contractions defined on X*). In [14], Theorem 1.1
is generalized by Ciri¢ and Pre$i¢ in the following way:

Theorem 1.2. [I14] Let (X,d) be a complete metric space. Given k > 1 a positive integer and f :
X* — X. Suppose that

d(f(xo, ..., xk=1), f(x1,. .. %)) < pmax {d(xop, x1), ..., dxe—1, X)), ¥ X0, .., X1 € X,

where u € (0,1) is a constant. Then there exists a unique x* € X such that x* = f(x*,x",...x"), that
is, f has a unique fixed point x* € X. Moreover, for any initial values x, ..., X1 € X, the iterative
sequence given by (6.1) converges to x*.

Note that a fixed point of the operator f : X* — X can be considered as the equilibrium point
of the kth order nonlinear difference Eq (6.1). Therefore, the above theorems can be taken as a tool
to ensure the existence and uniqueness of the kth order nonlinear difference equation. Some other
generalizations are obtained by Pacurar in [13,27]. Recently, Ali et al. [3] studied the existence of
an approximate solution of the equation x = f(x, x,...,x), where f : H* — K. This equation has a
solution if H and K have some common element, but has no solution otherwise. Hence in that case we
can only get the approximate solution of the equation. The approximate solution of x = f(x, x, ..., x),
with the error term d(H, K) is called a best proximity point of f : H* — K. The classical result of
approximation theory given by Fan [18] is a great source of inspiration for various researchers in study
of approximate solutions of x = f(x). This result is given as follows:

Theorem 1.3. Let H be a nonempty compact convex subset of a normed linear space X and f : H - X
be a continuous function. Then there exists x € X such that

I = FCOll = inf (I £(0) = all).
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Recently Altun et al. [7, 8] investigated certain best proximity points results on KW-type nonlinear
contractions and fractals. Furthermore Ali et al. [3] used the metric space (X, d) endowed with a graph
and proved some best proximity results. These results are the generalizations of already existing results
which are stated earlier.

Czerwik [15] gave a generalization of the famous Banach fixed point theorem in so-called b-metric
spaces. For some important results on b-metric spaces, we refer the reader to [2,4,10, 11,25, 26].

The purpose of present research is to extend the results of Ali et al. [3], in the setting of b-metric
spaces equipped with an order. Hence, many results in literature become special cases of results
presented in this article. Our paper also contains some examples for the validation of presented results
and an application for further authentication.

2. Preliminaries

We include the following definitions before giving the main results.

Definition 2.1. [6] Consider a metric space (X, d). Suppose H and K are two non-empty subsets of X.
An element x € H is said to be a best proximity point of the mapping T : H — K if

d(x,Tx) = d(H, K).

Remark 2.1. From the above definition, it is obvious that a best proximity point reduces to a fixed
point for self-mappings.

Basha and Shahzad [29] have presented the following definition:

Definition 2.2. Consider a complete metric space (X, d). Suppose that H, K are non empty subsets of
X. If each sequence {k,} in K with d(h, k,) — d(h, K), for some h € H, has a convergent subsequence.
Then, K is called approximately compact with respect to H.

Al et al. [3] introduced path admissible mappings as follows:

Definition 2.3. Suppose that H, K are nonempty subsets of a metric space (X, d) endowed with a binary
relation R. Then T : H X H — K is said to be path admissible, if

dwy, T(h1, hp)) = d(H, K),

d(WZ’ T(h29 h3)) = d(H’ K)’ = WIRWZ

hy Phs,
where hl, ]’12, h3, wi, Wy € H.

Here, by w;Rw, we mean that w; and w, are related with each other under the binary relation R and
hi Ph;, we mean that for above mentioned A, h,, hs € X we have h;Rh, and h,Rhs.

Definition 2.4. Suppose H, K are non empty subsets of a metric space (X,d). An element A, € H is
said to be a best proximity pointof 7 : H X H — K if

d(h.,T(h., h,)) = d(H,K), (2.1

where
d(H,K) = infld(h,k): he€ H k € K}.
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3. Main results

First, we recall some definitions which are used in the sequel. Let (X, d),) be a b-metric space with
coefficient b > 1. Suppose that H and K are two nonempty subsets of X, then define the following
sets:

dy(H,K) = inf{d,(h,k) : h € H,k € K},
dy(xy, K) = inf {d,(xo, k) : k € K},
Hy={heH:d,(hk)=d,(H, K)for some k € K},
Ky=1{keK:d,hk)=d,(H K) for some h € H}.

Definition 3.1. Consider a b-metric space (X, d,) with coefficient b > 1. Suppose that H and K are
nonempty subsets of X. The element 4. € H is said to be a best proximity point of the mapping
T:H— Kif

dyp(h.,T(h.)) = dy(H, K). (3.1)
Definition 3.2. Consider a b-metric space (X, d,) with coeflficient » > 1 and let H and K be two

nonempty subsets of X. Then K is said to be approximately compact with respect to H, if each sequence
{k,} € K with d,(h, k,) — d,(h, K) for some h € H, has a convergent subsequence.

Definition 3.3. Let (X, d,) be a b-metric space with coefficient » > 1 and R is the binary relation on
X. Suppose H, K are nonempty subsets of X. A mapping T : H x H — K is called path admissible,
whenever Y hy, hy, hy, wi, wy € H we have

dp(w1, T(hy, hy)) = dy(H, K),
dp(wa, T (hy, h3)) = dp(H, K), = wiRwy,
hy Phs,

here, by w;Rw, mean that w; and w, are related with each other under the binary relation R and h; Ph;
we mean that for above mentioned h;, hy, h; € H, we have h;Rh, and h,Rhs.

Theorem 3.1. Suppose that (X, d,) is a complete b-metric space with coefficient b > 1 endowed with
a binary relation R, where d, is a continuous functional. Assume that H and K are nonempty closed
subsets of X. Consider a mapping T : H X H — K such that for each hy, hy, h3, wi, w, € H with h| Ph;
that is hyRhy, hyRhs and d,(wi, T(hy, hy)) = dy(H, K) = d,(w,, T (hy, h3)), we have:

dp(wi, wr) < I'max {d,(hi, hy), dp(hs, h3)}, (3.2)

where I € [0, 1) such that bI" < 1. Furthermore, suppose that the subsequent conditions are true:

(1) T is path admissible;

(2) e ]’l(), hl, /’lz € H which S(ltl'Sfy db(hz, T(l’lo, ]’ll)) = db(H, K) and hoth,’

(3) T(H X Hy) € Ko,

(4) K is approximately compact with respect to H;

(5) If th;} € X such that hjPh;., for each j € N and h; — x, as j — oo, then hjRx, for all j € N and
X Rx,.

AIMS Mathematics Volume 7, Issue 6, 10711-10730.



10715

Then T has a best proximity point.
Proof. Using condition (ii), we have hg, h;, h, € H satisfying
db(hZ’ T(h()’ hl) = db(H’ K)9 and hOPhZ’

that is, hyRh,, hiRh,. From condition (iv), T'(hy, h;) € Ky, and by the definition of K, we have h; € H
which satisfies

dp(hs, T(hy, hp)) = d(H, K).

Due to condition (i), we have h,Rh;. Hence, h; Ph;. By continuing same process, we build a sequence
{hj}s>» € H which satisfies

dp(hjs1,T(hj-1, hj)) = dp(H,K) foreach jeN, (3.3)
and h;_Phj.,. Thatis, h;j_Rhj,hjRh;,; ¥ je€ N.From (3.2), we have
dp(hj,hj1) <T max{dy(hj_,hj-1),dy(hj_y,h;)} foreach j=2,3,4,.... (3.4)
For convenience, we take ¢; = d,(hj, hj.1) for each j € N U {0}. Then we can rewrite (3.4) as
c¢j <I max{cj,,c;_}foreach j=2,3,4,....

By using induction, we can get ¢,_; < Zy" where = I''/2 It is obviously true for j = 0,1 by
considering

Z = max{co/y, 1 /y?),
since Z is max{co/y, ¢ /¢*}, one writes

co<Zy and ¢ < ZyY .
We obtain

¢, <T'max {co,c1} < I'max{Zy,Zy*} < TZy = Zy°,

cj <Tmax{c; i,c; o} <Tmax{Zy/, Zy/™ "} <TZy'™!
=Zy’*.

Therefore, we have
cih < Zy! ¥ jeN.

Hence,
dy(hj_1,h)) < Zy! VY jeN. (3.5)
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By using triangle inequality, we get

dp(hj, hjrg) < bldp(hj, hjy) +dp(hjsr, hjg)},
= bdy(hj, hj,1) + bdp(hji1, hjyg),
< bdy(hj, hjr1) + bbldp(hji1, hjio) + dp(hjia, hjsg)}s
=bdy(hj, hj) + bz{db(hﬁl’ hjwo) +dy(hj, hjg)l,
= bdy(hj, hj.) + bzdb(hjﬂ’ hjwo) + bzdb(hj+2’ hjig),
< bdy(hj, hj.y) + bzdb(th, hjwo) + -+ bldy(hjsg-1, hjsy),
<bZY + B2y + B2y 4+ BIZYH,
< by + by + DY+ -+ DTN Z,

G

Thus, {h;} is a Cauchy sequence in H, so there is an element &, € H such that h; — h, and h; € H,
which satisfies
dy(H, K) = dp(h., T(hj_1, h))),

that iS, hj_lﬂh*.
Furthermore, we have to prove that d,(h., T(hj-1, h;)) — dy(h.,K) as j — oco. Consider,

db(h*s K) < db(h*a T(hj—la hj))
= ,}1_{?0 db(hj+1 > T(hj—l > hj))

= db(H, K)
< dp(h., K)

Therefore,
dy(h., T(hj-1,hj) = dp(h.,K) as j— oo (3.6)

Since T is approximately compact with respect to H, the sequence {T'(h;_1, h;)} has a subsequence
{T(hj, ,,h;,)}, which converges to a point k, € K. Thatis,

dp(h., k.) = n111_r>130 dy(h;j,.,,T(hj,,h;,) = d,(H,K).
Hence, h. € Hy. As we know T'(hj, h,) € Ky, we have g € H satisfying
dy(g,T(hj, h.)) = dp(H, K). (3.7)
By assumption (vi), we have h;Rh, for all j € N. Thus, we have
dp(h.,T(hj_1,h;)) = dp(H,K), and d,(g,T(hj,h,))=d,(H,K) ¥V jeN.
Hence, we get hj_; Ph,. Also, h;_Rhj, and h;Rh, for all j € N. Hence, from (6.2),

dp(hjr1,8) < I'max{dy(hj_,h;),dy(hj, h,)} foreach j =2,3,4,....
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Taking j — oo, we obtain dj(h., g) = 0, thatis g = h.. Putting g = A, in (3.7), we have

dp(hs, T(hj, hy)) = dp(H, K).

That is, h.Rh.. Furthermore, we know that T'(h.,h,) € K, and we have an element t+ € H which
satisfies
dy(t, T (h., h.)) = dy(H, K). (3.8)

Condition (vi) implies that h,Rh.. Hence,
dy(t, T(h.,h.)) = dy(H,K), and dy(h.,T(h;,h.)) = dy,(H,K) for each jeN.
Therefore, h;Ph, for each j € N, that is, h;Rh., h,Rh, for each j € N. Thus, from (3.2),
dy(h.,t) <T max{d,(hj, h.),dy(h., h.)} for each je€ N,
Taking limit as j — oo, we have dy(h.,t) = 0, thatis ¢ = h,. Putting t = h, in (3.8), we have
dp(h., T (h., h.)) = d,(H, K).
O

Theorem 3.2. Let H and K be nonempty subsets of a complete b-metric space (X, dy,) endowed with
binary relation R, where b-metric is a continuous functional. Consider a mapping T : H X H — K
such that for each hy, hy, hy, w1, w, € H with h, Phs, that is, hyRhy, hyRh; and

dy(wi, T(h1, hp)) = dp(H, K) = dy(wa, T'(hy, h3)), we have

dp(hs3, wy) < I'max {d,(hy, hy), dp(ha, wi)}, (3.9)

where I € [0, 1) such that bI" < 1.
Furthermore, suppose that the subsequent conditions are true

(1) T is path admissible;

(2) A hy, hy, h, € H which satisfy dy(h,, T (ho, h1)) = dp(H, K) and hyPhy;

(3) T(H x Hy) C Ky,

(4) K is approximately compact with respect to H;

(5) When {h;} C X such that hjPhj,, for each j € N and hj — x. as n — oo, then hjRx, for all j € N
and x.Rx..

Then there exists a point h, € H which satisfies
dp(h., T (hs, h.)) = dp(H, K),

that is, T has a best proximity point.

Proof. Proceeding as in Theorem 3.1, we obtain a sequence {4; : j € N — 1} in H, satisfying
dp(hjs1,T(hj-1, hj)) = dp(H,K) foreach jeN,
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and hj_lphj+1, that is hj_lﬂhj,hjﬂhj_,_] Y _] € N.
From (3.9), we have

dy(hj i) < T maxidy(hja, hioy), dy(hj1, b)) for each j=2,3,4, ...

Following the proof of Theorem 3.1 and above inequality , {4;} is a Cauchy sequence in H such that
hj — h, and h, € Hy. As T(hj, h,) € Ky, we have w € H satisfying

dy(w, T (hj, h.)) = dy(H, K). (3.10)

From assumption (vi), we get h;Rh, for all j € N. We already have
dp(h., T(hj-1, hj)) = dp(H, K).
Thus, we get h;_ Ph,, that is h;_Rh; and h;Rh, for all j € N. Hence, from (3.9), we get
dp(h.,w) < T max{dy(hj_i,h;),dy(hj,hj.,)} foreach jeN.

Taking limit as j — oo in above inequality, we get d,(h., w) = 0, that is, h, = w. Using w = h, in (3.10),

dp(h., T(hj, h.)) = dp(H, K).
Further, note that 7'(h., h.) € Ky, and there is g € H which satisfies

dp(q, T(h., h.)) = dp(H, K).
Hypothesis (vi) implies h.Rh.. Hence, we have

dp(h., T(hj, h.)) = dp(H,K), and dy(q,T(h.,h.)) = dp(H, K),

and h;Ph,, thatis h;jRh, and h,Rh,.

Thus, from (3.9),
dy(h.,q) < T max {dy(hj,h.),d(h,h,)} foreach j € N.

Letting j — oo, we have g = h,. Thus, we have

db(h*, T(l’l*, h*)) = db(H, K)

Example 3.1. Consider X = R? endowed with the b-metric given by
dy((s1, 52), (c1,€2)) = Is1 = 1’ + sy = cof* foreach s = (s1,2), ¢ = (c1,¢2) € R,
Define a binary relation R on R? as sRc if and only if s; < ¢; and s, < c,. Take
H={0,s):se[-2,2]}, and K ={(1,s):s€[-2,2]}.

Define
T:-HxH—->K, T((0,s),0,c))= (1,¢) ¥ (0,5),(0,c) € H.

AIMS Mathematics Volume 7, Issue 6, 10711-10730.
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Let Ay = (0,hy), hy = (0,hy), hs = (0,h3) € [-2,2]. To find w; and w,, we have
dy(wr1, T(hi, b)) = dy(H, K) = dp(w3, T (ha, h3)).
For this, consider

d,(H,K) =inf{d,(h,k) : h € H,k € K},
=1inf{d,((0, s), (1, s)) : where s € [-2,2]},
=inf{l0—=1+|s—s|* where se[-2,2]},

=1.
That is,
d,(H,K) = 1.
dy(w1, T(hy, hy) = dp((0,w1), T((0, hy), (0, 1)),
= d,((0,w), (1, hy)),
=[0—11+|w —hy
=1+ (W1 — h2)2.
Then

dywr, T(hi, hy)) = 1+ (wi — o).
Using (3.12) and (3.13) in (3.11), we obtain
=14+ —h)
That is,
wp = hz.

Similarly,

dy(Wa, T (ha, 13)) = dy((0, w2), T((0, h2), (0, h3))),
= dp((0,wy), (1, h3)),
=[0-1 |2+|W2—h3 |2,
=1+ (W2 - h3)2.
From (3.11), we obtain
Wy = ]’l3.
wi = (0,wy) =(0,h), w; = (0,w;) = (0, h3).
Thus, hy, by, ha, Wi, w; € H,  with hy Phs.

Also, we have . o B
dy(h3, wy) < I'max{d,(hy, ho), d(ha, wy)},

where

dy(hs, w2) = d((0, h3), (0, w2)),

(3.11)

(3.12)

(3.13)

(3.14)
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=|0—0|+]hs—wy
=| hs — hs |,
=0.

Using above equation in (3.14), we get

dy(h3, w2) = 0 = ymax{d,(hi, h), dy(ha, 1)}

Here, we say ¢ = r: = % € [0, ). Now, we will prove condition (i) of Theorem 3.2. Consider

hy = (0,hy), hy=(0,hy), hs=(0,h;) € H suchthat hPhs.

Since wy; = (0, wy) = (0, hy) and w, = (0, w;) = (0, h3), we now prove
dp((0, w1), T((0, 11), (0, h2))) = dp(H, K) and d,(H, K) = dp((0, w2), T((0, h2), (0, h3))),

d(wr, T(hy, hy)) = dp((0,w)), T((0, hy), (0, ha))),
= dp((0, hy), (1, hy)),
=[0-1FP+|h—h
=1=d,(H K).

Similarly,

dy (W2, T(ha, h3)) = dy((0, w2), T((0, 1p), (0, h3))),
= dp((0, hp), (1, h3)),
=[0—1P+|hy—h3 P,
=1=d,(H, K).

This implies that w; R w;. Thus, T is path admissible. Now, we will prove condition (if):

dp(hy, T'(ho, hy)) = dp(H,K), and hoPh;.

We need to consider | 5
Ezwm,Ezm?,E=@?ea

such that
dOSTOO 01 =d, ()5 10+%+2
b(( 9§)5 (( ’ )’( ,5)))_ b(( 9§)_( ’T)),
5 5
— 0_12 ___2,
| ( |+|8 8|
:1,
=d,(H, K),

and (0, 0)P(0, %). Moreover, assumption (v) holds, that is, #;Ph;,, for all j € N, and h; — a as j — oo,
then i ;Ra for each j € N and aRa. Therefore, all axioms are true. Hence, T has a best proximity point.
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Theorem 3.3. Let H and K be nonempty closed subsets of a complete b-metric space (X, d,) with
coefficient b > 1 endowed with a binary relation R, where the b-metric is a continuous functional.
Consider a mapping T : H X H — K such that for each hy, hy, hs,w\,w, € H with h,Phs, that is,
I’llﬂhz, I’lzﬂhg, and

dy(w1, T(hy, hy)) = dp(H, K) = dyp(w2, T (hy, h3)), we have

dp(T (ha, w1), T'(hs, w2)) < I{dy(T (hy, ho), T (ha, h3))}, (3.15)

where I" € [0, 1) such that bI' < 1.
Furthermore, suppose that the subsequent conditions are true

(1) T is path admissible;

(2) e ]’l(), hl, /’lz € H which S(ltl'Sfy db(/’lz, T(/’lo, ]’ll)) = db(H, K) and hoth,’

(3) T(H X Hy) C Ky;

(4) K is approximately compact with respect to H;

(5) if{h;} and {h_j} are in X such that h; — h andh_j — h, then T(hj,h_j) — T(h, E).

Then there exists a point h, € H so that
dp(h., T(h., h.)) = d,(H, K),
that is, T has a best proximity point.
Proof. By using a similar argument as in Theorem 3.1, we build a sequence {h;>,} € H which satisfies
dy(hje1, T(hj-1,h)) = dy(H,K) ¥V j€N,

and hj_lPth,that iS, hj_]th,thth Y ]EN
From (3.15), we have

db(T(hj_l, hj), T(l’lj, ]’lj+1)) <T max{db(T(hj_z, hj—l))a db(T(hj_l, hj))} for each ] =2,3,4,....
Inductively, we get
dy(T(hjo1, k), T(hj, hjr)) <71 max{dy(T (ho, h), dy(hr, o))}

By using triangle inequality and above inequality for each j € N, we have

J+p-1
dp(T(hj, hjv1), T(hjs1,hjyp)) < Z dp(T (hi, his1), T (hig1, his2)).

i=j

This proves that T'(h;_;, h;) is a Cauchy sequence in the closed subset K. Since X is complete, there
exists k, € K suchthat T(h;_y,h;) — k..
Moreover,

dy(h., K) < dy(h., T(hj_1, h)))
= ,}E{,}, dy(hj1, T(hj-1,hj))
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=dy(H,K)
< dy(h., K).

Therefore, dj(k.,hj1) — dyk.,H) as j— oo.
Using hypothesis (v), {h;} has a subsequence {£,} that converges to an element 4, C H such that

(s T(he, 1)) = Tim dy(hj . T ) = dy(H, K).
Then
dy(h.,T(h.,h,)) = d,(H, K).

O

Theorem 3.4. Let H and K be closed nonempty subsets of a complete b-metric space (X, d,) endowed
with a binary relation R where the b-metric is a continuous functional. Consider a mapping T :
H x H — K such that for each hy, hy, hs, wy,w, € H with hyPhs, that is, hyRh, and h,Rh;, and

dy(wy, T(hy, hy)) = dp(H, K) = dyp(w2, T (hy, h3)), we have

dp(T (ha, w1), T(h3, wr)) < T'max{d,(T (hi, hy), T (hy, h3)), dp(T (hy, h3), T(Wi, w2))}, (3.16)

where I € [0, 1) such that bI" < 1.
Furthermore, suppose that the subsequent conditions are true:

(1) T is path admissible;
(2) | ]’l(), hl, hz € H which S(ltl'Sfy db(]’lz, T(l’lo, ]’ll)) = db(H, K) and hoth,’
(3) T(H X Hy) € Ko,
(4) K is approximately compact with respect to H;
(5) if (h;}, {h;} in X such that hj — h and h; — h, then
T(h;,hj) = T(h,h).

Then there exists a point h, € H which satisfies
d(h.,T(h.,h.)) = d(H, K),
that is, T has a best proximity point.
Proof. Using the assumptions, we can build a sequence {h;}, in Hy which satisfies
dp(hjpr1, T(hj-1, hj)) = dpy(H,K) ¥ j€EN, (3.17)
and hj_Phj., thatis, h;Rh;and hjRhj,, for all j € N. From (3.16), we have

db(T(hj—l , hj)’ T(hj, hj+1 ) < FmaX{db(T(hj—z, hj—l)), T(hj—l > hj)),
dp(T(hj-1,h;), T(hj, hj1))}
:db(T(hj_z, hj—l))’ T(hj_l, ]’lj)) for each ] =2,3,....

Therefore, we have

db(Tj—b T(h]) < de(Tj—29 Tj—l) for each ] = 2, 3,4, e
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By using induction, we get

dp(Tj1, T)) <U dp(Tj-5, Tj-y),
<I'(" dp(T'j_3, Tj-2)),
=Idy(T -3, T;-2),
<I*Tdy(T; 4, T} 3),
=I°dy(T -4, T}-3),

<7 'a,(T,,Ty) for j=2,3,4,....

Hence,
db(Tj, Tj+1) < rjdb(T(), T]) for ] = 1, 2, 3, e (318)

By using triangle inequality,

dy(T;, Tj1p) <bldy(T;, Tiv1) + dp(T i1, Tiip))s
=bdy(T}, Tjs1) + bdy(Tjs1,Tjsp),
<bdy(T;, Tjs1) + bbldy(T i1, Tjs2) + dp(T 2T 1)}, (3.19)
= bdy(T;, Ti1) + b°dp(Tjs1, Tin) + b2dp(T 2T i),
<bdy(Tj, Tjsr) + b2dp(Tjs1, Tjsa) + -+ + dp(Tjip-1 T jap).

By using (3.18) in (3.19), we get

dy(T;, Tjip) < bTVdy(To, Th) + BT/ dy(To, Ty) + BTV
dp(To, Ty) + - -+ + bPTHP7 Ay (T, Ty),
=bIdy(Ty, T)(1 + bT + b T? + - + b77'TP7Y,
1 — (bI)?
1-T

b

<bU*'dy(Ty, T))

<bI’*'dy(To, T1)

1-T

Letting j — oo in above inequality, we have

jh_{g db(T(hja Tj+1)7 T(hj+p7 hj+p+1) <0.

That is,
jh—>rg dp(T(hjs hj1), T (hjip, Bjipir) = 0.

We get a Cauchy sequence T'(h;_;, i) in the closed subset K. Since X is complete, consider k, € K
such that T'(hj_;, hj) — k.. Moreover, Consider,

dy(h., K) < dy(h., T(hj_1, h)))
= ,}E{,}, dy(hj1, T(hj_1,hj))
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=dy(H,K)
< dy(h., K).

Therefore, dy(k.,hj.1) — dpk,,H) as j— oo.
Condition (iv) implies, {/;} has a subsequence {A,} that converges to an element &, € H such that

(e, T(hos b)) = T dy, T, i) = dy(H, K.

JI+1°

Hence,
dy(h., T (h., h.)) = dy(H, K).

O

Theorem 3.5. Consider a complete b-metric space (X, d,) with a coefficient b > 1 endowed with a
binary relation R, where b-metric is continuous. Suppose that H and K are non empty closed subsets
of X. Consider a mapping T : H X H — K such that for each hy, hy, h3,wy,w, € H with h; Phs such
that hyRh,, and hyRhs, and d,(wy, T (hy, hy)) = dy(H, K) = dy(w,, T'(h,, h3)), we have

dp(T(hy, h3), T(wy, w2)) < I'max{d,(T(hy, ho), T (ha, h3)), dp(T (ha, w1), T (hs, w2))},

where I € [0, 1) with bI' < 1.
Furthermore, suppose that the subsequent conditions are true:

(1) T is path admissible;

(2) There exist hy, hy, h, € H which satisfy d,(h,, T (hy, hy)) = d,(H, K) and hyPh;;
(3) T(H x Hy) C Ky,

(4) K is approximately compact with respect to H;

(5) When {h;), {h;} C X such that h; — h and h; — h, then T(h;, h;) — T(h, h).

Then there exists a point h, € H which satisfies
d(h.,T(h., h.) = d(H, K),

that is, T has a best proximity point.

Proof. This theorem can be proved by using similar argument as in Theorem 3.4. O
4. On metric spaces endowed with a graph

In order to generalize the idea of partial ordering in metric spaces and partially ordered metric
spaces, Jachymski [20] in 2008 has introduced the idea of a metric space endowed with a graph. This
section is about a consequence of our results in the setting of metric spaces endowed with a graph.

Theorem 4.1. Let (X,d,) be a complete b-metric space endowed with a graph G, where d, is a
continuous functional. Suppose that H and K are non empty closed subsets of X. Consider a mapping
T : Hx H — K such that for each hy, hy, h3,wi,w, € H with hyPhs, that is, hyRh,, h,Rh; and

dy(w1, T(hy, hy)) = dp(H, K) = dp(ws, T(hy, h3)), we have either

dp(wi, wr) < I'max {dy(hi, hy), dy(ha, h3)},
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or

dp(hz, wy) < I'max {dy(hy, hy), dp(ha, i)},

where I' € [0, 1) such that bI' < 1. Furthermore, assume that all the conditions of Theorem 3.1 are
satisfied. Then T has a best proximity point.

Proof. It follows by using the same procedure as in Theorems 3.1 and 3.2. O

Theorem 4.2. Let H and K be closed nonempty subsets of a complete b-metric space (X, d,) endowed
with a graph G = (V(G), E) where the b-metric is a continuous functional. Consider a mapping
T : HX H — K such that for each hy, hy, hs,wi,w, € H with hyPhs, that is, (hy,h;) € E and
(ho, h3) € E, and d,(w1, T (hy, hy)) = dp(H, K) = d,(w,, T'(hy, h3)), we have either

dp(T (ha, w1), T (h3, w2)) < T{dp(T (h1, hy), T (ha, h3))},

or
dp(T (hy, w1), T (h3, w2)) < I'max{d,(T(hy, h2), T (ha, h3)), dp(T (ha, h3), T (w1, w2))},

or
dp(T (ha, h3), T(wy, wr)) < I'max{d,(T (hy, hy), T (hy, h3)), dp(T (hy, wy), T (hz, w2))},

where I' € [0, 1) such that bI' < 1. Furthermore, assume that all the conditions of Theorem 3.3 are
satisfied. Then T has a best proximity point.

Proof. It follows by using the same arguments given in Theorem 3.3, Theorem 3.4 and refthm5a. O
5. Application
Taking A = B = X in Theorems 4.1 and 4.2, we obtain the following results, which guarantee the

existence of a fixed point of the mapping 7 : X X X — X.

Theorem 5.1. Let (X,d,) be a complete b-metric space endowed with a graph G, where d,, is a
continuous functional. Let T : X X X — X be a mapping such that for each hy, hy, hs,wi,w, € X with
hy Phs that is (hy, hy), (hy, h3) € E satisfies one of the following inequalities

dp(wi, wr) < I'max {dy(hi, hy), dp(ha, h3)},

or

dp(hs, wy) < T'max {dy(hy, o), dp(ha, w1},
where T € [0, 1) such that bI" < 1. Furthermore, assume that the following conditions are satisfied:

(1) T is path admissible;

(2) There exist ay,a;,as € X with as = T(ay, ay) and ayPas;

(3) If{h;} C X such that hjPh;,, for each j € Nand h; — x, as j — oo, then (hj, x,) € E forall j € N
and (x., x.) € E.
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Then T has a fixed point in X.

Theorem 5.2. Let (X,d,) be a complete b-metric space endowed with a graph G, where d, is a
continuous functional. Let T : X X X — X be a mapping such that for each hy, hy, h3, w|,w, € X with
hyPhs that is (hy, hy), (hy, hs) € E satisfies one of the following inequalities:

dp(T (ha, w), T (h3, w2)) < Idyp(T (hy, ho), T (ha, h3))},
dp(T (ha, w1), T'(h3, w2)) < T'max{d,(T (hy, h2), T (h2, h3)), dp(T (h2, h3), T (w1, w2))},
dp(T (ha, h3), T (w1, w2)) < T'max{d,(T (hy, h2), T (ha, h3)), dp(T (2, w1), T (hs, w2))},
where I € [0, 1) such that bI" < 1. Furthermore, assume that the following conditions are satisfied:

(1) T is path admissible;
(2) There exist ay,a;,as € X with as = T(ay, ay) and ayPas;
(3) T is continuous with respect to each coordinate.

Then, T has a fixed point in X.

Suppose that G = (V, E) where V = X and E = X X X, then Theorems 5.1 and 5.2 give rise to the
following corollaries, respectively.

Corollary 5.1. Let (X,d,) be a complete b-metric space, where d,, is a continuous functional and
consider T : X X X — X a mapping such that for each hy, h,, h3, wi, w, € X, we have either

dp(wi,wy) < I'max {dy(hy, hy), dp(hy, h3)},

or

dp(hs, wy) < T'max {dy(hi, ha), dp(ha, w1},
where I' € [0, 1) such that bI" < 1. Then T has a fixed point.

Corollary 5.2. Let (X,d,) be a complete b-metric space, where d,, is a continuous functional and
consider T : X X X — X as a mapping such that for each Ay, h,, h3, w;, w, € X we have either

dyp(T (ha, w1), T (h3, w2)) < T{dp(T (hy, hy), T (hy, h3))},

or
dp(T (ha, wy), T'(h3, wr)) < T'max{d,(T (hi, hy), T (hy, h3)), dp(T (hy, h3), T (Wi, w2))},

or
dp(T (ha, h3), T(wi, w2)) < I'max{d,(T (hi, hy), T (hy, h3)), dp(T (ha, w1), T (hs, w2))},

where I' € [0, 1) such that bI" < 1. Then T has a fixed point.
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6. Doubled controlled metric space

In this section Theorem 3.1 has been proved in the setting of double controlled metric spaces
introduced by Abdeljawad et al. [1]. In [1] the notion of doubled controlled metric type space is given
as follows.

Definition 6.1. Given non comparable functions @,y : XXX — [1,00). If d, : XX X — (0, c0) satisfies

(D) dy(wi,wy) =0 = w; =w,

(2) dp(wi,wz) = dp(wr, wy)

(3) db(Wl, W3) < a(wl, Wz)db(wl, Wz) + /J(Wz, W3)db(W2, W3) for all Wi, Wr, W3 € X.
Then (X, d,) is called a double controlled metric type by @ and pu.

Remark 6.1. The class of double controlled metric is larger than b-metric. If a(w) = u(w) = b > 1 for
all w € X then, double controlled metric type is a b-metric with coefficient b.

The notion of convergence, Cauchyness and completeness can be extended naturally in the setting
of double controlled metric type space as in [1] .

Theorem 6.1. Suppose that (X, d,) be a complete double controlled metric type space by the functions
a,i: X XX — [1,00) such that

i+1, Wi 1
sup lim MM(M» W) < — 6.1)
m>1 2% (Wi, Wiy1) I

and lim a(u, u,) and lim u(u, u,) exist and are finite. Let R be a binary relation on X, where d, is a

n—oo

continuous functional. Assume that H and K are nonempty closed subsets of X. Consider a mapping
T : Hx H — K such that for each hy, hy, h3, wy, w, € H with hy Phs that is hyRh,, h,Rh; and
dy(wi, T(hy, o)) = dy(H, K) = dyp(w2, T'(h, h3)), we have:

dp(wi, wr) < I'max {dy(hi, hy), dp(hs, h3)}, (6.2)

where I € [0, 1) such that bI" < 1. Furthermore, suppose that the subsequent conditions are true:

(1) T is path admissible;

(2) A hy, hy, h, € H which satisfy dy(h,, T (ho, hy)) = dp(H, K) and hoPh;;

(3) T(H x Hy) C Ky,

(4) K is approximately compact with respect to H;

(5) If {h;} € X such that hjPhj, for each j € N and h; — x, as j — oo, then hjRx, for all j € N and
X Rx..

Then T has a best proximity point.

Proof. Proceeding as in Theorem 3.1 till Eq (3.5) we obtain
db(l’lj_l,hj) < Zlﬁj Y jE N. Now form > n

db(hn’ hm) < a’(hn’ hn+1)dh(hm hn+1) + /J(hn+l’ hm)db(hn+l’ hm)
= a/(hn’ hn+l)db(hna hn+1) + /l(hn+1 ) hm)db(hn+l ) hm)
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< a(hy, hyps1)dp(hn, Bpir )+
i1y h) [@((Rgrs (Rui2)dp(psts g2 + gy, ) dp(Boso, i) |
= @y, P 1)dp (M B 1) + (R 1s )@ 1s Bng2)dp (Bt Bg2)
+ (1, ) (sas hn)dp By B
< a(hy, Ry 1)dp (B Bnst) + (g1 )y, By2)dp (s Bigo)
+ oot (s B (g, i) < - - (2, R 1)@y, Ry 1) dp (B2, 1)
+ 1M1y )t Chisn, o) - - - (o2, R DRyt R )y (M1, )
< a(hy, N 1)dp (M Bnit) + (Rt )y ys By2)dp (s Byyo)
+ ot (s B (g, ) < - - (2, Ry 1)@y, Ry 1) dp (B2, 1)
+ 1Mty Bt (s B =+ - (=25 B 1 (i1 R ) (i1, oy )it 5 i)
< @, o DZY"™" + i, Bp) @it i) ZY"
st s BBy ) - -2, B )@ 2, ) ZY" !
+ 1(hpers )2, hi) - iy B D i1 R )@ (i1 B ) 2™

m—1 i
@ty ) + )| [ [ ] s hm)] a(h; hHl)w"‘"]

i=n+1 \j=n+1

- Z¢n+l

q i
Denoting S, = Z {n u(hj, hm)] a(h;, his W', we have

i=0 \ j=0
db(hn’ hm) < er//n+1 [a'(hn, hn+1) + (Sm—l - Sn)]
The ratio test combined with (6.1) imply that the limit of the sequence {S,} exists. Hence

lim d,(h,, h,) =0, (6.3)

n,m— oo

implies that {A,} is a Cauchy sequence in H. Since H is complete, there exists some h, € H such
that 4, — h.. Hence by (vi) h,Rh. Yn € N. Furthermore, we have to prove that d,(h., T (h,_1, h,)) —
dy(h.,K) as j— oo. Consider,

db(h*’ K) < db(h*, T(hn—l, hn))
= lim dy(hyi1, T (-1, hin)
= db(H’ K)
< dp(h., K)

Therefore d,(h., T (h,_1,h,)) — dy(h., K) as n — oo. The rest of the proof can be carried out in the
same way as in Theorem 3.1 after Equation (3.6). O

Remark 6.2. Note that Theorem 3.1 becomes a special case of Theorem 6.1 by taking a(w) = u(w) =
b>1forallweX.
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