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1.

Introduction

In survey sampling, it is well known fact that suitable use of the auxiliary information may

improves the precision of an estimator for the unknown population parameters. The auxiliary
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information can be used either at the design stage or at estimation stage to increase the accuracy of
the population parameter estimators. Several authors presented modified different type of estimators
for estimating the finite population mean including [4,9,21-27].

The problem of estimation of finite population mean or total in two-stage sampling scheme
using the auxiliary information has been well established. The two stage sampling scheme is an
improvement over the cluster sampling, when it is not possible or easy to calculate all the units from
the selected clusters. One of the main characteristic could be the budget, and it becomes too difficult
to collect information from all the units within the selected clusters. To overcome this, one way is to
select clusters, called first stage unit (fsus) and from the given population of interest, select a
subsample from the selected clusters called the second stage units (ssu). This also benefits to increase
the size of the first stage samples which consist of clusters, and assume to be heterogeneous groups.
If there is no variation within clusters then might not be possible to collect information from all the
units within selected clusters. In many situations, it is not possible to obtain the complete list of
ultimate sampling units in large scale sample surveys, while a list of primary units of clusters may be
available. In such situations, we select a random sample of first stage units or primary units using
certain probability sampling schemes i.e simple random sampling (with or without replacement),
systematic sampling and probability proportional to size (PPS), and then we can perform sub-sampling
in selected clusters (first stage units). This approach is called two-stage sampling scheme.

Two-stage has a great varaity of applications, which go far beyond the immediate scop of
sample survey. Whenever any process involves in chemical, physical, or biological tests that can be
performed on a small amount of materail, it is likely to be drawn as a subsample from a larger
amount that is itself a sample.

In large scale survey sampling, it is usual to adopt multistage sampling to estimate the
population mean or total of the study variable y. [13] proposed a general class of estimators of a
finite population mean using multi-auxiliary information under two stage sampling scheme. [1]
proposed an alternative class of estimators in two stage sampling with two auxiliary variables. [10]
proposed estimators for finite population mean under two-stage sampling using multivariate
auxiliary information. [12] suggested a detailed note on ratio estimates in multi-stage sampling. [6]
given some stratagies in two stage sampling using auxiliary information. [3] suggested a class of
predictive estimaotrs in two stage sampling using auxiliary information. [8] gave a generalized
method of estimation for two stage sampling using two auxiliary variables. [5] suggested chain ratio
estimators in two stage sampling. For certain related work, we refer some latest articles, i.e., [14-20].

In this article, we propose an improved generalized class of estimators using two auxiliary
variables under two-stage sampling scheme. The biases and mean sqaure errors of the proposed
generalized class of estimators are derived up to first order of approximation. Based on the numerical
results, the proposed class of estimators are more efficient than their existing counterparts.

2. Symbols and notation

Consider a finite population U= {U;,U,,...,Uy} is divided into N first-stage units (fsus)
clusters in the population. Let N be the total number of first stage unit in population, n be the number
of first stage units selected in the sample, M; be the number of second stage units (ssus) belongs to
the it" first stage units (fsus), (i=1,2,..., N), and mi be the number of fsus selected from the it* fsu
in the sample of n fsus, (i=1,2,...,n).
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Let y;;, x;; and z; be values of the study variable y and the auxiliary variables (x and z)
respectively, for the j*™* ssus U; = (j = 1,2,...,M;), in the i*" fsus. The population mean of the

study variable y and the auxiliary variables (x, z) are given by:
— 1 j— —_ 1 —_
X = ﬁzlz’v:l u; X;, Z= ;Zﬁl w;Zy,

= 1
Yzﬁzlivzl ulYl’
where
M; M; M;
_ 1 7 1 7 1 z (=12 N)
[ p— Pi, = — .X", P = Z", 1= )y, .
L ; 4 yl] l Mi . i l Mi . 5]
j=1 j=1 Jj=1
_ M; g M _ N
u; = ﬁ, and M _F’ M _Zi=1 Mi,

1 — —

Shy = N1
1 — —
Slfx = N1 ?]:1 (uiXi - X)Z:
1 —_ —_
Slgz = N1 ?I=1 (uiZi - Z)Z:
1 o - s, 5 S
Sbyz = y_1&i=1 (uiZ; — Z2)(wY; = Y),

1 — — j— —
Sbyx = N-1 ?]—1 (uiYi - Y)(uiXi - X),
_ 1 on 5 5 Vo7 2 __1 ¢M; V.)2
=17 Zi=1 (WiZ; — Z)(wX; — X), Siy = 31 2j=1 Oy — 1%,

bez
1 M; =
St = — X4 (zij — Z)%,

1 M; 2
SE = 2= (X — Xi)?,
1 J— —_
Siyz = m(}’ij = Y)(z; — Zy),

1 — —
Siyx = m(Yij = Y) (xij — X)),

M;

1 _ _

Sixz = M, = 121 (xij — X)) (zij — Z1),
J:

(i=12...N).

Similarly for sample data:
_ 1 _ . _ 1 _ x _ 1 _ y
y =2 wy =y (say), X =YL, wi% = X(say), Z= XL, iz = Z°(say),

where
m; m; m;
P p— .. X: = — X+ Z: = — VAT
yl ml ' yl]’ L ml Ly l ml Ly
Jj=1 j=1 Jj=1
2 _ 1 on = —\2 2 _ n = —\2
Shy = 7= 2i=1 (WY = ¥)°, Shx = 73 Zi=1 (WiXi — %)%,
1 on _ -
Shyx = 7~ Di=1 (Wiyi — ) (wiX; — %),

1 _ _
ng = E ?=1 (uizi - Z)Z’
1 _ _ _ _
w1 (uix; — %) (u;z; — 2),

1 = — —_ —
Sbyz = ] =1 Wy — Y)Wz — 2), Shxz = 75
2 __1 = 2 1 _
Siy T i i — Y% - _1(xij - X;)%,
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2 __1 =132 —
Siz = 1 (zij — 2)*, Siyx =

2721 ij — yi) (xij — Xp),

m;—1
m; — —
ity (uj = X))z — 7).

In order to obtain the biases and mean sqaured errors, we consider the following relative error terms:

Siyz = ﬁzﬁll (Yij - )71')(21'1' - Z_i)’ Sz =

1

E(ed) = ACh, + — 3L, uf6,Ch, =V,
1

E(ef) = ACh, + — XL, uf6,CF, = Vi,

1
E(e3) = ACE, + =3, u?0,CZ =V,

1

E(epe;) = ﬂ.bex + EZ?=1 uizeiciyx = Vyx’
1

E(epez) = AbeZ + Ezil uizeiciyz = Vyz’

E(eje;) = ACpyxz + ﬁzﬁl uizeicixz = Vez

Sby Shx Sbz
Coy == Chx =4 Coz =
Shyx Sbyz Sbxz
Coyx =S¢ Coyz = 37 Coxz = %7
Si Sp Si
Ciyee = 222, Ciye = 2222, Cirz = 222,
iyx e iyz 77 ixz %7
Si Six Siz
v =75 Coe =% Ciz =7

3. Existing estimators

In this section, we consider several estimators of the finite population mean under two-stage
sampling that are available in the sampling literature, the properties of all estimators considered here
are obtained up-to the first order of approximation.

(i) The usual mean estimator y* = y; and its variance under two-stage sampling are given by:

1 _
Yo = 5 Li=1 Wi)i» (1)

and
V(3s) = Y?V, = MSE(¥;). 2)

(ii) The usual ratio estimator under two-stage sampling, is given by:
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i =5 (2),
where X is the known population mean of x.
The bias and MSE of yj to first order of approximation, are given by:
Bias(7z) = Y[Vx = K,
and
MSE(33) = Y2V, + V, — 2V, ].

(iii) [2] Exponential ratio type estimator under two-stage sampling, is given by:

i =y e (52)
The bias and MSE of yg to first order of approximation, are given by:
Bias(;) = ¥ |2V = Viu
and
MSE(F3) = V2 [, + 2V — V|,
(iv) The traditional difference estimator under two-stage sampling is given by:
o=y +dX —x"),

where d is the constant.
The minimum variance of yj, is given by:

V3 min) = Y2V, (1 — p*?) = MSE(¥p),

V,
where p* = ==
Th timum val fdisd = —_ 2
€ optimum value o IS e
p opt XVx

(v) [7] Difference type estimator under two-stage sampling, is given by:
VRao = doy™ + dl()? —x7),

where d, and d, are constants.

The bias and minimum MSE of yg,, to first order of approximation, is given by:

BiaS(:)_/;iao) = (do — 1)}7'

and

V2 2 V2 2
MSE(—* o~ Y2 (VxVy—Vyx) — Y4vy(1-p*2)
YRao)min = VoV —V2 +V. 1+V, (1— *2)'
xVy—VyxTVx Yy P

The optimum values of d, and d, are:

©)

(4)

()

(6)

(7)

(8)

(9)

(10)

(11)

(12)

(13)
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Vy YVyy
VieVy =V +Vy X(VaVy =V +Vy)
(vi) The difference-in-ratio type estimator under two-stage sampling, is given by:

dOopt = and dlopt =

Vo = [d27" + ds(X — %] (%),

i*

where d, and d; are constants.
The bias and minimum MSE of yj, to first order of approximation, are given by:

and

V2 (VEVy = VoV = Vo Vy + Vi)
(V2 =VaVy+Vi—Vy)

IR

MSE()_/l*)R)min

The optimum values of d, and d; are:

_ Ve (Vx—1)
d20pt V2 vvavZ !
VE—VaeVy+Viy—Vy
—YV2(VE+ViVy =V Vyx =V =V +Vyx)
X(VE=VyVy+Vy—=Vy)

d3opt =

(vii) The difference-in-exponential ratio type estimator under two-stage sampling, is given by:

=% =% v =% X-x
Vor = [dad" + ds(X = 2)]exp(G),

where d, and ds are constants.
The bias and minimum MSE of y;; to first order of approximation, are given by:

. —% 4 1 > 3 = 1
Bias@he) = (s = DY = 2daTW + 3duTV, + sV,

and

—Y2(VE+16VEVy—16Vy V2 —64VyVy +64Viy)
64V Vy —64Vy+64Vy '

MSE()_/l*)E)min =

The optimum values of d, and ds are:

1 Ve (Vy—8)

d =—=
4opt 8 (VaVy—Vir+Va) '

Y (V2 +4VxVy —VyVy—4Vi3 —4Vy+8Vy)x )
dSOpt = g 2 .
X (VaVy—Vid+ V)
(viii) The difference-difference type estimator under two stage sampling, is given by:
Yop =¥ +de(X —x) +d,(Z— 77,

where dg and d, are constants.

(14)

(15)

(16)

(17)

(18)

(19)

(20)

AIMS Mathematics Volume 7, Issue 6, 10609-10624.
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The minimum variance or MSE of y,, to first order of approximation, is given by:

P2 (VaVy V=V Vid, =V Vy+ 2V Vy iV — Vyxvz)

MSE(YDD)mm = VeVy—V2, (21)
The optimum values of dg and d, are:
d _ _Y(szvyz_vyxvz)
6T RWeV-VE)
d. = Y(vayz z yx)
R AUAATE)
(ix) The difference-difference type estimator under two stage sampling, is given by:
Yooy = dg¥* +do(X — %) + dyo(Z — Z°), (22)
where dg, dy and d,, are constants.
The bias and MSE of ypp ) to first order of approximation is given by:
Bias(¥ppery) = Y (dg — 1), (23)
and
x V(W V= VeV —VE Ve 42V, Vs Vy s — Vi V)
MSE (Ypp(ry) = VaVyVy=VaV2,~VZVyt 2Vag Vyx Vys V2V 4 Vi V= V2, (24)

The optimum values of dg, dy and d,, are given by:

Vx Vz - szz
VieVy Vi =Vae Vi =V, Vy+ 2V VyacVy = Vit Vg + ViV = V2,

d8=

d _Y(szvyz Vysz)
9= X(VxVyVZ VxVyz szVy+2szVyxVyz Vysz+Vsz sz)

dio =

Y (Vilhs = VaaVy)
ZaWV, = ViV, = ViV, + 2V Vs — ViRV, + VaV; — Vi)

4. Proposed estimator

The principal advantage of our proposed improved generalized class of estimators under
two-stage sampling is that it is more flexible, efficient, than the existing estimators. The mean square
errors based on two data sets are minimum and percentage relative efficiency is more than hundred
as compared to the existing estimators considered here. We identified 11 estimators as members of
the proposed class of estimators by substituting the different values of w;(i = 1,2,3), § and y. On
the lines of [2,7], we propose the following generalized improved class of estimators under two stage

AIMS Mathematics Volume 7, Issue 6, 10609-10624.
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sampling for estimation of finite population mean using two auxiliary varaible as given by:

Vo = iy +wo® - ) +ws(Z - ) |ferp s N ()] @

where w;(i = 1,2,3) are constants, whose values are to be determined; § and y are constants i.e.,
(0 < 4,y < 1) and can be used to construct the different estimators.
Using (25), solving y; in terms of errors, we have

_ _ _ 1 1 1
Je—-Y=w - DY+ W1Y{eo — e+ gazef — Ealeoel}

—w,X {el — %alef} — W3Z_{e2 — %alelez},
where
a,=6+2y and a, =8(6+2)+4y(S+y+1).
The bias and MSE of y; are given by:

Bias(¥) = (w; — 1)Y + le{% a,V, — %alVyx} +wyXa, % +wyZay %, (26)
and
MSE(3;) = (wy — D2 + wiY?A + wiX?B + wiZ?C — w,Y?D — w,YXE
—w3YZF + 2wyw,YXG + 2wyw3YZH + 2w,w3 X 71, (27)
where
A=V3,+%Vx(af+a2)—2all/yx, B =1V, C=V,
D = %szvx = a1Vyx E = aiV,, F = a1V,
G=a;Vy =V H=a1Vey = Vg, =V

Solving (27), the minimum MSE of y; to first order of approximation are given by:
—x = Q
MSE(Y¢)min = Yz[l - 4_921 ' (28)

where
Q, = ABC — AI* — BH? — CG? + 2GHI + BC — I?,
and
Q, = ABF? + ACE? — 2AEFI + BCD? — 2BDFH — 2CDEG — D?I? + 2DEHI
+2DFGI — E?H? + 2EFGH — F?>G? + 4BCD + BF? — 4BFH + CE?
—4CEG — 4DI? — 2EFI + 4EHI + 4FGI + 4BC + 4I°.

AIMS Mathematics Volume 7, Issue 6, 10609-10624.
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The optimum values of w;(i = 1, 2,3) are given by:

_ O3 _ Ya, d _ YQs
Wlopt - zﬂl'WZOpt - 2)?91' an W3opt - 2291!

where
Q3 = BCD — BFH — CEG — DI? + EHI + FGI + 2GI + 2BC — 213,
Q, = ACE — AFI — CDG + DHI — EH? + FGH + CE — 2CG — FI + 2HI,
Q< = ABF — AEI — BDH + DGI + EGH — FG? + BF — 2BH — EI + 2GI.

From (28), we produce the following two estimators called y;; and yg;,. Put (§ =0,y =1) and
(6 =1,y =0) in(25), we get the following two estimators respectively:

(©) Fir = [way" +ws(X =) +we(Z - 7)1 (52),

f*
1y =k et 3 v —% ~ —x% )?_ X"
(i) Yoz = [woy" +wa(X — %) + wo(Z — 2)]exp(z),
where w;(i = 4,5,6,7,8,9) are constants. Solving y,, in terms of errors, we have:
— = = = = = = 1 3 5
(yGl - Y) = [_Y + W4Y + W4Yeo - W5X61 - W6Zez]. [1 - 561 + gel],

- - 3 o - 1 S - 15 3=
w,Y —w,Ye, + §W4Y612 +w,Yey —-w,Vepe; =Y +-Ye; — gYel2

Ger—Y) = _ o o, 2 (29)
—wsXe; + EwsXe1 —wele, + EW6Ze1e2
The bias and MSE of y¢,, to first order of approximation is given by:
s s y_ 3 oo 15 35,2, 1 w2, 1. 5
Bias(y1) = swaYVi'- SwaY V) — SV + o wsXVE + - wieZV,,,
By squaring and taking expectation of (29), we get the mean square error:
[ wéV2 +wiVi? + wiViZ — 2wiRV,, + 2w,RV,, — 2RwsViZ ]
(30)

MSEGE,) = | —2w,R?*V? + w2RV? + 2w,RwcV2 — 2RwgV,, + w272 |
Y1 | —2w, Y2 + Y2 + R?V2 = 2waws Wy, — 2wawiVy, + 2W5W6V;CZ"
+2w,RweV,.,

Differentiate (30) with respectto w,, wg and wg, we get the optimum values of w,, ws and wg i.e.,
V2(VEVE-Vir)

w, = =
4opt —R2VEVZ+RVIVEH+Y2VEVZ+R2VEVAVEV V2 '
—RVZVE, =Y 2VE,~VEVy, ~Vi&Vy ~Vi VE+2VisVyxVyz

—R3VVZ—R?>VEVE—R3VEVZ,—RVEVIVZ+R?VEVE,
_[ —172Vyxvzz+RV,§V;Z+RV,?ZVYZ+RVYZ,CVZZ+72szvyz—2Rszvyxvyz]
Wsopt = [ —R2VIVZ+RVEVZ+Y2VEVE+R2VEVEAVEVIVE ] ’
—RVZVE, =Y 2V, —VEVS,—VE Vi =V Vy+2Vi,VyxVys

AIMS Mathematics Volume 7, Issue 6, 10609-10624.
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w _ y2 (sz Vyz_szVyx)
6opt —R2VEVZ+RVEVEH+T2VEVZ+R2VEVEAVEV V2 '
—RVEV, =Y 2V, ~VEVS, ViV =V Vi +2VisVyxVyz

Substituting the optimum values of w,, ws and wg in (30), we get the minimum mean square error
of yzq, given by:

_ R2VAVZ—RVEVZ—RZV2VZ,-VEVIV?
x YZ[ +RVxZVXZZ+VxZV;Z+VxZZVf+V;XV22):2VXZVyxVy2]
MSE (Y61 )min = R2ZVAVE-RVEVZ-V2VEVE-R2VZVE,-VEVEVE ' (31)
[ +RV,§V,§Z+?2V,§Z+V}V;Z+V,?ZV;+V;xvzz—zvxzvyxvyz]
Solving ¥, in terms of errors, we have
ez —Y) = [w,Y +w;Vey =¥ —wgXe; —woZe,](1 — ey + ef),
or
= w,Y +w,Yey — Y —wgXe; — woZe, —w,Ye; —w,Ye, + Ye
iy —7) = 7 _27 0~ 8 _12 9_; 71 €1 71 €1 1l (32)
+wgXei —wgZeje, + wyYei —Yes
The Bias and MSE ¥, to first order of approximation, is given by:
Bias(yg,) = weXVi? — woZVy, + w, Y V2 — YV2.
By squaring and taking expectation of (32), we get the mean square error:
MSE (y¢,) = 4Rw,V,, — 4RV?wg + Y2 = 2w,Y? + 3R?V;2 — 6w,R?V;2 + 4w,wgRV,,
—2wywgVyy — 2w, YwoVy, + 2wewoly, — 4RwoVy, — 4w RV, + 3wi RV
+wiV2 + wilVi2 + 4w,wgRV,2 + wiY?2. (33)

Differentiate (33) with respectto w,, wg and wy, we get the optimum values of w,, wg and wy i.e.,

(VEVZ-VE)(~R*VE+Y?)
R2VEVE+Y2VEVS,—V2V2VE+V 2V, =2V Vi, VyyuVy g 4V V'

Woopt =

[ 2Y2RVZVZ,—V2R?VEVy Vyz +R2VEVy £ VZ ]
+Y 3V, Vy =Y 2V, V2 =4V RVy;Vyy oV + 2RV Vy
R2VEVE+Y2VEVE,—V2VEVE—R2VEVE, '
+V 2V, =2V Vig VyxVyz Vi V7 ]

Wsgopt =

—YR2VVy, +V3VEVy s+ R2VE Vs Vyx =Y 2V Vi
R2VEVZ+Y2V2VE,~V2V2VE —R2VEVE AV 2V, ~2¥ Vi Vs Vy g +Viin Vi

Woopt =

Substituting the optimum values of w,, wg and wy in (33), we get the minimum mean square
error of y;,, given by:
MSE()_/EZ in = (RZsz__72)072VxZVfZ+V3?xVZZ_ZE7szVyxVyz)'
Y2 (VEVE,~VEVZ+VE)+2Y 2Vyg VyxVyz
—R2VIVZ+R2VEVE, V3 VE

(34)

AIMS Mathematics Volume 7, Issue 6, 10609-10624.
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We can generate the considered and many more estimators from (25), by substituting the different
values of w;(i =1,2,3), § and y, given in Table 1.

Table 1. Members of the proposed generalized family of estimators.

wq wy W3 o y Estimator
1 0 0 0 0 y*

1 0 0 0 1 Vi

1 0 0 1 0 Vi

1 d 0 0 0 Vb

dO dl 0 0 0 y an
d, ds 0 0 1 Ybr
dy ds 0 1 0 oe

0 ds d, 0 0 op
dg d dio 0 0 Ybp(R)
Wy Ws We 0 1 Ve
Wy Ws W9 1 0 V2

5.  Numerical study

Population 1. [Source: [11], Model Assisted Survey Sampling]
There are 124 countries (second stage units) divided into 7 continents (first stage units) according to
locations. Continent 7t" consists of only one country therefore, we placed 7" continent in 6"
continent.
We considered:

y=1983 import (in millions U.S dollars),

x=1983 export (in millions U.S dollars),

z=1982 gross national product (in tens of millions of U.S dollars).
The data are divided into 6 clusters, having N =6, and n =3. Also ¥, M; =124, M =20.67. In
Table 2, we show cluster sizes, and population means of the study variable (y) and the auxiliary
variables (x, z). Tables 3 and 4 give some results.

Table 2. Cluster sizes with population means.

No. of clusters M; m; u; Y; X; Z;
1 38 15 1.8387 2254.6 1901.1 1029.158
2 14 6 0.6774 25533.14 22083.21 25671.57
3 11 4 0.5323 3602.82 5835.455 5028.818
4 33 13 1.5968 12156.79 12438.85 7533.939
5 24 10 1.1613 34226.79 33198 16314.42
6 4 2 0.1936 26392.5 29360.5 43967.75

AIMS Mathematics
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Table 3. Statistical computation.

(w;Y; — 1)? (w X; — X)? (wiZ; — Z)* (w;¥; = 1) (u;X; — X) (w;Y; =)
(wX; = X) (wiZi —7) (wiZi — 7)
109395354.7 116233397.3 69704363.4 112762554.6 90010971.3 87323155.9
7243544.5 465731.6 51103837.3 1836722 4878593.3 19239878.4
160959577.1 124780258.7 57219949.1 141720068 84498047.6 95969259.7
23109139.4 31199313.33 3200403.1 26851243.6 9992516.3 8599916.4
632160672.8 589329821.2 75771962.7 610369671.8 211316533.3 218860811.8
90158398.4 73831543.1 2989684.1 81587582.8 14857085.7 16417829.8
Table 4. Statistical computations of variances and covariances.
Sizy Sizx Sizz Sixy Sixz Siyz
14634002.89 13229390.42 3667896.461 12035361.66 5676138.848 7031654.09
5199331742 3024354709 6568461403 3920918987 42963119811 5785526585
17474303.56 67544530.07 63348742.76 3322301379 62246450.49 32019714.86
510689624 689903319 440717912.5 586829812.3 522773788 447429378.1
1530618991 1588803380 408376223 1544450491 757258674.4 7559765056
1361248223 1782024492 5663081987 1557362451 3157897870 2755900798

SZ, = 204605337.7, S2, = 187168013, S2, = 51998039.99,

Shyx = 195025568.6, Shyz = 8928217045, Spxz = 83110749.52

V, = 0.27028, V, = 0.25137, V, = 0.30933,

V. = 0.25723, V,, = 0.24573, V,, = 0.22493.

Y = 14604.76564, X =14276.72113, Z =10241.22672.

Population 2. [Source: [11], Model Assisted Survey Sampling]

Similarly we considered the data as mentioned in Population 1,

y=1983 import (in millions U.S dollars),

x=1981 military expenditure (in tens of millions U.S dollars),

z=1980 population (in millions).

The data are divided into 6 clusters having N =6, n=3, XV, M; = 124, M = 20.67.

In Table 5, we show cluster sizes, and means of the study variable (y) and the auxiliary variables
(x, z). Tables 6 and 7 give some computation results.

Table 5. Cluster sizes with population means.

No. of clusters M; m; u; Y; X; Z;
1 38 15 1.8387 13.03684 418.3421 11.88421
2 14 6 0.6774 27.35 10065.21 26.1857
3 11 4 0.5323 23.13636 484.45 21.8818
4 33 13 1.5968 79.65455 3377.75 75.2424
5 24 10 1.1613 20.28333 4929.41 20.9583
6 4 2 0.1936 74.15 30676.25 70.975
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Table 6. Statistical computation.

WY =YV X=X WZ -2 WY -V)uwXi—-X) wXi—-X)wZ-72) wY¥-V)(wzZ-27)
109395354.7 11504653.07 171.5489 35430628.04 44434.42674 136842.964
72435445 7165707.84 296.6622 —461113.24893 7355674.750 —47336.072
160959577.1 15247937.12 544.5471 49517362.59 91132.5364 295949.600
23109139.4 1556060.53 7312.6397 6074534.22 106667.8685 416415.347
632160672.8 2494694.19 112.4143 39914472.69 —16750.3943 —268005.273
90158398.4 3214861.18 451.071 —16997583.03 —38085.13867 201365.558

Table 7. Statistical computations of variances and covariances.

Sy St S, Siyx Sixz Siyz
270.9083357 594166.8257 222.4889331 6380.484353 5806.286629 245.4143812
3906.928847 1281691972 3683.070549 2135135.281 2082979.098 3792.853077
1339.404545 461472.2727 1174.031636 13075.32182 12298.74909 1253.851727
45082.17318 53848774.81 83850.37836 1082424.717 1476243.493 43109.42511
368.9423188 52672480.78 364.7838949 117010.6551 116939.2322 366.7860145
18401.07 3453923758 16855.5025 7970505.317 7628400.308 17611.33833

S2, = 2002.428957, SZ, = 8236782.79, S, = 1782.2076,

Shyx = 28451.30273, Shyz = 1888.920758, Sy, = 27939.79,

V, = 0.48633, V, = 0.39654, V, = 0.72000,
V. = 0.14250, V,, = 0.48726, V,, = 0.16552,
Y =36.7702, X = 4163.56, 7 = 34.8552.

The results based on Tables 2—7 are given in Tables 8 and 9 having biasses, mean square errors, and
percentage relative efficiencies of the poposed and exisitng estimators w.r.t y;. Tables 8 and 9 show
that the proposed estimators perform well as compared to the existing estimators considered here.

Table 8. Biases of different estimators in both data sets.

Estimator Population 1 Population 2
Yo» ¥b» Ybp 0 0
Vr —85.58393 9.341102
Ve -501.692 2.847944
YRao -102.2916 —11.14854
VbR 62517.58 -5.729291
YpE -1040.227 —4.254352
Yoo (R) -8687.674 0.8665627
Ver -911.2082 42.56601
Ye2 4097419 -660.0231
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Table 9. MSE and PRE of different estimators w.r.t y.

Population 1 Population 2

Estimators MSE PRE MSE PRE

Vo 57649726.19 100 657.541 100
Vi 1532261.42 3762.39 808.353 81.3433
Vg 16186983.44 356.149 598.912 109.789
Vb 1503085.83 3835.42 588.307 111.768
Vrao 1492567.93 3862.45 409.935 160.401
Ybr 1489069.32 3871.53 341.831 192.358
VoE 1189664.93 4845.88 366.982 179.176
Ybp 1025752.55 5620.24 208.189 315.839
Ypp(R) 1020843.33 5647.26 180.409 364.472
Ve 1019205.50 5656.34 165.866 396.429
Vo 747118.42 7716.28 159.646 411.875

The following expression is used to obtain the Percent Relative Efficiency (PRE), i.e.,

_ MSE(¥o)

PRE = MSE(5})

X 100,
where i = 0,R,E, D, Rao, DR, DE,DD,DD(R), G4, G,.
6. Discussion

As mentioned above, we used two real data sets to obtain the biases, MSEs or variances and
PREs of all estimators under two-stage sampling scheme when using two auxiliary variables. In
Tables 2—4 and Tables 5-7, we present the summary statistic of both population. From Tables 8 and 9,
we observed that the proposed class of estimators y;, and y;, are more precise than the existing
estimators y5, ¥z, ¥&» ¥b» Ykao» Ybr» YbE» ¥bps YpD(R) 1N terms of MSEs and PREs. It is clear
that the proposed improved generalized class of estimators, i.e., performs better than the estimators.
As we increase the sample size the mean square error values decreases, and percentage relative
efficiency give best results, which are the expected results.

7. Conclusions

In this manuscript, we proposed a generalized class of estimators using two auxiliary variables
under two-stage sampling for estimating the finite population mean. In addition, some well-known
estimators of population mean like traditional unbiased estimator, usual ratio, exponential ratio type,
traditional difference type, Rao difference type, difference-in- ratio type, difference-in-exponential
ratio type, difference-in-difference, difference-difference ratio type estimator are created to be
members of our suggested improved generalized class of estimators. Expression for the biases and
mean squared error have been generated up to the first order of approximation. We identified 11
estimators as members of the proposed class of estimators by substituting the different values of
w;(i =1,2,3), § and y. Both generalized class of estimators y;, and y;, perform better as
compared to all other considered estimators, although ¥y, is the best. In Population 2, the performance
of ratio estimator (y) is weak. The gain in Population 1 is more as compared to Population 2.
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