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Abstract: In this paper, we present a computational algorithm, namely, local fractional natural
homotopy analysis method (LFNHAM) to explore the solutions of local fractional coupled Helmholtz
and local fractional coupled Burgers’ equations (LFCHEs and LFCBESs). This work also investigates
the uniqueness and convergence of the solution of a general local fractional partial differential
equation (LFPDE) obtained by the suggested method in view of theory of fixed point and Banach
spaces. Furthermore, the error analysis of the LFNHAM solution is also discussed. Moreover, the
numerical simulations are presented for each of the local fractional coupled equations on the Cantor
set. The computational procedure clearly illustrates the validity and reliability of the proposed method
for achieving the solutions of local fractional coupled Helmholtz and coupled Burgers’ equations. The
proposed method also minimizes the computational work unlike other conventional methods while
still giving extremely precise results. The implemented combination supplies a more general solution
as compared to other methods and assimilates their consequences as a special case. In addition, the
acquired solutions are also in excellent match with previously determined solutions.
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1. Introduction

Helmbholtz and Burgers’ equations play an important role in various streams of applied physics.
The Helmholtz equation frequently occurs in the study of physical phenomena involving elliptic partial
differential equations (PDEs) such as wave and diffusion, magnetic fields, seismology, electromagnetic
radiation, transmission, vibrating lines, acoustics, and geosciences. This equation is actually derived
from the wave equation. The Helmholtz equation is a transformed form of the acoustic wave equation.
It is utilized in a stream of seismic wave propagation and imaging. This equation plays a significant
role in estimations of acoustic propagation in shallow water at low frequencies and characteristics of
geodesic sea floor [1]. Mathematically, the eigenvalue problem for the Laplace operator is called the
Helmholtz equation expressed by elliptic type linear PDE V*9=-k*9, where V’ denotes the
Laplacian differential operator, k’ signifies the eigenvalue, and 9 is the eigen function. When this
equation is used in respect of waves, K is termed as the wave number which measures the spatial
frequency of waves. For the first time, Samuel and Thomas [2] suggested the Helmholtz equation with
fractional order. Recently, Prakash et al. [3] presented the solution of the space-fractional Helmholtz
equation with the g-homotopy analysis transform method (g-HATM). More recently, Shah et al. [4]
examined the fractional Helmholtz equation also.

On the other hand, the Burgers’ equations [5—7] characterize the nonlinear diffusion phenomenon
through the simplest PDEs. Burgers’ equations occur mainly in the mathematical model of turbulence,
fluid mechanics, and approximation of flow in viscous fluids [5,8,9]. The coupled Burgers’ equations
in one-dimensional form are described as a sedimentation and/or evolution model of scaled volume
concentrations in fluid suspensions. More literature about coupled Burgers’ equations can be found in
previous works [10,11]. In view of the development of the fractional calculus approach, the Burgers’
equation with a fractional derivative was first presented in [12]. After that, many authors investigated the
solution for fractional Burgers’ equations in past decades using approximate analytical methods (see, for
example, [13-23]).

From the past decade, the concept of local fractional calculus and local fractional derivatives
developed in the work of Yang [24,25] has been a centre of attraction among researchers. Further,
many authors investigated the equations and models appearing in fractal media through various local
fractional methods, for instance, local fractional homotopy perturbation method (LFHPM) for handling
local fractional PDEs (LFPDEs) [26,27], local fractional Tricomi equation arising in fractal transonic
flow [28], local fractional Klein-Gordon equations [29], local fractional heat conduction equation [30],
local fractional wave equation in fractal strings [31], local fractional Laplace equation [32], system of
LFPDEs [33], and fractal vehicular traffic flow [34], etc. In this sequence, the 2D local fractional
Helmbholtz equation (LFHE) was introduced in [35]. Recently, the LFHE was solved by local
fractional variational iteration method [36], local fractional series expansion method [37]. The
local fractional Helmholtz and coupled Helmholtz equations were handled successfully by
Baleanu and Jassim [38—40] through various local fractional methods. In recent years, the local
fractional coupled Burgers’ equations (LFCBEs) were also investigated for solutions through various
techniques that can be found in [41-45].
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The 2D local fractional coupled Helmholtz equations (LFCHESs) suggested in [38] are given as
follows:

"8 (r.7) 0% (1.7)

520 o 0,9 (y,1)=%,(y,7), 0<o<1, (1.1)
20 20
‘ 1922(5/’1-)+a lglz(i/’r)_a)zza‘gz(V’T)ZNZ(%T)’ 0<o<l, (1.2)
or oy
subject to the initial conditions:
079 (7,0
5,.0)=plr). TEO_y ()
0°94, (7,0
% (7.0)=,(7), %sz(ﬂ, (1.3)

where 9, (7,7) and ,(y,7) are unknown local fractional continuous functions, and X,(y,7) and
N,(7,7) are the nondifferentiable source terms.

The system of nonlinear coupled Burger’s equations with local fractional derivatives can be
described as:

20 o
"4 z;la 2‘9 2;26 3191+pM 0, 9 =%(r7), 0<o<i, (1.4)
oy’ oy’ oy’
o739 0% 9 %9 7[99 ]
af; + ayzj +yzvjl92+n7 0, 9,=9,(r.7), 0<o<1, (1.5)
subject to the initial conditions:
4 (7,0)=1,(r). 4 (r.0)=f,(»), (1.6)

where &, &,, M, and p, denote real constants, o and 7 specify arbitrary constants that
depend on parameters of the system, 9 (7, ) and 9, (7, 2') are local fractional continuous functions,
and y lies in the computational domain Q.

The key purpose of this work is to establish a new coupling of local fractional homotopy analysis
method (LFHAM) [43,46] and local fractional natural transform (LFNT) [47], named as local
fractional natural homotopy analysis method (LFNHAM) throughout in this paper. The second goal of
the paper is to explore the solutions for the LFCHEs and the LFCBEs by utilizing the newly suggested
combination LFNHAM. Moreover, the numerical simulations have also been presented for the
obtained solutions of LFCHEs and LFCBEs for the fractal order o =In2/In3 of a local fractional
derivative by using MATLAB. The originality and novelty of the paper lie in the fact that the LFCHEs
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and LFCBEs have never been solved by using this newly suggested combination LFNHAM. In
addition, convergence and uniqueness of the LFNHAM solution are also examined for the LFNHAM
solution of general LFPDE in view of Banach’s fixed point theory.

The notable aspect of the LFNHAM as compared to others is that it offers an extended degree of
freedom for analysis and the main ingredient is an auxiliary parameter 7 #0 to ensure the
convergence of the acquired series solution. Furthermore, a more appropriate choice of an initial guess
& effortless creation of deformation equations are the interesting attributes of this method. The
LFNHAM is surely beneficial as it combines two powerful algorithms to attain the solutions for
nonlinear LFDEs. The LFNHAM generates a convergent series solution that revolves around a
convergence parameter without involving linearization, perturbation, or descretization phenomena. In
addition, the LFNHAM also minimizes the numerical work unlike other conventional methods while
still giving extremely precise results. The LFNHAM provides a more general solution as compared to
LFHPM, local fractional Adomian decomposition method (LFADM) and local fractional natural
homotopy perturbation method (LFNHPM) and assimilates their consequences as a special case. In
addition, it does not involve the computation of complicated Adomian or He’s polynomials. But there
is also a point of demerit with this technique. The implementation of LFNHAM can be difficult in the
situation of non-evaluation of the LFNT of a function. This work checks the LFNHAM solution
regarding uniqueness and convergence for the first time and the error analysis of the LFNHAM
solution is also discussed. These points surely illustrate the reliability and validity of the proposed
method. The other aspect of the LFNHAM is that the coupling of LFNT with LFHAM performs fast-
tracked calculations in comparison to LFHAM and consequently consumes less time and less computer
memory.

Moreover, the LFNT possesses two important attributes, scale property and unit-preserving
property, and hence can be utilized to handle LFPDEs without exerting new frequency range. In the
light of these facts, the LEFNT which possesses the linearity feature, also possesses the feature of
linearity of functions, and hence does not involve the changing of units. This transform performs
operation similarly as the local fractional Laplace transform (LFLT) and local fractional Sumudu
transform (LFST). By virtue of these facts, the LFNT may be used to analyze some complex problems
of science and engineering that may be handled hardly with other integral transforms.

The rest portion of the paper is organized as follows: Section 2 presents definitions and formulae
for the local fractional derivative and LFNT. Section 3 illustrates the computational procedure for the
suggested scheme LFNHAM. The convergence and uniqueness of the LFNHAM solution is discussed
in Section 4. Sections 5 and 6 are devoted to the implementation of the LFNHAM to the LFCHEs and
LFCBEs, respectively. In Section 7, numerical simulations have been performed in respect of a fractal
value. At the end, Section 8 presents the epilogue.

2. Preliminaries

The section presents a quick view of some definitions and formulae which have been utilized in
this work.

2.1. Local fractional integral (LF1) and local fractional derivative (LFD)

Definition 2.1.1. [24,25] Let (I,1,) be the interval and At = max {At,, At,, At,, At,,... } be a partition
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£ (1,1,) with (t,,t,,), i=0...N-1, t, =1, ty =1, with At; =t
Hy) is formulated as

—t - Now, the LFI of

j+L

-1 hmZ,sz( )at, ). @.1)

F(1+ o AHO

Definition 2.1.2. [24,25] The Mittag-Leftler function is given as

E, ()=

© 7qcr
=0 F(l+ q0') ’

Definition 2.1.3. [24,25] The fractal sine and cosine functions are given by

0O<o<l. (2.2)

sin, (7 )= i 7 o O<o<1 2.3)
In s <o <] .
’ 1+(2q+1)o)
0 0 7/2(10'
V=3(-1 O<o<l, 2.4
Cos, () qz_(;( ) s 200)" <o < (2.4)
sinh, (7 )=3 — 7 o O<o<l 2.5)
in 7 )= s <o <], .
VT L+ 29+ 1)0)
e 72q0'
N=>—L ___ 0<o<l 2.6
Cosh, (y°) qz_(;l"(1+2q0')’ <o< (2.6)

Definition 2.1.4. [24,25] The LFD of 9(7) eC, (Il, |2) oforder o at y =y, ispresented as

da‘9(70)

- :ga(yo):Aa(S(]/)—S(]/O))’ ye(|1,|2), (2.7)

(7_7/0)0

D;‘9(7/0):

where A7 (9(y)—3y,)) = Do +1)(9(r)- (7o)

The local fractional partial derivative of $(y,7)eC_(I,,1,) of order o was provided by
Yang [24,25] as follows:

AP VoS VoY)

1, 15), 2.8
az_o— (T—TO)O— ’ 76(1 ) ( )
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where A7((y,7)= Ay, 70))= No+ 1Ay, 7)- .7, ).

The LFIs and LFDs of special functions used in this study and described in [24,25] are given as
follows:

= = N
D7ad(y)=aD? 4y), D7[F(1+qa)j qeN,

DyE,(y7)=E, (7). D7(sin,(r7))=Cos, (7). Dy(Cos,(r”))=-sin, ("),

- 7qa }/(q+1)o- \
\Mi+q0))  Ta+(@+o) 1T

where 77 signifies a Cantor function.

2.2. Local fractional natural transform (LFNT)

For the first time, Khan & Khan [48] suggested a new integral transform called N-transform.
Some years later, Belgacem and Silambarasan [49—51] changed its name to Natural transform and also
presented a comprehensive study regarding its applications. This transform performs operation
similarly as the Laplace and Sumudu transforms.

Definition 2.2.1. [47] The LFNT of the function 9(7/, T) of order o is defined as

N800 = 3. (r.5.u) = jjgg[_ S;z“}%(m)a, 0<o<l, 2.9)

F(1+ a)

and the corresponding inverse LENT “"N_* is formulated as

N (50)] = 9(,7) = (Z;)U '[::fEa[s;Z UJ@(y,s,u)(ds)", 0<o<l.  (10)

where s? and u? signify the LENT variables and p denotes a real constant. The integral in the

definition of inverse LFNT is taken along S° = p  inthe complex plane s? = x° +1iYy?.Itis notable

that the LFNT converges to LFLT for u=1 and to LFST for s=1.
Some properties of the LENT are being mentioned here:

Proposition 2.2.2. [47] The LFNT of a LFD is defined by

qo q-1 qkl)

LFNO,[S(W)(]/,T)]:Z— (7,s,u) Z ,0) (2.11)
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For g=1,2 and 3, the following expressions are generated

| wn

N[99, 2= 23, (7, 5.u) - 2 8(7,0).
u

c

S20' o

LFNo‘[lg(zo-)(j/’T)]: 20 ga(y’s’u)_ Szo- 19(7/’0)—%(9(0_)(7/’0) B
u u

c

830' 20 o

N, [95(r,0)] = 28, (7.5,0) = 2 901, 0) = 9 (1,0) - = 977, 0).. (2.12)
u u u

c

Proposition 2.2.3. [47] The linearity property of the LEFNT is defined by

o No[a191(71 r)+a282(y, T)]: alLF No—[‘gl(?/' 2')]—!—0(2 o Na[lgz (7/’ T)]
=9, (7,5u)+a,9,,(7.5,u), (2.13)

where E,U(y,s,u) and @’a(y,s,u) denote the LENT of 9,(y,7) and &,(y,7), respectively.

Theorem 2.2.4. (Local fractional convolution). If “N_{& (r,7)}= 51‘0(7/, s,u) and

o NO’{SZ (7’ T)}: 192’0_(]/,3,1,]), we have

N A 0)* S (o) =ud, (7.5,u)9, , (.5.u), (2.14)

where

‘91(717)*‘92(7'7): )_[:‘91(7’U)'92(7’T_U)(dn)0- (2.15)

rl+o
Some useful formulae for LENT are listed in Table 1 [47].

Table 1. Formulae of LFNT.

| g
OE s
S

go qo o
} NU(F(li qa)j B Sz”"’ - N"(COSh“(TU)): sz"s— u%
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3. LFNHAM: Computational procedure
To explain the basic idea of LFNHAM, the following LFPDE is taken here
L, 19(]/,T)+ P 19(7/,r)+ Q. 3(7, z') = (o(y, r), 0<y<1,0<7<], (3.1)

qo
where L =

P denotes the linear local fractional differential operator (LFDO) of order qo 1i.e.,
T

3 a number 6 >0 such that ||L619||£5||19
operator of general nature in y and 7 . Here, it is also assumed that P, is bounded i.e.,
P, (9-9")|<l9-9
with ¢>0 fulfilling the criteria |Q,(9-9")

, P_ specifies the linear fractional differential

o

. Q, denotes the nonlinear differential operator which is Lipschitz continuous
<¢l9-9

3(y,7) and @(y,7) denote local fractional unknown function and nondifferentiable source term,

, vy and 7 are independent variables,

respectively.
Now, the suggested computational approach recommends the implementation of the LFNT

operator ""N_ on Eq(3.1)

o NO' [LO' 19(7/’ T)]+LFN0' [PO' 19(7/’ T) o NO' [QO' "9(7’ T)]:LF Na[a)(y’ T)] * (32)
Using the property of LENT for LFDs, it follows

ude ot glak-Lo

190_(}/,3,U): Sqo- kZ(; u(qfk)cr

l9<k°')(7,0)+l£(LF N [w(r.7)])

ude
s97

(N, [P, 80 )N, [Q, 8(r.7)]), (33)

where 3 (7,s,u)="N_[y,7)]. (3.4)
After simplification, we get

yde 9t glakLeo

9 ,S,U)—
(7,s,u) Sq(,;u

uds
597

+

(N, [P, 8(.0)+*N, [, 9(r.7)])=0. (3.5)

Now on account of Eq (3.5), the nonlinear operator is constituted as

ul g-1 S(q—k—l)a

T 0 | e s GO 0 |

s & u
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u’
+ S?(LF N, [P, ¢(r. 76 )N, [Q, #(r.7:x)])= 0, (3.6)
where K e [0, 1] is an embedding parameter, ¢(}/,T;K') symbolizes the local fractional unknown
function of y, r and «, and the symbol " N_ represents the LENT operator.

Now utilizing the traditional approach of LFHAM [43,46] and basic methodology of HAM [52—-54], the
zeroth-order deformation equation is developed in this way:

(L-x) “N,[dy.7:6) -9 (7. 7)]| = kD[, ;)] (3.7)

where 7 #0 is a convergence regulation parameter and 9, (y,r) symbolizes an initial guess for

Iy, 7).
It is observed that LFNHAM makes easy the choice of auxiliary parameters, linear operator, and
initial guess. The following equations stand firmly for k=0 and x =1 in this manner

#(7.7:0)=%(r.7), ¢(r.t:1)=9(y.7). (3.8)

Hence, when « takes values from 0 to 1, ¢(y,7;x) deviates from 9,(y,7) to 9(y,7). Next, the

Taylor’s series expansion of ¢(}/,T;K) about x generates

$(y.rix)= )+ k"8, (r7) (3.9)
where
_ LA CICAAD)
i) = ey o) 510

The convergence controller 7% = 0 promptly provides the convergence of the series solution (3.9).
Thus the series given by Eq (3.9) converges at x =1 with appropriate pick of 9, (7, T). Thus, we

have
3(r,7) )+ .9 (3.11)

Equation (3.11) provides a relationship between 190(}/,2') and the exact solution 3(7/,1)
through the terms 19#(7/, r), (,u:1,2, 3,...), that will be calculated in upcoming steps. Eq (3.11)

provides the solution of Eq (3.1) in the form of a series.
The vectors are constituted as

,§ﬂ = {90( ,2'), 91(7,1), 92(y, T), 93(7, T), ..... 9#(}/, 2')} (3.12)

Now, the uth-order deformation equation is framed as
N9, 00 )- 2,8, 0n)|= 19, [9,4007)) (3.13)
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Operating the inverse of LENT on Eq (3.13), we get

8,(r.7)= 2,92 (r, 1)+ 1 ENFR (9,7, 7). (3.14)

In Eq (3.14), the value of % (9

1 (7, T)) can be written in a new look as

uqo_ g-1 S(q_k_l)o—

8,00 S (N, o))

#,(9,40r.0) LFNU[sﬂl(y,r)]—(l—m[

s’ = u

TR ,
= NP 8L () + P ) (3.15)

o u-l
S

where the value of y, is presented as

)9 mst (3.16)
FuZ W, a1, '

In Eq (3.15), P}i denotes homotopy polynomial suggested in [55] in functioning of LFHAM [43,46],

and is formulated as

- %[ iy <¢<y,r;z<>>} , 6.17)

k=0

where
P= + KB +KP, + K. (3.18)

Putting the value of R, (19/#1) from Eq (3.15) in Eq (3.14) transforms the Eq (3.14) as follows:

8,(n7)=(x, +1)3,,(r.7)

(y9e &t glak-de , ut
—h(l—;(ﬂ) LFNG{SW kZ:;' R 9%)(y,0)+ SF(LF Na[a)(;/,r)])j

+hLFNl(l; N (Po-lgul( )+P;;1)] (3-19)

From Eq (3.19), the components .9ﬂ(y, z-) can be evaluated for x£>1 and the LFNHAM

solution is presented in the following way:
. N
)= Lumngll (y,7). (3.20)
s
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The significant aspect of the LFNHAM is the auxiliary parameter % # 0 which guarantees the
convergence of the series solution of Eq (3.1).

Theorem 3.1. If aconstant 0 <N <1 can be estimated such that H G (7, z‘)” < NH 9, (7, z‘)” for each

value of x4 . Moreover, if the truncated series ZS:O 3, (7/, 2') is assumed as an approximate solution

¢ then the maximum absolute truncated error is computed as

N+1

H ‘9(7’7)_25—0‘9u(7'7)”3(1x_—x)|| 9 (r.7)]. (3.21)

Proof. The maximum absolute truncated error is computed in this way:

o005 0,0, -8,
< Zj:Nﬂ ‘9ﬂ(7’7)“

S Zj:NﬂNﬂ ” % (7, T)”

<) h+N+N +- [ % (7))

NN+1

S(1_—N)|| (7. 7)|.

This finishes the proof.
In the upcoming Section 4, we establish the convergence and uniqueness of the LFNHAM
solution.

4. Uniqueness and convergence analyses of LFNHAM solution

Theorem 4.1. (Uniqueness theorem). The attainment of solution by implementation of LFNHAM for

the LFPDE (3.1) is unique, wherever 0< p <1, where

p=Q0+n)+n(A+&)c. 4.1)

Proof- The solution of nonlinear LFPDE (3.1) is obtained as
. N
Hy,7)= lim ZZS” (7,7), 4.2)
=

where

3,(r.7)=x, +1)9,4(r.7)

AIMS Mathematics Volume 7, Issue 5, 8080-8111.
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qo
+h LFN;(“_ULF N, (P, 9. (r7)+P., )] (4.3)
Let 9(7, r) and 9" (}/, r) be two distinct possible solutions for Eq (3.1), then we acquire

19(7,2)~ 8 (r.7) =| @+ 2)(9- & )+ LFN{S N, [P, (9-97)+Q, (8- )]j‘

u

<(+n)9- 8‘+hLFN1(S *N, [P, (9-9")+Q, (9- 19)0 (4.4)

Utilization of the local fractional convolution theorem for LFNT in Eq (4.4) gives

)(d 77)0

(9-9"|<@+n)|o-9+ 1+0)L P, (9-5)+0Q, (9-9) (;;77

r+(@-Yo
)(q o .
<@+h)9-9|+ 1+G)j (A+&)9-9 ‘m(d) (4.5)

Now, with the help of mean value theorem (MVT) of LFI calculus [56,57], inequality (4.5)
transforms in the following form

90, 7) = (r,7)| <@+ )99 |+ (A + E)|9- ¢
=[@+n)+n(2+¢&)c]|9- 9|

=p|9-9].
~(1-p)9 -9 <0, (4.6)

where p=0+h)+h(A+&)s. (4.7)

Since 0< p <1, therefore ‘19—19* ‘ =0, which provides $=9". This ensures the aspect of

uniqueness of the solution of Eq (3.1).

Theorem 4.2. (Convergence theorem). Suppose = is a Banach spaceand ®:= — = is anonlinear
mapping. Assume that

AIMS Mathematics Volume 7, Issue 5, 8080-8111.
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|©(w)-6(9)|<i|w-9|. VI weE. (4.8)

Then Banach’s fixed point theory [58,59] suggests the existence of a fixed point for ® . Moreover, the
sequence constructed by LFNHAM converges to the fixed points of ® with arbitrary choices of

@y, $, €2 and

K"
-39, SEHSI—SO”,VQ,COGE. (4.9)

Proof. It is presumed that (H[Q],”.

functions on real line interval Q holding the sup norm. Now, it is sufficient to prove that {19,2 } isa

), where H[Q] signifies the Banach space of continuous

Cauchy sequence in the Banach space =.
Now, consider

H l9'1 B 9'2 H -

7eQ)

= MmaX
7eQ)

(1+h)(9|11—,9|21)+hLFN1(uq *N, [P, (9.9, 1)+Q, (9, -4, 1)]j

Sq

7€

Smax{(1+h)119|1_1 ! 1\+h LFN‘l[S N ﬂP (19.1_1—19|2_1}+

(92— :] } (4.10)

Employing the local fractional convolution theorem for LENT in Eq (4.10), we have

A E reg{1+h 9,9,
_ . \abe
%Jg[& ('9|1—1 | 1) ‘Q ( -1~ |2—1)H%(dn)a
L+o) L+(a-1o)
<max{ (1+n)|9, , -9 \+LI (A+&)9,1 -9 \ﬂ(dn)(’ . (4.11)
ren T (L4 o) I+ (g -1)o)

Now, application of MVT of LFI calculus [56,57] reduces the inequality (4.11) in the following
form

H '9 ‘9 H < { 1+h)“9|1—1 _‘9|2—1‘ +h(/1 + é:)‘lgll—l _glz—l‘G}

7eQ)

= r‘mx{(l"'h)*'h(/1 + ét)g} ‘19|171 _‘glz—l‘

tell
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= x”‘gll—l - l9|2—1 :
| -9, <289, (4.12)
where X =(1+7)+h(1+&)c. (4.13)
Assume |, =1, +1, then it produces
| 9a =9 <H]9, -9, | <292 =9, o] <&=[9 - |- (4.14)
Utilizing the triangular inequality, we have
‘ 19|1 _‘9|2 < H‘9|2+1 _‘9|2 H +H‘9|2+2 _‘9|2+1 +"'+H l9|1 _‘9|1—1
(R + R+ R e k)9 - G
S (I R o N
1— xh*'z*l
:x'{ T }”31—190”. (4.15)
Since 0<% <1, thus 1-x" "™ <1, then
3"
|9, -9, < 519 -5l. (4.16)

But || 9 —90|| < oo, thus H 4, -9, H —0 as n— oo, hence {Slz} is a Cauchy sequence in
H[Q] and so {,9|2 } is convergent. This ensures the convergence of the solution 3(7/, r) of LFPDE (3.1).

Hence the theorem. m
5. Application of LFNHAM for LFCHEs

In this section, LFNHAM is implemented for deriving the solutions for LFCHE:s.
The following LFCHEs on Cantor set are investigated

826191 (717) n 820192 (7’ T) _
82_20' 87/20'

4 (r,r)=0, 0<o<1, (5.1)
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079, (r.7) , 08, (r7) 4
82_20' 67/20' 2

(y,7)=0, 0<o<1,

subject to the fractal initial conditions:

0°9 (7,0 .
9 (7,0)=0, %:Eg(y ),

where 4 (}/,T) and §, (7/,1) represent the local fractional continuous functions.

(5.2)

(5.3)

On account of the initial conditions (5.3) and algorithm of LFNHAM, the initial guess are written

%0 (17)= 90+ 380" (0= )
20 112) = 8, (1013820 (10)= €. ()5

Employing the LENT operator * N_ on Eqgs (5.1) and (5.2), we get

N{M}N{L@)} N (8, (7)) =0,

8720'

aTZO'

o NU[W%—W}WNGF%‘%—W}“NU(% (r.7))=0.

Now, the implementation of formula of LFNT for local fractional derivatives yields

20 o 20

S Glsu)-S w,o)—i(,sfﬂu,owN{Lff’ﬂ—“N(;(sl (7)) =0.
u u u oy

20 o o

S (5,u) == 8, (1,0) =8, (, O N {M}*Nx@(%r»:o.
u u? u oy’

After rearranging the terms, we get

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)
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= 1 u -
192(}/,S,U)=S—0192(}/,0)+ SZo' l92( )(7’0)_825 LFN I 320' LFNU(QZ(y’T))' (510)

Now, further simplification in view of initial condition (5.3) reduces Eqgs (5.9) and (5.10) in the
following way

- uo‘ . u20‘ 62019 7/’2_ u20'
Sl(y,s,u)—sTaEg(y )+Szg N{ 5;2(0 )} o N.(8)=0, (5.11)
. uo— . uZa 820'9 7/,2_ u20—
.92(;/,s,u)+87E0(;/ )+87LFN{ aylz(ﬂ )} 2 No(%,)=0. (5.12)

Now in view of Egs (5.11) and (5.12), the nonlinear operators are formed as:

O i N (i) - S E ()

ﬁwN{@Z"%(m@} N (k). (5.13)

SZo‘ 67/20‘ SZo‘

(Dz[ 2(7/’T;K)]:LFNJ(@(?”T;K))"' :2g Eo(76)

20 2¢ . 20
+:7LFNG|:6 %(;;r,rc)} lsszLFNU( (7, 7ix),  (5.14)

where « isan embedding parameterand ¢(7,7;x) & @,(y,7;x) arereal valued functions of y,7

and «.
Now using the steps of the LFHAM [43,46] and basic methodology of HAM [52-54], uth-order

deformation equations are constructed as follows:

191,;1(7/’ T):Zylgl,(,u—l) (y’ T)+h LFNgl(m,u(lgl,(,u—l) (7/' T))) 2 (515)

192# (7/, T) = Zﬂ.92' (1) (7/, 2') +h "N ;l (ﬂ%ﬂ (92 (1) (7/, z'))) ) (5.16)

In Eqs (5.15) and (5.16), the terms R, (191'( 1) (7, r)) and R, (192’( 41) (7, z-)) are expressed as
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R, (‘91, (u-1) (7’ T))z N, [‘91,(ﬂ—1) (7’ T)]_ (1 —Xu );TZ E, (76 )

R (‘92(/41)(77 "N ['92<u1) 77]+(1 Zu)u E ( )

87/ N LF No‘ (192,(,,,1) (}/, Z'))

20

ﬁLFN l:azalgl (u 1)(7’7)} u®’

Now implementing the LFNHAM and using Eqs (5.15) to (5.18), we have

o

F(lf + 0')

191,,1(7’17): (ﬂ(y +h 1,(;,—1)(717)_h(1_}(y)Ea(76)

Ay 82019' B (}/,T) u20'
+hFN l[s N { 26(;22 } 32 LFNG(‘gl(ul)(V’T))J’ p=l,
o TO-
92,#(7!T)=(Zﬂ+h 2,(#—1)(7/’T)+h(1_;(/1)EG(7/ )F(1+O')

0%° 9 20
+hLFN1[l; LFN{ 19(;;2( ):l l;za LFNa(‘gz(ul)(%T))} pz1l.

On account of Egs (5.19) and (5.20) for x =1, we have

e

9, (r,t) =18, (y,7)-hE, (7")F(1T o)

+hLFN1(‘;26 ¥ NGFZG';;ZEN)} 22: - NG(SLO(M))],
9, (7. 7)=18, (7. 7)+ hE, (y”)r(lr: -

R I

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

AIMS Mathematics Volume 7, Issue 5, 8080-8111.



8097

Using initial guess values (5.4) and further simplification reduces Eqgs (5.21) and (5.22) in this
way

20 o 30
)=—2rE ()N LY Z onE (o)—T 2
5)= 21, (P e ) (529
20 o 30
9, (y.7)=20E, (7 )* N 01(‘;7:7j Y )F (1T+ = (5.24)

By means of Eqs (5.19) and (5.20) for ¢ =2, we have

20 82619 ’ %0
%, (7/77) = (1+ h)glvl(]/,z')+hLFNa{l;7LF fol: 2,1(7 T):l u

20 0%*° 9 , 2c
l92,.2 (7/’ 7) = (1+ h)gz,l(% 7)+h o NUI[ETLF Na|: 1'128/ T):l 225 o Na(‘92,1(7’ T))} . (5.26)

Utilizing the values provided by Eqs (5.23) and (5.24) in Eqs (5.25) and (5.26), we obtain

9,(y,7)=—2n(1+1)E, (yf’)r (1T+ =] + 4h2EJ<7/”)r (1: = (5.27)
3,,(y,7)=2n(1+1)E, (}/")r (1T+ o 4h2E0(7")F (11 =t (5.28)

Following the similar procedure, we obtain the rest of the values for § (7,7) and 3, (7,7)
for u>3.
Setting the convergence-control parameter % = —1, we attain the following values

3o

9.4(r,7)=2E (" )r(17+ )
9,,(r.7)=-2E,( )F(lr—i;a) ,
9,,(r,7)=4E (17 )r(1T+SG5a)’
8,,(r.7)=—4E,(y° )F(;:a), (5.29)
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and so on.
Hence, the solutions of Eqgs (5.1) and (5.2) are obtained as

=E(") AN 2% . 4z . 8777 o
V' A T+o) M+30) I+50) Il+70)

E.lr )(2r [ 2(:1)1)0)}

1
n+s r (2n+1)o

2

. e 2
:EEG(J/ )§F(1+(2n+1)0)

:%Ea(y")sinha(ﬁ ). (530)

Similarly, we have

e () At BT
=V AT Mto) T@+30) T+50) T+70)

Ms

Ely )(n_0r1+ 2(:1)1)0)}

:—%Ea(y")sinha(\/ir”). (5.31)

Finally, the solutions of the coupled Helmholtz Eqgs (5.1) & (5.2) are expressed as

‘91(7/,r): EU(VJ)%;/ETU),
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3, (%T)?%(W)%fra)-

(5.32)

Thus, the LFNHAM solutions are in complete agreement with the solutions obtained by Yang and

Hua [60].
6. Application of LFNHAM for LFCBEs
In this portion, the LFNHAM is executed for deriving the solutions for LFCBE:s.

o 20
079 "5 2639 0°[9,:9,]

=0, 4 =47 O0<o <],
or" o oy oy° (.2). e

079, 09, 2593 7[99, ]

=0, $ =% r,7), O0<o<]
oz’ 6‘}/2" oy’ oy’ ? 2(7/ ) 7

subject to the fractal initial conditions:
& (7’0): & (7’0): Eo(7g)’

where 4 (}/,T) and §, (7/,1) are local fractional continuous functions.

In view of initial conditions (6.3) and LFNHAM, the initial guess are expressed as

l910(7/’ ) 20(7/, ) E (7/0)'

Employing the LENT operator * N_ onEqgs (6.1) and (6.2), we get

S CCANTNY 0°° 9, ey [T g Y 71951\ _,
o017 oy% oy° 2\ ooy° ’

e [0 |y [O79 ) ey [0 g Yy 71991\ _,
rea 7\ oy* “\ oy’ oy’

Now, employing the formula of LFNT for LFDs yields

20 o
g(y’s u)_ilg (7/’ )_}_LF (aa li j 2LFNG(Z '9 19} LFNO_(a [91;92]J :0’
v

7°

C|(n

(6.1)

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)

(6.7)
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820'92 J _2|-F Ng(aglzz 192J+LFNJ(8‘76[.91G!92 ]J _ 0

i 1
& (r.su)——84(y, 04N 6.8
s 0w 2 - : 63)

C|m

After rearranging the terms, we get

— 1 u’ 0% 9 u’
=L oo T2

_ 1

‘92(7’5’U):s_[,‘92(7’0) 5o 87/20 57 oy°
Uiy (97199 (6.10)
sl oy ) .

Now, further simplification in view of initial conditions (6.3) reduces Eqgs (6.9) and (6.10) as

follows:
B 1 uo— 82019
]9 s.u _"E o +_LFN 1
(rsu)- Bl ) a[ay%j
_2U_|_;: Ng 0 l91 91 +U_LF NU M =0 (611)
SO_ 87/0— SO’ a}/G
B 1 uo— 8203
9, (7,s,u)——E_(y7 )+—"N_| =—2
2(}/ ) So— U(}/ ) SU o‘[ 67/20 j
_ZU—LF NJ(@ 192 lggj I u LF No‘(a ['9192]]=0 (612)
5o 87/0 5° 67/6

Now in view of Eqgs (6.11) and (6.12), the nonlinear operators are formed as

u’ ¢ N0{820¢1(7'T;K):|

LF 1 g
ch[ 1(747;’()]: Na(¢1(7'T;K))_S_UEa(7 )+S_o' 87/20
_2£LF Na(aa¢l ¢1] I u’ (¢ Na(ag[ 1(717;K)¢2(7’T;K)]j, (6.13)
s? oy’ s? oy’

u’ ¢ N({azo%(%r;’(q

Dl 7N )~ SN T
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_ 2£LF Na(aa(bz ¢2j+£u: Na(aa[(ﬁl(%f;’()%(?”T;K)]] , (6.14)
s’ oy° s’ oy°

where x €[0,1] is an embedding parameter and ¢l(7, T, K) & ¢, (7/, T, K) are real valued functions
of y,7,and «.

Performing the steps of the LFNHAM, g th-order deformation equations are formed as
91,;4 (7/1 T) = Z,ulgl,(yfl) (7/’ T)+ h ol N;l(iR,u ('91,(;571) (7/’ T )) ’ (6 1 5)

‘92,;, (77 T) = Zﬂlgz,(ﬂ—l) (7' T)"' h LFNgl(my (‘92,(,1—1) (7' T))) . (6.16)

In Eqs (6.15) and (6.16), the terms R, (91'( 1) (7/, T)) and R, (92'( L) (7/, r)) are computed as

4 0%° 9 ,
R, (‘91, (u-1) (r2)EN, [‘91,<ﬂ—1) (. T)]— (1_ X u )Sia E, (76 )+u_ o N{ e v T)}

SU 87/20'

o o ao‘PI
—2‘;—0“ NG(P#_1)+2(, LFN({ 67;‘1}, (6.17)

sR/‘(lgz'(/‘—l) (7’T) LFNG[‘92,(#—1) (7/’7)]_ (1_}(# )si" EU (7/0)+U_LF N

So‘ 67/20'
u’ vy U7 e aap;:—l
—2— "N _(P". )4 N , 6.18
So‘ a( ,ll—l) So’ G( 67/(; } ( )
where P, P;_l, P;Ll denote the homotopy polynomials [55] and are formulated as
_ Lo (oThnm) | (6.19)
ol F(,u) oK™ oy° nen _’ :
= 2 G mm e (6:20
T o AR
PH — 1 6,“ 80¢2(}/7T;K)¢ (7/ T'K') | (6 21)
A F(,u) oK™ oy° 2V _’ :
and

AIMS Mathematics Volume 7, Issue 5, 8080-8111.



8102

¢1(7/7t"(): PotK P +K2¢1,2 T (6.22)

¢2(71t1’():¢2,0 +K¢2,1+K2¢2,2 teee (6.23)

On account of LFNHAM and Eqs (6.15)—(6.18), we have

‘91,;:(7’ 7)= (Zy )G, oy (. T)—h(l_l’y)Ea(?’a)

o 0% 8 T o o o°P!
N N 1'(";1)(y ) 2N (P, )N ] uz1 (624
s’ oy’ s’ s’ oy’

‘92,;1(777):()(# +n 2’(#_1)(7,z’)—h(l—;(ﬂ)Eo,(}/G)

o 0% 9 T o d 0P,
+hLFNGl£u_JLF Na|: 2(#;)(7/ )i|_2u_aLF NG(P!:'_l)"‘u_GLF Ng(a—ﬁl]}’#zj” (6.25)
s ¥ s s y

Taking into account the set of iterative schemes (6.24) & (6.25) and initial conditions (6.3), the

iterative terms for various values of x are computed as follows:

o

T

‘91,1(717): h Ea(VU)F(:H_ (7) )

o

T
F@+a

‘92,1(7/77):hEa(76)

N—
-

. 20
e = b N e )y
TO. 2_20'

l92,2(7/'7)= h(1+h) E, (76 )F(]_TO'

Slys(y,r)zh(1+h)EU(y”)((l+h)r(T - ]

1+o) I(1+20)

+h2EG(y“)[(1+h)F(T26 P )j,

1+20) TI'(1+3c
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9y 5(r,7)=n{1+n)E, (70 )[(1"‘ h)r(f: o) +h 1“(11:620')}

) . Z_Zc T3o‘
+12E, (v )((1+h)r (1+26)+hr (1+36)]. (6.26)

Proceeding in the similar way, we get the remaining values for § (7/, z-) and 9, (7/, z-) for
u=4.

Setting the convergence-control parameter # = —1, we attain the following values

8,4(r.7)=—E, [y 0)r(1r+ o)
8, (r.7)=-E,ly U)F(lT: o)’
1)) s
Balr)=E b N

192,3(7,T)=—E0(y")( ~ ] (6.27)

and so on.
Proceeding in the same way, the rest of the terms of § (7/, r) and 9, (7/, r) for u>4 are

evaluated in a smooth manner, and finally the local fractional series solutions are obtained.
Hence, the solutions of Eqs (6.1) and (6.2) are obtained as

8. 0)=39, (n7)

n=0

o 20 kles 4o

:Ea(y“)(l— A A —]

Irl+o) T@+20) Tl+3c) I(l+4c)
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—E,(°)E.[-7°). (6.28)

Similarly,

9,(r,7)= i%n (r.7)=E, (" )E,(-z°). (6.29)

n=0

The solutions of LFCHEs and LFCBEs acquired by implementing the LFNHAM are the general
form of solutions as compared to the LFADM, LFHPM, and LFNHPM. It is noteworthy that the
LFNHAM solution transforms to the LFNHPM solution for 7% =-1. The computational results
validate the reliability and accuracy of the proposed method to achieve solutions for LFCHEs and
LFCBESs. Moreover, the solutions of LFCHEs are in excellent match with the solutions obtained by
Yang and Hua [60]. These facts authenticate the reliability of the solutions obtained by LFNHAM.
Conclusively, the suggested hybrid framework can be employed to a variety of local fractional models
occurring in a fractal medium.

7. Numerical simulation

In this segment, the numerical simulations are presented for the solutions of the LFCHEs and
LFCBESs under fractal initial conditions obtained via LFNHAM. The 3D plots for solutions of LFCHEs
and LFCBEs have been generated for the fractal order o =In2/In3. Here, all the 3D plots on the
Cantor sets have been prepared with the aid of MATLAB software. Figures 1 and 2 depict the 3D
surface graphics of coupled solutions 9,(7,7) and &(y,7) for the LFCHEs. Similarly, Figures 3
and 4 show the 3D surface graphics of coupled solutions Sl(y, z‘) and 9, (}/, z') for LFCBEs. Here,
y and 7 have been taken in the closed interval of 0 to 1. The nature of §, (}/, Z') and 9, (7/, T) have
been explored with respect to » and 7. The fractal solutions of the LFCHEs and LFCBEs show
interesting characteristics for o=In2/In3 . The graphical presentation demonstrates that the
computed solutions for the LFCHEs and LFCBEs are consistently dependent on the fractal order o .
Furthermore, the 3D figures drawn on Cantor sets indicate that the coupled solutions 191(}/,1') and

3,(7,7) are of fractal nature.
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9, (1)

Figure 1. 3D plot of the solution I, (y,7)
for c=In2/In3.

9, (1)

\oﬁ}\m}” e
?,;z;;,,, “‘"\ Al ‘14 O‘Q\\‘“‘ Y \\\\
‘ '\\\ ‘

)

OS]
'l//,,,”/ /I”””””
iy

v l [l e=In2/n3 |

\\ AR
\0“}\\ //5’(0\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\0"‘ I

AN

‘\‘ \\\\\\\\\\\ \

‘\‘\\\\\\\\\\\
\

with respectto » and 7 in case of LFCHEs

Figure 2. 3D plot of the solution %, (7, r) with respectto » and 7 in case of LFCHEs

for c=In2/In3.

AIMS Mathematics

Volume 7, Issue 5, 8080-8111.



8106

SN 20

T 00 v | I 6=In2/In3 |

Figure 3. 3D nature of the solution & (7/,2’) with respect to y and 7 in case of
LFCBEs for o=In2/In3.

3.5

9, (1,7)

| I o=In2/1n3

Figure 4. 3D behavior of the solution 9, (;/,T) with respect to » and 7 in case of
LFCBEs for o=In2/In3.
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8. Conclusions

In this paper, the LFNHAM is proposed for computation of solutions for LFCHEs and LFCBEs
on Cantor sets. The local fractional series solutions for LFCHEs and LFCBEs have been depicted in
terms of Mittag-Leffler function. The 3D plots are presented for solutions of LFCHEs and LFCBEs by
using the MATLAB software. It is clearly observed from the surface graphics of the solutions that the
figures plotted on the Cantor set for the functions & (7/, z‘) and 9, (}/, z‘) are of fractal nature. The
computational results authenticate the reliability and accuracy of the implemented method to obtain
solutions for LFCHEs and LFCBEs. The combination of LFHAM and LFNT performs faster
calculations than LFHAM. The convergence and uniqueness of the LFNHAM solution for a general
LFPDE is also discussed in view of Banach’s fixed point theory. In a nutshell, the suggested hybrid
approach in connection with LENT can be employed to such types of local fractional models appearing
in a fractal media.
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