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1. Introduction

In this paper, we study the tripled nonlinear Hadamard fractional differential system with (o1, 02, 03)-
Laplacian operators

D (o, (D1 u(1))) = fi(t, u(D), v(1), w(D)), t € (1, e), (1.1)
D2 (90, (DE(1))) = falt, u(t), v(1), w(2)), 1 € (1, ¢), (1.2)
D (0, (DEWD))) = f(t, u(t), v(1), w(D)), 1 € (1, e), (1.3)

subject to the boundary conditions

DYiu(1) = 0, DiL(¢,, (Dflu(e))) = 0,

, (1.4)
u(l) =u (1) =0, By Dl'u(e) = x; DVu(n) + o1;
D{?v(1) =0, D (,,(D?v(e)) = 0, 15
v(I)=v' (1) =0, By, D1v(e) = ko DI2v() + 072; '
DEw(1) =0, DY (¢, (Dfw(e))) = 0, 16

w(l) =w (1) =0, B3 Dliw(e) = ks DV w(n) + 03;
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where a; € (2,3],8; € (1,2],v; € (0,1], 6; € (0, 1], D}{ denotes the Hadamard fractional derivative
of order U for (U = @;,B:,6:,7ii = 1,2,3), ;i —y;i—1 > 0, n € (1,e), o; > 0 is a parameter,
0i > 1, 9o () = 151725, ¢, = by o+ - = landfi € C([1,e] xR — R,), fori = 1,2,3.

The positive solutions of boundary vale problems connected with system of fractional differential
equations were deliberate by many novelist [9-11,29] and enlarge to p-Laplacian subject to various
boundary conditions [13,21-26,30-32,38]. Our results generalize from the papers [14,19,33], when a
parameter is involved in the boundary conditions. Later, many scholars study the Hadamard fractional
differential equation or system [3-5, 15, 16, 34,41,42] and these results are further extended to p-
Laplacian operator [17, 39, 40]. Newly researchers are focus on the the theory of tripled system
of Hadamard fractional differential equations associated with p-Laplacian operator [35, 36]. For
numerous supplication of the fractional calculus in diverse scientific and many engineering fields, the
readers may turn to the reference books [1,12,18,27,28] and the the papers [2,7,8,37].

We assemble the following postulate all over:

(A1) The functions fi,f>,f; : [1,e] X R> — R, are continuous.
(A2) B;,k; are positive constants such that B; > «;(log )%=, Vi =1,2,3.
(A3) 9;,3,,3; R, ‘Rg, R 3 are positive constants such that

1 1 1
:T,+s_2+s_3+% +%—+% <1

The rest of the article is categorize in the following manner. In Section 2, we come up with some
definitions and lemmas that provide us with some useful details with respect to the behavior of solution
of the problem (1.1)—(1.6), then we build the Green function and bounds for the homogeneous problem
corresponding to (1.1)—(1.6). In Section 3, we get going a measure for the existence of positive
solutions for the problem (1.1)—(1.6) by applying varies fixed point theorems in a Banach spaces.
Finally, as an application, an example to exhibit our results is given.

2. Preliminaries

In this section, we will come up with some definitions and lemmas that will be worn in the proof of
used by us main results.

Definition 2.1. [/8] The Hadamard fractional derivative of order a > 0 of a function f : [1,00) — R
is given by

o 1 d n ! n—a—1
D1+f(t):r(n_a)(td—t) fl(logs) f(s)—, n-l<a<n,

where n = [a] + 1, [a] represent the integer part of the real number « and log(-) = log,(-).

Definition 2.2. [18] The Hadamard fractional integral of order a > 0 is given by

1 ! a- d
qu(;):mj;(logé) 1=, a>0,

provided that integral exists.

In what follows, we work out the Green function kindred with (1.1) and (1.4), we let
b0, (D}1u(t))=—w (1), for t € [1, e]. Then, from (1.1) and (1.4) we obtain

~Dl@(t) = fi(t, u(t), (1), w(t)), t € (1, e), 2.1)
@(1) = 0; Di\w(e) =0 |
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Lemma 2.1. The boundary value problem (2.1) grip the form

¢ d
@(t) = f H(t, s)fi(s, u(s), V(S),W(S))Ts,
1

where

Hi(,s) = L{ (lOg t)ﬁl_l(l — log S)ﬁl—ril—l _ (lOg i)ﬂl_l .

, 1
(B | (dogtPI(1 —log sy, 1<
Proof. We utilize proposal in Lemma 2 of [41]. For some d; € R(i = 1, 2), we have

<s<
t<s

ml/\

t
<

IN e

@ (1) = dy(log 1" + dy(log 1y 7 — fl(s u(s), v(s), W(S))—

F(ﬁl)

From the condition w(1) = 0, we have d, = 0. Hence,
!

1 - d
w0 = dflognf"™" ~ o | (1o i, w9, v(5), ) S

and

@)

o1
Di(w(1) = F(ﬁl

ﬁl -o1-1 ds
og 1! - f (1o (s, u(s), v(s), w(s))—.
1) r(ﬂl 01) 5 S s
Consequently, D‘ISL (w(e)) = 0, implies that

1 e d
4 = s fl (1= Tog sV~ (5, u(s), v(s), w(s) =

Therefore,

@ (1) =

F(;l) fle(log P11 = Tog s (s, u(s), v(s), w(s))d—ss

! - d
@) fl (1og )" fits,us), v(s), wis) S

f HL(t, $)fy (s, us), v(s), w(s))?.

Note that ¢QI(D u(t)) —@ (1), then ¢, ( — D u(t)) = w(t) and —Dlu(t) = ¢, (@(t)), where ¢, is a
constant with o7 Lt gol = 1. Then, from (1.1) and (1.4), we have

=Diiu(®) = ¢y, (@(®), 1 € (1, ¢), (2.3)
u(l) =u'(1)=0; BiDllu(e) =k Dliu(mn) + oy. ’

O

Lemma 2.2. The boundary value problem (2.3) is equivalent to the integral equation

o1 l(e; — y1)(log H*™!
Ay ’

¢ d
u(t) = fl Gy, s>¢¢l(w(s>>§+
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where
Gy _ ) Gult,s), 1<r<s<n<e,
€l T Go(t,s), 1 <s<min{t,n} <e,
Gl(t’ S) = (24)
Gy | Gia(t,s), 1 <max{r,n} <s<e,
el | Gu(t,s), l<np<s<t<e,
1 aj—y1—1
Gun(t.5) = +—[Bi(log "' (1 ~log )"~ — k(log ' (log )" "]
A
1 = a—y1— aj—1 myei-r-1 [\ai-1
Gt s) = A_1[ 1(log ™' (1 = log )"~ — ki(log 1) (log E) —~ Al(log E) ],
1
Gis(t, 5) = —|[Bi(log )™ ~'(1 - log )" 7!,
Ay

1 ;-1 a1—y1-1 A
Guu(t, s) = A—l[ﬁl(log 0"~ = log )" 7! = Ay(log =) ],
Here A; =T(a)A; #0; A, =B, — ki (logn)™ !
Proof. We went along with the idea in Lemma 2.1. For some ¢; € R(i = 1, 2, 3),
a)—

1 ' t d
u(t) = c,(log Y™ + ¢, (log /)™ ~% + ¢3(log H™ 7> — T fl (log E) R (w(s))TS.

From the boundary condition u(1) = 0,4 (1) = 0, we have ¢, = ¢ = 0. Hence

= ettogn™™ = w2 [ (log 1y, () S

and

& a-y-1 _ - a;—y1—1 @
N M v yl)f tog 2)" g, (@50 =

Consequently B, D71 u(e) = k; 1+u(n) + o7y implies that

1 e d U a—y1— d
e = |8 fl (1 - log )", (@() = - ki fl (tog )" 1¢w<w“>>;s]

i
N o I'(a; —71).
A,

D1 (u(t) = ¢

As aresult,

1
ut) = 5-[B10g f (1 - Tog "7 gy, (w(s)
g 1 1—
_Kl(logt)‘“_l‘f1 (logg) - ¢¢l(w(s))T

! t\ei-1 dsy o (a; —y)(log )@~}
- Alfl (10g E) ¢¢1(W(S))?] + . All

oil(a; —y1)(log H)*~!
Ay '

¢ d
_ f G, ), (@ +
1

O
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Note @w(t) = fle H(t, s)fi(s, u(s), v(s),w(s))%, t € [1,e], and we have that (1.1) and (1.4) is
identical to the integral equation

‘ ‘ — a1—1
MﬂifGﬁ@%«mejm@mﬂwﬂW@ﬂg@+cﬂm ydogn™ "
! 1 /s A

Lemma 2.3. Suppose that (A2) hold. Then the Green function G1(t, s) specified in (2.4) is nonnegative,
forallt,s e [l,e].

Proof. Consider the Green’s function G (t, s) given by (2.4).
Letl <t<s<n<e,then

1 - a —y1— ) — @i=y-1
G (1, s) = A—[Bl(logt)(“ (1 =log )™ ™" = k;(log H)™ l(logz) T
1

3 (logt)al_l @—yi—1 lOgS a1—y1—-1 a1—yi—1
= A—l[ﬁl(l ~log 5)" ™ — (1 - 1ogn) (ogm |
log )@~!
, (g OgA) |81 — xilog )™ ~](1 - log 5" 7~
1
1 l.(l]—]
= %[Al(l - IOg S)m—y]—l] > 0.
1

Let 1 < s < min{t,n} < e, we have

1 _ @ —y— - a;—y;—1 r\a1—1

Gi(t, s) = A—[Bl(logt)c” '(1 - log )" ™™ = ky(log )™~ (log g) —Ay(In ;) ]
1

log s

logn

1 ) 1—1
= [Bilog "1 ~log 5y 7! — s (log (1 ) e
1

log s\ai-1 _
_Al(l B loit) | (log ™ 1]
log r)@~!
> %[[31 — ki(logm)™ (1 - log 5)" ™'~ = A (1 — log 5)" ™'
1
A(log 1)@t
= Aillog ™ Of ) [(1 —logs)™" — 1](1 —logs)* ! > 0.
1

Let 1 < max{t,n} < s < e, we have
1 ap—1 ay—y1—1
Gis(t, s) = —|[Bi(log ™ ~'(1 — log )" ™ ~!| > 0.
A
Letl <np<s<t<e wehave

1 _ oy — -1
Gult, s) = A—[Bl(logt)“‘ '(1-log )" ™" = Ay(log ;) ]
1

1 _ 1=y — log sy\ai-1 -
= [ Biog (1 ~log sy ‘—A](l——loit) (log 1)~ |
log @1
> %[31(1 —logs)™" — Al](l —logs)*™' >0,
1

which implies G (z, s) > 0. Hence the nonnegative is proved. O
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Lemma 2.4. Let Ay > 0. Then the Green function G(t, s) is given by (2.4) satisfies the following
inequalities:

(i) Gi(t,s) < Gy(e,s), for all (t,s) € [1,e] xX[1,e],
(ii) Gy(t,s) > (i)a‘_lGl(e, s), for all (t,5) € I x (1,e), where I = [e'/*, e¥/4].

Proof. Consider the Green’s function G (¢, s) given by (2.4).

(i) Let1 <t <s<n<e,then

dG (1, 5) _ (a1 -1

a—yi-1
[Bl(log N1 —log s)* ™! — ki (log t)‘“‘z( log Q) n ]
s

ot A]
— D(log )2
> DRV g, oy '](1 ~log sy
1
— D(log )2
_ )iog) Ai(1 = log )" ™7 > 0,
1

Let 1 < s < min{t,n} < e, we have

0Gx(t, 5) _ (a1 =1

[Bl(log [)01—2(1 _ log S)a|—7|—] _ K](log t)cn—z(log g)al—)’l—l B Al(ln E)al_z]

ot A
— D(log )y» 2
> (@ )iog ) [A1(1 —log )™ — Ay(1 - log S)O”_z]
1
Ai(a - D(log ™2
, Al A)( og?) (1~ log sy — 1](1 ~ log )"
1
Ai(a; — D(log)®~2
_ Al A)( 2D Iy (log ) + Olog 57(1 — log )" > 0.
1

Let 1 < max{z,n} < s < e, we have

0G13(t, s) _ (@) - 1)[

a1-2 ar—y1—1
5 A Billog )™ (1 ~log )" | 20.

Letl <np<s<t<e, wehave

0G14(t, 5) _ (a1 —1)

[Bl(log l)al_z(l - log s)al—)’l—l _ Al( lOg E)(n—l]

o1 A,
~ D(log )™~
1
— D(log )2
. @ )iog ) [B1(1 ~ log )7 — A, ](1 ~ log )"
1
— D(log )12
_ )iog B340 5) + Ollog 51 + ki Gog ™ 1](1 — log 51 > 0.
1

Therefore, G (t, s) is increasing with respect to ¢, which implies that G(t,s) < G(e,s). Hence,
inequality (i) is proved.

AIMS Mathematics Volume 7, Issue 6, 10564—-10581.



10570

() Let1 <t <s<n<eandrel. Then

1 o
Gll(t, S) = A—[Bl(IOg l‘)m_l(l _ log S)m—yl—l _ Kl(log t)al_l(log g) 1=71 ]
1

_ (logyn™!
==
1

> (Z)QI_IG“(& S).

[Bl(l - log s)al—}’]—l _ Kl(log g)m—)’l—l]

Let1 < s <min{t,n} <eandt e l. Then

1 a1—y1—1 \a -1
Gi(t, s) = A—[Bl(log H"7(1 = log )"~ = &y (log /)" ~!( log g) T - Ay(In ;) ]
1

log H)®~! -y~
> QB0 1 (1 —tog 57—k (Tog 1) = Au(1 — log sy
A] N
1 a1—1
> (Z) Glz(e, S).

Let 1 <max{t,n} < s<eandt e l. Then

1 1\ai-1
Gis(t, $) = —[Bilog )™ ~'(1 —Tog s)" ™'~ | = (log "' Gis(e, ) 2 (5)  Gusle, ).
Ay 4
Letl <p<s<t<eandtel Then
Ga(t, 5) = i[ﬁl(log H"7(1 - log 5 = Ay(log =)' ]
’ Al S
log r)*~! _
, dog ™ [B1(1 — log )"~ = Ay(1 ~ log s)" ']
Ay
1 (11—1
> (Z) G14(€, S).
a;—1
Therefore, G(t, s) > (}L) 1 G(e, s). Hence, the inequality (ii) is proved. O

Lemma 2.5. Suppose (A1) and (A2) holds. Then the Green function H,(t, s) is given by (2.2) satisfies
the following inequalities:

(i) 0 < Hi(t,s) < H(s, ), forall (t,s) € [1,e] X [1,e],
(ii) Hi(t,s) > ¢i(s)H,(s, s), for all (t,s) € I x (1,e), where I = [e'/*,e’*], and for £ € I,

(%)ﬁlil(l_bg‘Y)ﬁliﬁlil_(%_bgs)ﬁlil’ s € (1a§]$
Si(s) =

(log s)P1~1(1-log s)f1-01-1
1
4ﬁ171(10g s)ﬁI’I s s € [5’ e)

Remark. In a similar manner, the results of the Green’s functions G(t, s), G(t,s); i=2,3 for
the homogeneous BVP corresponding to the Hadamard fractional differential Eqs (1.2), (1.5)
and (1.3), (1.6) are obtained.

Consider the following conditions:

AIMS Mathematics Volume 7, Issue 6, 10564—-10581.
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(1) Gi(t,s) > NG,(e, s), forall (¢, s) € [1,e] X [1,e] 1=1,2,3,
(1) H(t,s) > ¢(s)H,(e, s), forall (¢, s) € I X (1,e),1=1,2,3,
where I = [¢'", 1,8 = min {(})"7", (1), ()™}, 6(s) = min {61(s), 62(5), 63(5)}.
Next, let us recall some notations about cones and two fixed point theorems. For more details, we
refer the reader to [6, 20].
Let B be a real Banach space. A closed convex set P in B is called a cone if the following conditions
are satisfied:

(i) if x € P, then Ax € P for any A4 > 0;
(i1) if x € Pand —x € P then x = 0.

A non-negative continuous functional ¥ is said to be a concave on P if i is continuous and

Y(x+ (1 =1)y) = tp(x)+ (1 —=(y), x,ye P, t€]0,1].

Letting a, b, ¢ be three positive constants, and ¢ be a nonnegative continuous functional on P, we
denote

P,={yeP:|yl<al, P,={yeP: |yl =<a},
PW,a) ={x€ P:y(x) <al, PW,a) ={x € P:y(x) < al},
OP(W,a)={xe P:y(x)=a}, PW,b,c)={yeP:b<y®), [yl <c}

Theorem 2.6. [6] Let P be a cone in a real Banach space B, ¢ and  be two increasing, non-negative,
and continuous functionals on P, and 6 be a nonnegative continuous functional on P with 6(0) = 0
such that for some r > 0 and y > 0

Y(x) < 0(x) < @(x), |Ixll <y(x), x e PW,n).

Moreover, suppose that there exist a completely continuous operator T : P(y,r) - Pand 0 < p < g <
r such that
0(1x) < A0(x), 0<A<1, x€dP(,q),

and
(i) Y(Tx) > rforall x € OP(Y,r),
(ii) 6(Tx) < g for all x € P(6, q),
(iii) P(p, p) # 0 and o(T x) > p for all x € IP(Y, p),
then T has at least two fixed points x1, x, belonging to P(, r) such that p < ¢(x1), 6(x1) < q and
g < 0(x2), Y(xa) <r.

Theorem 2.7. (Leggett-Williams [20]) Let F : Py — P, be a completely continuous operator and let
W be a nonnegative continuous concave functional on P such that y(x) < ||x|| for all x € P,. Suppose
that there exist 0 < a < b < ¢ < d such that

(i) {x € P(W,b,c) | w(x)> b} #0and y(Fx)> b forx e P(Y,b,c),
(ii) |IFx|| < a for |Ix|| < a;
(iii) Y(Fx) > b for x € P(Y, b,d) with |Fx|| > c.

Then F has at least three fixed points x,, x, and x5 in Py satisfying ||x1|| < a,b < ¥(x;),a < ||x3|| and
Y(x3) <D.

AIMS Mathematics Volume 7, Issue 6, 10564—-10581.
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3. Main result

In this section, let £ = C[1,e], then E is a Banach space with the norm |lu|| = rr%flx] |u(r)|. Let
tell,e

B = E X EXE, then B is a Banach space with the norm ||(u, v, w)|| = |[u]| + |[v]| + ||w||. We define a cone
P c Bby

P= {(u, v,w) € B, u(t) >0, v(t) >0, w(t) >0, Vt € [1,e]

and
rfleiln[u(t) +v(t) + w(®)] = N||(u, v, w)ll},

e = 64,941, = minf (" (07, (.

It is well know that the triple system of Hadamard fractional order BVP (1.1)—(1.6) is equivalent to

u(t) = [ Git, )by, ([ H(t, Df (1, u(r), v(1), w(r)) & )ds 4 Alryloe i
V(1) = [ Galt, g [ Halt, (T, u(T), v(1), w(r)) &) ds 4 Clryloens
WD) = [ Gs(t, )8, ( [ Ha(t T, u(0), v(z), w(n) L) de 4 Cllaallosns

We define the operators F, F, F3: P— Eand F : P — Bby
F(u,v,w) = (F\(u,v,w), Fo(u, v, w), F3(u, v, w)) (3.1

with
Fi(w,v,w)(0) = [ Gi(t, ), ( [ Hi (@, D (7, (D), v(T), w(r)) <)

+ o1 T(@1—y)(log 1~ L€ [1,6],

e
vt = fle Galt, ), fl Hy(t, D)fa (1, u(r), (1), w(r)) L)L
+ azr(az—yz)(logﬂ"z_l, tell,el,

(4 Aze
F3,v,w)(0) = [ Ga(t; )9, [, Ha(t, Df (T, (D), (@), w(e) ) S
+ o3l (@3—y3)(log 37! tell,e]
A3 ’ T

If (u,v,w) € P is a fixed point of operator F, then (u, v, w) is a solution of problem (1.1)—(1.6). So,
we will investigate the existence of fixed points of operator F.

Lemma 3.1. F : P — P is completely continuous.

Proof. By using standard arguments, we can easily show that, the operator F is completely continuous
and we need only to prove F(P) C P. Let (u,v,w) € P, by Lemma 2.4, we have

’ ‘ dr\d (e -
IIFl(u,v,W)Iléf Gl(e,S)%(f Hl(t,T)fl(T,u(T),v(T),w(T))_T)_S+0-1 (@ 7’1)’
1 1 T/s Ay

ds o'(ay —y2)

e e d
1F2(u, v, Wl < f Gale, )y f Hz(t,T)fz(T,u(T),V(T),W(T))—T)—+
1 1 T/s Ay

ds o3l'(az —y3)

e 4 d
1F 3 v, Wl < f G3(e, )y f Hs(t, D5, u(D), V(@) (D) = )= +
1 1 T’ S A3

AIMS Mathematics Volume 7, Issue 6, 10564—-10581.
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and

minF 00 =min| [ Gt [ HG W 0 v 0 ) TS
te te 1 1 T )

I'(a; —y;)(logt)® !
L (a1 —ypdog?) ],

A
1\a1- ¢ e drod r B
Z(Z) 1[]; Gile, s)¢<p|(fl Hl(taT)fl(T,M(T),V(T)’W(T))_T)_S+%17])]
) ‘ dr\d T(a: —
ZN[]: Gi(e, S)¢<pl(‘[lv H](I,T)fl(T u(t), v(1), W(T))_T)_S %11%)]
> NIIFy (u, v, wl.

Similarly, miIn Fr(u,v,w)(t) > N||F»(u, v, w)|| and miIn Fs(u, v, w)(t) > N||F5(u, v, w)||. Therefore
te te

r?eiIn{Fl(u, v, w)(t) + Fa(u, v, w)(t) + F3(u, v, w)(t)}

> NIIF(u, v, Wl + N||F2(u, v, W)l + NI F3(u, v, w|
= N[|F1(u, v,w), Fo(u, v,w), F3(u, v, w)||
= N[|F(u,v,w)||.

Hence, we get F(P) Cc P. By using standard arguments involving the Arzela-Ascoli theorem, we
can easily show that F, F, and F5 are completely continuous, and then F is a completely continuous
operator from P to P. O

We use the following notation for our convenience:

M:max{[ f Gile. ) f g‘(T)Hl(T,T)?)%]_I’ [ f Gale. )¢ f S‘(T)Hz(T,T)d?T)%]—I,

sel Tel sel Tel

[fG3(e, S)¢¢3(fg'(T)H3(T’T)?)d_:‘]—I}.

sel el

L:min{[f Gi(e, )¢y, le(T T)dT)dS] ’ [f Gale, $)0, sz(T T)dT)dS] ’
[f Gs(e, $)dy, fH3(T T)dT)ds] }

Now let the non-negative, continuous functionals ¥, 8 and ¢ be defined on the cone P by
Ylu, v, w) = minfu(?) + v(1) + wn)},
te
O, v, w) = max{u(?) + v(t) + wn)}, (3.2)
te

o(u,v,w) = trerﬁalx]{u(t) + (1) + w(t)},

and let P, r) = {(u,v,w) € P : Yy(u,v,w) < r}.

Theorem 3.2. Assume that (A1)—(A3) hold. Suppose there exist positive real numbers 0 < p < g <r

such that 0 < o; < %F?ii—y[) < %;F@;—w) such that f;(i = 1,2, 3) satisfies the following conditions:
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(DI) fit,u,v,w) > ¢, (5%) forall t € I ,(u,v,w) € [r, £] X [r, §] X [1, &1,
(D2) fi(t,u,v,w) < ¢gi(q5—f)for all t € [1,e],(u,v,w) € [0, L] X [0, £] x [0, &1,
(D3) fi(t,u,v,w) > ¢gi(%)f0r allt € I,(u,v,w) € [Np, p] X [Np, p] X [Np, p].

Then the system (1.1)—(1.6) has at least two positive solutions (uy, vy, wy) and (u,, v,, w,) such that
p < @(ur,vi,wy) with 0(uy,vi,wr) <g,

q < O(ua, vo, wa) with Y(uz, v, ws) <r.

Proof. Due to Lemma 3.1, we have operator F' : P — P is completely continuous. From (3.2), for
each (u,v,w) € P, we have y(u,v,w) < 0(u,v,w) < ¢(u,v,w), and

[|(u, v, w)|| < é r{leiln{u(t) +v(t) + w(t)} = él[/(u, vV, W).
For all (u,v,w) € P, 1 € [0, 1] we have
6(Au, Av, Aw) = ntlgx{/lu(t) + Av(t) + Aw(t)} = ﬂrrtlgalx{u(t) +v(t) + w(t)} = A0(u, v, w).

It is clear that (0, 0,0) = 0. Now we show that the remaining conditions of Theorem 2.6 are satisfied.
Firstly, we shall show that condition (i) of Theorem 2.6 is satisfied. Since (u, v, w) € dP((, r), we have

min{u(?) + v(1) + w(O)} = r,r < flull + [Vl| + [Iwll <
te

Z| ~

From (D1), we have
U(F(u,v,w)) = r?elln F(u,v,w)(®)

(¢ ¢ dr\d
mmZL[wmm([Mmmm@mmwwﬁi

tel
i=1 §

N ol'(a; —y)(log f)ai_l]
A

; dr\d (e =i
2szfGﬂﬁ%kfW%Mm%@maWﬂwmhﬁi+ZJ&;Q]

A S A, 3.3)
= sel Tel
rM dr\ds rM dr\ds
S ﬁfNGl(e’ s)%l(fg(r)[—[l(r,ﬂr)?)?+§fNG2(e, s)¢¢2<f§(T)H2(T,T)?)?
sel Tel sel 1€l
rM dr\ds
+§ NG3(€, S)¢¢3(f§(T)H3(T,T)7)?
sel Tel
I
=3737377

Now, we shall show that condition (ii) of Theorem 2.6 is satisfied. Since (u,v,w) € dP(6, q), we
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have 0 < u(t) + v(®) + w(@) < |lul| + V]| + [W]| < f—< for t € [1, e]. From (D2), we have

O(F(u,v,w)) = ntlgx F(u,v,w)(®)

S ‘ dr\d
:maXZ[ f] Gilt, ), f1 H(t, Df (7, u(t), v(7), w(r))_T)_S

tel
i=1

N ol(a; - yi)(log H)*~! ]
A;

dr\d il (a; — i
<ZIG(8 )by, fH(T T)Ji(T, u(7), v(7), w(1)) T) - %jw

L dr\d L dr\d
<& f (e )y f H(, )T) - g " Gale, )9 f Hy(r. 1) —) =

N
T\ds C[ q 4q
- H ) R, R, R
+ 5. I G;(e, S)¢903 f 3( T) T ) Ky * R ‘R2 ’ R3
P r ot 1 1

:q[—+—+—+—+—+—]SCI-

Finally using hypothesis (D3), we shall show that condition (iii) of Theorem 2.6 is satisfied.

Since (0,0,0) € P and p > 0, P(p, p) # 0. Since (u,v,w) € dP(p, p), Np < u(t) + v(t) + w(t) <

lul] + |IVl| + |w|| = p for t € I. From (D3), we have ¢(F(u,v,w)) = n%lax] F(u,v,w) > p. The process
tell,e

of proof is same as (3.3), so we omit it. Therefore, the hypothesis of Theorem 2.6 have been satisfied.
Thus, the operator F(u, v, w) has at least two positive solutions (u, vy, w;) and (u,, vo, w;) such that

p < @(uy,vi,wy) with 8(u;,vi,wy) < g,

q< 9(’/[2,V2,W2) with l,[/(uz,\Q,Wz) <r.

Hence, the system (1.1)—(1.6) has at least two positive solutions (uy, vy, wy) and (u,, vo, wy). O

Theorem 3.3. Assume that (A1)—(A3) hold. Suppose that there exist 0 < a < b < 8d and 0 < o; <

%’_rc(’i"_%) < %ir‘(li"_%) such that f;(i = 1,2, 3) satisfies the following conditions:

(D4) fi(t,u,v,w) < ¢Q(dL) forallte[l,e], (u,v,w) € [0,d] X [0 d] x [0,d],
(D5) fi(ts 1, v, w) > G (B0), for all t € I, (u, v, w) € [b, £1% [b, £1% [b, L1,
(D6) fi(t,u,v,w) < qbgl(“L’_) forallte[l,e], (u,v,w) € [0,a] X [O al x [0, al.

Then the system (1.1)—(1.6) has at least three positive solution (uy, vy, wy), (s, v2, w2) and (uz, vz, wz)
with o(uy, vi,wy) < a, b < Y(uz, va, wp) < Uz, vy, wa) < d, a < ¢(us,vs, ws) < d, with y(us, vz, ws) <
b.

Proof. Firstly, if (u,v,w) € P_d, then we may assert that F : P_d — P_d is a completely continuous
operator. To see this, suppose (u,v,w) € Py, then ||(u,v,w)|| < d. It follows from Lemma 2.4,
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Lemma 2.5 and (D4), that
E G, v, Wl = max {F1(u, v, w)(t) + Fa(u, v, w)(t) + F3(u, v, w)(®)}

3 dr\d
= E%Z;[fl Gi(t, S)%i(,f]‘ H;(t, 7)fi(t, u(t), (1), W(T))—T)—S

. . — . a;—1
n O',F(CY, 71)(10g t) ]
A;

o[ dr\ds ol -y
D) | cresm, f H(E D) o0 w(e) )5+ T

dL dr\d dL dr\d
<3 f Gi(e, )b f H@D) T+ 5 f Gale, )b f e
1

ds d d d
+ S—SI G3(€, S)¢‘p3 f H3(T, T)?)? + % + % + E

[_1_ + _1_ + _1_ + _J;_ + _J;_ + _J;_] <d
51 52 53 %1 %2 9%3 a

Therefore, F : P, — P,. This together with Lemma 3.1 implies that F : P, — P, is a completely
continuous operator. In the similarly way, if (u, v, w) € P,, then from (D6) yields ||F(u, v, w)|| < a. This
shows that condition (ii) of Theorem 2.7 is fulfilled.

Now, we let u(r) + v(t) + w(t) = & for t € [1,e]. It is easy to verify that u(f) + v(r) + w(t) = & €
P(y, b, g) and ¥(u,v,w) = ;’—< > b, and so {(u,v,w) € P(y,b, g);;l/(u,v, w) > b} # 0. Thus, for all
(u,v,w) € P(y, b, g), we have that b < u(f) + v(t) + w(t) < 2 for ¢t € I and F(u, v, w) € P, from (D5),
we have

Y(F(u,v,w)(t)) = min {F1(u, v, w)(t) + Fa(u, v, w)(t) + F3(u, v, w)(t)}

3

= Irtlellnz [f Git, $)p,, f H(t, D)fi(t, u(t), v(1), W(T))dT)dS

i=1

N o l(e; —y)(log H)*! ]
A;

> NZ [ f Gile, 5)¢y, f Hi(t, 0)fi(r, u(m), v(2), W(T))dT)ds w

sel

—NfNGl(e, s)¢¢1(f§(T)H1(T»T)7T)?S

sel Tel
bM ds
+ IN NG, (e, S)¢¢z(f§(T)H2(T T)_)T
sel T€el
bM dr\ds
tax | NGse. )0 f SOH(T, 7))~
sel el
Zé+é+é:h
3 3 3
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Hence the condition (i) of Theorem 2.7 is verified. Next, we prove that (iif) of Theorem 2.7 is
satisfied. By Lemma 3.1, we have miln |[F 1 (u, v, w)(t) + Fr(u, v, w)(t) + F5(u, v, w)(@)| > N||F(u, v, w)|| >
te

d for (u,v,w) € P,b,d) with ||F(u,v,w)|| > g. To sum up, all the conditions of Theorem 2.7

are satisfied, then there exist three positive solutions (uy, vy, wy), (uz, v, ws) and (us3, vs, ws3) with
o(ur,vi,wr) < a, b < Y(uz,va, w2) < @uz,va, wa) < d, a < @(us,v3,w3) < d, with ¢(us, v3,w3) <
b. O

Example 3.1. Let CU1:2.2, a2:2.5, (1’3:2.8, ,31:1.2, ,32:1.5, ,83:1.8, ’)/120.2, ’)/2:0.5, Y3 = 08, 51 = 02,

62:0.5,6320.8,31 :4,62:5, 83:6)K1 :3)K2:4,K3 ZS’QI :QZZQ3:2‘
We consider the system of Hadamard fractional differential equations:

D2 (¢o(D2u(t))) = fi(t, u(t), v(t), w(®), t € (1,e),
D2 (¢2(DT2V(1))) = folt, u(t), v(t), w()), t € (1,e), (3.4)
D} (a(DTPw())) = f3(t, u(t), v(t), w(®), t € (1,e),

subject to the boundary conditions

Di?u(1) =0, DV2(¢,,(Ditu(e))) = 0,

u(l) =u (1) =0, 4 DV%2u(e) =3 DV2u(n) + oy;
Div(1) =0, DV(¢,,(Div(e))) = 0,

v(1) =v' (1) =0, 5D%v(e) =4 D%>v(n) + oy
Difw(1) = 0, DY¥(¢e, (D w(e))) = 0,

w(l) =w' (1) =0, 6 D% w(e) =5 D%w) + o3;

(3.5)

where o, 05, 03 are parameters. We have N=min{0.189465,0.125,0.082469} = 0.082469,
Ay = 3.804563 > 0, A, = 5.677232 > 0, A; = 8530643 > 0, so assumption (A2) is
satisfied. Beside we deduce M = max{30.90692,20.39956,22.28683} = 30.90692 and L =
min{17.4452,80.5,6.621083} = 6.621083.

We consider the functions

4, O<u+v+w<4,
fitt,u,v,w) =3 4+625u+v+w-4), 4d<u+v+wc<h,
(e~ @™ 4 1)sint + 625, U+v+w>5,
(sin(u+v+w) +1)logt+ 1, O<u+v+w<4,
Ht,u,v,w) =4 2e" +630[(u+v+w)—4], 4<u+v+wc<s,
(e ) +100)3 log 7 + 630, u+v+w>5,
3(3 — p4lwrviwh) O<u+v+wc<4,
fit,u,v,w) ={ 7% —logt, d<u+v+w<s,
587(6"+1)—(%log(u+v+w)—1), u+v+w>>5.

Choosinga:4,b:5,d:727.55,3i23i:%z%:%:%:éthen0<a<b<8dand
1 2 3 1 2 3
fi(i = 1,2,3) fulfilling the following conditions:

(D4) fi(t,u,v,w) < 802.8615 = %1(%)’ te[l,ellul + v+ w| €[0,727.55],
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(D5) fi(t,u, v, w) > 624.6024 = ¢, (2L), 1 € [, &¥*], |ul + V] + [l € [5,60.6289],
(D6) fi(t,u, v, w) < 4414055 = ¢, (L), t € [1, el Jul + [v] + || € [0,4].

Thus, all conditions of Theorem 3.3 are fulfilled. Hence, for oy < 461.335, o0, < 688.4117,
o3 < 1034.412, the system of (3.4) and (3.5) has at least three positive solutions.

4. Conclusions

By using Avery-Henderson and Leggett-Williams fixed point theorems under suitable conditions,
we have presented the existence of multiple positive solutions for the system of Hadamard fractional
differential equation with (o1, 0,2, 03)-Laplacian operator in terms of the parameter (o, 0, 073). Finally,
we have given an example to demonstrate our result.
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