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1. Introduction

In this paper, we study the tripled nonlinear Hadamard fractional differential system with (%1, %2, %3)-
Laplacian operators

Dβ1
1+

(
φ%1(D

α1
1+u(t))

)
= f1(t, u(t), v(t),w(t)), t ∈ (1, e), (1.1)

Dβ2
1+

(
φ%2(D

α2
1+v(t))

)
= f2(t, u(t), v(t),w(t)), t ∈ (1, e), (1.2)

Dβ3
1+

(
φ%3(D

α3
1+w(t))

)
= f3(t, u(t), v(t),w(t)), t ∈ (1, e), (1.3)

subject to the boundary conditions

Dα1
1+u(1) = 0, Dδ1

1+

(
φ%1(D

α1
1+u(e))

)
= 0,

u(1) = u
′

(1) = 0, ß1 Dγ1
1+u(e) = κ1 Dγ1

1+u(η) + σ1;
(1.4)

Dα2
1+v(1) = 0, Dδ2

1+

(
φ%2(D

α2
1+v(e))

)
= 0,

v(1) = v
′

(1) = 0, ß2 Dγ2
1+v(e) = κ2 Dγ2

1+v(η) + σ2;
(1.5)

Dα3
1+w(1) = 0, Dδ3

1+

(
φ%3(D

α3
1+w(e))

)
= 0,

w(1) = w
′

(1) = 0, ß3 Dγ3
1+w(e) = κ3 Dγ3

1+w(η) + σ3;
(1.6)
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where αi ∈ (2, 3], βi ∈ (1, 2], γi ∈ (0, 1], δi ∈ (0, 1], Df1+ denotes the Hadamard fractional derivative
of order f for

(
f = αi, βi, δi, γi, i = 1, 2, 3

)
, αi − γi − 1 > 0, η ∈ (1, e), σi > 0 is a parameter,

%i > 1, φ%i(s) = |s|%i−2s, φ−1
%i

= φϕi ,
1
%i

+ 1
ϕi

= 1 and fi ∈ C
(
[1, e] × R3

+ → R+

)
, for i = 1, 2, 3.

The positive solutions of boundary vale problems connected with system of fractional differential
equations were deliberate by many novelist [9–11, 29] and enlarge to p-Laplacian subject to various
boundary conditions [13,21–26,30–32,38]. Our results generalize from the papers [14,19,33], when a
parameter is involved in the boundary conditions. Later, many scholars study the Hadamard fractional
differential equation or system [3–5, 15, 16, 34, 41, 42] and these results are further extended to p-
Laplacian operator [17, 39, 40]. Newly researchers are focus on the the theory of tripled system
of Hadamard fractional differential equations associated with p-Laplacian operator [35, 36]. For
numerous supplication of the fractional calculus in diverse scientific and many engineering fields, the
readers may turn to the reference books [1, 12, 18, 27, 28] and the the papers [2, 7, 8, 37].

We assemble the following postulate all over:

(A1) The functions f1, f2, f3 : [1, e] × R3
+ → R+ are continuous.

(A2) ßi, κi are positive constants such that ßi > κi(log η)αi−γi−1,∀i = 1, 2, 3.
(A3) =1,=2,=3,<1,<2,<3 are positive constants such that

1
=1

+ 1
=2

+ 1
=3

+ 1
<1

+ 1
<2

+ 1
<3
≤ 1.

The rest of the article is categorize in the following manner. In Section 2, we come up with some
definitions and lemmas that provide us with some useful details with respect to the behavior of solution
of the problem (1.1)–(1.6), then we build the Green function and bounds for the homogeneous problem
corresponding to (1.1)–(1.6). In Section 3, we get going a measure for the existence of positive
solutions for the problem (1.1)–(1.6) by applying varies fixed point theorems in a Banach spaces.
Finally, as an application, an example to exhibit our results is given.

2. Preliminaries

In this section, we will come up with some definitions and lemmas that will be worn in the proof of
used by us main results.

Definition 2.1. [18] The Hadamard fractional derivative of order α > 0 of a function f : [1,∞) → R
is given by

Dα
1+f (t) =

1
Γ(n − α)

(
t

d
dt

)n
∫ t

1

(
log

t
s

)n−α−1
f (s)

ds
s
, n − 1 < α < n,

where n = [α] + 1, [α] represent the integer part of the real number α and log(·) = loge(·).

Definition 2.2. [18] The Hadamard fractional integral of order α > 0 is given by

Iqf (t) =
1

Γ(α)

∫ t

1

(
log

t
s

)α−1
f (s)

ds
s
, α > 0,

provided that integral exists.

In what follows, we work out the Green function kindred with (1.1) and (1.4), we let
φ%1

(
Dα1

1+u(t)
)
=−$(t), for t ∈ [1, e]. Then, from (1.1) and (1.4) we obtain{

−Dβ1
1+$(t) = f1(t, u(t), v(t),w(t)), t ∈ (1, e),

$(1) = 0; Dδ1
1+$(e) = 0.

(2.1)
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Lemma 2.1. The boundary value problem (2.1) grip the form

$(t) =

∫ e

1
H1(t, s)f1

(
s, u(s), v(s),w(s)

)ds
s
,

where

H1(t, s) =
1

Γ(β1)

{
(log t)β1−1(1 − log s)β1−δ1−1 −

(
log t

s

)β1−1
, 1 ≤ s ≤ t ≤ e,

(log t)β1−1(1 − log s)β1−δ1−1, 1 ≤ t ≤ s ≤ e.
(2.2)

Proof. We utilize proposal in Lemma 2 of [41]. For some di ∈ R(i = 1, 2), we have

$(t) = d1(log t)β1−1 + d2(log t)β1−2 −
1

Γ(β1)

∫ t

1

(
log

t
s

)β1−1
f1(s, u(s), v(s),w(s))

ds
s
.

From the condition $(1) = 0, we have d2 = 0. Hence,

$(t) = d1(log t)β1−1 −
1

Γ(β1)

∫ t

1

(
log

t
s

)β1−1
f1(s, u(s), v(s),w(s))

ds
s

and

Dδ1
1+($(t)) = d1

Γ(β1)
Γ(β1 − δ1)

(log t)β1−δ1−1 −
1

Γ(β1 − δ1)

∫ t

1

(
log

t
s

)β1−δ1−1
f1(s, u(s), v(s),w(s))

ds
s
.

Consequently, Dδ1
1+($(e)) = 0, implies that

d1 =
1

Γ(β1)

∫ e

1
(1 − log s)β1−δ1−1f1(s, u(s), v(s),w(s))

ds
s
.

Therefore,

$(t) =
1

Γ(β1)

∫ e

1
(log t)β1−1(1 − log s)β1−δ1−1f1(s, u(s), v(s),w(s))

ds
s

−
1

Γ(β1)

∫ t

1

(
log

t
s

)β1−1
f1(s, u(s), v(s),w(s))

ds
s

=

∫ e

1
H1(t, s)f1(s, u(s), v(s),w(s))

ds
s
.

Note that φ%1

(
Dα1

1+u(t)
)

= −$(t), then φ%1

(
− Dα1

1+u(t)
)

= $(t) and −Dα1
1+u(t) = φϕ1($(t)), where ϕ1 is a

constant with %−1
1 + ϕ−1

1 = 1. Then, from (1.1) and (1.4), we have{
−Dα1

1+u(t) = φϕ1($(t)), t ∈ (1, e),
u(1) = u

′

(1) = 0; ß1Dγ1
1+u(e) = κ1Dγ1

1+u(η) + σ1.
(2.3)

�

Lemma 2.2. The boundary value problem (2.3) is equivalent to the integral equation

u(t) =

∫ e

1
G1(t, s)φϕ1($(s))

ds
s

+
σ1Γ(α1 − γ1)(log t)α1−1

∆1
,
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where

G1(t, s) =


G1(t,s)
t∈[1,η] =

{
G11(t, s), 1 ≤ t ≤ s ≤ η < e,
G12(t, s), 1 ≤ s ≤ min{t, η} < e,

G1(t,s)
t∈[η,e] =

{
G13(t, s), 1 ≤ max{t, η} ≤ s ≤ e,
G14(t, s), 1 < η ≤ s ≤ t ≤ e,

(2.4)

G11(t, s) =
1
∆1

[
ß1(log t)α1−1(1 − log s)α1−γ1−1 − κ1(log t)α1−1

(
log

η

s

)α1−γ1−1]
,

G12(t, s) =
1
∆1

[
ß1(log t)α1−1(1 − log s)α1−γ1−1 − κ1(log t)α1−1

(
log

η

s

)α1−γ1−1
− Λ1

(
log

t
s

)α1−1]
,

G13(t, s) =
1
∆1

[
ß1(log t)α1−1(1 − log s)α1−γ1−1

]
,

G14(t, s) =
1
∆1

[
ß1(log t)α1−1(1 − log s)α1−γ1−1 − Λ1

(
log

t
s

)α1−1]
,

Here ∆1 = Γ(α1)Λ1 , 0; Λ1 = ß1 − κ1(log η)α1−γ1−1.

Proof. We went along with the idea in Lemma 2.1. For some ci ∈ R(i = 1, 2, 3),

u(t) = c1(log t)α1−1 + c2(log t)α1−2 + c3(log t)α1−3 −
1

Γ(α1)

∫ t

1

(
log

t
s

)α1−1
φϕ1($(s))

ds
s
.

From the boundary condition u(1) = 0, u
′

(1) = 0, we have c2 = c3 = 0. Hence

u(t) = c1(log t)α1−1 −
1

Γ(α1)

∫ t

1

(
log

t
s
)α1−1

φϕ1($(s))
ds
s

and

Dγ1
1+(u(t)) = c1

Γ(α1)
Γ(α1 − γ1)

(log t)α1−γ1−1 −
1

Γ(α1 − γ1)

∫ t

1

(
log

t
s

)α1−γ1−1
φϕ1($(s))

ds
s
.

Consequently ß1Dγ1
1+u(e) = κ1Dγ1

1+u(η) + σ1 implies that

c1 =
1
∆1

[
ß1

∫ e

1
(1 − log s)α1−γ1−1φϕ1($(s))

ds
s
− κ1

∫ η

1

(
log

η

s

)α1−γ1−1
φϕ1($(s))

ds
s

]
+
σ1Γ(α1 − γ1)

∆1
.

As a result,

u(t) =
1
∆1

[
ß1(log t)α1−1

∫ e

1
(1 − log s)α1−γ1−1φϕ1($(s))

ds
s

− κ1(log t)α1−1
∫ η

1

(
log

η

s

)α1−γ1−1
φϕ1($(s))

ds
s

− Λ1

∫ t

1

(
log

t
s

)α1−1
φϕ1($(s))

ds
s

]
+
σ1Γ(α1 − γ1)(log t)α1−1

∆1

=

∫ e

1
G1(t, s)φϕ1($(s))

ds
s

+
σ1Γ(α1 − γ1)(log t)α1−1

∆1
.

�
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Note $(t) =
∫ e

1
H1(t, s) f1(s, u(s), v(s),w(s))ds

s , t ∈ [1, e], and we have that (1.1) and (1.4) is
identical to the integral equation

u(t) =

∫ e

1
G1(t, s)φϕ1

( ∫ e

1
H1(t, τ) f1

(
τ, u(τ), v(τ),w(τ)

)dτ
τ

)ds
s

+
σ1Γ(α1 − γ1)(log t)α1−1

∆1
.

Lemma 2.3. Suppose that (A2) hold. Then the Green function G1(t, s) specified in (2.4) is nonnegative,
for all t, s ∈ [1, e].

Proof. Consider the Green’s function G1(t, s) given by (2.4).
Let 1 ≤ t ≤ s ≤ η ≤ e, then

G11(t, s) =
1
∆1

[
ß1(log t)α1−1(1 − log s)α1−γ1−1 − κ1(log t)α1−1

(
log

η

s

)α1−γ1−1]
=

(log t)α1−1

∆1

[
ß1(1 − log s)α1−γ1−1 − κ1

(
1 −

log s
log η

)α1−γ1−1
(log η)α1−γ1−1

]
≥

(log t)α1−1

∆1

[
ß1 − κ1(log η)α1−γ1−1

]
(1 − log s)α1−γ1−1

=
(log t)α1−1

∆1

[
Λ1(1 − log s)α1−γ1−1

]
≥ 0.

Let 1 ≤ s ≤ min{t, η} ≤ e, we have

G12(t, s) =
1
∆1

[
ß1(log t)α1−1(1 − log s)α1−γ1−1 − κ1(log t)α1−1

(
log

η

s

)α1−γ1−1
− Λ1

(
ln

t
s

)α1−1]
=

1
∆1

[
ß1(log t)α1−1(1 − log s)α1−γ1−1 − κ1(log t)α1−1

(
1 −

log s
log η

)α1−γ1−1
(log η)α1−γ1−1

− Λ1

(
1 −

log s
log t

)α1−1
(log t)α1−1

]
≥

(log t)α1−1

∆1

[[
ß1 − κ1(log η)α1−γ1−1](1 − log s)α1−γ1−1 − Λ1(1 − log s)α1−1

]
=

Λ1(log t)α1−1

∆1

[
(1 − log s)−γ1 − 1

]
(1 − log s)α1−1 ≥ 0.

Let 1 ≤ max{t, η} ≤ s ≤ e, we have

G13(t, s) =
1
∆1

[
ß1(log t)α1−1(1 − log s)α1−γ1−1

]
≥ 0.

Let 1 < η ≤ s ≤ t ≤ e, we have

G14(t, s) =
1
∆1

[
ß1(log t)α1−1(1 − log s)α1−γ1−1 − Λ1

(
log

t
s

)α1−1]
=

1
∆1

[
ß1(log t)α1−1(1 − log s)α1−γ1−1 − Λ1

(
1 −

log s
log t

)α1−1
(log t)α1−1

]
≥

(log t)α1−1

∆1

[
ß1(1 − log s)−γ1 − Λ1

]
(1 − log s)α1−1 ≥ 0,

which implies G1(t, s) ≥ 0. Hence the nonnegative is proved. �
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Lemma 2.4. Let ∆1 > 0. Then the Green function G1(t, s) is given by (2.4) satisfies the following
inequalities:

(i) G1(t, s) ≤ G1(e, s), for all (t, s) ∈ [1, e] × [1, e],
(ii) G1(t, s) ≥

(1
4

)α1−1G1(e, s), for all (t, s) ∈ I × (1, e), where I = [e1/4, e3/4].

Proof. Consider the Green’s function G1(t, s) given by (2.4).

(i) Let 1 ≤ t ≤ s ≤ η ≤ e, then

∂G11(t, s)
∂t

=
(α1 − 1)

∆1

[
ß1(log t)α1−2(1 − log s)α1−γ1−1 − κ1(log t)α1−2

(
log

η

s

)α1−γ1−1]
≥

(α1 − 1)(log t)α1−2

∆1

[
ß1 − κ1(log η)α1−γ1−1

]
(1 − log s)α1−γ1−1

=
(α1 − 1)(log t)α1−2

∆1
Λ1(1 − log s)α1−γ1−1 ≥ 0.

Let 1 ≤ s ≤ min{t, η} ≤ e, we have

∂G12(t, s)
∂t

=
(α1 − 1)

∆1

[
ß1(log t)α1−2(1 − log s)α1−γ1−1 − κ1(log t)α1−2

(
log

η

s

)α1−γ1−1
− Λ1

(
ln

t
s

)α1−2]
≥

(α1 − 1)(log t)α1−2

∆1

[
Λ1(1 − log s)α1−γ1−1 − Λ1(1 − log s)α1−2

]
>

Λ1(α1 − 1)(log t)α1−2

∆1

[
(1 − log s)−γ1 − 1

]
(1 − log s)α1−1

=
Λ1(α1 − 1)(log t)α1−2

∆1

[
γ1(log s) + O(log s)2

]
(1 − log s)α1−1 ≥ 0.

Let 1 ≤ max{t, η} ≤ s ≤ e, we have

∂G13(t, s)
∂t

=
(α1 − 1)

∆1

[
ß1(log t)α1−2(1 − log s)α1−γ1−1

]
≥ 0.

Let 1 < η ≤ s ≤ t ≤ e, we have

∂G14(t, s)
∂t

=
(α1 − 1)

∆1

[
ß1(log t)α1−2(1 − log s)α1−γ1−1 − Λ1

(
log

t
s

)α1−2]
≥

(α1 − 1)(log t)α1−2

∆1

[
ß1(1 − log s)α1−γ1−1 − Λ1(1 − log s)α1−2

]
>

(α1 − 1)(log t)α1−2

∆1

[
ß1(1 − log s)−γ1 − Λ1

]
(1 − log s)α1−1

=
(α1 − 1)(log t)α1−2

∆1

[
ß1γ1(log s) + O(log s)2 + κ1(log η)α1−γ1−1

]
(1 − log s)α1−1 ≥ 0.

Therefore, G1(t, s) is increasing with respect to t, which implies that G1(t, s) ≤ G1(e, s). Hence,
inequality (i) is proved.
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(ii) Let 1 ≤ t ≤ s ≤ η ≤ e and t ∈ I. Then

G11(t, s) =
1
∆1

[
ß1(log t)α1−1(1 − log s)α1−γ1−1 − κ1(log t)α1−1

(
log

η

s

)α1−γ1−1]
=

(log t)α1−1

∆1

[
ß1(1 − log s)α1−γ1−1 − κ1

(
log

η

s

)α1−γ1−1]
≥

(1
4

)α1−1
G11(e, s).

Let 1 ≤ s ≤ min{t, η} ≤ e and t ∈ I. Then

G12(t, s) =
1
∆1

[
ß1(log t)α1−1(1 − log s)α1−γ1−1 − κ1(log t)α1−1

(
log

η

s

)α1−γ1−1
− Λ1

(
ln

t
s

)α1−1]
≥

(log t)α1−1

∆1

[
ß1(1 − log s)α1−γ1−1 − κ1

(
log

η

s

)α1−γ1−1
− Λ1(1 − log s)α1−1

]
≥

(1
4

)α1−1
G12(e, s).

Let 1 ≤ max{t, η} ≤ s ≤ e and t ∈ I. Then

G13(t, s) =
1
∆1

[
ß1(log t)α1−1(1 − log s)α1−γ1−1

]
= (log t)α1−1G13(e, s) ≥

(1
4

)α1−1
G13(e, s).

Let 1 < η ≤ s ≤ t ≤ e and t ∈ I. Then

G14(t, s) =
1
∆1

[
ß1(log t)α1−1(1 − log s)α1−γ1−1 − Λ1

(
log

t
s

)α1−1]
≥

(log t)α1−1

∆1

[
ß1(1 − log s)α1−γ1−1 − Λ1

(
1 − log s

)α1−1
]

≥
(1
4

)α1−1
G14(e, s).

Therefore, G1(t, s) ≥
(

1
4

)α1−1
G1(e, s). Hence, the inequality (ii) is proved. �

Lemma 2.5. Suppose (A1) and (A2) holds. Then the Green function H1(t, s) is given by (2.2) satisfies
the following inequalities:

(i) 0 ≤ H1(t, s) ≤ H1(s, s), for all (t, s) ∈ [1, e] × [1, e],
(ii) H1(t, s) ≥ ς1(s)H1(s, s), for all (t, s) ∈ I × (1, e), where I = [e1/4, e3/4], and for ξ ∈ I,

ς1(s) =

 ( 3
4 )β1−1(1−log s)β1−δ1−1−( 3

4−log s)β1−1

(log s)β1−1(1−log s)β1−δ1−1 , s ∈ (1, ξ],
1

4β1−1(log s)β1−1 , s ∈ [ξ, e).

Remark. In a similar manner, the results of the Green’s functions Gi(t, s), Gi(t, s); i=2, 3 for
the homogeneous BVP corresponding to the Hadamard fractional differential Eqs (1.2), (1.5)
and (1.3), (1.6) are obtained.

Consider the following conditions:

AIMS Mathematics Volume 7, Issue 6, 10564–10581.
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(i) Gi(t, s) ≥ ℵGi(e, s), for all (t, s) ∈ [1, e] × [1, e] i=1,2,3,
(ii) Hi(t, s) ≥ ς(s)Hi(e, s), for all (t, s) ∈ I × (1, e), i=1,2,3,

where I = [e1/4, e3/4],ℵ = min
{(1

4

)α1−1
,
(1

4

)α2−1
,
(1

4

)α3−1
}
, ς(s) = min

{
ς1(s), ς2(s), ς3(s)

}
.

Next, let us recall some notations about cones and two fixed point theorems. For more details, we
refer the reader to [6, 20].

Let B be a real Banach space. A closed convex set P in B is called a cone if the following conditions
are satisfied:

(i) if x ∈ P, then λx ∈ P for any λ ≥ 0;
(ii) if x ∈ P and −x ∈ P then x = 0.

A non-negative continuous functional ψ is said to be a concave on P if ψ is continuous and

ψ
(
tx + (1 − t)y

)
≥ tψ(x) + (1 − t)ψ(y), x, y ∈ P, t ∈ [0, 1].

Letting a, b, c be three positive constants, and ψ be a nonnegative continuous functional on P, we
denote

Pa = {y ∈ P : ‖y‖ < a}, Pa = {y ∈ P : ‖y‖ ≤ a},

P(ψ, a) = {x ∈ P : ψ(x) < a}, P(ψ, a) = {x ∈ P : ψ(x) ≤ a},

∂P(ψ, a) = {x ∈ P : ψ(x) = a}, P(ψ, b, c) = {y ∈ P : b ≤ ψ(y), ‖y‖ ≤ c}.

Theorem 2.6. [6] Let P be a cone in a real Banach space B, ϕ and ψ be two increasing, non-negative,
and continuous functionals on P, and θ be a nonnegative continuous functional on P with θ(0) = 0
such that for some r > 0 and γ > 0

ψ(x) ≤ θ(x) ≤ ϕ(x), ‖x‖ ≤ γψ(x), x ∈ P(ψ, r).

Moreover, suppose that there exist a completely continuous operator T : P(ψ, r)→ P and 0 < p < q <
r such that

θ(λx) ≤ λθ(x), 0 ≤ λ ≤ 1, x ∈ ∂P(θ, q),

and

(i) ψ(T x) > r for all x ∈ ∂P(ψ, r),
(ii) θ(T x) < q for all x ∈ ∂P(θ, q),

(iii) P(ϕ, p) , ∅ and ϕ(T x) > p for all x ∈ ∂P(ψ, p),

then T has at least two fixed points x1, x2 belonging to P(ψ, r) such that p < ϕ(x1), θ(x1) < q and
q < θ(x2), ψ(x2) < r.

Theorem 2.7. (Leggett-Williams [20]) Let F : Pd → Pd be a completely continuous operator and let
ψ be a nonnegative continuous concave functional on P such that ψ(x) ≤ ‖x‖ for all x ∈ Pd. Suppose
that there exist 0 < a < b < c ≤ d such that

(i) {x ∈ P(ψ, b, c) | ψ(x) > b} , ∅ and ψ(Fx) > b for x ∈ P(ψ, b, c);
(ii) ‖Fx‖ < a for ‖x‖ ≤ a;

(iii) ψ(Fx) > b for x ∈ P(ψ, b, d) with ‖Fx‖ > c.

Then F has at least three fixed points x1, x2 and x3 in Pd satisfying ‖x1‖ < a, b < ψ(x2), a < ‖x3‖ and
ψ(x3) < b.
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3. Main result

In this section, let E = C[1, e], then E is a Banach space with the norm ‖u‖ = max
t∈[1,e]

|u(t)|. Let

B = E × E × E, then B is a Banach space with the norm ‖(u, v,w)‖ = ‖u‖+ ‖v‖+ ‖w‖. We define a cone
P ⊂ B by

P =
{
(u, v,w) ∈ B, u(t) ≥ 0, v(t) ≥ 0, w(t) ≥ 0, ∀t ∈ [1, e]

and
min

t∈I
[u(t) + v(t) + w(t)] ≥ ℵ‖(u, v,w)‖

}
,

where I = [e1/4, e3/4], ℵ = min
{(1

4

)α1−1
,
(1

4

)α2−1
,
(1

4

)α3−1
}
.

It is well know that the triple system of Hadamard fractional order BVP (1.1)–(1.6) is equivalent to
u(t) =

∫ e

1
G1(t, s)φϕ1

( ∫ e

1
H1(t, τ)f1

(
τ, u(τ), v(τ),w(τ)

)dτ
τ

) ds
s +

σ1Γ(α1−γ1)(log t)α1−1

∆1
,

v(t) =
∫ e

1
G2(t, s)φϕ2

( ∫ e

1
H2(t, τ)f2(τ, u(τ), v(τ),w(τ)) dτ

τ

) ds
s +

σ2Γ(α2−γ2)(log t)α2−1

∆2
,

w(t) =
∫ e

1
G3(t, s)φϕ3

( ∫ e

1
H3(t, τ)f3(τ, u(τ), v(τ),w(τ)) dτ

τ

) ds
s +

σ3Γ(α3−γ3)(log t)α3−1

∆3
.

We define the operators F1, F2, F3 : P→ E and F : P→ B by

F(u, v,w) =
(
F1(u, v,w), F2(u, v,w), F3(u, v,w)

)
(3.1)

with 

F1(u, v,w)(t) =
∫ e

1
G1(t, s)φϕ1

( ∫ e

1
H1(t, τ)f1

(
τ, u(τ), v(τ),w(τ)

)dτ
τ

) ds
s

+
σ1Γ(α1−γ1)(log t)α1−1

∆1
, t ∈ [1, e],

F2(u, v,w)(t) =
∫ e

1
G2(t, s)φϕ2

( ∫ e

1
H2(t, τ)f2(τ, u(τ), v(τ),w(τ)) dτ

τ

) ds
s

+
σ2Γ(α2−γ2)(log t)α2−1

∆2
, t ∈ [1, e],

F3(u, v,w)(t) =
∫ e

1
G3(t, s)φϕ3

( ∫ e

1
H3(t, τ)f3(τ, u(τ), v(τ),w(τ)) dτ

τ

) ds
s

+
σ3Γ(α3−γ3)(log t)α3−1

∆3
, t ∈ [1, e].

If (u, v,w) ∈ P is a fixed point of operator F, then (u, v,w) is a solution of problem (1.1)–(1.6). So,
we will investigate the existence of fixed points of operator F.

Lemma 3.1. F : P→ P is completely continuous.

Proof. By using standard arguments, we can easily show that, the operator F is completely continuous
and we need only to prove F(P) ⊂ P. Let (u, v,w) ∈ P, by Lemma 2.4, we have

‖F1(u, v,w)‖ ≤
∫ e

1
G1(e, s)φϕ1

( ∫ e

1
H1(t, τ)f1

(
τ, u(τ), v(τ),w(τ)

)dτ
τ

)ds
s

+
σ1Γ(α1 − γ1)

∆1
,

‖F2(u, v,w)‖ ≤
∫ e

1
G2(e, s)φϕ2

( ∫ e

1
H2(t, τ)f2

(
τ, u(τ), v(τ),w(τ)

)dτ
τ

)ds
s

+
σ2Γ(α2 − γ2)

∆2
,

‖F3(u, v,w)‖ ≤
∫ e

1
G3(e, s)φϕ3

( ∫ e

1
H3(t, τ)f3

(
τ, u(τ), v(τ),w(τ)

)dτ
τ

)ds
s

+
σ3Γ(α3 − γ3)

∆3
,
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and

min
t∈I

F1(u, v,w)(t) = min
t∈I

[ ∫ e

1
G1(t, s)φϕ1

( ∫ e

1
H1(t, τ)f1

(
τ, u(τ), v(τ),w(τ)

)dτ
τ

)ds
s

+
σ1Γ(α1 − γ1)(log t)α1−1

∆1

]
,

≥
(1
4

)α1−1[ ∫ e

1
G1(e, s)φϕ1

( ∫ e

1
H1(t, τ)f1

(
τ, u(τ), v(τ),w(τ)

)dτ
τ

)ds
s

+
σ1Γ(α1 − γ1)

∆1

]
≥ ℵ

[ ∫ e

1
G1(e, s)φϕ1

( ∫ e

1
H1(t, τ)f1

(
τ, u(τ), v(τ),w(τ)

)dτ
τ

)ds
s

+
σ1Γ(α1 − γ1)

∆1

]
≥ ℵ‖F1(u, v,w)‖.

Similarly, min
t∈I

F2(u, v,w)(t) ≥ ℵ‖F2(u, v,w)‖ and min
t∈I

F3(u, v,w)(t) ≥ ℵ‖F3(u, v,w)‖. Therefore

min
t∈I

{
F1(u, v,w)(t) + F2(u, v,w)(t) + F3(u, v,w)(t)

}
≥ ℵ‖F1(u, v,w)‖ + ℵ‖F2(u, v,w)‖ + ℵ‖F3(u, v,w)‖
= ℵ‖F1(u, v,w), F2(u, v,w), F3(u, v,w)‖
= ℵ‖F(u, v,w)‖.

Hence, we get F(P) ⊂ P. By using standard arguments involving the Arzela-Ascoli theorem, we
can easily show that F1, F2 and F3 are completely continuous, and then F is a completely continuous
operator from P to P. �

We use the following notation for our convenience:

M = max
{[ ∫

s∈I

G1(e, s)φϕ1

( ∫
τ∈I

ς(τ)H1(τ, τ)
dτ
τ

)ds
s

]−1
,

[ ∫
s∈I

G2(e, s)φϕ2

( ∫
τ∈I

ς(τ)H2(τ, τ)
dτ
τ

)ds
s

]−1
,

[ ∫
s∈I

G3(e, s)φϕ3

( ∫
τ∈I

ς(τ)H3(τ, τ)
dτ
τ

)ds
s

]−1
}
.

L = min
{[ ∫ e

1
G1(e, s)φϕ1

( ∫ e

1
H1(τ, τ)

dτ
τ

)ds
s

]−1
,

[ ∫ e

1
G2(e, s)φϕ2

( ∫ e

1
H2(τ, τ)

dτ
τ

)ds
s

]−1
,[ ∫ e

1
G3(e, s)φϕ3

( ∫ e

1
H3(τ, τ)

dτ
τ

)ds
s

]−1
}
.

Now let the non-negative, continuous functionals ψ, θ and ϕ be defined on the cone P by

ψ(u, v,w) = min
t∈I
{u(t) + v(t) + w(t)},

θ(u, v,w) = max
t∈ I
{u(t) + v(t) + w(t)},

ϕ(u, v,w) = max
t∈[1,e]
{u(t) + v(t) + w(t)},

(3.2)

and let P(ψ, r) = {(u, v,w) ∈ P : ψ(u, v,w) < r}.

Theorem 3.2. Assume that (A1)–(A3) hold. Suppose there exist positive real numbers 0 < p < q < r
such that 0 < σi <

q∆i
<iΓ(αi−γi)

≤
r∆i

<iΓ(αi−γi)
such that fi(i = 1, 2, 3) satisfies the following conditions:
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(D1) fi(t, u, v,w) > φ%i

( rM
3ℵ

)
for all t ∈ I ,(u, v,w) ∈ [r, r

ℵ
] × [r, r

ℵ
] × [r, r

ℵ
],

(D2) fi(t, u, v,w) < φ%i

(qL
=i

)
for all t ∈ [1, e],(u, v,w) ∈ [0, q

ℵ
] × [0, q

ℵ
] × [0, q

ℵ
],

(D3) fi(t, u, v,w) > φ%i

( pM
3ℵ

)
for all t ∈ I,(u, v,w) ∈ [ℵp, p] × [ℵp, p] × [ℵp, p].

Then the system (1.1)–(1.6) has at least two positive solutions (u1, v1,w1) and (u2, v2,w2) such that

p < ϕ(u1, v1,w1) with θ(u1, v1,w1) < q,

q < θ(u2, v2,w2) with ψ(u2, v2,w2) < r.

Proof. Due to Lemma 3.1, we have operator F : P → P is completely continuous. From (3.2), for
each (u, v,w) ∈ P, we have ψ(u, v,w) ≤ θ(u, v,w) ≤ ϕ(u, v,w), and

‖(u, v,w)‖ ≤
1
ℵ

min
t∈I
{u(t) + v(t) + w(t)} =

1
ℵ
ψ(u, v,w).

For all (u, v,w) ∈ P, λ ∈ [0, 1] we have

θ(λu, λv, λw) = max
t∈I
{λu(t) + λv(t) + λw(t)} = λmax

t∈I
{u(t) + v(t) + w(t)} = λθ(u, v,w).

It is clear that θ(0, 0, 0) = 0. Now we show that the remaining conditions of Theorem 2.6 are satisfied.
Firstly, we shall show that condition (i) of Theorem 2.6 is satisfied. Since (u, v,w) ∈ ∂P(ψ, r), we have

min
t∈I
{u(t) + v(t) + w(t)} = r, r ≤ ‖u‖ + ‖v‖ + ‖w‖ ≤

r
ℵ
.

From (D1), we have

ψ(F(u, v,w)) = min
t∈I

F(u, v,w)(t)

= min
t∈I

3∑
i=1

[ ∫ e

1
Gi(t, s)φϕi

( ∫ e

1
Hi(t, τ)fi

(
τ, u(τ), v(τ),w(τ)

)dτ
τ

)ds
s

+
σiΓ(αi − γi)(log t)αi−1

∆i

]
≥ ℵ

3∑
i=1

[ ∫
s∈I

Gi(e, s)φϕi

( ∫
τ∈I

ς(τ)Hi(τ, τ) fi
(
τ, u(τ), v(τ),w(τ)

)dτ
τ

)ds
s

+
σiΓ(αi − γi)

∆i

]
>

rM
3ℵ

∫
s∈I

ℵG1(e, s)φϕ1

( ∫
τ∈I

ς(τ)H1(τ, τ)
dτ
τ

)ds
s

+
rM
3ℵ

∫
s∈I

ℵG2(e, s)φϕ2

( ∫
τ∈I

ς(τ)H2(τ, τ)
dτ
τ

)ds
s

+
rM
3ℵ

∫
s∈I

ℵG3(e, s)φϕ3

( ∫
τ∈I

ς(τ)H3(τ, τ)
dτ
τ

)ds
s

≥
r
3

+
r
3

+
r
3

= r.

(3.3)

Now, we shall show that condition (ii) of Theorem 2.6 is satisfied. Since (u, v,w) ∈ ∂P(θ, q), we
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have 0 ≤ u(t) + v(t) + w(t) ≤ ‖u‖ + ‖v‖ + ‖w‖ ≤ q
ℵ

for t ∈ [1, e]. From (D2), we have

θ(F(u, v,w)) = max
t∈I

F(u, v,w)(t)

= max
t∈I

3∑
i=1

[ ∫ e

1
Gi(t, s)φϕi

( ∫ e

1
Hi(t, τ)fi

(
τ, u(τ), v(τ),w(τ)

)dτ
τ

)ds
s

+
σiΓ(αi − γi)(log t)αi−1

∆i

]
≤

3∑
i=1

∫ e

1
Gi(e, s)φϕi

( ∫ e

1
Hi(τ, τ) fi

(
τ, u(τ), v(τ),w(τ)

)dτ
τ

)ds
s

+
σiΓ(αi − γi)

∆i

<
qL
=1

∫ e

1
G1(e, s)φϕ1

( ∫ e

1
H1(τ, τ)

dτ
τ

)ds
s

+
qL
=2

∫ e

1
G2(e, s)φϕ2

( ∫ e

1
H2(τ, τ)

dτ
τ

)ds
s

+
qL
=3

∫ e

1
G3(e, s)φϕ3

( ∫ e

1
H3(τ, τ)

dτ
τ

)ds
s

+
q
<1

+
q
<2

+
q
<3

= q
[ 1
=1

+
1
=2

+
1
=3

+
1
<1

+
1
<2

+
1
<3

]
≤ q.

Finally using hypothesis (D3), we shall show that condition (iii) of Theorem 2.6 is satisfied.
Since (0, 0, 0) ∈ P and p > 0, P(ϕ, p) , ∅. Since (u, v,w) ∈ ∂P(ϕ, p), ℵp ≤ u(t) + v(t) + w(t) ≤
‖u‖ + ‖v‖ + ‖w‖ = p for t ∈ I. From (D3), we have ϕ(F(u, v,w)) = max

t∈[1,e]
F(u, v,w) ≥ p. The process

of proof is same as (3.3), so we omit it. Therefore, the hypothesis of Theorem 2.6 have been satisfied.
Thus, the operator F(u, v,w) has at least two positive solutions (u1, v1,w1) and (u2, v2,w2) such that

p < ϕ(u1, v1,w1) with θ(u1, v1,w1) < q,

q < θ(u2, v2,w2) with ψ(u2, v2,w2) < r.

Hence, the system (1.1)–(1.6) has at least two positive solutions (u1, v1,w1) and (u2, v2,w2). �

Theorem 3.3. Assume that (A1)–(A3) hold. Suppose that there exist 0 < a < b < ℵd and 0 < σi <
a∆i

<iΓ(αi−γi)
≤

d∆i
<iΓ(αi−γi)

such that fi(i = 1, 2, 3) satisfies the following conditions:

(D4) fi(t, u, v,w) < φ%i

(dL
=i

)
, for all t ∈ [1, e], (u, v,w) ∈ [0, d] × [0, d] × [0, d],

(D5) fi(t, u, v,w) > φ%i

(bM
3ℵ

)
, for all t ∈ I, (u, v,w) ∈ [b, b

ℵ
] × [b, b

ℵ
] × [b, b

ℵ
],

(D6) fi(t, u, v,w) < φ%i

(aL
=i

)
, for all t ∈ [1, e], (u, v,w) ∈ [0, a] × [0, a] × [0, a].

Then the system (1.1)–(1.6) has at least three positive solution (u1, v1,w1), (u2, v2,w2) and (u3, v3,w3)
with ϕ(u1, v1,w1) < a, b < ψ(u2, v2,w2) < ϕ(u2, v2,w2) < d, a < ϕ(u3, v3,w3) < d, with ψ(u3, v3,w3) <
b.

Proof. Firstly, if (u, v,w) ∈ Pd, then we may assert that F : Pd → Pd is a completely continuous
operator. To see this, suppose (u, v,w) ∈ Pd, then ‖(u, v,w)‖ ≤ d. It follows from Lemma 2.4,
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Lemma 2.5 and (D4), that

‖F(u, v,w)‖ = max
t∈[1,e]

{
F1(u, v,w)(t) + F2(u, v,w)(t) + F3(u, v,w)(t)

}
= max

t∈[1,e]

3∑
i=1

[ ∫ e

1
Gi(t, s)φϕi

( ∫ e

1
Hi(t, τ)fi

(
τ, u(τ), v(τ),w(τ)

)dτ
τ

)ds
s

+
σiΓ(αi − γi)(log t)αi−1

∆i

]
≤

3∑
i=1

∫ e

1
Gi(e, s)φϕi

( ∫ e

1
Hi(τ, τ)fi

(
τ, u(τ), v(τ),w(τ)

)dτ
τ

)ds
s

+
σiΓ(αi − γi)

∆i

<
dL
=1

∫ e

1
G1(e, s)φϕ1

( ∫ e

1
H1(τ, τ)

dτ
τ

)ds
s

+
dL
=2

∫ e

1
G2(e, s)φϕ2

( ∫ e

1
H2(τ, τ)

dτ
τ

)ds
s

+
dL
=3

∫ e

1
G3(e, s)φϕ3

( ∫ e

1
H3(τ, τ)

dτ
τ

)ds
s

+
d
<1

+
d
<2

+
d
<3

= d
[ 1
=1

+
1
=2

+
1
=3

+
1
<1

+
1
<2

+
1
<3

]
≤ d

Therefore, F : Pd → Pd. This together with Lemma 3.1 implies that F : Pd → Pd is a completely
continuous operator. In the similarly way, if (u, v,w) ∈ Pa, then from (D6) yields ‖F(u, v,w)‖ < a. This
shows that condition (ii) of Theorem 2.7 is fulfilled.

Now, we let u(t) + v(t) + w(t) = b
ℵ

for t ∈ [1, e]. It is easy to verify that u(t) + v(t) + w(t) = b
ℵ
∈

P
(
ψ, b, b

ℵ

)
and ψ(u, v,w) = b

ℵ
> b, and so {(u, v,w) ∈ P(ψ, b, b

ℵ
);ψ(u, v,w) > b} , ∅. Thus, for all

(u, v,w) ∈ P(ψ, b, b
ℵ

), we have that b ≤ u(t) + v(t) + w(t) ≤ b
ℵ

for t ∈ I and F(u, v,w) ∈ P, from (D5),
we have

ψ
(
F(u, v,w)(t)

)
= min

t∈I

{
F1(u, v,w)(t) + F2(u, v,w)(t) + F3(u, v,w)(t)

}
= min

t∈I

3∑
i=1

[ ∫ e

1
Gi(t, s)φϕi

( ∫ e

1
Hi(t, τ)fi

(
τ, u(τ), v(τ),w(τ)

)dτ
τ

)ds
s

+
σiΓ(αi − γi)(log t)αi−1

∆i

]
≥ ℵ

3∑
i=1

[ ∫
s∈I

Gi(e, s)φϕi

( ∫ e

1
Hi(t, τ)fi

(
τ, u(τ), v(τ),w(τ)

)dτ
τ

)ds
s

+
σiΓ(αi − γi)

∆i

]
>

bM
3ℵ

∫
s∈I

ℵG1(e, s)φϕ1

( ∫
τ∈I

ς(τ)H1(τ, τ)
dτ
τ

)ds
s

+
bM
3ℵ

∫
s∈I

ℵG2(e, s)φϕ2

( ∫
τ∈I

ς(τ)H2(τ, τ)
dτ
τ

)ds
s

+
bM
3ℵ

∫
s∈I

ℵG3(e, s)φϕ3

( ∫
τ∈I

ς(τ)H3(τ, τ)
dτ
τ

)ds
s

≥
b
3

+
b
3

+
b
3

= b.
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Hence the condition (i) of Theorem 2.7 is verified. Next, we prove that (iii) of Theorem 2.7 is
satisfied. By Lemma 3.1, we have min

t∈I
|F1(u, v,w)(t) + F2(u, v,w)(t) + F3(u, v,w)(t)| > ℵ‖F(u, v,w)‖ >

d for (u, v,w) ∈ P(ψ, b, d) with ‖F(u, v,w)‖ > b
ℵ

. To sum up, all the conditions of Theorem 2.7
are satisfied, then there exist three positive solutions (u1, v1,w1), (u2, v2,w2) and (u3, v3,w3) with
ϕ(u1, v1,w1) < a, b < ψ(u2, v2,w2) < ϕ(u2, v2,w2) < d, a < ϕ(u3, v3,w3) < d, with ψ(u3, v3,w3) <
b. �

Example 3.1. Let α1=2.2, α2=2.5, α3=2.8, β1=1.2, β2=1.5, β3=1.8, γ1=0.2, γ2=0.5, γ3 = 0.8, δ1 = 0.2,
δ2 = 0.5, δ3 = 0.8, ß1 = 4, ß2 = 5, ß3 = 6, κ1 = 3, κ2 = 4, κ3 = 5, %1 = %2 = %3 = 2.

We consider the system of Hadamard fractional differential equations:
D1.2

1+

(
φ2(D2.2

1+ u(t))
)

= f1(t, u(t), v(t),w(t)), t ∈ (1, e),
D1.5

1+

(
φ2(D2.5

1+ v(t))
)

= f2(t, u(t), v(t),w(t)), t ∈ (1, e),
D1.8

1+

(
φ2(D2.8

1+ w(t))
)

= f3(t, u(t), v(t),w(t)), t ∈ (1, e),
(3.4)

subject to the boundary conditions

D2.2
1+ u(1) = 0, D0.2

1+

(
φ%1(D

2.2
1+ u(e))

)
= 0,

u(1) = u
′

(1) = 0, 4 D0.2
1+ u(e) = 3 D0.2

1+ u(η) + σ1;
D2.5

1+ v(1) = 0, D0.5
1+

(
φ%2(D

2.5
1+ v(e))

)
= 0,

v(1) = v
′

(1) = 0, 5 D0.5
1+ v(e) = 4 D0.5

1+ v(η) + σ2;
D2.8

1+ w(1) = 0, D0.8
1+

(
φ%3(D

2.8
1+ w(e))

)
= 0,

w(1) = w
′

(1) = 0, 6 D0.8
1+ w(e) = 5 D0.8

1+ w(η) + σ3;

(3.5)

where σ1, σ2, σ3 are parameters. We have ℵ=min{0.189465, 0.125, 0.082469} = 0.082469,
∆1 = 3.804563 > 0, ∆2 = 5.677232 > 0, ∆3 = 8.530643 > 0, so assumption (A2) is
satisfied. Beside we deduce M = max{30.90692, 20.39956, 22.28683} = 30.90692 and L =

min{17.4452, 80.5, 6.621083} = 6.621083.
We consider the functions

f1(t, u, v,w) =


4, 0 ≤ u + v + w ≤ 4,
4 + 625(u + v + w − 4), 4 < u + v + w ≤ 5,
(e−(u+v+w) + 1) sin t + 625, u + v + w > 5,

f2(t, u, v,w) =


(sin(u + v + w) + t) log t + 1

5 , 0 ≤ u + v + w ≤ 4,
2e−t + 630[(u + v + w) − 4], 4 < u + v + w ≤ 5,
(e−(u+v+w) + 100)1

2 log t + 630, u + v + w > 5,

f3(t, u, v,w) =


1
2 (3 − t)4−(u+v+w−1), 0 ≤ u + v + w ≤ 4,
7(e(u+v+w)−54) − log t, 4 < u + v + w ≤ 5,
587(e−t + 1) − (1

2 log(u + v + w) − 1), u + v + w > 5.

Choosing a = 4, b = 5, d = 727.55, 1
=1

= 1
=2

= 1
=3

= 1
<1

= 1
<2

= 1
<3

= 1
6 then 0 < a < b < ℵd and

fi(i = 1, 2, 3) fulfilling the following conditions:

(D4) fi(t, u, v,w) < 802.8615 = φ%i

(dL
=i

)
, t ∈ [1, e],|u| + |v| + |w| ∈ [0, 727.55],
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(D5) fi(t, u, v,w) > 624.6024 = φ%i

(bM
3ℵ

)
, t ∈ [e1/4, e3/4], |u| + |v| + |w| ∈ [5, 60.6289],

(D6) fi(t, u, v,w) < 4.414055 = φ%i

(aL
=i

)
, t ∈ [1, e],|u| + |v| + |w| ∈ [0, 4].

Thus, all conditions of Theorem 3.3 are fulfilled. Hence, for σ1 ≤ 461.335, σ2 ≤ 688.4117,
σ3 ≤ 1034.412, the system of (3.4) and (3.5) has at least three positive solutions.

4. Conclusions

By using Avery-Henderson and Leggett-Williams fixed point theorems under suitable conditions,
we have presented the existence of multiple positive solutions for the system of Hadamard fractional
differential equation with (%1, %2, %3)-Laplacian operator in terms of the parameter (σ1, σ2, σ3). Finally,
we have given an example to demonstrate our result.
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