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1. Introduction

The (singly) warped product B X, F' of two pseudo-Riemannian manifolds (B, gg) and (F, gr) with
a smooth function & : B — (0, o) is the product manifold B x F with the metric tensor g = gz ® h’gr.
Here, (B, gp) is called the base manifold, (F, gr) is called as the fiber manifold and 4 is called as
the warping function. Generalized Robertson-Walker space-times and standard static space-times are
two well-known warped product spaces. The concept of warped products was first introduced by
Bishop and ONeil (see [4]) to construct examples of Riemannian manifolds with negative curvature. In
Riemannian geometry, warped product manifolds and their generic forms have been used to construct
new examples with interesting curvature properties since then. In [7], F. Dobarro and E. Dozo had
studied from the viewpoint of partial differential equations and variational methods, the problem
of showing when a Riemannian metric of constant scalar curvature can be produced on a product
manifolds by a warped product construction. In [8], Ehrlich, Jung and Kim got explicit solutions
to warping function to have a constant scalar curvature for generalized Robertson-Walker space-times.
In [3], explicit solutions were also obtained for the warping function to make the space-time as Einstein
when the fiber is also Einstein.
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N. S. Agashe and M. R. Chafle introduced the notion of a semi-symmetric non-metric connection
and studied some of its properties and submanifolds of a Riemannian manifold with a semi-symmetric
non-metric connection [1,2]. In [13, 14], Sular and Ozgur studied warped product manifolds with
a semi-symmetric metric connection and a semi-symmetric non-metric connection, they computed
curvature of semi-symmetric metric connection and semi-symmetric non-metric connection and
considered Einstein warped product manifolds with a semi-symmetric metric connection and a semi-
symmetric non-metric connection. In [16], Wang studied the Einstein multiply warped products with
a semi-symmetric metric connection and the multiply warped products with a semi-symmetric metric
connection with constant scalar curvature.

On the other hand, in [5], the definition of super warped product spaces was given. Einstein warped
products were studied in [9]. In [10], several new super warped product spaces were given and the
authors also studied the Einstein equations with cosmological constant in these new super warped
product spaces. In [17], Wang studied super warped product spaces with a semi-symmetric metric
connection. Our motivation is to study super warped product spaces with a semi-symmetric non-metric
connection.

In Section 2, we state some definitions of super manifolds and super Riemannian metrics. We also
define a semi-symmetric non-metric connection on super Riemannian manifolds and prove that there is
a unique semi-symmetric non-metric connection on super Riemannian manifolds which is non-metric
and has the semi-symmetric torsion. In Section 3, we compute the curvature tensor and the Ricci
tensor of a semi-symmetric non-metric connection on super warped product spaces. In Section 4, we
introduce two kinds of super warped product spaces with a semi-symmetric non-metric connection and
give the conditions that two super warped product spaces with a semi-symmetric non-metric connection
are the Einstein super spaces with a semi-symmetric non-metric connection.

2. A semi-symmetric non-metric connection on super Riemannian manifolds

In this section, we give some definitions about Riemannian supergeometry.

Definition 2.1. (Definition 1 in [5]) A locally Z,-ringed space is a pair S = (|S|,Os) where |S| is
a second-countable Hausdorff space, and a Os is a sheaf of Z,-graded Z,-commutative associative
unital R-algebras, such that the stalks Os ,, p € |S| are local rings.

In this context, Z,-commutative means that any two sections s, € Ogs(|U|), |U| C |S| open, of
homogeneous degree |s| € Z, and |t| € Z, commute up to the sign rule st = (—1)*zs. Z,-ring space
um .= (U,C un ® AR"), is called standard superdomain where Cy;, is the sheaf of smooth functions
on U and AR”" is the exterior algebra of R”. We can employ (natural) coordinates x := (x, &%) on any
Z,-domain, where x“ form a coordinate system on U and the &4 are formal coordinates.

Definition 2.2. (Notation and preliminary concepts in [6]) A supermanifold of dimension mln is a
super ringed space M = (IM|, Oy) that is locally isomorphic to R™" and |M| is a second countable and
Hausdorff topological space.

The tangent sheaf 7 M of a Z,-manifold M is defined as the sheaf of derivations of sections of
the structure sheaf, i.e., 7 M(|U|) := Der(Oy(|U))), for arbitrary open set |U| C |M|. Naturally, this
is a sheaf of locally free Oy-modules. Global sections of the tangent sheaf are referred to as vector
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fields. We denote the Oy(|M|)-module of vector fields as Vect(M). The dual of the tangent sheaf is the
cotangent sheaf, which we denote as 7 *M. This is also a sheaf of locally free Oy-modules. Global
section of the cotangent sheaf we will refer to as one-forms and we denote the Oy,(|M|)-module of
one-forms as Q'(M).

Definition 2.3. (Definition 4 in [5]) A Riemannian metric on a Z,-manifold M is a Z,-homogeneous,
Z,-symmetric, non-degenerate, Oy-linear morphisms of sheaves (—,—), : TM®TM — Oy. A
Zy-manifold equipped with a Riemannian metric is referred to as a Riemannian Z,-manifold.

We will insist that the Riemannian metric is homogeneous with respect to the Z,-degree, and we
will denote the degree of the metric as |g| € Z,. Explicitly, a Riemannian metric has the following
properties:

(1) KX, Y| = 1X]+ Y]+ lgl,

(2) (X, V), = (~DX(Y X),

(3) If(X,Y), =0forall Y € Vect(M), then X = 0,

@) (fX+Y.2), = f(X.2), +(V.2),,

for arbitrary (homogeneous) X, Y, Z € Vect(M) and f € C*(M). We will say that a Riemannian metric
is even if and only if it has degree zero. Similarly, we will say that a Riemannian metric is odd if and
only if it has degree one. Any Riemannian metric we consider will be either even or odd as we will
only be considering homogeneous metrics.

Now we recall the definition of the warped product of Riemannian Z,-manifolds. For details, see the
Section 2.3 in [5]. Let M X M, be the product of two Z,-manifolds M, and M,. Let (M;, g;))(i = 1,2)
be Riemannian Z,-manifolds whose Riemannian metric are of the same Z,-degree. Let u € C*(M,) be
a degree O invertible global functions that is strictly positive, i.e., €y, (1) a strictly positive function on
|M,| where € is simply “throwing away” the formal coordinates. Then the warped product is defined as

M, X, My := (M, X My, g := m g1 + (T )7582),

where ; : My X M, — M; (i = 1,2) is the projection. By Proposition 4 in [5], the warped product
M, x,, M, is a Riemannian Z,-manifold.

Definition 2.4. (Definition 9 in [5]) An affine connection on a Z,-manifold is a Z,-degree preserving
map
V . Vect(M) x Vect(M) — Vect(M); (X,Y) — VyY,

which satisfies the following
1) Bi-linearity
Vx(Y + Z) = VxY + sz, VX+yZ = sz + VyZ,

2) C*(M)-linearrity in the first argument
\% fo = f VxY,

3) The Leibniz rule
Vx(fY) = X(N)Y + (D)W fvyy,

for all homogeneous X,Y,Z € Vect(M) and f € C*(M).
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Definition 2.5. (Definition 10 in [5]) The torsion tensor of an affine connection
Ty : Vect(M) ®c~y Vect(M) — Vect(M) is defined as

Ty(X,Y) := VxY — (-)Mv, X — [X, 7],

for any (homogeneous) X,Y € Vect(M). An affine connection is said to be symmetric if the torsion
vanishes.

Definition 2.6. (Definition 11 in [5]) An affine connection on a Riemannian Z,-manifold (M, g) is said
to be metric compatible if and only if

XY, Zy, = (VxY, Z), + (-D"(¥, Vy2),
forany X, Y,Z € Vect(M).

Theorem 2.7. (Theorem 1 in [5]) There is a unique symmetric (torsionless) and metric compatible
affine connection V* on a Riemannian Z,-manifold (M, g) which satisfies the Koszul formula

2(VEX.Z) = X(X.2), +((X.Y1.2),
+ (=DM (y (7, Xy, = ([, Z], X),)
- (_1)|Z|(|X|+IY|)(Z <Xa Y)g - <[Za X]’ Y>g), (21)
for all homogeneous X, Y,Z € Vect(M).
Definition 2.8. (Definition 13 in [5]) The Riemannian curvature tensor of an affine connection
Ry @ Vect(M) ®cw) Vect(M) Qcury Vect(M) — Vect(M)

is defined as
Ry(X,Y)Z = VxVy — (_1)|X”Y‘VYVX - VixnZ, (2.2)
forall X,Y and Z € Vect(M).

Directly from the definition it is clear that
Ry(X,Y)Z = ~(-1)" Ry (Y, X)Z, (2.3)
for all X, Y and Z € Vect(M).

Definition 2.9. (Definition 14 in [5]) The Ricci curvature tensor of an affine connection is the
symmetric rank-2 covariant tensor defined as

Ricy(X,Y) := (—1)'6x"<'f’x"+'x'+'”>% |Ry(0.. XY + (=DM Ry (3,1, Y)X]’ : (2.4)

where X,Y € Vect(M) and [ 1" denotes the coefficient of 0,4 and 8. is the natural frame of T M.

Definition 2.10. (Definition 16 in [5]) Let f € C*(M) be an arbitrary function on a Riemannian
Zy-manifold (M, g). The gradient of f is the unique vector field grad, f such that

X(f) = (D" (X, grad, f) (2.5)

s
8

for all X € Vect(M).
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Definition 2.11. (Definition 17 in [5]) Let (M, g) be a Riemannian Z,-manifold and let V' be the
associated Levi-Civita connection. The covariant divergence is the map Div; : Vect(M) — C*(M),
given by

Div,(X) = (~ 1)y, XY, (2.6)

for any arbitrary X € Vect(M).

Definition 2.12. (Definition 18 in [5]) Let (M, g) be a Riemannian Z,-manifold and let V' be the
associated Levi-Civita connection. The connection Laplacian (acting on functions) is the differential
operator of Z,-degree |g| defined as

Ag(f) = Divy(grad, f), (2.7)
for any and all f € C*(M).

Definition 2.13. Let (M, g) be a Riemannian Zz-manifolfl\ and P € Vect(M) which satisfied |g|+|P| = 0
and we define a semi-symmetric non-metric connection V on (M, g)

ViY = VLY + X - g(Y, P) = V5Y + (= 1)" Mgy, P)X, (2.8)
for any homogenous X, Y € Vect(M) and where X - f = (-1)XWVIfX for f € C*(M).

Obviously, we have /V\XJ,YZ = /V\XZ + ’V\yZ; ’V\X(Y +7) = /V\XY + /V\XZ, for any homogenous X, Y, Z €
Vect(M). We can verify that €XY satisfies the Definition 2.4, then /V\XY is an affine connection. By
Definition 2.5, we get

To(X.Y) = X - g(¥, P) — (-D)"My - g(X, P). (2.9)

Then, we call that €XY is a semi-symmetric connection. By Definition 2.6 and Definition 2.13, we get
(’V}Y, z) + (=X <Y ?Xz>
8 8
= XY, Z), +(X - g(Y, P), Z), + (-D""(Y, X - g(Z, P)),
= X(Y.2), + (-D)"Mg(¥, P)g(X, 2) + (=DM 1)XMg(Z, P)g(Y, X). (2.10)
So V doesn’t preserve the metric.

Theorem 2.14. There is a unique non-metric compatible affine connection V on a Riemannian Z,-

manifold (M, g) which satisfies (2.9) and (2.10).

Proof. By (2.9), we know that a semi-symmetric non-metric connection V satisfies the conditions
in Theorem 2.14, then we only need to prove the uniqueness. Let V* be the other connection which
satisfies (2.9) and (2.10). And let Vi Y = V)L(Y + B(X,Y), then

B(fX.Y) = fB(X.Y), B(X,fY)=(-D"™BX,Y). (2.11)
By VZ preserving the metric and (2.10), we get

(VY. Z) + (-1)*Wg(¥, V3 2)
=g(V¥Y,2) + g(B(X, V), Z) + (-1)Mg(Y, viZ) + (- 1) Wg(Y, B(X, 2))
= X (¥, Z), + (=) (¥, P)g(X, 2) + (=DM 1)ATe(Z, Pe(¥, X). (2.12)
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So

g(B(X. Y),2) + (=D)"g(Y, B(X, 2))
= (=D"g(Y, P)g(X, 2) + (- (= D)He(Z, Pyg(Y, X).

By V£ having no torsion, we have

Ty-(X,Y) = ViY — (-D)MWvrx — [X, Y]
=ViY + BX,Y) - (-DXMvix — (—DMYB(Y, X) - [X, Y]
= B(X,Y) - (=DM By, Xx).

By (2.13) and (2.14) and |B| = 0, we have

8(Te-(X, ), Z) + (=) WVe(T5.(2,X), ¥) + (- 1) W12 e(T5.(Z, 1), X)
= 28(B(X, Y),Z) = 2(- D)W= 1) XM g(Z, Pg(¥, X).

By (2.9) and (2.15), we get
28(B(X.Y),Z) =2g(X - g(Y, P), 2),

then B(X,Y) = X - g(Y, P). So V* = V, we get the proof of uniqueness.

Proposition 2.15. The following equality holds

Re(X,Y)Z = R“X, Y)Z + (-) "Wz, viP)Y — (-1)*g(Z, ViP)X]
+ (D))= DM MA(V)X — 7 (XOY],

where 1 is a one form defined by n(Z) := g(Z, P) and |r| = 0.
Proof. By Definition 2.8 and Definition 2.13, we have

Re(X,V)Z = ViViZ + (-1)"Vi(n(2)Y) = (-DMVIVEZ + (- DMAV((2)X)]
+ (_1)|X|(|Y|+|Zl)ﬂ(véz)x + (—1)|X|(|Y|+|Zl)(—1)|Y”Z|7T(Z)7T(Y)X
- (—l)lxllyl(—1)|YI(|X|+|Z|)[7T(V}L(Z)Y + (—1)|X”Z|7T(Z)7T(X)Y] _ V[LX,YJZ
- (_1)(IXI+IY|)IZI7T(Z)[X’ Y],

since V¥ preserving metric, we have
Vi((2)Y) = 7(V5Z)Y + (-1)X¥g(Z, VEP)Y + (-1 ¥r(Z)VEiY.
Then, by (2.17) and (2.18), we can get Proposition 2.15.

3. Super warped products with a semi-symmetric non-metric connection

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

Let (M = M, X, M, g, = m\g + mj(u)m;g>) be the super warped product with [g| = |g| = |g2| and
lul = 0. For simplicity, we assume that 4 = h* with |A| = 0. Let V# be the Levi-Civita connection on

(M, g,) and V=M1 (resp. V2M2) be the Levi-Civita connection on (M, g;) (resp. (Mz, g2)).
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Lemma 3.1. (Lemma 3.1 in [17]) For X,Y,Z € Vect(M,) and U, W,V € Vect(M,), we have

X(h
() VY =vi"y, (2) vi'U = Xy,

h
ymm@
h

(3) Vi'X = (-1 U, (4) V"W = —hgy(U,W)grad, h+ V5" W. (3.1)

Let R“* denote the curvature tensor of the Levi-Civita connection on (M, g,) and let R-M
(resp. REM2) be the curvature tensor of the Levi-Civita connection on (M, g;) (resp. (M>,g>)).
Let Hiy (X,Y) := XY(h) — Vg"Y(h), then HY (fX.Y) = fH} (X.Y) and Hj (X, fY) =
(~DYWFHY (X,Y). Hy, is a (0,2) tensor.

Proposition 3.2. (Proposition 3.2 in [17]) For X, Y, Z € Vect(M,) and U, V, W € Vect(M,), we have

Hl, (X,Y)

() RH(X.V)Z = R“M(X.Y)Z, (2) RM(V.X)Y = ~(= 1) =,

(3) R™(X,Y)V =0, (4) R*(V,W)X =0,
gV, W)

(5) RL’”(X, VW = _(_1)|X|(|V|+IW|+\gI)va{,Ml (gradglh),

(6) R(V, W)U = RV, W)U = (=) g3 (W, U (grad, h)()V
+ (=)MVlgy(V, U)(grad,, MD)W (3:2)

For X,Y,P € Vect(M), we define
ST ol LT (v
VYY = V? Y+X-g.Y,P). 3.3)
For X, Y, P € Vect(M;), we define
Vily = VEMy 4 X . g\(Y, P). (3.4)
By Lemma 3.1, (3.3) and (3.4), we have

Lemma 3.3. For X, Y, P € Vect(M,) and U, W € Vect(M,) and n(X) = g1(X, P), we have

—~ — — X(h)
M
(1) Viy =V, (2) VAU = ==,

h
(3) VX = (—1)"’“)"[%}’) + 201U,

(4) VAW = —hgy(U, Wgrad, h + V5" W. (3.5)

Lemma 3.4. For X,Y € Vect(M;) and U, W, P € Vect(M,), we have
oM LM, oM X(h)
() VY = VM"Y = i(X, NP, (2) VyU = = =U + X g,(U, P),
X(h)
_U,
h
4) Vi, W = —hgo(U, W)grad, h + V"> W + U - g (W, P). (3.6)

(3) VEX = (-1)UX

AIMS Mathematics Volume 7, Issue 6, 10534—-10553.



10541

By Proposition 2.15, Lemmas 3.3 and 3.4, we get the following propositions.

Proposition 3.5. For X,Y,Z, P € Vect(M,) and U, V,W € Vect(M,), we have

(1) Re,(X,Y)Z = Rew, (X, Y)Z,

H" (X,Y)
(2) R, (V.X)Y = —(=])VIH1 [—Ml —— + (DM (VR P) — 2(X0m(Y) |V,
(3) R7(X, V)V =0, 4) Rg.(V.W)X =0,
LM,
(5) Rey(X, VIW = —(= )XIVWIslshg (7 yp) Vi (grad b (—pyeseg PO
' ) B I’l h )
when |g| = |P| =0, then
v (grad, h)  P(h
Re (X V)W = ~(~ )X, (v, W)[ v ST 20
(©) Re(U V)W = R, vyw + | (- 1y Ea DOy P(h)]
e ’ h? h
. [(_l)IVHWI(_l)IPIIUlg#(U’ W)V — (_1)|U|(|V|+|W|)(_l)IPIIVlgﬂ(V, W)U] ,
when |g| = |P| =0, then
rad, h)(h) Pp
R’V*”(U, V)W — RL,MZ(U, V)W n |:<g 81 )( ) " (h):|
h? h
Mg, U WY = (g (VWU . 37
Proof. (1) By Lemma 3.1 and Definition 2.8, we get
Rs.(X, )Z = ViV, — (-D)AMVIVE -V Z,
= VY — ()M - 7,
= Rew, (X, Y)Z, (3.8)
so (1) holds.
(2) By Lemma 3.1 and Proposition 2.15, we have
R, (V,X)Y = R™(V, X)Y + (= 1)"H¥W[g, (v, v P)X — (- 1)M1lg, (¥, Vi P)V]
+ (=DM [(D MOV~ 2(V)X],
— RL’”(V, X)Y + (_1)(|V|+IXI)|YI(_1)|XIIV|[7T(Y)7T(X)V - g1y, V)L(,Ml P)V],
H" (X,Y)
= ~(= DM o (<)M (VM P) = 2(X)n(Y) | Ve (3.9)

so we get (2).
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(3) By Lemma 3.1 and Proposition 2.15, we have

R, (X, Y)V = RA(X, V)V + (= 1) XHWV [ (v, Vo PYY — (=1)* g (V, V* P)X]
+ (=)= D)X (V)X — 72(X)Y]
=0, (3.10)

then we get (3).
(4) Similar to (3), we get R, (V, W)X = 0.
(5) By Lemma 3.1 and Proposition 2.15, we have
Rs,(X, VYW = RM(X, V)W + (=)Mo (W, VEHPYV — (= 1)XVIg, (W, Vi* P)X]
+ (D1 R(V)X = 7OV,

VW
= (= 1)IVHIWIDIX] 8 )V)L(,Ml (grady h)

h
P(h
— (_1)IW|(|XI+IVI)(_I)IXIIVIg#(‘,V’ (_1)|PIIVI#V)X’ (3.11)
and by
P(h
(—1)|Wl(|Xl+|V|)(—1)|X”V|gﬂ(VV, (_1)|PIIV| E/l )V)X
- (_1)|X|(|W|+IV|+|gI)(_1)(|X|+\PI)|g|gﬂ(V W) P(h)X (3.12)
> h £l .
so we have
VEM(grad h) P(h
R@,(X, V)W = _(_1)|X|(|V|+|W|+|g|)gﬂ(‘/, W) Xg% + (_1)(|X|+|PI)IgI%X ) (3.13)
Obviously, we can get
when |g| = |P| =0, then
ViMi(erad, h)  p(h
Rs.(X, VW = —(=)XIVHWDg (y ) | X i LR, ;l )X . (3.14)
(6) By Lemma 3.1 and Proposition 2.15, we have
Rs,(U, VYW = R"(U, VYW + (=DM (W V5 P)V — (=1) Vg, (W, Vi P)U]
+ (—1)(|V|+|U|)|W|7T(W)[(—1)|U”V|7T(V)U —n(U)V]
= REME(U VYW = (=)W, (V. W) (grady, (U + (=1)"Vgo (U, W)
P(h)
(gi”adgll’l)(l’l)v+ (_1)(IV|+IU|)|W|(_1)IU||P|(_1)|W||PI - gﬂ(w U)V
P(h)
_ (_1)(|V|+|U|)|W|(_1)|VIIU|(_1)|V||P|(_1)|W||PITgﬂ(vy’ V)U, (3'15)
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by

— (=1)"HWWle, (V, W(grad, h) (WU + (-)"Wgy(U, W)(grad,, h)(h)V

— (_1)|g1|(|W|+\gzl)(gradglh)(h)[_(_1)(|V|+|W|)IU|(_l)IVllgllgz(V, WU + (_1)|W||U|(_l)|U”gl|g2(U, WHV],
(3.16)

and

(_1)(IV|+|U|)|W|(_1)|U||P|(_1)|W||P|ih)gﬂ(w U)V - (_1)(|V|+|U|)|W|
h s

(- 1)IV||U|(_1)|VIIP\(_l)lWllPl @
h

Pglh) [(_I)IVIIWI(_l)IPIIUIgH(U’ W)V — (_1)(|W|+|VI)IU|(_l)lPllVlgﬂ(V, wWHU], (3.17)

g (W,VU

= (- 1)|P|(|W|+|g|)

so we have

(- 1)|g|(|W|+lg|)

d, h)(h
Rs. (U, V)W = R (U, V)W + M + (= 1)PUaWilgh Q) ]

h? h
. [(—1)|V“W|(—l)|P”U|gﬂ(U, W)V _ (—1)|U|(|V|+|W|)(—1)|P”V|gﬂ(v, W)U] ) (3.18)

Obviously, we can get

when |g| = |P| =0, then

Rs.(U, V)W

(grad, h)(h) .\ P(h)
h? h

= R“M(U, V)W + [ ] DMV (U WYY - ()P, (v WU (3.19)

O

Proposition 3.6. For X, Y,Z € Vect(M,) and U, V, W, P € Vect(M,), we have

(1) Rs,(X,V)Z = R"M (X, Y)Z,

(2) Rs.(V,X)Y = _(_1)IVI<IX|+|Y|)M
o h

— (=DEEIWle (X, Y)[Vy*2 P — hga(V, P)grad, hl,

@ — (= mm@
=Y - ()=

@) Rgu(V, W)X = —(=D)"Mhgy(V, Pyg (X, grad, )W + (=1)1"*¥Wpg, (W, P)g, (X, grad, h)V,
gu(V. W) X(h)

h h
gu(W, P)V — (=) Mg, (W, vi*2 P)X] + (= )M )X Mz (wha(V) X,

(6) Rg.(U, V)W = R"*>(U, V)W — (=))W o, (v, W)(grad, i) (m)U + (=1)"Wlg,(U, W)
(grad, W)WV + (=)W (W, v P)V — (—1)"IVg (W, V"2 P)U]
+ (=DYWY W=D Vir(V)U - 2(U)V]. (3.20)

V = (=D)"Whgy(V, P)g, (Y, grad, )X
(3) Rgu(X, )V = (=) MV

)

(3) R/V\#(X’ V)W = _(_1)|X|(|V|+|W|+Ig|) V;Ml (gradglh) + (_1)(IXI+IV|)IW|[(_1)IXIIW|
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In the following, we compute the Ricci tensor of M. Let M, (resp. M) have the (p, m) (resp. (g, n))
dimension. Let 0,y = {0y, Oga} (resp. 0,y = {0\», 0;5}) denote the natural tangent frames on M, (resp.
M,). Let Rick# (resp. RictMt | Rick™2) denote the Ricci tensor of (M, gy (resp. (My, g1), (M, g2)).
Then by (2.4), (2.7) and (3.2), we have

Proposition 3.7. The following equalities holds
(g —n)
h

(1) Rick*(@.4,0.x) = RicE™ (04,0.«) —
(2) Ric"*(0,,0,s) = Ric"*(0ys,0,) = 0

H]}\}l (ax’ s 6x’<),

gl( ) 1y Erad, )

(3) Ric™*(d,,0,) = Ric"™(8,1,0y0) — g,(0y1,0y0) - [—S— + (g —n — 1 (32D

Let RlC (resp. RIC ) denote the Ricci tensor of (M, €ﬂ,gﬂ) (resp. (M1,§M1,g1). Then by
Proposition 3.5, (2.4) and (2.6), we have

Proposition 3.8. The following equalities holds
Hzl/jl (axla axK)

(1) Ric”™ (0, d) = Ric”" (8,1,0.x) — (g — n) : — (B )m(Dk) (3.22)
(—D)%10xlg (8, VEYMP)  g1(8, V5 P)
+ X! + X! ,
2 2
(2) Ric"(0,1,0,s) = Ric" (8,s,0,4) = 0
when |g| = |P| =0, then
L
T (h) (grad, h)(h)
(3) Ric" (dt,0,0) = Ric"™ (8,1, ,0) — g,(Dyr, D)l ‘°" +(g—n-— 1)g+
P(h
+(@-n—-1+p- m)Q] (3.23)

Proof. (1) By Definition 2.9, we have
Ric™ (8, 0k = Z( 1)'@L'<'6L'+'f’"+'6k'>1[ (O, 0,0k + (1)K R (8,1, 0,6)0 1

+Z( 1)|5J|(|5J|+|51|+|5 kl) [R (av’axl)axK_i_( 1)|5l||51<|R ( axK)axl]f

= Z(—1)laxL|(|aXL|+|aX1|+|axK|> 1

2 [R/V\M] (6)CL, axl)axK + (_I)IBXIHBXKlR/V\MI (6)61" aXK)aXI]L

+ Z( l)lt9 J1010,71+10,11+10,, 1<|) [R ( 0.0k + (_1)|6XI||3XK|R,€”(8}J’ 8XK)(9XI]J

h
1[ Ml(axl O.x) + (= 1)|(’)X1||(')X1<|HM1(axK’axl)

= Ric"" (B, Dk 1)1
ic™" (@, ) - Z( e .

+ (=100l g (5 x ,V 1P)+g1(8xL VLM‘P) 271(0,.)7(d %)
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Hiy 0,0,0,6) (11511, V5 P)

= Ric™" (0,,0) - (g = )|
ict ( )—(g—n) ; + >
g1(0, V5 P)
P n(ax,)n(axk)], (3.24)

so (1) holds.
(2) Similar to (2) in Propsition 3.7, we get

Ric™ (9,1, 0y) = Ric”" (1, 0 = 0.
(3.25)
(3) By Definition 2.9, we have

= 1
Ric%" (9, 8,) = Z(—1)"9»’”("7»’"*"7."L'”‘jﬂb5[R@, (01, 0,00y + (1) IR (8.4,8,)0,. ]
1

1
+ Z (-1 )'ayK 119,k 1+10,2.1+10,71 5 [R5, ((?yk , 8),L )0y/ + (-1 )la.\"L”a.v]lR’V\# (ayk , ayJ )ByL]K
K

= A] + Az, (326)
where

1
A= Y (OB D R, @0, 0,00, + (<1 R (8,0, 0,100,
1

1
A, = Z(_1)'%l<l%~f<l+lf’yLl+lﬁwl>5[R@ (Dyk, )0y + (= 1)V IR D,k 8,0, 1, (3.27)
K
by Propsition 3.2, we have

VM (grady, h)

R@(ax,’ayL)ayj — _(_1)IﬁxzI(Iﬁ_,.L|+|g|+|8y1|)g#(ayL’ayj)[xf + (_1)(It9x1|+IPI)IgIP(Th)ax, . (3.28)
then, we get
AL (h) P(h
A = =gu(Oy, O)—1— + Z(—1)'@x"'@x"(—1)'P"g'(7)], (3.29)

I

(gradgl h)(h)

L 1 g, 0y, 0,08

1
A, = Z(_1)|ayK|<|ay,<|+|ayL|+|a),J|>5 { REM2( 1, 8,000 +
K

(1) g ayj)]},

L

M Ag(h grady h
= Ric™"(0y, 0yr) — g,(0yL, ayf)[ h +(p-mPh)+(q—n- I)T], (3.30)
when |g| = |P| =0, then
. AL (h) (grad, h)(h) P(h
Ay + Ay = Ric"™(0,1,0,0) — gDy, Oy)[—— + (g —n — )+ +(q-n—1+p- m)%],
(3.31)
so (3) holds. O
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4. Special super warped products with a semi-symmetric non-metric connection

In this section, we construct an Einstein super warped product with a semi-symmetric non-metric
connection. Let (M;q’"), g») be a super Riemannian manifold and R be the real line. We consider the
super Riemannian manifold M = R x, Méq’") and g, = —dr ® dt + h’*g,, where h(t) and pu(t) = h(r)*
be non-zero functions for r € R and |g,| = 0.

Let P = 0,, then by Definition 2.8 and Definition 2.9, we get Rg:(9;, 0,)0, = 0 and Ricm(at, 0, =0.
By computations, we have H}, (9,,0,) = h”, grad, (h) = —h’'d, and AL (h) = —h”. By Propsition 3.8,
we have

Proposition 4.1. The following equalities holds

124

. VM h
(1) Rie™(9,,0) = ~(q = m)(7= = 1),
(2) Ric”'(8,,0,7) = Ric" (8,1, 9,) = 0,

Su h// h/ 2 hr
(3) Ric" (9ye,0p0) = Ric"™ (0,1, 0,0) — g,(0y2,0,) - [ -(g—n- 1)(h2) +g-m7] 4D
Proof. (1) By (1) in Propsition 3.8, we have
S/ R Hh (6 ’ a )
Ric™'(8,.0) = Ric™'(8,,9)) ~ (¢ = m)| == = (6)n(3)
(=D11%g, (8, Vg;Rat) £1(0;, Vg;Rat)
2 T2
h//
=—-(q- ”)(7 - D. (4.2)
(2) By (2) in Propsition 3.8, we have
Ric"(8,,0,) = Ric" (9,1, 8,) = 0. (4.3)

(3) By (3) in Propsition 3.8, (grad, h)(h) = —h'0, and Aél (h) = —h”, we have

Aé‘] (h)
h

(grad, h)(h)

Ric” (8,2, 0,1) = Ric™™2 (0,1, Byr) — ,(0yt, B0 :

P(h
+(q—n—l+p—m)%]

+(q-n-

” 72

, —h W
= Ric""(0,,0,/) — 8,0\, ON——=(q=n=Dz+(g=-ml. 44
O

Definition 4.2. We call that (M, gﬂ,/ﬁ“) is Einstein if Ricw (X,Y) = /lgﬂ(Y, Y), for X,Y € Vect(M) and
a constant A.

As in the ordinary warped product case (see Theorem 15 in [16]), by (4.1) and Definition 4.2, we
have the following theorems.
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Theorem 4.3. Let M = R0 5, MY and g, = —dt®di+h>g, and P = 8,. Then (M, g, V*) is Einstein
with the Einstein constant A if and only if the following conditions are satisfied
(1) (M;q’"), VLM2) s Einstein with the Einstein constant cy.

(2)

’7

h
(g - n)(f -H=A 4.5)

(3)
A = h'h=(g—n—-1DH) + (g - n)hh' = . (4.6)

Proof. (1) By (3) in Propsition 4.1, we have

Ric™ (8, 0y1) = RicP™ (0,0, 0,1) — 8,(Dy1, 0y1) - [—% —(q-n- 1)02 2)2 +(q— n)%], 4.7
then
Ric™™ (9,1, 0,0) = Ric™ (Dy0, 0y1) + ,(Dy0, 0y1) - [—% —(qg-n- 1)(};122 +(q- n)%]
= 2g,(0,1,0,0) + h*g2(0ye,0,0) - [—% —(g-n- 1)(};122 +(q - n)%]
= WPy, 0y0) + h*g2(Dy1, Oy) - [—% —(q—n- 1)(}22)2 +(q - n)%]
= h? (/l - % -(q—n-— 1)(};;2)2 +(q — n)%)gz(ayL,ﬁyf)
= L(1)g2(dy, dy), (4.8)

by two sides of the Eq (4.8) act simultaneously on 0, and g>(d,:,8,/) # 0, we have L(f) = ¢, so
Ric"" (8,1, 0,1) = cog2(,z, 0,v), therefore (1) holds.
(2) By (1) in Propsition 4.1 and Definition 4.2, we have

. Su hr/
Ric™ (9, 0) = Agu(9:, 0) = =4 = ~(q = m)(- = 1), (4.9)
then we get 4 = (g — n)(%" - 1.
(3) By (1), we get Ah* —h"'h— (g —n— 1)(W)* + (g — n)hl' = c. O

By Theorem 4.3, similar to the ordinary warped product case (see Theorem 3.1 in [15]), we have

Theorem 4.4. Let M = R x, Méq’") and g, = —dt @ dt + h*g, and P = 0,, when q — n = 1, then
(M, g,,, V¥) is Einstein with the Einstein constant — A, if and only if the following conditions are satisfied
(1) (M;q’"), VLM2) js Einstein with the Einstein constant co = hh' — h>.

(2-1) Ay <1, f(t) = creV'=0! 4 cre= VI-Ao!,

(2-2) o =1, f()=c1+cat,

(2-3) Ao > 1, f(t) = cicos (Vg — 1t) + casin (VAo — 1t),

Proof. (1) Let A = -1y and ¢y = —Ay, then

Ay =Bl — (g —n—DH? = h* + (g — n)hl' =0, (4.10)
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when g —n = 1, then
Ay — hh” = Agh* + ki = 0. 4.11)

By (g — n)(%” —1) = -2y, we have Ay = h*> — hi’ and b’ = (1 — Ay)h, so (M;q’"), VEM2) is Einstein with
the Einstein constant ¢y = hh’ — h?.

(2) By h” = (1 — Ap)h, we have characteristic equation u> — (1 — o) = 0, then A = 4(1 — A), so (2)
holds. =

Proposition 4.5. Let M = R0 x, M;q’") and g, = —dt ® dt + h’g, and P = 8,, when g —n = 0,
then (M, g,, V¥) is Einstein with the Einstein constant — Ay if and only if the following conditions are

satisfied
(1) (M;q’"), VLMY s Einstein with the Einstein constant cy.

(2) A0 =0,
(3) co+hh” —h?*=0.
Proof. When g —n = 0, we have Ay = 0 and Ay — hh”" + h’* = 0, then we get Propsition 4.5. m|

Theorem 4.6. Let M = R x, M\ and g, = —dt ® dt + h’gy and P = &, when g —n # 0,1, then
(M, g, 6“) is Einstein with the Einstein constant —A if and only if (M;q’"), VLM s Einstein with the
Einstein constant cy and one of the following conditions holds

(]) /10 = /11\/ =0,h= clet;

(2) hy=q—-nh=c = 1/‘1%

Proof. Let A = =1y and ¢y = —Ay, then by (4.5), we have h”" = (1 - ;T(’n)h. By (4.6), we get

A
v —(g—n—DH*+(q—nmhh' — (1 + 4y — —)n? =0, (4.12)
q—n
when g —n # 0, 1, we get
A — A 1
Ny 4T Ao 2 = 0. (4.13)
l—-g+n l—-g+n g-n 1l—-qg+n

Letg—n=1 2% = 4 = do, {2 = {4 = d,
Case (a). Whendy < 1,letay = V1 —dy, by = —V1 —dy, then ap + by = 0, apby = dy — 1 and
h = c1e® + e, by (4.13), we have

do + c3(aj + aphy + 1 — 1%1 + %ao)eza"’ + 3D + agby + 1 — 1%1 + %bo)ezb‘”
+ c1c(dapby — %) =0, (4.14)
then
dy + crc2(4aghbo — %) =0,
c%(a% +apby + 1 — %—l + %ao) =0,
c5(bg + aghy + 1 — % + %bo) = 0. (4.15)
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Case (a-1). Whenc; =0, ¢, #0, we getayg = —1, by = 1, then this is a contradiction.
Case (a-2). Whenc; #0, ¢, =0,wegetap=1, by=—-1, Ay =0, 1o=0, h=ce.
Case (a-3). When ¢; # 0, ¢, # 0, then there is no solution.

Case (b). When djy = 1, then h = ¢ + c»t, by (4.13), we have

dy + c(dy — 1%1) +c5[1 + (dy — %_l)rz + %r] +c1c[2(dy — %)t + IL_I] =0. (4.16)
Case (b-1). When ¢, = 0, ¢ # 0, then do + c2[1 + (dy — 22 + 7511 = 0, we get ¢; = 0, this is a
contradiction.

Case (b-2). When ¢; # 0, ¢, =0, thendy + c}(dy — 75) = 0, we get h = ¢; = 2,

Case (b-3). When ¢; #0, ¢ # 0, then c3(do — 75) = 0, 375 +2c1¢a(do — 75) = 0, we get ¢, = 0, s0
this is a contradiction.

Case (¢). When dy > 1, let hy = Vd, — 1, then h = ¢ coshyt + c,sinhgt, by (4.13), we have

_ I 1 l
d() + (Slnhot)z[c%h% + CZ(dO - ﬁ) - Clc21_lh0] + (COShOt)Z[C%h(Z) + C](d() - 1_1) + CICZﬁhO]
! 1 1
+ coshotsinhot[-2c c,hd + 2¢1co(dy — )~ cfhol—l + cghol—l] =0, (4.17)
then

_ 1 !
do + chl + cx(dy — ——) — cjca——hg = 0,

1-1 1-1
— 1 [
dy + C%h(z) + c1(dy — l_l) + C]Czl—l]’lo =0,
[ 1 1
- 2C1C2]’lé + 2C1C2(d0 — m) — C%hom + C%hom =0. (418)
By (4.18), we can get ¢; = ¢, = 0, so this is a contradiction. m]

Nextly, we give another example. Let M, = R"-? with coordinates (t,&, 1) and [t| = 0, & = |p| = 1.
We give a metric g; = —dt ® dt + dé ® dn — dn ® dé on My, i.e.,

g1(0,,0,) = -1, gl(af,an) = -1, gl(an,af) =1, £1(0y,0) =0, 4.19)

for the other pair (9, ). Let M = R12) Xy M;q"” and g, = g1 + h(t)*g> and P = §,. By Proposition 7
in [5], we have the Christoffel symbols Fﬁ, = 0, then

Vi¥dw =0, R*(X,Y)Z =0, Ric"*(X,Y) =0. (4.20)

We have
HLI (0,,0) =h’', Hi(0w,0,x) =0, for the other pair (9,,0). (4.21)
grad, (h) = =1'0,, Ay (h) =—h". (4.22)

By Proposition 3.7 and the Einstein condition, we have
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Theorem 4.7. Let M = R1? x,, Méq’") and g, = g, + h*g, and P = 8,. Then (M, g, V*) is Einstein
with the Einstein constant A if and only if one of the following conditions is satisfied

(1)1=0,g=n, (ng’"), VEM2) s Einstein with the Einstein constant —cy and hh” — h'* = c,.
(2)A=0,g—n—-1=0, (M;q’"), VM2 s Einstein with the Einstein constant 0 and h = ¢t + ¢, where
c1, cy are constant.

(3)A =0, g—n-1# 0,-1, (M;q’"),VL’MZ) is Einstein with the Einstein constant —cy and h =

co [
+ /q_n_1t+ €2 o 2 0.

Proof. By (1) in Propsition 3.7, we have

(g—n)

Ric#(0,, 0,¢) = Ric"M (8,1, 0,x) — Hyy (8., 0x), (4.23)
then
18,0000 =~ L 000, (424)
sowegetd=0andg=norh” =0.
By 4 =0, then we have
Ric"*(0,1,0,s) = Ric"*(8,s,8,1) = 0. (4.25)
By (3) in Propsition 3.7 and (4.25), we have
Ric"*(8,1,0,0) = g2(8y1, 0)[—hh" — (g — n — 1)I]. (4.26)

Then we get:

(Case-a). When 1 = 0,¢q = n, by il + (¢ — n — DI’ = ¢, we get (M, V-*2) is Einstein with the
Einstein constant —c, and hh”" — h'* = c,.

(Case-b). When 4 =0,h"” =0, by hh” + (g —n — Dh'? = ¢, we have (g—n- DR = c.

(Case-b-1). Wheng—n—1 =0, (M;q’"), VL-M2) is Einstein with the Einstein constant 0 and /& = ¢t + ¢
where ¢, ¢, are constant.

(Case-b-2). Wheng #n,g—n—-1# 0, (Méq’"), VL-M2) is Einstein with the Einstein constant —c, and

— o 4]
h=+ ey LA & M = 0. O

By (2.16) and (4.20), we can get

(1,2) (12)
V0000, = ~0e, BT (0,,0,)0, = =0,
R’me,z) (O¢, 0,)0, = 0O, R@k(l,z) 60,000, = 0,
R’VSR(LZ) (8xj’ axk)axL = 0’ (427)

for other pairs (0,7,0,x,0,.). By (2.4) and (4.27), we have

’VjR( 1,2)

12
Ric” (8,.0) =2. Ric"  (9y.0x) =0, (4.28)
for other pairs (0,7, d,).
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If (1\7 s 8us /75”) is Einstein with the Einstein constant A, by Propsition 2.15 and (4.28), we have

A=0, 2-(q- n)(% -1)=-A (4.29)

Solving (4.29), we get

h=ce Vi + e VHﬁt. (4.30)

By (3.22) (3) and the Einstein condition, we get (M;q’") , VEM2) i Einstein with the Einstein constant ¢
and
A —W'h—(g—n—-1DH) +(qg—n—-2)hh = cy. (4.31)

Then we have the following theorem

Theorem 4.8. Let M = R x,, M;q’") and g, = g, + h*g, and P = 8,. Then (M, gﬂ,/V\”) is Einstein
with the Einstein constant A if and only if (Mg”"), VLM s Einstein with the Einstein constant ¢y = 0
andA=0,h=c",g—-n+2=0.

Proof. Letk=1+ q_in, by 4 =0, (4.30) and (4.31), we have

[—(g —n— Dk*ct + (g —n— Dkctle®™ + [-(q —n — Dk*c5 + (g — n — Dkcsle ™ — c1kPe" — crk*e™
= ¢y — 2c102(q — n — DE>. (4.32)

Letb; = —(g—n—Dk*c; +(q—n—2)kc3, by = —(g—n— D3 +(q—n—2)ke3, by = —c1k*, by = —c2k2,
bs = ¢y — 2cic2(q — n — DK%, we get

bie® + bye ™ + byel + bye™ = bs. (4.33)
When k # 0, we have
b1+b2+b3+b4:b5
2kby — 2kby + kbs — kbys =0
4k2b1 + 4k2b2 + k2b3 + k2b4 =0 (434)
8k3b, — 8k3by + kKPby — kK’by = 0
16k*b; + 416k*b, + k*b; + k*by = 0,

by (4.34), we get by = b, = b3 = by = bs = 0, then ¢; = ¢, = 0, so this is a contradiction.
Whenk =0,wegetg—n+2=0,co=0andh=c, +c, =c". O

5. Conclusions

For Riemannian supergeometry, we give some definitions about a semi-symmetric non-metric
connection. Then by computations, we get the curvature tensor Rg= and the Ricci tensor Ric” of a
semi-symmetric non-metric connection on super warped product spaces respectively. We find that they
are different from Riemannian geometry. Next, we construct an Einstein super warped product with
a semi-symmetric non-metric connection and give another example. The main results of this paper
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are Theorems 4.3—4.8, which are the conditions that two super warped product spaces with a semi-
symmetric non-metric connection are the Einstein super spaces with a semi-symmetric non-metric
connection. Moreover, some properties of a semi-symmetric non-metric connection on super warped
product spaces are discussed in this paper.

In the future, we can do more research on super Riemannian manifolds.
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