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Abstract: Let p be a prime, k a positive integer, ¢ = p*, and F, be the finite field with ¢ elements. In
this paper, by using the Jacobi sums, we give an explicit formula for the number of solutions of the two-
variable diagonal sextic equations x° + x§ = ¢ over F,, with ¢ € F, and p = 1(mod 6). Furthermore, by
using the reduction formula for Jacobi sums, the number of solutions of the diagonal sextic equations
X+ x5+ -+ x5 = cof n > 3 variables with ¢ € F, and p = 1(mod 6), can also be deduced.
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1. Introduction

Let p be a prime, k a positive integer, ¢ = p*, and let F, be the finite field of ¢ elements. Let f be a
polynomial over F, with n variables, and denote by

N(f,Q):N(f(xl,"' ,Xn):O):#{(X1,"' ’xﬂ)EFglf(xla'” ,Xn):O}

the number of solutions of f(xi,---,x,) = 0 over F,.
Studying the value of N(f,q) is one of the main topics in the theory of finite fields. Generally
speaking, it is difficult to give the explicit formula for N(f, g).
The degree d of the polynomial f plays an important role in the estimate of N(f, ¢). An upper bound
for N(f,q) [14] is given by
N(f.q) <dg"".

For any positive integer m, we use ord,m to denote the p-adic valuation of m. Suppose that N(f, g) > 0,
the classical Chevalley-Warning theorem shows that ord,N(f,q) > 0 if n > d. Furthermore, let [x]
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denote the least integer > x and let ¢ = p*, Ax [1] showed that

ord,N(f,q) > k {%1 .

Finding the explicit formula for N(f, ¢) under certain conditions has attracted researchers for many
years. From [13, 14] we know that there exists an explicit formula for N(f, g) satisfying deg(f) < 2
over F,. Some other works were done by Baoulina [2-5], Cao et al. [7, 8], Hua and Vandiver [12], Hu
etal. [10,11], Weil [17], and Zhang and Wan [20, 21].

In 1977, Chowla, Cowles and Cowles [9] got a formula for the number of solutions of the
hypersurface

x‘;’+x§+~--+xfl:O

over F,. In 1979, Myerson [15] extended the result in [9] to the field F, and studied the number of
solutions of the equation
A+ +xt=0

over F,. For g = p* with p” = —1(mod d) for a divisor r of t and d | (¢ — 1), Wolfmann [18] gave an
explicit formula of the number of solutions of the equation

ax! +ax+-+axd =c

over F, in 1992, where ay,a,,...,a, € IF'; and ¢ € F,. In 2018, Zhang and Hu [19] determined an
explicit formula of the number of solutions of the equation

3, 3.3, 3 _
X +x+x;+x,=c

over ), with p = I(mod 3) and ¢ € IF;. In 2020, J. Zhao et al. [22, 23] investigated the number of
solutions of the forms
x‘l1 + xg =c,
X+ =c,
and
X+ +x5+x=c

over F,, with ¢ € IF‘;.
In this paper, we consider the problem of finding the number of solutions of the diagonal sextic
equation
FOe X, x) =2+ x5+ 428 -c=0

over F,, where g = p* and ¢ € F.
It is well-known that (see [13], p. 105)

N (x? + xg +- 4 xg =c)=N (x‘(de(e’qfl) + x%Cd(e’qfl) +--- 4 x%Cd(aq*l) =)

over F,. Let g = p* with p a prime. If p = 2, then ged(6,g — 1) = 1 or 3 depends on k is odd or even.
From Corollary 4 in [18], we can obtain the following result.
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Theorem 1.1. Let p = 2, k an integer, g = p* and c € F,. Then

N(x?+xg+---+x2:c):q

if k is odd, and

qn—l + é_«n+1qg—1[2nq% _ (q% +€:)w], if c%l =1,

N(x?+xg+~--+x2:c):{ . 1 1 o
g+ e @EN(=1)g2 - (¢ + &L, otherwise
ifkisevenandn > 2, with ¢ = (—1)§+1.

If p = 3 and £ is an integer, or p = 5(mod 6) and k is an odd integer, then gcd(6,g — 1) = 2. It
follows from Theorems 6.26 and 6.27 in [14] that the following result is given.
Theorem 1.2. Let p = 3 and k an integer;, or p = 5(mod 6) be a prime and k an odd integer, g = p*

and c € Fj;. Then

NGE+x8 4+ 428 =0) =g = g'Tn((=D)})

if n is even, and
NS+ +- o +x8=0)=¢"" + q%ln((—l)%c)

if nis odd, where 1 is the quadratic multiplicative character of F,.

If p = 5(mod 6) and £ is an even integer, Hua and Vandiver [12] studied the number of solutions
of some trinomial equations over F, and Wolfmann [18] also got the number of solutions of certain
diagonal equations over F,. The following result can be deduced from Corollary 4 of [18].

Theorem 1.3. Let p = 5(mod 6) be a prime, k an even integer, g = p*, n > 2 and c € . Then

qn—l + §n+lq%—1[5nq% _ (q% +§)W], if cq%sl =1,

g+ e E(-1)g? - (¢F + HTEEL], otherwise,

n

N(x?+x§+~-+x6:c):{

where & = (=1)2+1,

However, the formula for N(x¢ + x§ + - -+ + x§ = ¢) is still unknown when p = 1(mod 6). In this
paper, we solve this problem by using Jacobi sums and an analog of Hasse-Davenport theorem. We
give an explicit formula for the case with 2 variables. The case with arbitrary n > 3 variables can be
deduced from the reduction formula for Jacobi sums.

Let g € F be a fixed primitive element of F,. For any B € F,, there exists exactly one integer
r € [1,q— 1] such that 8 = g". Such r is called the index of B with the primitive element g, and denoted
by ind,S :=r.

For any element @ € E = F and F = F,, the norm of « relative to F, are defined by (see, for
example, [6, 14])

k-1 q-

Ngp(@) :=aadl---al = arT.

For the simplicity, we write N(@) for Ng,p(@).
The main result of this paper is stated as follows.
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Theorem 1.4. Let t and k be positive integers, p = 6t + 1 be a prime, q = p*, and let F, be the finite
field with q elements. Let ¢ € F,, g be a primitive element of ¥, and Z = indyg)2. Then

q-5+CDEE + 120), if indgc = O(mod 6),
g -5+ (DA + 40 — 12b),  if ind,c = 1(mod 6),
NGE 48 = ) = q-5+(F)Cu+3s+r-9v), if ind,c = 2(mod 6),
g -5+ (D4 + 4a), if ind,c = 3(mod 6),
q—5+ G Ov+3u+r-3s), if ind,c = 4(mod 6),
q—5+ (DI 4 4a + 12b),  if indge = 5(mod 6)

when t or k is even, and

g+ 1+ 55 +4a, if ind,c = O(mod 6),
g+ 1+ s if ind,c = 1(mod 6),
NS +x5=¢)= i % i ?f %ndgc = 2mod®:
q+1+ 55 —12a, if ind,c = 3(mod 6),
g+ 1+ 22T 12p + 4a, if indge = 4(mod 6),
g+ 1+ 220 if ind,c = 5(mod 6)

when both t and k are odd, where a + ib\3 = (@ +ib’ V3, u+ivV3 = W + vV V3, r+isV3 =
(r' + is’ \3) with a’ and b’ being integers such that

a*+3b% =p, a =-1(mod3), and 3b = d' (28" + 1)(mod p),
and the integers r', s', u’ and V' are given by
w=r=2d,v =5 =20, if Z = 0(mod 3),
u =30 -d,r =-d -3,V =-a -b,s =d -b, if Z=1(mod 3),
W =-a-3b,r =3 -d,vV=a-b,s=-a -0, if Z=2(mod 3).
This paper is organized as follows. In Section 2, we recall some useful known results which will be

needed later. In Section 3, we prove Theorem 1.4 and then present an example to illustrate the validity
of our result.

2. Preliminary lemmas

In this section, we present some useful lemmas that are needed in the proof of Theorem 1.4. For any
multiplicative character A of F, it is now convenient to extend the definition of A by setting A(0) = 1 if
A is the trivial character and A(0) = 0 otherwise.

Let Ay,-- -, A, be s multiplicative characters of I, the Jacobi sum J(4;, -, 4,) is defined by

JQu e, Ay = T i) A,

Pyl
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where the summation is taken over all s-tuples (yi,--- ,7v,) of elements of F, with y; +--- + 7y, = 1.
It is clear that if o is a permutation of {1, -- , s}, then

J(/l(r(l)a R /l(r(s)) = J(/ll, ) /ls)

Also for any a € F!, we have that

DA A = (A )@, A,

Yitetys=a

The readers are referred to [6] and [14] for basic facts on Jacobi sums.
The following theorem is an analog of Hasse-Davenport theorem for Jacobi sums which establishes
an important relationship between the Jacobi sums in F, and the Jacobi sums in F,,.
Lemma 2.1. [14] Let x1,--- ,xs be s multiplicative characters of F,, not all of which are trivial.
Suppose x1,- -+ , xs are lifted to characters Ay, - - - , A, respectively, of the finite extension field E of F,
with [E : F,] = k. Then
J, e, A9 = DRI G x)

Let y be a multiplicative character of F and A be a multiplicative character of E. Recall that y can be
lifted to E by setting A(a) = x(N(a)). The characters of F, can be lifted to the characters of F,, but not
all the characters of IF, can be obtained by lifting a character of F,,. The following lemma tells us when
p = l(mod 6), then the multiplicative character A of order 6 of F, can be lifted by a multiplicative
character of order 6 of F,,.

Lemma 2.2. [14] Let F, be a finite field and F, be an extension of F,. A multiplicative character A of
F, can be lifted by a multiplicative character x of F,, if and only if AP~" is trivial.
Let g be a generator of ) = F;k. Since

N = (gry ' =g = 1

and .
N(g)=(gr)#1forl <I<p-1,

one knows that N(g) is a generator of F,. Then we can state the following lemma.
Lemma 2.3. [6] Let p = 1(mod 6) be a prime, q a power of p, g be a generator of F:, and let y be a
multiplicative character of order 6 over F,. Then

I, x> = d +ib’ V3,
where the integers a’ and b’ are uniquely determined by

a?+3b%=p, a =-1(mod3), and 3b' = a’'(2g """ + 1)(mod p).

Lemma 2.4. [6] Let p = 61+1 be a prime number. Let g’ be the generator of F, and x be a multiplicative

character of order 6 over F, such that x(g') = # Let the integers a’ and b’ be defined as in

Lemma 2.3 and the integers u’, V', r’, s" are given as in Theorem 1.4. The values of the 36 Jacobi sums
JOY" X" (myn =0,1,2,3,4,5) are given in the following Table 1.
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Table 1. The values of the Jacobi sums J(y", x").

m\n 0 1 2 3 4 5
0 p 0 0 0 0 0

1 0 (-Di@ +ivV3) d+ib’V3 (-D'(@+ib’V3) tw +ivV3) —(-1)

2 0 d+ib'V3 Y +isV3) a +ib'\3 -1 L —iv V3)

3 0 (-D'(@+ib’V3) d+ib’V3 —(-1) a—ib’V3 (=) —ib’ V3)
4 0 1w +ivV3) -1 a —ib' V3 W —is’V3) a —ib' V3

5 0 —(-1y Y —ivN3) (D)@ -ib'V3) a-ib'V3 (D' —ivV3)

The following lemma gives an explicit formula for the number of solutions of the diagonal equation

in terms of Jacobi sums.
Lemma 2.5. [6, 12, 17] Let ki, - - - , kg be positive integers, ay,--- ,a,, ¢ € IF;. Set d; = ged(k;, g — 1),
and let A; be a multiplicative character on F, of order d;, i = 1,--- , 5. Then the number N of solutions
of the equation alxlfl + -+ a X = ¢ is given by

d-1  di-1

N=q+ >0 Alear’y - A (ea; ) A+, AD).
Ji=1 Js=1

3. Proof of Theorem 1.4

In this section, we give the proof of Theorem 1.4.
Proof. Let g be a primitive element of F, and A be a multiplicative character of FF, of order 6 with

Ag) = HZT‘E Since g = 1(mod 6), then gcd(6,g — 1) = 6. Using Lemma 2.5, we have

5 3 - o
NXS+x5=c) = q+ X X AcM2)J@, A7)
=1 jo=1
= g+ Y JWA,A)+2 3 A (o) I, ).

1<i<5 1<i<j<5
Since p = 1(mod 6), it follows that A?~! is trivial. By Lemma 2.2, the multiplicative character A can
be lifted by a multiplicative character y of order 6 of IF,. By Lemma 2.1, we obtain

NS +x§=c)=qg+ (D! ( > 22J ) +2 S /l”j(c)J(Xi,)(j)k). (3.1)
1i<5 I<i<j<5

Consider the case when 7 or k is even. Noting that A(1) = 1, from (3.1), one has

NGY+x5=1) =g+ (=D [Z Jodx +2 Y I, Xf')k]. (3.2)

1<i<5 1<i<j<5
From Table 1 of Lemma 2.4, we derive that

o BN BN PPN SN .
I = (FER)  (FR) D () ()

1<i<5

_ u+i2vk\/§ 4 r+i2sk\/§ +(_1)k+ r—izskx/§ 4 u—izvk«/§

= s+ + (=D (3.3)
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and

2 % IO = 6@ + il VB + W gk g WY L 6 — i A3
1<i<j<5
= 6(a+ibV3) + B 1+ 4(=1)F + S22 4 6(a - ibV3)

k-1

= 4(3a+ %+ (D). (3.4)
Thus if ind,c = 0(mod 6), then it follows from (3.2)—(3.4) that

3u+r
k-1

N(x?+x§:c):q—5+(—1)k-1( +12a).

From (3.1), we have

NG+ = g) = g + (=D [Z @I +2 Y A”%@J@vi»ﬂ)k]. (3.5)

1<i<5 1<i<j<5

Noting that A(g) = 1“ 3 and 2°(g) = 1, then from Table 1 of Lemma 2.4, we deduce that

Z /lZi(g)J(Xi’Xi) —1+2i\/§ ((u’+iv'\/§)k + (r —is \/7)]()

1<i<5
l+12\/> ((r+n \f)k_i_(u =iV \F)k)+( 1)k

= —_lzﬁl‘f(u+nﬂ/_+r—ls\/_)
—lg,ff(r +is V3 +u—ivV3) + (1)
—  3s= 3v r—u +( 1)k (36)

and

3v
2 > @I x) = —4a+ 12b + ;;;1 +4D 3-7)

1<i<j<5

Thus if ind,c = 1(mod 6), from (3.5)—(3.7), one can deduce that

~35-3
NG+ =) = g =5+ (D [ —— V+4a_12b).
In the similar way, one can deduce that
q—5+ G Gu+3s +r-9v), if ind,c = 2(mod 6),
N exi=y=] 97 5+ (=DIGE + 4a), if ind,c = 3(mod 6),
X X, =C) =
b g=5+ Gk Ov+3u+r-3s),  ifinde = 4(mod 6),

q -5+ (—DFE= 4 4a + 12b),  if indge = 5(mod 6).

The case when both ¢ and k are odd can also be proved by the same argument.

O
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Remark. (Reduction formula for Jacobi sums) [6] Let xi,:--,xx be k nontrivial multiplicative
characters of F,. If k > 2, then
—qJ(x1, " S Xk-1) if x1 -+ xx—1 1s trivial,

JOrise e x) = : : -
SO X=X IOt - s Xie-1)s 1 x1 -+ -y 1s nontrivial.

One can use the reduction formula for Jacobi sums to give an explicit formula for the number of
solutions of the diagonal sextic equation

6, .6 6 _
XN +x,++x,=c

of n > 3 variables over F , with ¢ € F;k and p = I(mod 6). But we omit the tedious details here.
By concluding this section, we present an example to demonstrate the validity of Theorem 1.4.
Example. Let ¢ = 19°. We consider the numbers of solutions of the sextic equation

6, 6 _
X +x,=c¢

over F,, where ¢ € IF;;.
Since 2 is a primitive root modulo 19, we have Z = ind,2 = 1. Let g be a generator of IF| ; such that

1931
N(g =g =2

That means
193-1 1931 19-1

g =g =2t

The integers @’ and " are determined by

a?+3b% =19, ¢ =—-1(mod3) and 30’ = 154'(mod 19).

We can get that a’ = —4, b’ = —1. Since Z = 1(mod 3), we obtain that ¥ = 7, s = -3, u’ =1
and v/ = 5. Thus we have a = =28, b = —-45, r = =224, s = =360, u = —224 and v = —-360. By
Theorem 1.4, one can get that

6636, if ind,c = 0(mod 6),

6264, if ind,c = 1(mod 6),

6264, if ind,c = 2(mod 6),

7308, if ind,c = 3(mod 6),

7344, if indgc = 4(mod 6),

7344, if indyc = 5(mod 6).

NS +x5=c)=

4. Conlusions

Studying the number of solutions of the polynomial equation f(x;, xs,- -+ ,x,) = 0 over I, is one
of the main topics in the theory of finite fields. Generally speaking, it is difficult to give an explicit
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formula for the number of solutions of the equation f(x;, x5, -, x,) = 0. There are many researchers
who concentrated on finding the formula for the number of solutions of f(x;, x;,---,x,) = 0 under
certain conditions. Exponential sums are important tools for solving problems involving the number
of solutions of the equation f(x;, x5, -, x,) = 0 over F,. In this paper, by using the Jacobi sums and
the Hasse-Davenport theorem for Jacobi sums, we give an explicit formula for the number of solutions
of the two-variable diagonal sextic equations x? + xg = c over F,, with ¢ € F} and p = 1(mod 6), where
p is the characteristic of ;. Furthermore, by using the reduction formula for Jacobi sums, the number
of solutions of the diagonal sextic equations x{ + x5 + -+ + x = ¢ of n > 3 variables with ¢ € F; and
p = 1(mod 6), can also be deduced.
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