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Abstract: Integral inequalities play a crucial role in both theoretical and applied mathematics. 
Because of the relevance of these notions, we have discussed a new class of introduced generalized 
convex function called as coordinated left and right convex interval-valued function (coordinated 
LR-convex IVF) using the pseudo-order relation (൑௣). On interval space, this order relation is 
defined. First, a pseudo-order relation is used to show Hermite-Hadamard type inequality (HH type 
inequality) for coordinated LR-convex IVF. Second for coordinated LR-convex IVF, Some HH type 
inequalities are also derived for the product of two coordinated LR-convex IVFs. Furthermore, we 
have demonstrated that our conclusions cover a broad range of new and well-known inequalities for 
coordinated LR-convex IVFs and their variant forms as special instances which are defined by Zhao 
et al. and Budak et al. Finally, we have shown that the inclusion relation "⊇" confidents to the 
pseudo-order relation "൑௣" for coordinated LR-convex IVFs. The concepts and methodologies 
presented in this study might serve as a springboard for additional research in this field, as well as a 
tool for investigating probability and optimization research, among other things. 
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1. Introduction 

In convex function theory, the classical Hermite-Hadamard inequality is one of the most well-known 
inequalities with geometrical interpretation, and it has a wide range of applications, see [1,2]. 
Let 𝔖: 𝐾 → ℝ 

ା be a convex function on a convex set 𝐾 and 𝜌, 𝜍 ∈ 𝐾 with 𝜌 ്  𝜍 . Then, 

𝔖 ቀఘାచ

ଶ
ቁ ൑ ଵ

చିఘ
׬  𝔖ሺ𝜛ሻ𝑑𝜛

చ
ఘ ൑ 𝔖ሺఘሻ ା 𝔖ሺచሻ

ଶ
.        (1) 

In [3], Fejér looked at the key extensions of 𝐻𝐻-inequality which is known as 
Hermite-Hadamard-Fejér inequality (𝐻𝐻-Fejér inequality). 
Let 𝔖: 𝐾 → ℝ 

ା be a convex function on a convex set 𝐾 and 𝜌, 𝜍 ∈ 𝐾 with 𝜌 ്  𝜍. Then, 

𝔖 ቀఘାచ

ଶ
ቁ ൑ ଵ

׬ 𝔇ሺధሻௗధ
ഒ

ഐ
׬  𝔖ሺ𝜛ሻ𝔇ሺ𝜛ሻ𝑑𝜛

చ
ఘ ൑ 𝔖ሺఘሻା 𝔖ሺచሻ

ଶ
׬ 𝔇ሺ𝜛ሻ𝑑𝜛

చ
ఘ .    (2) 

If 𝔇ሺ𝜛ሻ ൌ 1, then we obtain (1) from (2). We should remark that Hermite-Hadamard inequality is a 
refinement of the idea of convexity, and it can be simply deduced from Jensen's inequality. In recent 
years, the Hermite-Hadamard inequality for convex functions has gotten a lot of attention, and there 
have been a lot of improvements and generalizations examined. Sarikaya [4] proved the Hadamard 
type inequality for coordinated convex functions such that 

Let 𝔊: ∆→ ℝ 
ା  be a coordinate convex function on ∆ൌ ሾ𝜍, 𝜌ሿ ൈ ሾ𝜇, 𝜈ሿ . If 𝔊  is double 

fractional integrable, then following inequalities hold: 

𝔊 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ ൑ ௰ሺఈାଵሻ

ସሺఔିఓሻഀ ቂℐఓశ
ఈ  𝔊 ቀ𝜈, చାఘ

ଶ
ቁ ൅ ℐఔషఈ 𝔊 ቀ𝜇, చାఘ

ଶ
ቁቃ ൅ ௰ሺఉାଵሻ

ସሺఘିచሻഁ ቂℐచశ
ఉ  𝔊 ቀఓାఔ

ଶ
, 𝜌ቁ ൅ ℐఘష

ఉ  𝔊 ቀఓାఔ

ଶ
, 𝜍ቁቃ

   ൑ ௰ሺఈାଵሻ௰ሺఉାଵሻ

ସሺఔିఓሻഀሺఘିచሻഁ  ቂℐఓశ,చశ 
ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష

ఈ,ఉ  𝔊ሺ𝜈, 𝜍ሻ ൅ ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ  𝔊ሺ𝜇, 𝜍ሻቃ 

   ൑ ௰ሺఈାଵሻ

଼ሺఔିఓሻഀ ൣℐఓశ 
ఈ 𝔊ሺ𝜈, 𝜍ሻ𝔊ℐఓశ

ఈ  𝔊ሺ𝜈, 𝜌ሻ ൅ ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜍ሻ ൅ ℐఔషఈ  𝔊ሺ𝜇, 𝜌ሻ൧      

  ൅ ௰ሺఉାଵሻ

ସሺఘିచሻഁ ቂℐచశ 
 ఉ 𝔊ሺ𝜇, 𝜌ሻ൅෥ℐఘష

ఉ  𝔊ሺ𝜈, 𝜍ሻ ൅ ℐచశ 
ఉ 𝔊ሺ𝜇, 𝜌ሻ ൅ ℐఘష

ఉ  𝔊ሺ𝜈, 𝜍ሻቃ       

 ൑ 𝔊ሺఓ,చሻା𝔊ሺఔ,చሻା𝔊ሺఓ,ఘሻା𝔊ሺఔ,ఘሻ

ସ
.            (3) 

If 𝛼 ൌ 1, then we obtain the following Dragomir inequality [5] on coordinates: 

𝔊 ൬
𝜇 ൅ 𝜈

2
,
𝜍 ൅ 𝜌

2
൰ 

൑
 
ଵ
ଶ

ቂ ଵ

ఔିఓ
׬ 𝔊 ቀ𝓍, చାఘ

ଶ
ቁ

ఔ
ఓ 𝑑𝓍 ൅ ଵ

ఘିచ
׬ 𝔊 ቀఓାఔ

ଶ
, 𝘺ቁ 𝑑𝘺

ఘ
చ ቃ ൑ ଵ

ሺఔିఓሻሺఘିచሻ
׬  ׬ 𝔊ሺ𝓍, 𝘺ሻ𝑑𝘺𝑑𝓍

ఘ
చ

ఔ
ఓ  
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  ൑
 
ଵ

ସሺఔିఓሻ
ቂ׬ 𝔊ሺ𝓍, 𝜍ሻఔ

ఓ 𝑑𝓍 ൅ ׬ 𝔊ሺ𝓍, 𝜌ሻ𝑑𝓍
ఔ

ఓ ቃ ൅
 
ଵ

ସሺఘିచሻ
ቂ׬ 𝔊ሺ𝜇, 𝘺ሻ𝑑𝘺

ఘ
చ ൅ ׬ 𝔊ሺ𝜈, 𝘺ሻ𝑑𝘺

ఘ
చ ቃ  

  ൑ 𝔊ሺఓ,చሻା𝔊ሺఔ,చሻା𝔊ሺఓ,ఘሻା𝔊ሺఔ,ఘሻ

ସ
.            (4) 

For more details related to inequalities, see [6–9] and reference therein. 
Interval analysis, on the other hand, is a well-known example of set-valued analysis, which is 

the study of sets in the context of mathematical analysis and general topology. It was created as a 
way of dealing with the interval uncertainty that can be found in many mathematical or computer 
models of deterministic real-world phenomena. Archimede's method, which is used to calculate the 
circumference of a circle, is an old example of an interval enclosure. Moore [10], who is credited 
with being the first user of intervals in computational mathematics, published the first book on 
interval analysis in 1966. Following the publication of his book, a number of scientists began to 
research the theory and applications of interval arithmetic. Interval analysis is now a helpful 
technique in a variety of fields that are interested in ambiguous data because of its applicability. 
Computer graphics, experimental and computational physics, error analysis, robotics, and many 
more fields have applications. 

Furthermore, in recent years, numerous major inequalities (Hermite-Hadamard, Ostrowski and 
others) have been addressed for interval-valued functions. Chalco-Cano et al. used the Hukuhara 
derivative for interval-valued functions to construct Ostrowski type inequalities for interval-valued 
functions in [11–14]. For interval-valued functions, Román-Flores et al. developed Minkowski and 
Beckenbach's inequality in [15]. For fuzzy interval-valued function, Khan et al. [16–18] derived 
some new versions of Hermite-Hadamard type inequalities and proved their validity with the help of 
non-trivial examples. Moreover, Khan et al. [19,20] discussed some novel types of 
Hermite-Hadamard type inequalities in fuzzy-interval fractional calculus and proved that many 
classical versions are special cases of these inequalities. Recently, Khan et al. [21] introduced the 
new class of convexity in fuzzy-interval calculus which is known as coordinated convex 
fuzzy-interval-valued functions and with the support of these classes, some Hermite-Hadamard type 
inequalities are obtained via newly defined fuzzy-interval double integrals. We encourage readers to [22–54] 
for other related results. 

The following is an overview of the paper's structure. Section 2 recalls some preliminary 
notions and definitions. Moreover, some properties of introduced coordinated LR-convex IVF are 
also discussed. Section 3 presents some Hermite-Hadamard type inequalities for coordinated 
LR-convex IVF. With the help of this class, some fractional integral inequalities are also derived for 
the coordinated LR-convex IVF and for the product of two coordinated LR-convex IVFs. The fourth 
section, Conclusions and Future Work, brings us to a close. 

2. Preliminaries and known results 

Let ℝ be the set of real numbers and ℝூ be the space of all closed and bounded intervals of ℝ, 
such that 𝔘 ∈ ℝூ is defined by 

𝔘 ൌ ሾ𝔘∗, 𝔘∗ሿ ൌ ሼ𝘺 ∈ ℝ| 𝔘∗ ൑ 𝘺 ൑ 𝔘∗ሽ,  ሺ𝔘∗, 𝔘∗ ∈ ℝሻ.     (5) 

If 𝔘∗ ൌ 𝔘∗, then 𝔘 is said to be degenerate. If 𝔘∗ ൒ 0, then ሾ𝔘∗, 𝔘∗ሿ is called positive interval. 
The set of all positive interval is denoted by ℝூ

ା  and defined as ℝூ
ା ൌ ሼሾ𝔘∗, 𝔘∗ሿ: ሾ𝔘∗, 𝔘∗ሿ ∈
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ℝூ and 𝔘∗ ൒ 0ሽ.  
Let 𝜚 ∈ ℝ and 𝜚𝔘 be defined by 

𝜚. 𝔘 ൌ ቐ

 
ሾ𝜚𝔘∗, 𝜚𝔘∗ሿ if 𝜚 ൐ 0,
ሼ0ሽ            if 𝜚 ൌ 0,

ሾ𝜚𝔘∗, 𝜚𝔘∗ሿ if 𝜚 ൏ 0.

          (6) 

Then, the Minkowski difference 𝔇 െ 𝔘 , addition 𝔘 ൅ 𝔇 and 𝔘 ൈ 𝔇 for 𝔘, 𝔇 ∈ ℝூ are defined by 

 
ሾ𝔇∗, 𝔇∗ሿ െ ሾ𝔘∗, 𝔘∗ሿ  ൌ ሾ𝔇∗ െ 𝔘∗, 𝔇∗ െ 𝔘∗ሿ,
ሾ𝔇∗, 𝔇∗ሿ ൅ ሾ𝔘∗, 𝔘∗ሿ  ൌ ሾ𝔇∗ ൅ 𝔘∗, 𝔇∗ ൅ 𝔘∗ሿ,

       (7) 

and 

ሾ𝔇∗, 𝔇∗ሿ ൈ ሾ𝔘∗, 𝔘∗ሿ ൌ ሾ𝑚𝑖𝑛ሼ𝔇∗𝔘∗, 𝔇∗𝔘∗, 𝔇∗𝔘∗, 𝔇∗𝔘∗ሽ, 𝑚𝑎𝑥ሼ𝔇∗𝔘∗, 𝔇∗𝔘∗, 𝔇∗𝔘∗, 𝔇∗𝔘∗ሽሿ.  

The inclusion " ⊇ " means that 
𝔘 ⊇ 𝔇 if and only if, ሾ𝔘∗, 𝔘∗ሿ ⊇ ሾ𝔇∗, 𝔇∗ሿ, and if and only if 

𝔘∗ ൑ 𝔇∗, 𝔇∗ ൑ 𝔘∗.          (8) 

Remark 1. [36] (i) The relation " ൑௣ " is defined on ℝூ by 

ሾ𝔇∗, 𝔇∗ሿ ൑௣ ሾ𝔘∗, 𝔘∗ሿ if and only if 𝔇∗ ൑ 𝔘∗, 𝔇∗ ൑ 𝔘∗,      (9) 

for all ሾ𝔇∗, 𝔇∗ሿ, ሾ𝔘∗, 𝔘∗ሿ ∈ ℝூ, and it is a pseudo order relation. The relation ሾ𝔇∗, 𝔇∗ሿ ൑௣ ሾ𝔘∗, 𝔘∗ሿ 
coincident to ሾ𝔇∗, 𝔇∗ሿ ൑ ሾ𝔘∗, 𝔘∗ሿ on ℝூ when it is " ൑௣ "  
(ii) It can be easily seen that " ൑௣ " looks like “left and right” on the real line ℝ, so we call " ൑௣ " 
is “left and right” (or “LR” order, in short).  
For ሾ𝔇∗, 𝔇∗ሿ, ሾ𝔘∗, 𝔘∗ሿ ∈ ℝூ,  the Hausdorff-Pompeiu distance between intervals ሾ𝔇∗, 𝔇∗ሿ  and 
ሾ𝔘∗, 𝔘∗ሿ is defined by 

𝑑ሺሾ𝔇∗, 𝔇∗ሿ, ሾ𝔘∗, 𝔘∗ሿሻ ൌ 𝑚𝑎𝑥ሼ|𝔇∗ െ  𝔘∗|, |𝔇∗ െ 𝔘∗|ሽ.     (10) 

It is familiar fact that ሺℝூ, 𝑑ሻ is a complete metric space. 
Theorem 1. [10] If 𝔊: ሾ𝜇, 𝜈ሿ ⊂ ℝ → ℝூ  is an I-V-F given by ሺ𝓍ሻ ሾ𝔊∗ሺ𝓍ሻ, 𝔊∗ሺ𝓍ሻሿ, then 𝔊 is 
Riemann integrable over ሾ𝜇, 𝜈ሿ if and only if, 𝔊∗ and 𝔊∗ both are Riemann integrable over ሾ𝜇, 𝜈ሿ 
such that 

ሺ𝐼𝑅ሻ ׬ 𝔊ሺ𝓍ሻ𝑑𝓍
ఔ

ఓ ൌ  ቂሺ𝑅ሻ ׬ 𝔊∗ሺ𝓍ሻ𝑑𝓍
ఔ

ఓ , ሺ𝑅ሻ ׬ 𝔊∗ሺ𝓍ሻ𝑑𝓍
 
ఔ

ఓ ቃ.    (11) 

The collection of all Riemann integrable real valued functions and Riemann integrable I-V-F is 

denoted by ℛሾఓ,ఔሿ and 𝔗ℛሾఓ,ఔሿ, respectively. 

Definition 1. [31, 33] Let 𝔊: ሾ𝜇, 𝜈ሿ → ℝூ  be interval-valued function and 𝔊 ∈ 𝔗ℛሾఓ,ఔሿ . Then 
interval Riemann-Liouville-type integrals of 𝔊 are defined as  

ℐఓశ
ఈ  𝔊ሺ𝘺ሻ ൌ ଵ

௰ሺఈሻ
׬ ሺ𝘺 െ 𝚝ሻఈିଵ𝔊ሺ𝚝ሻ𝘺

ఓ 𝑑𝚝    ሺ𝘺 ൐ 𝜇ሻ,       (12)  



10458 

AIMS Mathematics  Volume 7, Issue 6, 10454–10482. 

ℐఔషఈ  𝔊ሺ𝘺ሻ ൌ ଵ

௰ሺఈሻ
׬ ሺ𝚝 െ 𝘺ሻఈିଵ𝔊ሺ𝚝ሻఔ

𝘺 𝑑𝚝    ሺ𝘺 ൏ 𝜈ሻ,       (13)  

where 𝛼 ൐ 0 and 𝛤 is the gamma function.  
Theorem 2. [20] Let 𝔊: ሾ𝜍, 𝜌ሿ → ℝூ

ା be a LR-convex I-V.F such that 𝔊ሺ𝘺ሻ ൌ ሾ𝔊∗ሺ𝘺ሻ, 𝔊∗ሺ𝘺ሻሿ for 
all 𝘺 ∈ ሾ𝜍, 𝜌ሿ. If 𝔊 ∈ 𝐿ሺሾ𝜍, 𝜌ሿ, ℝூ

ାሻ, then 

𝔊 ቀచାఘ

ଶ
ቁ ൑௣

௰ሺఈାଵሻ

ଶሺఘିచሻഀ ቂℐచశ
ఈ  𝔊ሺ𝜌ሻ ൅ ℐఘషఈ  𝔊ሺ𝜍ሻቃ ൑௣

𝔊ሺచሻା𝔊ሺఘሻ

ଶ
.    (14) 

Theorem 3. [20] Let 𝔊, 𝔖 ∶ ሾ𝜍, 𝜌ሿ → ℝூ
ା  be two LR-convex I-V.Fs such that 𝔊ሺ𝓍ሻ ൌ

ሾ𝔊∗ሺ𝓍ሻ, 𝔊∗ሺ𝓍ሻሿ and 𝔖ሺ𝓍ሻ ൌ ሾ𝔖∗ሺ𝓍ሻ, 𝔖∗ሺ𝓍ሻሿ for all 𝓍 ∈ ሾ𝜍, 𝜌ሿ. If 𝔊 ൈ 𝔖 ∈  𝐿ሺሾ𝜍, 𝜌ሿ, ℝூ
ାሻ is fuzzy 

Riemann integrable, then 

𝛤ሺ𝛼 ൅ 1ሻ

2ሺ𝜌 െ 𝜍ሻఈ ቂℐచశ
ఈ  𝔊ሺ𝜌ሻ ൈ 𝔖ሺ𝜌ሻ ൅ ℐఘషఈ 𝔊ሺ𝜍ሻ ൈ 𝔖ሺ𝜍ሻቃ 

      ൑௣ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ℳሺ𝜍, 𝜌ሻ ൅ ቀ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ 𝒩ሺ𝜍, 𝜌ሻ,    (15) 

and 

𝔊 ൬
𝜍 ൅ 𝜌

2
൰ ൈ 𝔖 ൬

𝜍 ൅ 𝜌
2

൰ 

൑௣
𝛤ሺ𝛼 ൅ 1ሻ
4ሺ𝜌 െ 𝜍ሻఈ ቂℐచశ

ఈ  𝔊ሺ𝜌ሻ ൈ 𝔖ሺ𝜌ሻ ൅ ℐఘషఈ  𝔊ሺ𝜍ሻ ൈ 𝔖ሺ𝜍ሻቃ 

൅ ଵ

ଶ
ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ℳሺ𝜍, 𝜌ሻ ൅ ଵ

ଶ
ቀ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ 𝒩ሺ𝜍, 𝜌ሻ,     (16) 

where ℳሺ𝜍, 𝜌ሻ ൌ 𝔊ሺ𝜍ሻ ൈ 𝔖ሺ𝜍ሻ ൅  𝔊ሺ𝜌ሻ ൈ 𝔖ሺ𝜌ሻ, 𝒩ሺ𝜍, 𝜌ሻ ൌ 𝔊ሺ𝜍ሻ ൈ 𝔖ሺ𝜌ሻ ൅ 𝔊ሺ𝜌ሻ ൈ 𝔖ሺ𝜍ሻ, 
and ℳሺ𝜍, 𝜌ሻ ൌ ሾℳ∗ሺ𝜍, 𝜌ሻ, ℳ∗ሺ𝜍, 𝜌ሻሿ and 𝒩ሺ𝜍, 𝜌ሻ ൌ ሾ𝒩∗ሺ𝜍, 𝜌ሻ, 𝒩∗ሺ𝜍, 𝜌ሻሿ. 

Note that, the Theorem 1 is also true for interval double integrals. The collection of all double 
integrable I-V-F is denoted 𝔗𝔒∆, respectively. 
Theorem 4. [35] Let ∆ൌ ሾ𝜍, 𝜌ሿ ൈ ሾ𝜇, 𝜈ሿ . If 𝔊: ∆→ ℝூ  is interval-valued doubl integrable 
(𝐼𝐷-integrable) on ∆. Then, we have 

 ሺ𝐼𝐷ሻ ׬ ׬ 𝔊ሺ𝓍, 𝘺ሻ𝑑𝘺𝑑𝓍
ఔ

ఓ
ఘ

చ ൌ ሺ𝐼𝑅ሻ ׬ ሺ𝐼𝑅ሻ ׬ 𝔊ሺ𝓍, 𝘺ሻ𝑑𝘺𝑑𝓍
ఔ

ఓ
ఘ

చ . 

Definition 2. [36] Let 𝔊: ∆→ ℝூ
ା and 𝔊 ∈ 𝔗𝔒∆. The interval Riemann-Liouville-type integrals 

ℐఓశ,చశ 
ఈ,ఉ , ℐఓశ,ఘష 

ఈ,ఉ , ℐఔష,చశ 
ఈ,ఉ , ℐఔష,ఘష 

ఈ,ఉ  of 𝔊 order 𝛼, 𝛽 ൐ 0 are defined by 

ℐఓశ,చశ 
ఈ,ఉ  𝔊ሺ𝓍, 𝘺ሻ ൌ ଵ

௰ሺఈሻ௰ሺఉሻ
׬ ׬ ሺ𝓍 െ 𝚝ሻఈିଵሺ𝘺 െ 𝚜ሻఉିଵ𝔊ሺ𝚝, 𝚜ሻ𝘺

చ 𝑑𝚜𝑑𝚝
𝓍

ఓ  ሺ𝓍 ൐ 𝜇, 𝘺 ൐ 𝜍ሻ, (17) 

ℐఓశ,ఘష
ఈ,ఉ  𝔊ሺ𝓍, 𝘺ሻ ൌ ଵ

௰ሺఈሻ௰ሺఉሻ
׬ ׬ ሺ𝓍 െ 𝚝ሻఈିଵሺ𝚜 െ 𝘺ሻఉିଵ𝔊ሺ𝚝, 𝚜ሻఘ

𝘺 𝑑𝚜𝑑𝚝
𝓍

ఓ  ሺ𝓍 ൐ 𝜇, 𝘺 ൏ 𝜌ሻ, (18) 
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ℐఔష,చశ 
ఈ,ఉ  𝔊ሺ𝓍, 𝘺ሻ ൌ ଵ

௰ሺఈሻ௰ሺఉሻ
׬ ׬ ሺ𝚝 െ 𝓍ሻఈିଵሺ𝘺 െ 𝚜ሻఉିଵ𝔊ሺ𝚝, 𝚜ሻ𝘺

చ 𝑑𝚜𝑑𝚝
ఔ

𝓍  ሺ𝓍 ൏ 𝜈, 𝘺 ൐ 𝜍ሻ, (19)  

ℐఔష,ఘష
ఈ,ఉ  𝔊ሺ𝓍, 𝘺ሻ ൌ ଵ

௰ሺఈሻ௰ሺఉሻ
׬ ׬ ሺ𝚝 െ 𝓍ሻఈିଵሺ𝚜 െ 𝘺ሻఉିଵ𝔊ሺ𝚝, 𝚜ሻఘ

𝘺 𝑑𝚜𝑑𝚝
ఔ

𝓍  ሺ𝓍 ൏ 𝜈, 𝘺 ൏ 𝜌ሻ. (20) 

Definition 3. [38] The I-V.F 𝔊: ∆→ ℝூ
ା is said to be coordinated LR-convex I-V.F on ∆ if  

𝔊ሺ𝜏𝜇 ൅ ሺ1 െ 𝜏ሻ𝜈, 𝑠𝜍 ൅ ሺ1 െ 𝑠ሻ𝜌ሻ 

൑௣ 𝜏𝑠𝔊ሺ𝜇, 𝜍ሻ ൅ 𝜏ሺ1 െ 𝑠ሻ𝔊ሺ𝜇, 𝜌ሻ ൅ ሺ1 െ 𝜏ሻ𝑠𝔊ሺ𝜈, 𝜍ሻ ൅ ሺ1 െ 𝜏ሻሺ1 െ 𝑠ሻ𝔊ሺ𝜈, 𝜌ሻ,    (21) 

for all ሺ𝜇, 𝜈ሻ, ሺ𝜍, 𝜌ሻ ∈ ∆, and 𝜏, 𝑠 ∈ ሾ0, 1ሿ. If inequality (21) is reversed, then 𝔊 is called coordinate 
LR-concave I-V.F on ∆. 
Lemma 1. [38] Let 𝔊: ∆→ ℝூ

ା be an coordinated I-V.F on ∆. Then, 𝔊 is coordinated LR-convex 
I-V.F on ∆, if and only if there exist two coordinated LR-convex I-V.Fs 𝔊𝓍: ሾ𝜍, 𝜌ሿ → ℝூ

ା, 𝔊𝓍ሺ𝑤ሻ ൌ

𝔊ሺ𝓍, 𝑤ሻ and 𝔊𝘺: ሾ𝜇, 𝜈ሿ → ℝூ
ା, 𝔊𝘺ሺ𝑧ሻ ൌ 𝔊ሺ𝑧, 𝘺ሻ. 

Theorem 5. [38] Let 𝔊: ∆→ ℝூ
ା be a I-V.F on ∆ such that 

𝔊ሺ𝓍, 𝜛ሻ ൌ ሾ𝔊∗ሺ𝓍, 𝜛ሻ, 𝔊∗ሺ𝓍, 𝜛ሻሿ,        (22) 

for all ሺ𝓍, 𝜛ሻ ∈ ∆. Then, 𝔊 is coordinated LR-convex I-V.F on ∆, if and only if, 𝔊∗ሺ𝓍, 𝜛ሻ and 
𝔊∗ሺ𝓍, 𝜛ሻ are coordinated convex functions. 
Example 1. We consider the I-V.Fs 𝔊: ሾ0, 1ሿ ൈ ሾ0, 1ሿ → ℝூ

ା defined by,  

𝔊ሺ𝓍ሻሺ𝜎ሻ ൌ

⎩
⎪
⎨

⎪
⎧

𝜎
2ሺ6 ൅ 𝑒𝓍ሻሺ6 ൅ 𝑒ధሻ

, 𝜎 ∈ ሾ0, 2ሺ6 ൅ 𝑒𝓍ሻሺ6 ൅ 𝑒ధሻሿ

4ሺ6 ൅ 𝑒𝓍ሻሺ6 ൅ 𝑒ధሻ െ 𝜎
2ሺ6 ൅ 𝑒𝓍ሻሺ6 ൅ 𝑒ధሻ

, 𝜎 ∈ ሺ2ሺ6 ൅ 𝑒𝓍ሻሺ6 ൅ 𝑒ధሻ, 4ሺ6 ൅ 𝑒𝓍ሻሺ6 ൅ 𝑒ధሻሿ

0, otherwise,

 

Then, for each 𝜃 ∈ ሾ0, 1ሿ, we have 𝔊ሺ𝓍ሻ ൌ ሾ2𝜃ሺ6 ൅ 𝑒𝓍ሻሺ6 ൅ 𝑒ధሻ, ሺ4 ൅ 2𝜃ሻሺ6 ൅ 𝑒𝓍ሻሺ6 ൅ 𝑒ధሻ ሿ. 
Since end point functions 𝔊∗൫ሺ𝓍, 𝜛ሻ, 𝜃൯, 𝔊∗൫ሺ𝓍, 𝜛ሻ, 𝜃൯ are coordinate concave functions for each 
𝜃 ∈ ሾ0, 1ሿ. Hence 𝔖ሺ𝓍, 𝜛ሻ is coordinate LR-concave I-V.F. 
From Lemma 1, we can easily note that each LR-convex I-V.F is coordinated LR-convex I-V.F. But 
the converse is not true. 
Remark 2. If one takes 𝔊∗ሺ𝓍, 𝜛ሻ ൌ 𝔊∗ሺ𝓍, 𝜛ሻ, then 𝔊 is known as coordinated function if 𝔊 
satisfies the coming inequality 

𝔊ሺ𝜏𝜇 ൅ ሺ1 െ 𝜏ሻ𝜈, 𝑠𝜍 ൅ ሺ1 െ 𝑠ሻ𝜌ሻ 

൑ 𝜏𝑠𝔊ሺ𝜇, 𝜍ሻ ൅ 𝜏ሺ1 െ 𝑠ሻ𝔊ሺ𝜇, 𝜌ሻ ൅ ሺ1 െ 𝜏ሻ𝑠𝔊ሺ𝜈, 𝜍ሻ ൅ ሺ1 െ 𝜏ሻሺ1 െ 𝑠ሻ𝔊ሺ𝜈, 𝜌ሻ, 

is valid which is defined by Dragomir [5] 
Let one takes 𝔊∗ሺ𝓍, 𝜛ሻ ് 𝔊∗ሺ𝓍, 𝜛ሻ , where 𝔊∗ሺ𝓍, 𝜛ሻ  is affine function and 𝔊∗ሺ𝓍, 𝜛ሻ  is a 
concave function. If coming inequality, 

𝔊ሺ𝜏𝜇 ൅ ሺ1 െ 𝜏ሻ𝜈, 𝑠𝜍 ൅ ሺ1 െ 𝑠ሻ𝜌ሻ 

⊇ 𝜏𝑠𝔊ሺ𝜇, 𝜍ሻ ൅ 𝜏ሺ1 െ 𝑠ሻ𝔊ሺ𝜇, 𝜌ሻ ൅ ሺ1 െ 𝜏ሻ𝑠𝔊ሺ𝜈, 𝜍ሻ ൅ ሺ1 െ 𝜏ሻሺ1 െ 𝑠ሻ𝔊ሺ𝜈, 𝜌ሻ, 
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is valid, then 𝔊 is named as coordinated IVF which is defined by Zhao et al. [37, Definition 2 and 
Example 2] 

3. Main results 

In this section, we shall continue with the following fractional 𝐻𝐻-inequality for coordinated 
LR-convex I-V.Fs, and we also give fractional 𝐻𝐻-Fejér inequality for coordinated LR-convex I-V.F 
through fuzzy order relation. 
Theorem 6. Let 𝔊: ∆→ ℝூ

ା  be a coordinate LR-convex I-V.F on ∆  such that 𝔊ሺ𝓍, 𝘺ሻ ൌ
ሾ𝔊∗ሺ𝓍, 𝘺ሻ, 𝔊∗ሺ𝓍, 𝘺ሻሿ for all ሺ𝓍, 𝘺ሻ ∈ ∆. If 𝔊 ∈ 𝔗𝔒∆, then following inequalities holds:  

𝔊 ൬
𝜇 ൅ 𝜈

2
,
𝜍 ൅ 𝜌

2
൰ ൑௣

𝛤ሺ𝛼 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈ ൤ℐఓశ
ఈ  𝔊 ൬𝜈,

𝜍 ൅ 𝜌
2

൰ ൅ ℐఔషఈ 𝔊 ൬𝜇,
𝜍 ൅ 𝜌

2
൰൨ 

൅
𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜌 െ 𝜍ሻఉ ൤ℐచశ
ఉ  𝔊 ൬

𝜇 ൅ 𝜈
2

, 𝜌൰ ൅ ℐఘష
ఉ  𝔊 ൬

𝜇 ൅ 𝜈
2

, 𝜍൰൨ 

൑௣
𝛤ሺ𝛼 ൅ 1ሻ𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ  ቂℐఓశ,చశ 
ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష

ఈ,ఉ  𝔊ሺ𝜈, 𝜍ሻ ൅ ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ  𝔊ሺ𝜇, 𝜍ሻቃ 

൑௣
𝛤ሺ𝛼 ൅ 1ሻ
8ሺ𝜈 െ 𝜇ሻఈ ൣℐఓశ 

ఈ 𝔊ሺ𝜈, 𝜍ሻ ൅ ℐఓశ
ఈ 𝔊ሺ𝜈, 𝜌ሻ ൅ ℐఔష 

ఈ 𝔊ሺ𝜇, 𝜍ሻ ൅ ℐఔషఈ  𝔊ሺ𝜇, 𝜌ሻ൧ 

൅
𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜌 െ 𝜍ሻఉ ቂℐచశ 
 ఉ 𝔊ሺ𝜇, 𝜌ሻ ൅ ℐఘష

ఉ  𝔊ሺ𝜈, 𝜍ሻ ൅ ℐచశ 
ఉ 𝔊ሺ𝜇, 𝜌ሻ ൅ ℐఘష

ఉ  𝔊ሺ𝜈, 𝜍ሻቃ 

൑௣
𝔊ሺఓ,చሻା𝔊ሺఔ,చሻା𝔊ሺఓ,ఘሻା𝔊ሺఔ,ఘሻ

ସ
.        (23) 

If 𝔊ሺ𝓍ሻ coordinated LR-concave I-V.F, then 

𝔊 ൬
𝜇 ൅ 𝜈

2
,
𝜍 ൅ 𝜌

2
൰ ൒௣

𝛤ሺ𝛼 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈ ൤ℐఓశ
ఈ  𝔊 ൬𝜈,

𝜍 ൅ 𝜌
2

൰ ൅ ℐఔషఈ  𝔊 ൬𝜇,
𝜍 ൅ 𝜌

2
൰൨ 

൅
𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜌 െ 𝜍ሻఉ ൤ℐచశ
ఉ  𝔊 ൬

𝜇 ൅ 𝜈
2

, 𝜌൰ ൅ ℐఘష
ఉ  𝔊 ൬

𝜇 ൅ 𝜈
2

, 𝜍൰൨ 

൒௣
𝛤ሺ𝛼 ൅ 1ሻ𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ  ቂℐఓశ,చశ 
ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష

ఈ,ఉ  𝔊ሺ𝜈, 𝜍ሻ ൅ ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ  𝔊ሺ𝜇, 𝜍ሻቃ 

൒௣
𝛤ሺ𝛼 ൅ 1ሻ

8ሺ𝜈 െ 𝜇ሻఈ ൣℐఓశ 
ఈ 𝔊ሺ𝜈, 𝜍ሻ ൅ ℐఓశ

ఈ  𝔊ሺ𝜈, 𝜌ሻ ൅ ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜍ሻ ൅ ℐఔషఈ  𝔊ሺ𝜇, 𝜌ሻ൧ 

൅
𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜌 െ 𝜍ሻఉ ቂℐచశ 
 ఉ 𝔊ሺ𝜇, 𝜌ሻ ൅ ℐఘష

ఉ  𝔊ሺ𝜈, 𝜍ሻ ൅ ℐచశ 
ఉ 𝔊ሺ𝜇, 𝜌ሻ ൅ ℐఘష

ఉ  𝔊ሺ𝜈, 𝜍ሻቃ 

൒௣
𝔊ሺఓ,చሻା𝔊ሺఔ,చሻା𝔊ሺఓ,ఘሻା𝔊ሺఔ,ఘሻ

ସ
.            (24) 

Proof. Let 𝔊: ሾ𝜇, 𝜈ሿ → ℝூ
ା be a coordinated LR-convex I-V.F. Then, by hypothesis, we have 
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4𝔊 ൬
𝜇 ൅ 𝜈

2
,
𝜍 ൅ 𝜌

2
൰ ൑௣ 𝔊ሺ𝜏𝜇 ൅ ሺ1 െ 𝜏ሻ𝜈, 𝜏𝜍 ൅ ሺ1 െ 𝜏ሻ𝜌ሻ ൅ 𝔊൫ሺ1 െ 𝜏ሻ𝜇 ൅ 𝜏𝜈, ሺ1 െ 𝜏ሻ𝜍 ൅ 𝜏𝜌൯. 

By using Theorem 5, we have  

4𝔊∗ ൬
𝜇 ൅ 𝜈

2
,
𝜍 ൅ 𝜌

2
൰

൑ 𝔊∗ሺ𝜏𝜇 ൅ ሺ1 െ 𝜏ሻ𝜈, 𝜏𝜍 ൅ ሺ1 െ 𝜏ሻ𝜌ሻ ൅ 𝔊∗൫ሺ1 െ 𝜏ሻ𝜇 ൅ 𝜏𝜈, ሺ1 െ 𝜏ሻ𝜍 ൅ 𝜏𝜌൯,

4𝔊∗ ൬
𝜇 ൅ 𝜈

2
,
𝜍 ൅ 𝜌

2
൰

൑ 𝔊∗ሺ𝜏𝜇 ൅ ሺ1 െ 𝜏ሻ𝜈, 𝜏𝜍 ൅ ሺ1 െ 𝜏ሻ𝜌ሻ ൅ 𝔊∗൫ሺ1 െ 𝜏ሻ𝜇 ൅ 𝜏𝜈, ሺ1 െ 𝜏ሻ𝜍 ൅ 𝜏𝜌൯.

 

By using Lemma 1, we have 

2𝔊∗ ቀ𝓍, చାఘ

ଶ
ቁ ൑ 𝔊∗ሺ𝓍, 𝜏𝜍 ൅ ሺ1 െ 𝜏ሻ𝜌ሻ ൅ 𝔊∗ሺ𝓍, ሺ1 െ 𝜏ሻ𝜍 ൅ 𝜏𝜌ሻ,

2𝔊∗ ቀ𝓍, చାఘ

ଶ
ቁ ൑ 𝔊∗ሺ𝓍, 𝜏𝜍 ൅ ሺ1 െ 𝜏ሻ𝜌ሻ ൅ 𝔊∗ሺ𝓍, ሺ1 െ 𝜏ሻ𝜍 ൅ 𝜏𝜌ሻ,

     (25) 

and 

2𝔊∗ ቀఓାఔ

ଶ
, 𝘺ቁ ൑ 𝔊∗ሺ𝜏𝜇 ൅ ሺ1 െ 𝜏ሻ𝜈, 𝘺ሻ ൅ 𝔊∗൫ሺ1 െ 𝜏ሻ𝜇 ൅ 𝑡𝜈, 𝘺൯,

2𝔊∗ ቀఓାఔ

ଶ
, 𝘺ቁ ൑ 𝔊∗ሺ𝜏𝜇 ൅ ሺ1 െ 𝜏ሻ𝜈, 𝘺ሻ ൅ 𝔊∗൫ሺ1 െ 𝜏ሻ𝜇 ൅ 𝑡𝜈, 𝘺൯.

      (26) 

From (25) and (26), we have  

2 ൤𝔊∗ ൬𝓍,
𝜍 ൅ 𝜌

2
൰ , 𝔊∗ ൬𝓍,

𝜍 ൅ 𝜌
2

൰൨ 

൑௣ ሾ𝔊∗ሺ𝓍, 𝜏𝜍 ൅ ሺ1 െ 𝜏ሻ𝜌ሻ, 𝔊∗ሺ𝓍, 𝜏𝜍 ൅ ሺ1 െ 𝜏ሻ𝜌ሻሿ 

൅ሾ𝔊∗ሺ𝓍, ሺ1 െ 𝜏ሻ𝜍 ൅ 𝜏𝜌ሻ, 𝔊∗ሺ𝓍, ሺ1 െ 𝜏ሻ𝜍 ൅ 𝜏𝜌ሻሿ, 

and 

2 ൤𝔊∗ ൬
𝜇 ൅ 𝜈

2
, 𝘺൰ , 𝔊∗ ൬

𝜇 ൅ 𝜈
2

, 𝘺൰൨ 

൑௣ ሾ𝔊∗ሺ𝜏𝜇 ൅ ሺ1 െ 𝜏ሻ𝜈, 𝘺ሻ, 𝔊∗ሺ𝜏𝜇 ൅ ሺ1 െ 𝜏ሻ𝜈, 𝘺ሻሿ 

൅ሾ𝔊∗ሺ𝜏𝜇 ൅ ሺ1 െ 𝜏ሻ𝜈, 𝘺ሻ, 𝔊∗ሺ𝜏𝜇 ൅ ሺ1 െ 𝜏ሻ𝜈, 𝘺ሻሿ, 

It follows that 

𝔊 ቀ𝓍, చାఘ

ଶ
ቁ ൑௣ 𝔊ሺ𝓍, 𝜏𝜍 ൅ ሺ1 െ 𝜏ሻ𝜌ሻ ൅ 𝔊ሺ𝓍, ሺ1 െ 𝜏ሻ𝜍 ൅ 𝜏𝜌ሻ,     (27) 

and 

𝔊 ቀఓାఔ

ଶ
, 𝘺ቁ ൑௣ 𝔊ሺ𝜏𝜇 ൅ ሺ1 െ 𝜏ሻ𝜈, 𝘺ሻ ൅ 𝔊ሺ𝜏𝜇 ൅ ሺ1 െ 𝜏ሻ𝜈, 𝘺ሻ.     (28) 

Since 𝔊ሺ𝓍, . ሻ  and 𝔊ሺ. , 𝘺ሻ , both are coordinated LR-convex-IVFs, then from inequality (14), 
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inequalities (27) and (28) we have 

𝔊𝓍 ቀచାఘ

ଶ
ቁ ൑௣

௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቂℐచశ
ఉ  𝔊𝓍ሺ𝜌ሻ ൅ ℐఘష

ఉ  𝔊𝓍ሺ𝜍ሻቃ ൑௣
𝔊𝓍ሺచሻା𝔊𝓍ሺఘሻ

ଶ
.   (29) 

and 

𝔊𝘺 ቀఓାఔ

ଶ
ቁ ൑௣

௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ൣℐఓశ
ఈ  𝔊𝘺ሺ𝜈ሻ ൅ ℐఔషఈ  𝔊𝘺ሺ𝜇ሻ൧ ൑௣

𝔊𝘺ሺఓሻା𝔊𝘺ሺఔሻ

ଶ
    (30) 

Since 𝔊𝓍ሺ𝑤ሻ ൌ 𝔊ሺ𝓍, 𝑤ሻ, the inequality (29) can be written as  

𝔊 ቀ𝓍, చାఘ

ଶ
ቁ ൑௣

௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቂℐచశ
ఈ  𝔊ሺ𝓍, 𝜌ሻ ൅ ℐఘషఈ  𝔊ሺ𝓍, 𝜍ሻቃ ൑௣

𝔊ሺ𝓍,చሻା𝔊ሺ𝓍,ఘሻ

ଶ
.  (31) 

That is 

 𝔊 ቀ𝓍, చାఘ

ଶ
ቁ ൑௣

ఉ

ଶሺఘିచሻഁ ቂ ׬ ሺ𝜌 െ 𝑠ሻఉିଵ𝔊ሺ𝓍, 𝑠ሻ𝑑𝑠
ఘ

చ ൅ ׬ ሺ𝑠 െ 𝜍ሻఉିଵ𝔊ሺ𝓍, 𝑠ሻ𝑑𝑠
ఘ

చ ቃ ൑௣
𝔊ሺ𝓍,చሻା𝔊ሺ𝓍,ఘሻ

ଶ
. 

Multiplying double inequality (31) by 
ఈሺఔି𝓍ሻഀషభ

ଶሺఔିఓሻഀ and integrating with respect to 𝓍 over ሾ𝜇, 𝜈ሿ, we 

have 

𝛼
2ሺ𝜈 െ 𝜇ሻఈ න 𝔊 ൬𝓍,

𝜍 ൅ 𝜌
2

൰ ሺ𝜈 െ 𝓍ሻఈିଵ𝑑𝓍
ఔ

ఓ
 

൑௣ න න ሺ𝜈 െ 𝓍ሻఈିଵሺ𝜌 െ 𝑠ሻఉିଵ𝔊ሺ𝓍, 𝑠ሻ
ఘ

చ
𝑑𝑠𝑑𝓍

ఔ

ఓ
൅ න න ሺ𝜈 െ 𝓍ሻఈିଵሺ𝑠 െ 𝜍ሻఉିଵ𝔊ሺ𝓍, 𝑠ሻ

ఘ

చ
𝑑𝑠𝑑𝓍

ఔ

ఓ
 

൑௣
ఈ

ସሺఔିఓሻഀ ቂ׬ ሺ𝜈 െ 𝓍ሻఈିଵ𝔊ሺ𝓍, 𝜍ሻ𝑑𝓍
ఔ

ఓ ൅ ׬ ሺ𝜈 െ 𝓍ሻఈିଵ𝔊ሺ𝓍, 𝜌ሻ𝑑𝓍
ఔ

ఓ ቃ.     (32) 

Again multiplying double inequality (31) by 
ఈሺ𝓍ିఓሻഀషభ

ଶሺఔିఓሻഀ  and integrating with respect to 𝓍 over 

ሾ𝜇, 𝜈ሿ, we have  

𝛼
2ሺ𝜈 െ 𝜇ሻఈ න 𝔊 ൬𝓍,

𝜍 ൅ 𝜌
2

൰ ሺ𝜈 െ 𝓍ሻఈିଵ𝑑𝓍
ఔ

ఓ
 

൑௣
𝛼𝛽

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ න න ሺ𝓍 െ 𝜇ሻఈିଵሺ𝜌 െ 𝑠ሻఉିଵ𝔊ሺ𝓍, 𝑠ሻ
ఘ

చ
𝑑𝑠𝑑𝓍

ఔ

ఓ
 

൅
𝛼𝛽

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ න න ሺ𝓍 െ 𝜇ሻఈିଵሺ𝑠 െ 𝜍ሻఉିଵ𝔊ሺ𝓍, 𝑠ሻ
ఘ

చ
𝑑𝑠𝑑𝓍

ఔ

ఓ
 

൑௣
ఈ

ସሺఔିఓሻഀ ቂ׬ ሺ𝓍 െ 𝜇ሻఈିଵ𝔊ሺ𝓍, 𝜍ሻ𝑑𝓍
ఔ

ఓ ൅ ׬ ሺ𝓍 െ 𝜇ሻఈିଵ𝔊ሺ𝓍, 𝑑ሻ𝑑𝓍
ఔ

ఓ ቃ.   (33) 
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From (32), we have 

𝛤ሺ𝛼 ൅ 1ሻ

2ሺ𝜈 െ 𝜇ሻఈ ൤ℐఓశ
ఈ  𝔊 ൬𝜈,

𝜍 ൅ 𝜌
2

൰൨ 

൑௣
𝛤ሺ𝛼 ൅ 1ሻ𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ  ቂℐఓశ,చశ 
ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൅ ℐఔష,చశ 

ఈ,ఉ 𝔊ሺ𝜈, 𝜍ሻቃ 

൑௣
௰ሺఈାଵሻ

ସሺఔିఓሻഀ ൣℐఓశ 
ఈ 𝔊ሺ𝜈, 𝜍ሻ ൅ ℐఓశ

ఈ  𝔊ሺ𝜈, 𝜌ሻ൧.       (34) 

From (33), we have 

𝛤ሺ𝛼 ൅ 1ሻ

2ሺ𝜈 െ 𝜇ሻఈ ൤ℐఔషఈ  𝔊 ൬𝜇,
𝜍 ൅ 𝜌

2
൰൨ 

൑௣
𝛤ሺ𝛼 ൅ 1ሻ𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ  ቂℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష 

ఈ,ఉ 𝔊ሺ𝜇, 𝜍ሻቃ 

൑௣
௰ሺఈାଵሻ

ସሺఔିఓሻഀ ሾℐఔష 
ఈ 𝔊ሺ𝜇, 𝜍ሻ ൅ ℐఔషఈ  𝔊ሺ𝜇, 𝜌ሻሿ.      (35) 

Similarly, since 𝔊𝘺ሺ𝑧ሻ ൌ 𝔊ሺ𝑧, 𝘺ሻ then, from (34) and (35), (30) we have 

𝛤ሺ𝛽 ൅ 1ሻ

2ሺ𝜌 െ 𝜍ሻఉ ൤ℐచశ
ఉ  𝔊 ൬

𝜇 ൅ 𝜈
2

, 𝜌൰൨ 

൑௣
𝛤ሺ𝛼 ൅ 1ሻ𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ  ቂℐఓశ,చశ 
ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൅ ℐఔష,చశ 

ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻቃ 

൑௣
௰ሺఉାଵሻ

ସሺఘିచሻഁ ቂℐచశ 
ఉ 𝔊ሺ𝜇, 𝜌ሻ ൅ ℐచశ

ఉ  𝔊ሺ𝜈, 𝜌ሻቃ,      (36) 

and 

𝛤ሺ𝛽 ൅ 1ሻ

2ሺ𝜌 െ 𝜍ሻఈ ൤ℐఘష
ఉ  𝔊 ൬

𝜇 ൅ 𝜈
2

, 𝜍൰൨ 

൑௣
𝛤ሺ𝛼 ൅ 1ሻ𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ  ቂℐఓశ,ఘష 
ఈ,ఉ 𝔊ሺ𝜈, 𝜍ሻ ൅ ℐఔష,ఘష 

ఈ,ఉ 𝔊ሺ𝜇, 𝜍ሻቃ 

൑௣
௰ሺఉାଵሻ

ସሺఘିచሻഁ ቂℐఘష 
ఉ 𝔊ሺ𝜇, 𝜍ሻ ൅ ℐఘష

ఉ  𝔊ሺ𝜈, 𝜍ሻቃ.       (37) 

After adding the inequalities (46), (35), (36) and (37), we will obtain as resultant second, third and 
fourth inequalities of (23). 
Now, from left part of inequality (14), we have 

𝔊 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ ൑௣

௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቂℐచశ
ఉ  𝔊 ቀఓାఔ

ଶ
, 𝜌ቁ ൅ ℐఘష

ఉ  𝔊 ቀఓାఔ

ଶ
, 𝜍ቁቃ,    (38) 

and 
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𝔊 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ ൑௣

௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ቂℐఓశ
ఈ  𝔊 ቀ𝜈, చାఘ

ଶ
ቁ ൅ ℐఔషఈ  𝔊 ቀ𝜇, చାఘ

ଶ
ቁቃ.    (39) 

Summing the inequalities (38) and (39), we obtain the following inequality: 

𝔊 ൬
𝜇 ൅ 𝜈

2
,
𝜍 ൅ 𝜌

2
൰ 

൑௣
௰ሺఈାଵሻ

ସሺఔିఓሻഀ ቂℐఓశ
ఈ  𝔊 ቀ𝜈, చାఘ

ଶ
ቁ ൅ ℐఔషఈ  𝔊 ቀ𝜇, చାఘ

ଶ
ቁቃ ൅ ௰ሺఉାଵሻ

ସሺఘିచሻഁ ቂℐచశ
ఉ  𝔊 ቀఓାఔ

ଶ
, 𝜌ቁ ൅ ℐఘష

ఉ  𝔊 ቀఓାఔ

ଶ
, 𝜍ቁቃ,  (40) 

this is the first inequality of (23). 
Now, from right part of inequality (14), we have 

௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቂℐచశ
ఉ 𝔊ሺ𝜇, 𝜌ሻ ൅ ℐఘష

ఉ  𝔊ሺ𝜇, 𝜍ሻቃ ൑௣
𝔊ሺఓ,చሻା𝔊ሺఓ,ఘሻ

ଶ
,       (41) 

௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቂℐచశ
ఉ 𝔊ሺ𝜈, 𝜌ሻ ൅ ℐఘష

ఉ  𝔊ሺ𝜈, 𝜍ሻቃ ൑௣
𝔊ሺఔ,చሻା𝔊ሺఔ,ఘሻ

ଶ
’       (42) 

௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ൣℐఓశ
ఈ 𝔊ሺ𝜈, 𝜍ሻ ൅ ℐఔషఈ  𝔊ሺ𝜇, 𝜍ሻ൧ ൑௣

𝔊ሺఓ,చሻା𝔊ሺఔ,చሻ

ଶ
,       (43) 

௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ൣℐఓశ
ఈ 𝔊ሺ𝜈, 𝜌ሻ ൅ ℐఔషఈ  𝔊ሺ𝜇, 𝜌ሻ൧ ൑௣

𝔊ሺఓ,ఘሻା𝔊ሺఔ,ఘሻ

ଶ
.       (44) 

Summing inequalities (41), (42), (43) and (44), and then taking multiplication of the resultant with 
ଵ

ସ
, 

we have 

𝛤ሺ𝛼 ൅ 1ሻ
8ሺ𝜈 െ 𝜇ሻఈ ൣℐఓశ

ఈ 𝔊ሺ𝜈, 𝜍ሻ ൅ ℐఔషఈ  𝔊ሺ𝜇, 𝜍ሻ ൅ ℐఓశ
ఈ 𝔊ሺ𝜈, 𝜌ሻ ൅ ℐఔషఈ  𝔊ሺ𝜇, 𝜌ሻ൧ 

൅
𝛤ሺ𝛽 ൅ 1ሻ

2ሺ𝜌 െ 𝜍ሻఉ ቂℐచశ
ఉ 𝔊ሺ𝜇, 𝜌ሻ ൅ ℐఘష

ఉ  𝔊ሺ𝜇, 𝜍ሻ ൅ ℐచశ
ఉ 𝔊ሺ𝜈, 𝜌ሻ ൅ ℐఘష

ఉ  𝔊ሺ𝜈, 𝜍ሻቃ 

൑௣
𝔊ሺఓ,చሻା𝔊ሺఓ,ఘሻା𝔊ሺఔ,చሻା𝔊ሺఔ,ఘሻ

ସ
.        (45) 

This is last inequality of (23) and the result has been proven. 
Remark 3. If one to take 𝛼 ൌ 1 and 𝛽 ൌ 1, then from (23), we achieve the coming inequality, see [38]: 

𝔊 ൬
𝜇 ൅ 𝜈

2
,
𝜍 ൅ 𝜌

2
൰ 

൑௣

 
ଵ
ଶ

ቂ ଵ

ఔିఓ
׬ 𝔊 ቀ𝓍, చାఘ

ଶ
ቁ

ఔ
ఓ 𝑑𝓍 ൅ ଵ

ఘିచ
׬ 𝔊 ቀఓାఔ

ଶ
, 𝘺ቁ 𝑑𝘺

ఘ
చ ቃ ൑௣

ଵ

ሺఔିఓሻሺఘିచሻ
׬  ׬ 𝔊ሺ𝓍, 𝘺ሻ𝑑𝘺𝑑𝓍

ఘ
చ

ఔ
ఓ

 ൑௣

 
ଵ

ସሺఔିఓሻ
ቂ׬ 𝔊ሺ𝓍, 𝜍ሻఔ

ఓ 𝑑𝓍 ൅ ׬  𝔊ሺ𝓍, 𝜌ሻ𝑑𝓍
ఔ

ఓ ቃ ൅
 
ଵ

ସሺఘିచሻ
ቂ׬ 𝔊ሺ𝜇, 𝘺ሻ𝑑𝘺

ఘ
చ ൅ ׬ 𝔊ሺ𝜈, 𝘺ሻ𝑑𝘺

ఘ
చ ቃ 

൑௣
𝔊ሺఓ,చሻା𝔊ሺఔ,చሻା𝔊ሺఓ,ఘሻା𝔊ሺఔ,ఘሻ

ସ
.              (46) 



10465 

AIMS Mathematics  Volume 7, Issue 6, 10454–10482. 

Let one takes 𝔊∗ሺ𝓍, 𝘺ሻ is an affine function and 𝔊∗ሺ𝓍, 𝘺ሻ is concave function. If 𝔊∗ሺ𝓍, 𝘺ሻ ്
𝔊∗ሺ𝓍, 𝘺ሻ, then from Remark 2 and (24), we acquire the coming inequality, see [31]: 

 𝔊 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ ⊇ ௰ሺఈାଵሻ

ସሺఔିఓሻഀ ቂℐఓశ
ఈ  𝔊 ቀ𝜈, చାఘ

ଶ
ቁ ൅ ℐఔషఈ 𝔊 ቀ𝜇, చାఘ

ଶ
ቁቃ ൅ ௰ሺఉାଵሻ

ସሺఘିచሻഁ ቂℐచశ
ఉ  𝔊 ቀఓାఔ

ଶ
, 𝜌ቁ ൅

ℐఘష
ఉ  𝔊 ቀఓାఔ

ଶ
, 𝜍ቁቃ 

⊇
𝛤ሺ𝛼 ൅ 1ሻ𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ  ቂℐఓశ,చశ 
ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష

ఈ,ఉ  𝔊ሺ𝜈, 𝜍ሻ ൅ ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ  𝔊ሺ𝜇, 𝜍ሻቃ 

⊇
𝛤ሺ𝛼 ൅ 1ሻ

8ሺ𝜈 െ 𝜇ሻఈ ൣℐఓశ 
ఈ 𝔊ሺ𝜈, 𝜍ሻ𝔊ℐఓశ

ఈ  𝔊ሺ𝜈, 𝜌ሻ ൅ ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜍ሻ ൅ ℐఔషఈ  𝔊ሺ𝜇, 𝜌ሻ൧ 

൅
𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜌 െ 𝜍ሻఉ ቂℐచశ 
 ఉ 𝔊ሺ𝜇, 𝜌ሻ൅෥ℐఘష

ఉ  𝔊ሺ𝜈, 𝜍ሻ ൅ ℐచశ 
ఉ 𝔊ሺ𝜇, 𝜌ሻ ൅ ℐఘష

ఉ  𝔊ሺ𝜈, 𝜍ሻቃ 

⊇ 𝔊ሺఓ,చሻା𝔊ሺఔ,చሻା𝔊ሺఓ,ఘሻା𝔊ሺఔ,ఘሻ

ସ
.        (47) 

Let one takes 𝛼 ൌ 1 and 𝛽 ൌ 1, 𝔊∗ሺ𝓍, 𝘺ሻ is an affine function and 𝔊∗ሺ𝓍, 𝘺ሻ is concave function. 
If 𝔊∗ሺ𝓍, 𝘺ሻ ് 𝔊∗ሺ𝓍, 𝘺ሻ, then Remark 2 and from (24), we acquire the coming inequality, see [37]: 

𝔊 ൬
𝜇 ൅ 𝜈

2
,
𝜍 ൅ 𝜌

2
൰ 

⊇

 
1
2

ቈ
1

𝜈 െ 𝜇
න 𝔊 ൬𝓍,

𝜍 ൅ 𝜌
2

൰
ఔ

ఓ
𝑑𝓍 ൅

1
𝜌 െ 𝜍

න 𝔊 ൬
𝜇 ൅ 𝜈

2
, 𝘺൰ 𝑑𝘺

ఘ

చ
቉ ⊇

1
ሺ𝜈 െ 𝜇ሻሺ𝜌 െ 𝜍ሻ

 න න 𝔊ሺ𝓍, 𝘺ሻ𝑑𝘺𝑑𝓍
ఘ

చ

ఔ

ఓ
 

⊇

 
1

4ሺ𝜈 െ 𝜇ሻ
ቈන 𝔊ሺ𝓍, 𝜍ሻ

ఔ

ఓ
𝑑𝓍 ൅ න 𝔊ሺ𝓍, 𝜌ሻ𝑑𝓍

ఔ

ఓ
቉ ൅

 
1

4ሺ𝜌 െ 𝜍ሻ
ቈන 𝔊ሺ𝜇, 𝘺ሻ𝑑𝘺

ఘ

చ
൅ න 𝔊ሺ𝜈, 𝘺ሻ𝑑𝘺

ఘ

చ
቉ 

⊇ 𝔊ሺఓ,చሻା𝔊ሺఔ,చሻା𝔊ሺఓ,ఘሻା𝔊ሺఔ,ఘሻ

ସ
.       (48) 

Example 2. We consider the I-V-Fs 𝔊: ሾ0, 1ሿ ൈ ሾ0, 1ሿ → ℝூ
ା defined by,      

𝔊ሺ𝓍ሻ ൌ ሾ2, 6ሿሺ6 ൅ 𝑒𝓍ሻሺ6 ൅ 𝑒𝘺ሻ. 

Since end point functions 𝔊∗ሺ𝓍, 𝘺ሻ, 𝔊∗ሺ𝓍, 𝘺ሻ are convex functions on coordinate, then 𝔊ሺ𝓍, 𝘺ሻ is 
convex I-V-F on coordinate. Then for 𝛼 ൌ 1 and 𝛽 ൌ 1, we have 

𝔊 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ ൌ ቈ2 ቀ5 ൅ 𝑒

భ
మቁ

ଶ
, 6 ቀ6 ൅ 𝑒

భ
మቁ

 
ଶ

 ቉, 

𝛤ሺ𝛼 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈ ൤ℐఓశ
ఈ  𝔊 ൬𝜈,

𝜍 ൅ 𝜌
2

൰ ൅ ℐఔషఈ 𝔊 ൬𝜇,
𝜍 ൅ 𝜌

2
൰൨ ൅

𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜌 െ 𝜍ሻఉ ൤ℐచశ
ఉ  𝔊 ൬

𝜇 ൅ 𝜈
2

, 𝜌൰ ൅ ℐఘష
ఉ  𝔊 ൬

𝜇 ൅ 𝜈
2

, 𝜍൰൨ 
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ൌ ቂ4 ቀ6 ൅ 𝑒
భ
మቁ ሺ5 ൅ 𝑒ሻ, 12 ቀ6 ൅ 𝑒

భ
మቁ ሺ5 ൅ 𝑒ሻ ቃ, 

𝛤ሺ𝛼 ൅ 1ሻ𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ  ቂℐఓశ,చశ 
ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష

ఈ,ఉ  𝔊ሺ𝜈, 𝜍ሻ ൅ ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ  𝔊ሺ𝜇, 𝜍ሻቃ 

ൌ ሾ2ሺ5 ൅ 𝑒ሻଶ, 6ሺ5 ൅ 𝑒ሻଶ ሿ, 

𝛤ሺ𝛼 ൅ 1ሻ

8ሺ𝜈 െ 𝜇ሻఈ ൣℐఓశ 
ఈ 𝔊ሺ𝜈, 𝜍ሻ𝔊ℐఓశ

ఈ  𝔊ሺ𝜈, 𝜌ሻ ൅ ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜍ሻ ൅ ℐఔషఈ  𝔊ሺ𝜇, 𝜌ሻ൧ 

൅
𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜌 െ 𝜍ሻఉ ቂℐచశ 
 ఉ 𝔊ሺ𝜇, 𝜌ሻ൅෥ℐఘష

ఉ  𝔊ሺ𝜈, 𝜍ሻ ൅ ℐచశ 
ఉ 𝔊ሺ𝜇, 𝜌ሻ ൅ ℐఘష

ఉ  𝔊ሺ𝜈, 𝜍ሻቃ 

ൌ ሾሺ5 ൅ 𝑒ሻሺ13 ൅ 𝑒ሻ, 3ሺ5 ൅ 𝑒ሻሺ13 ൅ 𝑒ሻሿ 

𝔊ሺఓ,చሻା𝔊ሺఔ,చሻା𝔊ሺఓ,ఘሻା𝔊ሺఔ,ఘሻ

ସ
ൌ ቂ

ሺ଺ା௘ሻሺଶ଴ା௘ሻାସଽ

ଶ
,

଺൫ሺ଺ା௘ሻሺଶ଴ା௘ሻାସଽ൯

ଶ
ቃ. 

That is 

ቈ2 ൬5 ൅ 𝑒
ଵ
ଶ൰

 
ଶ

, 6 ൬6 ൅ 𝑒
ଵ
ଶ൰

ଶ

 ቉ ൑௣ ൤4 ൬6 ൅ 𝑒
ଵ
ଶ൰ ሺ5 ൅ 𝑒ሻ, 12 ൬6 ൅ 𝑒

ଵ
ଶ൰ ሺ5 ൅ 𝑒ሻ ൨ 

൑௣ ሾ2ሺ5 ൅ 𝑒ሻଶ, 6ሺ5 ൅ 𝑒ሻଶ ሿ 

൑௣ ሾሺ5 ൅ 𝑒ሻሺ13 ൅ 𝑒ሻ, 3ሺ5 ൅ 𝑒ሻሺ13 ൅ 𝑒ሻሿ 

൑௣ ቂ
ሺ଺ା௘ሻሺଶ଴ା௘ሻାସଽ

ଶ
, 3൫ሺ6 ൅ 𝑒ሻሺ20 ൅ 𝑒ሻ ൅ 49൯ቃ. 

Hence, Theorem 3.1 has been verified 
Next both results obtain Hermite-Hadamard type inequalities for the product of two coordinate 
LR-convex I-V.Fs 
Theorem 7. Let 𝔊, 𝔖: ∆→ ℝூ

ା  be a coordinate LR-convex I-V.Fs on ∆  such that 𝔊ሺ𝓍, 𝘺ሻ ൌ
ሾ𝔊∗ሺ𝓍, 𝘺ሻ, 𝔊∗ሺ𝓍, 𝘺ሻሿ and 𝔖ሺ𝓍, 𝘺ሻ ൌ ሾ𝔖∗ሺ𝓍, 𝘺ሻ, 𝔖∗ሺ𝓍, 𝘺ሻሿ for all ሺ𝓍, 𝘺ሻ ∈ ∆. If  𝔊 ൈ 𝔖 ∈ 𝔗𝔒∆, then 
following inequalities holds: 

𝛤ሺ𝛼 ൅ 1ሻ𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ  ቂℐఓశ,చశ 
ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష

ఈ,ఉ  𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ

൅ ℐఔష,ఘష
ఈ,ఉ  𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻቃ 

 ൑௣ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ 𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ఈ

ሺఈାଵሻሺఈାଶሻ
ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ 𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ 

൅ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ఉ

ሺఉାଵሻሺఉାଶሻ
ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ఉ

ሺఉାଵሻሺఉାଶሻ

ఈ

ሺఈାଵሻሺఈାଶሻ
𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.   (49) 

If 𝔊 and 𝔖 both are coordinate LR-concave I-V.Fs on ∆, then above inequality can be written as 
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𝛤ሺ𝛼 ൅ 1ሻ𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ  ቂℐఓశ,చశ 
ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష

ఈ,ఉ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ

൅ ℐఔష,ఘష
ఈ,ఉ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻቃ 

 ൒௣ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ 𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ఈ

ሺఈାଵሻሺఈାଶሻ
ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ 𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ 

൅ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ఉ

ሺఉାଵሻሺఉାଶሻ
ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ఉ

ሺఉାଵሻሺఉାଶሻ

ఈ

ሺఈାଵሻሺఈାଶሻ
𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.    (50) 

Where 

𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൌ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ ൅ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅  𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅  𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ, 

𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൌ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅෥ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ ൅ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ, 

ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൌ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ ൅ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ, 

𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൌ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ. 

and 𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ, 𝐿෨ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ, ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ and 𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ are defined as follows: 

𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൌ ሾ𝐾∗ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ, 𝐾∗ሺ𝜇, 𝜈, 𝜍, 𝜌ሻሿ, 

𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൌ ሾ𝐿∗ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ, 𝐿∗ሺ𝜇, 𝜈, 𝜍, 𝜌ሻሿ, 

ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൌ ሾℳ∗ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ, ℳ∗ሺ𝜇, 𝜈, 𝜍, 𝜌ሻሿ, 

𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൌ ሾ𝒩∗ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ, 𝒩∗ሺ𝜇, 𝜈, 𝜍, 𝜌ሻሿ. 

Proof. Let 𝔊 and 𝔖 both are coordinated LR-convex I-V.Fs on ሾ𝜇, 𝜈ሿ ൈ ሾ𝜍, 𝜌ሿ. Then  

𝔊ሺ𝜏𝜇 ൅ ሺ1 െ 𝜏ሻ𝜈, 𝑠𝜍 ൅ ሺ1 െ 𝑠ሻ𝜌ሻ 

൑௣ 𝜏𝑠𝔊ሺ𝜇, 𝜍ሻ ൅ 𝜏ሺ1 െ 𝑠ሻ𝔊ሺ𝜇, 𝜌ሻ ൅ ሺ1 െ 𝜏ሻ𝑠𝔊ሺ𝜈, 𝜍ሻ ൅ ሺ1 െ 𝜏ሻሺ1 െ 𝑠ሻ𝔊ሺ𝜈, 𝜌ሻ, 

and 

𝔖ሺ𝜏𝜇 ൅ ሺ1 െ 𝜏ሻ𝜈, 𝑠𝜍 ൅ ሺ1 െ 𝑠ሻ𝜌ሻ 

൑௣ 𝜏𝑠𝔖ሺ𝜇, 𝜍ሻ ൅ 𝜏ሺ1 െ 𝑠ሻ𝔖ሺ𝜇, 𝜌ሻ ൅ ሺ1 െ 𝜏ሻ𝑠𝔖ሺ𝜈, 𝜍ሻ ൅ ሺ1 െ 𝜏ሻሺ1 െ 𝑠ሻ𝔖ሺ𝜈, 𝜌ሻ. 

Since 𝔊 and 𝔖 both are coordinated LR-convex I-V.Fs, then by Lemma 1, there exist 

𝔊𝓍: ሾ𝜍, 𝜌ሿ → ℝூ
ା, 𝔊𝓍ሺ𝘺ሻ ൌ 𝔊ሺ𝓍, 𝘺ሻ,  𝔖𝓍: ሾ𝜍, 𝜌ሿ → ℝூ

ା, 𝔖𝓍ሺ𝘺ሻ ൌ 𝔖ሺ𝓍, 𝘺ሻ, 

Since 𝔊𝓍, and 𝔖𝓍 are I-V.Fs, then by inequality (15), we have 

𝛤ሺ𝛽 ൅ 1ሻ

2ሺ𝜌 െ 𝜍ሻఉ ቂℐచశ
ఉ  𝔊𝓍ሺ𝜌ሻ ൈ 𝔖𝓍ሺ𝜌ሻ ൅ ℐఘష

ఉ 𝔊𝓍ሺ𝜍ሻ ൈ 𝔖𝓍ሺ𝜍ሻቃ 

൑௣ ൬
1
2

െ
𝛽

ሺ𝛽 ൅ 1ሻሺ𝛽 ൅ 2ሻ
൰ ൫𝔊𝓍ሺ𝜍ሻ ൈ 𝔖𝓍ሺ𝜍ሻ ൅  𝔊𝓍ሺ𝜌ሻ ൈ 𝔖𝓍ሺ𝜌ሻ൯ 
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൅ ൬
𝛽

ሺ𝛽 ൅ 1ሻሺ𝛽 ൅ 2ሻ
൰ ൫𝔊𝓍ሺ𝜍ሻ ൈ 𝔖𝓍ሺ𝜌ሻ ൅ 𝔊𝓍ሺ𝜌ሻ ൈ 𝔖𝓍ሺ𝜍ሻ൯. 

That is 

𝛽
2ሺ𝜌 െ 𝜍ሻఉ ቈන ሺ𝜌 െ 𝘺ሻఉିଵ𝔊ሺ𝓍, 𝘺ሻ ൈ 𝔖ሺ𝓍, 𝘺ሻ

ఘ

చ
𝜌𝘺 ൅ න ሺ𝘺 െ 𝜍ሻఉିଵ𝔊ሺ𝓍, 𝘺ሻ ൈ 𝔖ሺ𝓍, 𝘺ሻ

ఘ

చ
𝜌𝘺቉ 

൑௣ ൬
1
2

െ
𝛽

ሺ𝛽 ൅ 1ሻሺ𝛽 ൅ 2ሻ
൰ ൫𝔊ሺ𝓍, 𝜍ሻ ൈ 𝔖ሺ𝓍, 𝜍ሻ ൅ 𝔊ሺ𝓍, 𝜌ሻ ൈ 𝔖ሺ𝓍, 𝜌ሻ൯ 

൅ ቀ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ൫𝔊ሺ𝓍, 𝜍ሻ ൈ 𝔖ሺ𝓍, 𝜌ሻ ൅ 𝔊ሺ𝓍, 𝜌ሻ ൈ 𝔖ሺ𝓍, 𝜍ሻ൯.    (51) 

Multiplying double inequality (51) by 
ఈሺఔି𝓍ሻഀషభ

ଶሺఔିఓሻഀ  and integrating with respect to 𝓍 over ሾ𝜇, 𝜈ሿ, we 

get 

𝛤ሺ𝛼 ൅ 1ሻ𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ  ቂℐఓశ,చశ 
ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష

ఈ,ఉ  𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻቃ 

൑௣
𝛤ሺ𝛼 ൅ 1ሻ
2ሺ𝜈 െ 𝜇ሻఈ ൬

1
2

െ
𝛽

ሺ𝛽 ൅ 1ሻሺ𝛽 ൅ 2ሻ
൰ ቀℐఓశ 

ఈ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ ℐఓశ 
ఈ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻቁ 

൅ ௰ሺఈାଵሻ

ଶሺఔିఓሻഀ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቀℐఓశ 

ఈ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ 
ఈ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻቁ.   (52) 

Again, multiplying double inequality (51) by 
ఈሺ𝓍ିఓሻഀషభ

ଶሺఔିఓሻഀ  and integrating with respect to 𝓍 over 

ሾ𝜇, 𝜈ሿ, we gain 

𝛤ሺ𝛼 ൅ 1ሻ𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ  ቂℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ  𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻቃ 

൑௣
𝛤ሺ𝛼 ൅ 1ሻ

2ሺ𝜈 െ 𝜇ሻఈ ൬
1
2

െ
𝛽

ሺ𝛽 ൅ 1ሻሺ𝛽 ൅ 2ሻ
൰ ൫ℐఔష 

ఈ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ ൅ ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ൯ 

൅ ௰ሺఈାଵሻ

ଶሺఔିఓሻഀ

ఉ

ሺఉାଵሻሺఉାଶሻ
൫ℐఔష 

ఈ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅  ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ൯.   (53) 

Summing (52) and (53), we have 

𝛤ሺ𝛼 ൅ 1ሻ𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ  ቎
ℐఓశ,చశ 

ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష
ఈ,ఉ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ

൅ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ
቏ 

൑௣
𝛤ሺ𝛼 ൅ 1ሻ
2ሺ𝜈 െ 𝜇ሻఈ ൬

1
2

െ
𝛽

ሺ𝛽 ൅ 1ሻሺ𝛽 ൅ 2ሻ
൰ ቀℐఓశ 

ఈ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻቁ 

൅
𝛤ሺ𝛼 ൅ 1ሻ

2ሺ𝜈 െ 𝜇ሻఈ ൬
1
2

െ
𝛽

ሺ𝛽 ൅ 1ሻሺ𝛽 ൅ 2ሻ
൰ ቀℐఓశ 

ఈ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻቁ 
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൅
𝛤ሺ𝛼 ൅ 1ሻ

2ሺ𝜈 െ 𝜇ሻఈ

𝛽
ሺ𝛽 ൅ 1ሻሺ𝛽 ൅ 2ሻ

൫ℐఓశ 
ఈ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఔష 

ఈ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൯ 

൅ ௰ሺఈାଵሻ

ଶሺఔିఓሻഀ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቀℐఓశ 

ఈ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻቁ.   (54) 

Now, again with the help of integral inequality (15) for first two integrals on the right-hand side 
of (54), we have the following relation 

𝛤ሺ𝛼 ൅ 1ሻ

2ሺ𝜈 െ 𝜇ሻఈ ቀℐఓశ 
ఈ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ ℐఔష 

ఈ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻቁ 

൑௣ ൬
1
2

െ
𝛼

ሺ𝛼 ൅ 1ሻሺ𝛼 ൅ 2ሻ
൰ ൫𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ ൅  𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ൯ 

൅ ቀ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൫𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ൯.     (55) 

𝛤ሺ𝛼 ൅ 1ሻ
2ሺ𝜈 െ 𝜇ሻఈ ቀℐఓశ 

ఈ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻቁ 

൑௣ ൬
1
2

െ
𝛼

ሺ𝛼 ൅ 1ሻሺ𝛼 ൅ 2ሻ
൰ ൫𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ൯ 

൅ ቀ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൫𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ൯.    (56) 

𝛤ሺ𝛼 ൅ 1ሻ
2ሺ𝜈 െ 𝜇ሻఈ ൫ℐఓశ 

ఈ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൯ 

൑௣ ൬
1
2

െ
𝛼

ሺ𝛼 ൅ 1ሻሺ𝛼 ൅ 2ሻ
൰ ൫𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ൯ 

൅ ቀ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൫𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ൯.    (57) 

And 

𝛤ሺ𝛼 ൅ 1ሻ

2ሺ𝜈 െ 𝜇ሻఈ ቀℐఓశ 
ఈ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ ℐఔష 

ఈ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻቁ 

൑௣ ൬
1
2

െ
𝛼

ሺ𝛼 ൅ 1ሻሺ𝛼 ൅ 2ሻ
൰ ൫𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ ൅ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ൯ 

൅ ቀ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൫𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ൯.    (58) 

From (55)–(58), inequality (54) we have 

𝛤ሺ𝛼 ൅ 1ሻ𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ  ቎
ℐఓశ,చశ 

ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష
ఈ,ఉ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ

൅ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ
቏ 
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൑௣ ൬
1
2

െ
𝛼

ሺ𝛼 ൅ 1ሻሺ𝛼 ൅ 2ሻ
൰ ൬

1
2

െ
𝛽

ሺ𝛽 ൅ 1ሻሺ𝛽 ൅ 2ሻ
൰ 𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ

൅
𝛼

ሺ𝛼 ൅ 1ሻሺ𝛼 ൅ 2ሻ
൬

1
2

െ
𝛽

ሺ𝛽 ൅ 1ሻሺ𝛽 ൅ 2ሻ
൰ 𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ 

൅ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ఉ

ሺఉାଵሻሺఉାଶሻ
ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ఉ

ሺఉାଵሻሺఉାଶሻ

ఈ

ሺఈାଵሻሺఈାଶሻ
𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ. 

Hence, the result has been proven. 
Remark 4. If one to take 𝛼 ൌ 1 and 𝛽 ൌ 1, then from (49), we achieve the coming inequality, 
see [38]: 

1
ሺ𝜈 െ 𝜇ሻሺ𝜌 െ 𝜍ሻ

 න න 𝔊ሺ𝓍, 𝘺ሻ ൈ 𝔖ሺ𝓍, 𝘺ሻ𝑑𝘺𝑑𝓍
ఘ

చ

ఔ

ఓ
 

൑௣
ଵ

ଽ
𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ଵ

ଵ଼
ሾ𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻሿ ൅ ଵ

ଷ଺
𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.   (59) 

Let one takes 𝔊∗ሺ𝓍, 𝘺ሻ is an affine function and 𝔊∗ሺ𝓍, 𝘺ሻ is concave function. If 𝔊∗ሺ𝓍, 𝘺ሻ ്
𝔊∗ሺ𝓍, 𝘺ሻ, then by Remark 2 and (50), we acquire the coming inequality, see [36]: 

𝛤ሺ𝛼 ൅ 1ሻ𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ  ቎
ℐఓశ,చశ 

ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష
ఈ,ఉ  𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ

൅ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ  𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ
቏ 

 ⊇ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ 𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ఈ

ሺఈାଵሻሺఈାଶሻ
ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ 𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ 

൅ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ఉ

ሺఉାଵሻሺఉାଶሻ
ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ఉ

ሺఉାଵሻሺఉାଶሻ

ఈ

ሺఈାଵሻሺఈାଶሻ
𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.  (60) 

Let one takes 𝔊∗ሺ𝓍, 𝘺ሻ is an affine function and 𝔊∗ሺ𝓍, 𝘺ሻ is concave function. If 𝔊∗ሺ𝓍, 𝘺ሻ ്
𝔊∗ሺ𝓍, 𝘺ሻ, then by Remark 2 and (50), we acquire the coming inequality, see [37]: 

1
ሺ𝜈 െ 𝜇ሻሺ𝜌 െ 𝜍ሻ

 න න 𝔊ሺ𝓍, 𝘺ሻ ൈ 𝔖ሺ𝓍, 𝘺ሻ𝑑𝘺𝑑𝓍
ఘ

చ

ఔ

ఓ
 

⊇ ଵ

ଽ
𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ଵ

ଵ଼
ሾ𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻሿ ൅ ଵ

ଷ଺
𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.   (61) 

If 𝔊∗ሺ𝓍, 𝘺ሻ ൌ 𝔊∗ሺ𝓍, 𝘺ሻ and 𝔖∗ሺ𝓍, 𝘺ሻ ൌ 𝔖∗ሺ𝓍, 𝘺ሻ, then from (49), we acquire the coming inequality, 
see [39]: 

𝛤ሺ𝛼 ൅ 1ሻ𝛤ሺ𝛽 ൅ 1ሻ

4ሺ𝜈 െ 𝜇ሻఈሺ𝜌 െ 𝜍ሻఉ  ቎
ℐఓశ,చశ 

ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష
ఈ,ఉ  𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ

൅ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ  𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ
቏ 

  ൑ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ 𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ఈ

ሺఈାଵሻሺఈାଶሻ
ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ 𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ 
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൅ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ఉ

ሺఉାଵሻሺఉାଶሻ
ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ఉ

ሺఉାଵሻሺఉାଶሻ

ఈ

ሺఈାଵሻሺఈାଶሻ
𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.  (62) 

Theorem 8. Let 𝔊, 𝔖: ∆→ ℝூ
ା  be a coordinate LR-convex I-V.F on ∆  such that 𝔊ሺ𝓍, 𝘺ሻ ൌ

ሾ𝔊∗ሺ𝓍, 𝘺ሻ, 𝔊∗ሺ𝓍, 𝘺ሻሿ and 𝔖ሺ𝓍, 𝘺ሻ ൌ ሾ𝔖∗ሺ𝓍, 𝘺ሻ, 𝔖∗ሺ𝓍, 𝘺ሻሿ for all ሺ𝓍, 𝘺ሻ ∈ ∆. If  𝔊 ൈ 𝔖 ∈ 𝔗𝔒∆, then 
following inequalities holds: 

4𝔊 ൬
𝜇 ൅ 𝜈

2
,
𝜍 ൅ 𝜌

2
൰ ൈ 𝔖 ൬

𝜇 ൅ 𝜈
2

,
𝜍 ൅ 𝜌

2
൰ 

     ൑௣
௰ሺఈାଵሻ௰ሺఉାଵሻ

ସሺఔିఓሻഀሺఘିచሻഁ  ቎
ℐఓశ,చశ 

ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష
ఈ,ఉ  𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ

൅ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ  𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ
቏  

    ൅ ቂ ఈ

ଶሺఈାଵሻሺఈାଶሻ
൅ ఉ

ሺఉାଵሻሺఉାଶሻ
ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁቃ 𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ 

    ൅ ቂଵ

ଶ
ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൅ ఈ

ሺఈାଵሻሺఈାଶሻ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቃ 𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ 

൅ ቂଵ

ଶ
ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ൅ ఈ

ሺఈାଵሻሺఈାଶሻ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቃ ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ  

൅ ቂଵ

ସ
െ ఈ

ሺఈାଵሻሺఈାଶሻ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቃ 𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.         (63) 

If 𝔊 and 𝔖 both are coordinate LR-concave I-V.Fs on ∆, then above inequality can be written as 

4𝔊 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ                 

   ൒௣
௰ሺఈାଵሻ௰ሺఉାଵሻ

ସሺఔିఓሻഀሺఘିచሻഁ  ቎
ℐఓశ,చశ 

ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష
ఈ,ఉ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ

൅ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ  𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ
቏    

   ൅ ቂ ఈ

ଶሺఈାଵሻሺఈାଶሻ
൅ ఉ

ሺఉାଵሻሺఉାଶሻ
ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁቃ 𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ 

   ൅ ቂଵ

ଶ
ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൅ ఈ

ሺఈାଵሻሺఈାଶሻ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቃ 𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ       

   ൅ ቂଵ

ଶ
ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ൅ ఈ

ሺఈାଵሻሺఈାଶሻ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቃ ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ       

   ൅ ቂଵ

ସ
െ ఈ

ሺఈାଵሻሺఈାଶሻ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቃ 𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.          (64) 

Where 𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ, 𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ, ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ and 𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ are given in Theorem 7. 
Proof. Since 𝔊, 𝔖 ∶ ∆→ ℝூ

ା be two LR-convex I-V.Fs, then from inequality (16), we have 

2𝔊 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ                 

   ൑௣
ఈ

ଶሺఔିఓሻഀ  ቎
׬ ሺ𝜈 െ 𝓍ሻఈିଵ𝔊 ቀ𝓍, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝓍, చାఘ

ଶ
ቁ 𝑑𝓍

ఔ
ఓ

൅ ׬ ሺ𝓍 െ 𝜇ሻఈିଵ𝔊 ቀ𝓍, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝓍, చାఘ

ଶ
ቁ 𝑑𝓍 

ఔ
ఓ

቏       
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   ൅ ቀ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൬𝔊 ቀ𝜇, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝜇, చାఘ

ଶ
ቁ ൅ 𝔊 ቀ𝜈, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝜈, చାఘ

ଶ
ቁ൰     

   ൅ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൬𝔊 ቀ𝜇, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝜈, చାఘ

ଶ
ቁ ൅ 𝔊 ቀ𝜈, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝜇, చାఘ

ଶ
ቁ൰,   (65) 

and 

2𝔊 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ                 

   ൑௣
ఉ

ଶሺఘିచሻഁ  ቎
׬ ሺ𝜌 െ 𝘺ሻఉିଵ𝔊 ቀఓାఔ

ଶ
, 𝘺ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝘺ቁ 𝑑𝘺 

ఘ
చ

൅ ׬ ሺ𝘺 െ 𝜍ሻఉିଵ𝔊 ቀఓାఔ

ଶ
, 𝘺ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝘺ቁ 𝑑𝘺 

ఘ
చ

቏       

   ൅ ቀ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ൬𝔊 ቀఓାఔ

ଶ
, 𝜍ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝜍ቁ ൅ 𝔊 ቀఓାఔ

ଶ
, 𝜌ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝜌ቁ൰    

   ൅ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ൬𝔊 ቀఓାఔ

ଶ
, 𝜍ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝜌ቁ ൅ 𝔊 ቀఓାఔ

ଶ
, 𝜌ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝜍ቁ൰,  (66) 

Adding (73) and (74), and then taking the multiplication of the resultant one by 2, we obtain 

8𝔊 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ                 

  ൑௣
ఈ

ଶሺఔିఓሻഀ  ቎
׬ 2ሺ𝜈 െ 𝓍ሻఈିଵ𝔊 ቀ𝓍, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝓍, చାఘ

ଶ
ቁ 𝑑𝓍

ఔ
ఓ

൅ ׬ 2ሺ𝓍 െ 𝜇ሻఈିଵ𝔊 ቀ𝓍, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝓍, చାఘ

ଶ
ቁ 𝑑𝓍 

ఔ
ఓ

቏         

  ൅ ఉ

ଶሺఘିచሻഁ  ቎
׬ 2ሺ𝜌 െ 𝘺ሻఉିଵ𝔊 ቀఓାఔ

ଶ
, 𝘺ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝘺ቁ 𝑑𝘺 

ఘ
చ

൅ ׬ 2ሺ𝘺 െ 𝜍ሻఉିଵ𝔊 ቀఓାఔ

ଶ
, 𝘺ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝘺ቁ 𝑑𝘺 

ఘ
చ

቏         

  ൅ ቀ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൬2𝔊 ቀ𝜇, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝜇, చାఘ

ଶ
ቁ ൅  2𝔊 ቀ𝜈, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝜈, చାఘ

ଶ
ቁ൰     

  ൅ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൬2𝔊 ቀ𝜇, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝜈, చାఘ

ଶ
ቁ ൅ 2𝔊 ቀ𝜈, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝜇, చାఘ

ଶ
ቁ൰    

  ൅ ቀ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ൬2𝔊 ቀఓାఔ

ଶ
, 𝜍ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝜍ቁ ൅ 2𝔊 ቀఓାఔ

ଶ
, 𝜌ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝜌ቁ൰     

  ൅ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ൬2𝔊 ቀఓାఔ

ଶ
, 𝜍ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝜌ቁ ൅ 2𝔊 ቀఓାఔ

ଶ
, 𝜌ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝜍ቁ൰.   (67) 

Again, with the help of integral inequality (16) and Lemma 1 for each integral on the right-hand side 
of (67), we have  

ఈ

ଶሺఔିఓሻഀ ׬ 2ሺ𝜈 െ 𝓍ሻఈିଵ𝔊 ቀ𝓍, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝓍, చାఘ

ଶ
ቁ 𝑑𝓍

ఔ
ఓ              

  ൑௣
ఈఉ

ସሺఔିఓሻഀሺఘିచሻഁ ൥
׬ ׬ ሺ𝜈 െ 𝓍ሻఈିଵሺ𝜌 െ 𝘺ሻఉିଵ𝔊ሺ𝓍, 𝘺ሻఘ

చ 𝑑𝘺𝑑𝓍
ఔ

ఓ

൅ ׬ ׬ ሺ𝜈 െ 𝓍ሻఈିଵሺ𝘺 െ 𝜍ሻఉିଵ𝔊ሺ𝓍, 𝘺ሻఘ
చ 𝑑𝘺𝑑𝓍

ఔ
ఓ

൩       

  ൅ ఉ

ሺఉାଵሻሺఉାଶሻ

ఈ

ଶሺఔିఓሻഀ ׬ ሺ𝜈 െ 𝓍ሻఈିଵ൫𝔊ሺ𝓍, 𝜍ሻ ൈ 𝔖ሺ𝓍, 𝜍ሻ ൅ 𝔊ሺ𝓍, 𝜌ሻ ൈ 𝔖ሺ𝓍, 𝜌ሻ൯𝑑𝓍
ఔ

ఓ    

  ൅ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ఈ

ଶሺఔିఓሻഀ ׬ ሺ𝜈 െ 𝓍ሻఈିଵ൫𝔊ሺ𝓍, 𝜍ሻ ൈ 𝔖ሺ𝓍, 𝜌ሻ ൅ 𝔊ሺ𝓍, 𝜌ሻ ൈ 𝔖ሺ𝓍, 𝜍ሻ൯
ఔ

ఓ 𝑑𝓍,  
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  ൌ ௰ሺఈାଵሻ௰ሺఉାଵሻ

ସሺఔିఓሻഀሺఘିచሻഁ  ቂℐఓశ,చశ 
ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష

ఈ,ఉ  𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻቃ     

  ൅ ௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ቀ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ቀℐఓశ 

ఈ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ ℐఓశ 
ఈ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻቁ     

  ൅ ௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ቀℐఓశ 

ఈ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ 
ఈ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻቁ.   (68) 

ఈ

ଶሺఔିఓሻഀ ׬ 2ሺ𝓍 െ 𝜇ሻఈିଵ𝔊 ቀ𝓍, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝓍, చାఘ

ଶ
ቁ 𝑑𝓍

ఔ
ఓ             

  ൑௣
ఈఉ

ସሺఔିఓሻഀሺఘିచሻഁ ൥
׬ ׬ ሺ𝓍 െ 𝜇ሻఈିଵሺ𝜌 െ 𝘺ሻఉିଵ𝔊ሺ𝓍, 𝘺ሻఘ

చ 𝑑𝘺𝑑𝓍
ఔ

ఓ

൅ ׬ ׬ ሺ𝓍 െ 𝜇ሻఈିଵሺ𝘺 െ 𝜍ሻఉିଵ𝔊ሺ𝓍, 𝘺ሻఘ
చ 𝑑𝘺𝑑𝓍

ఔ
ఓ

൩       

  ൅ ఉ

ሺఉାଵሻሺఉାଶሻ

ఈ

ଶሺఔିఓሻഀ ׬ ሺ𝓍 െ 𝜇ሻఈିଵ൫𝔊ሺ𝓍, 𝜍ሻ ൈ 𝔖ሺ𝓍, 𝜍ሻ ൅ 𝔊ሺ𝓍, 𝜌ሻ ൈ 𝔖ሺ𝓍, 𝜌ሻ൯𝑑𝓍
ఔ

ఓ    

  ൅ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ఈ

ଶሺఔିఓሻഀ ׬ ሺ𝓍 െ 𝜇ሻఈିଵ൫𝔊ሺ𝓍, 𝜍ሻ ൈ 𝔖ሺ𝓍, 𝜌ሻ ൅ 𝔊ሺ𝓍, 𝜌ሻ ൈ 𝔖ሺ𝓍, 𝜍ሻ൯
ఔ

ఓ 𝑑𝓍,  

  ൌ ௰ሺఈାଵሻ௰ሺఉାଵሻ

ସሺఔିఓሻഀሺఘିచሻഁ  ቂℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ  𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻቃ     

  ൅ ௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ቀ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ൫ℐఔష 

ఈ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ ൅ ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ൯     

  ൅ ௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ൫ℐఔష 

ఈ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ൯.   (69) 

ఉ

ଶሺఘିచሻഁ  ቂ׬ 2ሺ𝜌 െ 𝘺ሻఉିଵ𝔊 ቀఓାఔ

ଶ
, 𝘺ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝘺ቁ 𝑑𝘺 

ఘ
చ ቃ  

൑௣
௰ሺఈାଵሻ௰ሺఉାଵሻ

ସሺఔିఓሻഀሺఘିచሻഁ  ቂℐఓశ,చశ 
ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఔష,చశ

ఈ,ఉ  𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻቃ    

 ൅ ௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቀ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൬ℐచశ 

ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐచశ 
ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ൰   

 ൅ ௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൬ℐచశ 

ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐచశ 
ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ൰. (70) 

 
ఉ

ଶሺఘିచሻഁ  ቂ׬ 2ሺ𝘺 െ 𝜍ሻఉିଵ𝔊 ቀఓାఔ

ଶ
, 𝘺ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝘺ቁ 𝑑𝘺 

ఘ
చ ቃ 

൑௣
௰ሺఈାଵሻ௰ሺఉାଵሻ

ସሺఔିఓሻഀሺఘିచሻഁ  ቂℐఓశ,ఘష 
ఈ,ఉ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ ℐఔష,ఘష

ఈ,ఉ  𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻቃ   

 ൅ ௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቀ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ቀℐఘష 

ఉ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ ൅ ℐఘష 
ఉ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻቁ   

 ൅ ௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ቀℐఘష 

ఉ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ ℐఘష 
ఉ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻቁ. (71) 

And 

2𝔊 ቀఓାఔ

ଶ
, 𝜍ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝜍ቁ                  
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   ൑௣
௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ൣℐఓశ
ఈ  𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ ℐఔషఈ  𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ൧       

   ൅ ఈ

ሺఈାଵሻሺఈାଶሻ
൫𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ ൅ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ൯        

   ൅ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൫𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ൯,      (72) 

2𝔊 ቀఓାఔ

ଶ
, 𝜌ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝜌ቁ                 

   ൑௣
௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ൣℐఓశ
ఈ  𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఔషఈ  𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ൧       

   ൅ ఈ

ሺఈାଵሻሺఈାଶሻ
൫𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ൯        

   ൅ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൫𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ൯,     (73) 

2𝔊 ቀఓାఔ

ଶ
, 𝜍ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝜌ቁ                  

   ൑௣
௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ൣℐఓశ
ఈ  𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఔషఈ  𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ൧        

   ൅ ఈ

ሺఈାଵሻሺఈାଶሻ
൫𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ൯        

   ൅ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൫𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ൯,      (74) 

2𝔊 ቀఓାఔ

ଶ
, 𝜌ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, 𝜍ቁ                  

   ൑௣
௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ൣℐఓశ
ఈ  𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ ℐఔషఈ  𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ൧ 

   ൅ ఈ

ሺఈାଵሻሺఈାଶሻ
൫𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ ൅ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ൯        

   ൅ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൫𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ൯,      (75) 

2𝔊 ቀ𝜇, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝜇, చାఘ

ଶ
ቁ                  

  ൑௣
௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቂℐచశ
ఉ  𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఘష

ఉ  𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻቃ        

  ൅ ఉ

ሺఉାଵሻሺఉାଶሻ
൫𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ ൅ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ൯         

  ൅ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ൫𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ൯,      (76) 

2𝔊 ቀ𝜈, చାఘ

ଶ
ቁ ൈ 𝔖ఝ ቀ𝜈, చାఘ

ଶ
ቁ                 

   ൑௣
௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቂℐచశ
ఉ  𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఘష

ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻቃ       
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   ൅ ఉ

ሺఉାଵሻሺఉାଶሻ
൫𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ൯        

   ൅ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ൫𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ൯,      (77) 

2𝔊 ቀ𝜇, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝜈, చାఘ

ଶ
ቁ                  

   ൑௣
௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቂℐచశ
ఉ  𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఘష

ఉ  𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻቃ        

   ൅ ఉ

ሺఉାଵሻሺఉାଶሻ
൫𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ൯        

   ൅ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ൫𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ൯,      (78) 

and 

2𝔊 ቀ𝜈, చାఘ

ଶ
ቁ ൈ 𝔖 ቀ𝜇, చାఘ

ଶ
ቁ                  

   ൑௣
௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቂℐచశ
ఉ  𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఘష

ఉ  𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻቃ       

   ൅ ఉ

ሺఉାଵሻሺఉାଶሻ
൫𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ ൅ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ൯        

   ൅ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ൫𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ൯,      (79) 

From inequalities (68) to (79), inequality (67) we have 

8𝔊 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ                 

   ൑௣
௰ሺఈାଵሻ௰ሺఉାଵሻ

ଶሺఔିఓሻഀሺఘିచሻഁ  ቎
ℐఓశ,చశ 

ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష
ఈ,ఉ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ

൅ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ  𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ
቏    

   ൅ ቀ ଶఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ቎

௰ሺఉାଵሻ

ଶሺఘିచሻഁ ൬ℐచశ 
ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐచశ 

ఉ  𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ൰

൅ ௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቀℐఘష 
ఉ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ ൅ ℐఘష 

ఉ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻቁ
቏   

   ൅2 ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ቎

௰ሺఉାଵሻ

ଶሺఘିచሻഁ ൬ℐచశ 
ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐచశ 

ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ൰

൅ ௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቀℐఘష 
ఉ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ ℐఘష 

ఉ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻቁ
቏  

   ൅2 ቀ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ቎

௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ቀℐఓశ 
ఈ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ ℐఓశ 

ఈ  𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻቁ

൅ ௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ൫ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ ൅ ℐఔష 

ఈ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ൯
቏   
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   ൅2 ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ቎

௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ቀℐఓశ 
ఈ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ 

ఈ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻቁ

൅ ௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ൫ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఔష 

ఈ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ൯
቏ 

   ൅ ଶఈ

ሺఈାଵሻሺఈାଶሻ

ఉ

ሺఉାଵሻሺఉାଶሻ
𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ൅ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ଶఉ

ሺఉାଵሻሺఉାଶሻ
𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ 

   ൅ ଶఈ

ሺఈାଵሻሺఈାଶሻ
ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ           

   ൅2 ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ 𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.        (80) 

Again, with the help of integral inequality (15) and Lemma 1, for each integral on the right-hand side 
of (80), we have  

௰ሺఉାଵሻ

ଶሺఘିచሻഁ ൬ℐచశ 
ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐచశ 

ఉ  𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ൰          

   ൅ ௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቀℐఘష 
ఉ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ ൅ ℐఘష 

ఉ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻቁ       

   ൑௣ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ 𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ఉ

ሺఉାଵሻሺఉାଶሻ
ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.      (81)  

 
௰ሺఉାଵሻ

ଶሺఘିచሻഁ ൬ℐచశ 
ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐచశ 

ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ൰          

   ൅ ௰ሺఉାଵሻ

ଶሺఘିచሻഁ ቀℐఘష 
ఉ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ ℐఘష 

ఉ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻቁ       

   ൑௣ ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ 𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ఉ

ሺఉାଵሻሺఉାଶሻ
𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.      (82) 

 
௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ቀℐఓశ 
ఈ 𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ ൅ ℐఓశ 

ఈ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻቁ          

   ൅ ௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ൫ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ ൅ ℐఔష 

ఈ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ൯       

   ൑௣ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ 𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ఈ

ሺఈାଵሻሺఈାଶሻ
𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.      (83)  

௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ൫ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఔష 

ఈ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ൯           

   ൅ ௰ሺఈାଵሻ

ଶሺఔିఓሻഀ ൫ℐఔష 
ఈ 𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఔష 

ఈ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ൯       

   ൑௣ ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ఈ

ሺఈାଵሻሺఈାଶሻ
𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.      (84) 

From (77) to (84), (80) we have 

4𝔊 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ                 
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   ൑௣
௰ሺఈାଵሻ௰ሺఉାଵሻ

ସሺఔିఓሻഀሺఘିచሻഁ  ቎
ℐఓశ,చశ 

ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష
ఈ,ఉ  𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ

൅ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ  𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ
቏    

   ൅ ቂ ఈ

ଶሺఈାଵሻሺఈାଶሻ
൅ ఉ

ሺఉାଵሻሺఉାଶሻ
ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁቃ 𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ       

   ൅ ቂଵ

ଶ
ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൅ ఈ

ሺఈାଵሻሺఈାଶሻ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቃ 𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ       

   ൅ ቂଵ

ଶ
ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ൅ ఈ

ሺఈାଵሻሺఈାଶሻ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቃ ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ       

   ൅ ቂଵ

ସ
െ ఈ

ሺఈାଵሻሺఈାଶሻ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቃ 𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.          (85) 

This concludes the proof of Theorem 8 result has been proven. 
Remark 5. If we take 𝛼 ൌ 1 and 𝛽 ൌ 1, then from (63), we achieve the coming inequality, see 
[38]: 

4 𝔊 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ                

    ൑௣
ଵ

ሺఔିఓሻሺఘିచሻ
׬  ׬ 𝔊ሺ𝓍, 𝘺ሻ ൈ 𝔖ሺ𝓍, 𝘺ሻ𝑑𝘺𝑑𝓍

ఘ
చ

ఔ
ఓ ൅ ହ

ଷ଺
𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ     

    ൅ ଻

ଷ଺
ሾ𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻሿ ൅ ଶ

ଽ
𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.       (86) 

Let one takes 𝔊∗ሺ𝓍, 𝘺ሻ is an affine function and 𝔊∗ሺ𝓍, 𝘺ሻ is convex function. If 𝔊∗ሺ𝓍, 𝘺ሻ ്
𝔊∗ሺ𝓍, 𝘺ሻ, then from Remark 2 and (64), we acquire the coming inequality, see [37]: 

4 𝔊 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ                

   ⊇ ଵ

ሺఔିఓሻሺఘିచሻ
׬  ׬ 𝔊ሺ𝓍, 𝘺ሻ ൈ 𝔖ሺ𝓍, 𝘺ሻ𝑑𝘺𝑑𝓍

ఘ
చ

ఔ
ఓ ൅  ହ

ଷ଺
𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ      

   ൅ ଻

ଷ଺
ሾ𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ ൅ ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻሿ ൅ ଶ

ଽ
𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.        (87) 

Let one takes 𝔊∗ሺ𝓍, 𝘺ሻ is an affine function and 𝔊∗ሺ𝓍, 𝘺ሻ is convex function. If 𝔊∗ሺ𝓍, 𝘺ሻ ്
𝔊∗ሺ𝓍, 𝘺ሻ, then from Remark 2 and (64) we acquire the coming inequality, see [36]: 

4𝔊 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ                 

   ⊇ ௰ሺఈାଵሻ௰ሺఉାଵሻ

ସሺఔିఓሻഀሺఘିచሻഁ  ቎
ℐఓశ,చశ 

ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష
ఈ,ఉ  𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ

൅ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ  𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ
቏    

   ൅ ቂ ఈ

ଶሺఈାଵሻሺఈାଶሻ
൅ ఉ

ሺఉାଵሻሺఉାଶሻ
ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁቃ 𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ       

   ൅ ቂଵ

ଶ
ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൅ ఈ

ሺఈାଵሻሺఈାଶሻ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቃ 𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ       

   ൅ ቂଵ

ଶ
ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ൅ ఈ

ሺఈାଵሻሺఈାଶሻ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቃ ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ       
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   ൅ ቂଵ

ସ
െ ఈ

ሺఈାଵሻሺఈାଶሻ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቃ 𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.          (88) 

If we take 𝔊∗ሺ𝓍, 𝘺ሻ ൌ 𝔊∗ሺ𝓍, 𝘺ሻ and 𝔖∗ሺ𝓍, 𝘺ሻ ൌ 𝔖∗ሺ𝓍, 𝘺ሻ, then from (63), we acquire the coming 
inequality, see [39]: 

4𝔊 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ ൈ 𝔖 ቀఓାఔ

ଶ
, చାఘ

ଶ
ቁ                 

   ൑ ௰ሺఈାଵሻ௰ሺఉାଵሻ

ସሺఔିఓሻഀሺఘିచሻഁ  ቎
ℐఓశ,చశ 

ఈ,ఉ 𝔊ሺ𝜈, 𝜌ሻ ൈ 𝔖ሺ𝜈, 𝜌ሻ ൅ ℐఓశ,ఘష
ఈ,ఉ  𝔊ሺ𝜈, 𝜍ሻ ൈ 𝔖ሺ𝜈, 𝜍ሻ

൅ℐఔష,చశ 
ఈ,ఉ 𝔊ሺ𝜇, 𝜌ሻ ൈ 𝔖ሺ𝜇, 𝜌ሻ ൅ ℐఔష,ఘష

ఈ,ఉ  𝔊ሺ𝜇, 𝜍ሻ ൈ 𝔖ሺ𝜇, 𝜍ሻ
቏    

   ൅ ቂ ఈ

ଶሺఈାଵሻሺఈାଶሻ
൅ ఉ

ሺఉାଵሻሺఉାଶሻ
ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁቃ 𝐾ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ       

   ൅ ቂଵ

ଶ
ቀଵ

ଶ
െ ఈ

ሺఈାଵሻሺఈାଶሻ
ቁ ൅ ఈ

ሺఈାଵሻሺఈାଶሻ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቃ 𝐿ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ       

   ൅ ቂଵ

ଶ
ቀଵ

ଶ
െ ఉ

ሺఉାଵሻሺఉାଶሻ
ቁ ൅ ఈ

ሺఈାଵሻሺఈାଶሻ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቃ ℳሺ𝜇, 𝜈, 𝜍, 𝜌ሻ       

   ൅ ቂଵ

ସ
െ ఈ

ሺఈାଵሻሺఈାଶሻ

ఉ

ሺఉାଵሻሺఉାଶሻ
ቃ 𝒩ሺ𝜇, 𝜈, 𝜍, 𝜌ሻ.          (89) 

4. Conclusions 

In this study, with the help of coordinated LR-convexity for interval-valued functions, several 
novel Hermite-Hadamard type inequalities are presented. It is also demonstrated that the conclusions 
reached in this study represent a possible extension of previously published equivalent results. 
Similar inequalities may be discovered in the future using various forms of convexities. This is a 
novel and intriguing topic, and future study will be able to find equivalent inequalities for various 
types of convexity and coordinated m-convexity by using different fractional integral operators. 
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