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1. Introduction

A. M. Ostowski established the following intriguing integral inequality in 1938, which is known in
the literature as the Ostrowski inequality.

Theorem 1.1. [47] Let F : [m,m;] — R be a differentiable function on (n\, ;) whose derivative is
bounded on (r|, 1), i.e., F/(T)”OO = sup |F/(T)| < oo, for all T € (my,m). Then we have the following
integral inequality:

1 2 1 (x—"57 :
F(x) — f Fxydx| < |~ + —2= | (m - ) ||[F ||, (1.1)
Ty — 71 Jn, 4 (my—my)
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forall x € [my,m,]). The i is the best possible.

Inequality (1.1) can be rewritten in the following way:

1 2
f F(x)dx
T =T Jny

Since 1938, numerous mathematicians have worked on and around the Ostrowski inequality, in a
variety of ways and with a variety of applications in Numerical Analysis and Probability, etc.

Many authors investigate several versions of the Ostrowski integral inequality for bounded
variation mappings, Lipschitzian mappings, monotonic mappings, absolutely continuous mappings,
convex mappings, and n-times differentiable mappings with error estimates for various particular
means and numerical quadrature techniques. For recent results and generalizations concerning
Ostrowski’s inequality, one can consult [8,9,15,24,26,27,42,48-50, 52] and the references therein.

The following is a formal definition of co-ordinated convex (concave) functions:

F(x) -

IF .. - (1.2)

- [(x — )% + (my — x)?
B 2(my — my)

Definition 1.2. A function F : A — R is called co-ordinated convex on A, for all (x,u),(y,v) € A and
7,5 € [0, 1], if it satisfies the following inequality:

Faox+ (0 —-1)y,su+(1-1s)v) (1.3)
<ts F(x,u) + (1 — 9)F(x,v) + s(1 — DF(y,u) + (1 — )(1 — )F(y, v).

The mapping F is a co-ordinated concave on A if the inequality (1.3) holds in reversed direction for all
7,5 € [0, 1] and (x, u), (y,v) € A.

For co-ordinated convex functions, M. A. Latif et al. established the following Ostrowski type
inequalities in [41]:

Theorem 1.3. [41] LetF : A := [m, 1] X [713,14] — R be a twice partial differentiable mapping on
A° with my < mp, M3 < w4, 7,3 = 0 such that % e L(A). If ‘% is co-ordinated convex on A and

% <M, (x,y) € A, then the following inequality holds:
1 Ty Ty
F(x,y) + f f F(u,v)dvdu — myy (1.4)
(7T2 _ﬂl)(ﬂ4 _7T3) b8! 3
u [(x —m)* + (m, — X)z] [(y — 13)° + (74 — y)z]
B 2(my — my) 2(my — 13) ’
where

T =

1 4 1 2
f F(x,v)dv + f F(u, y)du.
Ty — T3 Jp, T =T Jny

Theorem 1.4. [4]1] Let F : A := [n, 7] X [13,714] = R be a twice partial differentiable mapping
on N° with my < my, m3 < w4, 7,73 = 0 such that % € L(A). If‘g—;' is co-ordinated convex on A,

&*F

1,1 _
s> 1, S+r—1and Y

(x, y)| < M, (x,y) € A, then the following inequality holds:
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(1.5)

1 T) T4
F(-x’y)+ f f F(M,V)d\/du—ﬂ']]
(my =) (s = 73) Jny I

M (X—ﬂ1)2+(7T2—X)ZH()’—F3)2+(7T4—)’)2]
(1+r)7 2(my — 1) 2(nty — 73) ’

where my; is defined in Theorem 1.3.

Theorem 1.5. [41] Let F : A := [m, 1] X [7m3,14] — R be a twice partial differentiable mapping on

. 2 2 |P . .
A° with m; < my, w3 < w4, 71,73 = 0 such that (;;FT € L(A). If';ﬂ;' is co-ordinated convex on A, p > 1

and ‘%(}c, y)| < M, (x,y) € A then the following inequality holds:

1 Ty Ty
Flx,y) + f f Fu, vydvdiu - 1,
(my =)y = 713) Jny Iy

< M[(X—ﬂl)z+(7T2—X)ZH()’—F3)2+(7T4—)’)2]
-4 2(my — my) 2(my — m3) ’

where my; is defined in Theorem 1.3.

(1.6)

On the other side, in the domain of g-analysis, many works are being carried out initiating from
Euler in order to attain adeptness in mathematics that constructs quantum computing g-calculus
considered as a relationship between physics and mathematics. In different areas of mathematics, it
has numerous applications such as combinatorics, number theory, basic hypergeometric functions,
orthogonal polynomials, and other sciences, mechanics, the theory of relativity, and quantum
theory [31,35]. Quantum calculus also has many applications in quantum information theory which is
an interdisciplinary area that encompasses computer science, information theory, philosophy, and
cryptography, among other areas [16, 17]. Apparently, Euler invented this important mathematics
branch. He used the g parameter in Newton’s work on infinite series. Later, in a methodical manner,
the g-calculus that knew without limits calculus was firstly given by F. H. Jackson [30, 33]. In 1966,
W. Al-Salam [12] introduced a g-analogue of the g-fractional integral and g-Riemann-Liouville
fractional. Since then, the related research has gradually increased. In particular, in 2013, J. Tariboon
and S. K. Ntouyas introduced ,, D,-difference operator and g,,-integral in [54]. In 2020, S. Bermudo
et al. introduced the notion of ™D, derivative and g™-integral in [14]. T. Acar et al. generalized to
quantum calculus and introduced the notions of post-quantum calculus or shortly (p, g)-calculus
in [1]. In [53], M. Tung¢ and E. Gov gave the post-quantum variant of ., D,-difference operator and
gn -integral. Recently, in 2021, Y. M. Chu et al. introduced the notions of ™D, , derivative and
(p, g)™-integral in [25].

Many integral inequalities have been studied using quantum and post-quantum integrals for
various types of functions. For example, in [3, 6, 10, 11, 14, 18, 19, 34, 43, 44], the authors used
Dy, Dy-derivatives and g,,, ¢"*-integrals to prove Hermite-Hadamard integral inequalities and their
left-right estimates for convex and coordinated convex functions. In [45], M. A. Noor et al. presented
a generalized version of quantum integral inequalities. For generalized quasi-convex functions, E. R.
Nwaeze et al. proved certain parameterized quantum integral inequalities in [46]. M. A. Khan et al.
proved quantum Hermite-Hadamard inequality using the green function in [37]. H. Budak et al. [20],
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M. A. Ali et al. [2,4] and M. Vivas-Cortez et al. [55] developed new quantum Simpson’s and quantum
Newton’s type inequalities for convex and coordinated convex functions. For quantum Ostrowski’s
inequalities for convex and co-ordinated convex functions on can consult [5,7,23]. M. Kunt et al. [38]
generalized the results of [10] and proved Hermite-Hadamard type inequalities and their left estimates
using ,, D, ,~difference operator and (p, q),,-integral. Recently, M. A. Latif et al. [39] found the right
estimates of Hermite-Hadamard type inequalities proved by M. Kunt et al. [38]. To prove Ostrowski’s
inequalities, Y.-M. Chu et al. [25] used the concepts of 2D, ,-difference operator and (p, g)"-integral.
The following quantum variants of inequalities (1.4)—(1.6) proved my H. Budak et al. in [21].

Theorem 1.6. [2]1] LetF : A C R?> — R be a twice partially q,q,-differentiable function on A° and

™M FTs) 0d  F@s) 203 F@s)  ay xy03, 0 F(T9)

7 741,92 73741.92
”2(')qlr ”4{)qu ’ ﬂlaql‘r ”4(),,2s’ ”26,“1' ,,3(),,2s’ ,,1('),”1' ”30,,23

2 "433142::(1',5') ;‘l‘ﬁél)qu(‘r,s) ;gatzllquF(‘r,s) 1 ”36§]7q2F(T,S)

Vg T, b T, T
204, T ™04, s 71 0q, T 404, s 26ql‘r,r36qzs

partial q,q,-derivatives be continuous and integrable

on [my, my] X [mr3, 4] € A°.If

b )

< M forall (1, s) €

0y, T 7200, S
mMYq1 "t 3%
[y, 3] X [73, 4], then we have the following quantum Ostrowski’s type inequality:

1 fﬂz fiu D Y
F(r,s) ™d, r™d s+f fF(T,S) 2d, Td,s (1.7)

(7(2 - 7T1)(7T4 - 7T3) [ x y e ~ X 3 ” e

X T4 X "y
+f f F(t,s) ,r,dq]T”“dqzswa f F(t,s) ,r]dq]deqzs]

T y us| 3

1 T4 'y

F(x,s) ™d, s+ F(x,s) rd,

pa—— [f; (x,8) ™dg,s j; (x,8) qzs]

1 T) X
- U F(1.y) ”qu,r+f F(t,y) pdyt
Ty — T x m

M g2 (1 +121,,) (1 +121,,)
(my — my) (74 — 713) (31, [31,,
[(ﬂz —x) + (x - ﬂl)z} [(m —y+(y- 7T3)2]
(2], (2],

forall (x,y) € [y, m] X [m3, 4] where q1,q, € (0, 1).

+ F(x,y)|

Theorem 1.7. [21] Let F : A € R? — R be a twice partially q,q,-differentiable function on A° and
™ SFTs) 0l F@s) 202 F@S)  ay xy03 4 Fs
"20q) T ™40gy 5 7 7y 0q T 40y 87 "20) T 5304y 8” 10y T 530gy8
memgk )| |22 L Fas) | | 282, F@s)
on [m, m] X [3, ma] € A°. If | 5551 T S

Vg T, b T, T
26[117 46[125 ,,léqlT 46q25 2(')ql‘r,,36q2s

[rr1, 2] X [73, 4], then we have the following quantum Ostrowski’s type inequality:

+fx fMF(T, 8) mdg T ™dy,s + fxfyF(T, s) ,Tldqlrmdqzs]
ml v s
e [j; F(x,s) ™d,s+ j;} F(x,s) mdqzs]
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b )

110 T 130q,
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1 ) X
- [f F(r,y) ™d,t +f F(t,y) ndy,T
Tt — T x i

q192:M ( 1
(o —my) (g —m3) \[r + 1], [r+ 1],

+F (x, y)‘

)' |(r2 = 07 + (x = 2| | Gra = ) + (0 = m3)°|

for all (x,y) € [my, ;] X [73, 4] where q1,q, € (0,1) and % + % =1,s>1.

Theorem 1.8. [21] Let F : A C R* — R be a twice partially q,q,-differentiable function on A° and

Ty, T4 92 T4 a2 T a2 2
2 M0, ,F@s) 704 0 ,F(08) 1504, 0, F(T8)  xy, 1305, 4,F(T:5)

U T, b T, s T )
20T 4 0gy 5 7 1y Oy T "40gy 87 T20q\ T 130458 1y 0gy T n3 0y
T,
™ M4k F(1,5) 402 . F(T.9)

o q1-92 4192
on [ry, mol X (3, mal © A% Mf | =5 =505 | > | 3, 7o

partial q,q,-derivatives

be continuous and integrable

Wt 3
73041.4,F ()

s
2(?q1 T "38425

x1. 7305, g,F(T.5)

< M forall (1, s) €

2 )

”1 {)ql T (9q2 s

[7r1, m2] X [73, 4], then we have the following quantum Ostrowski’s type inequality:

tr = 7T1)1(7T4 e [f:rz fymF(T, s) Md, T ™d,,s + f:rz fnjF(T, ) Mdy, T pdgys  (1.9)
+fx fmF(T’ 5) ndy, T ™dy,s + f" fy/:(T, s) ,rldqlrmdqzs]

”11 y . ym 3
R [£ F(x,s) ™dg,s+ fﬂ; F(x,s) mdqzs]

1 fﬂz X
- F(r,y) ™d T+fF(T,),,dT
71_2_71_1[ . Yy q1 a Y) m@q,

Mqiq> {(1 + [2]‘11)(1 + [2]‘172)]l

+ F(x,y)|

(7 — my) (my — 73) (31, [3],,

y [(ﬂz —x)* + (x - m)z] [(m )+ —m3)°
[2](]1 [2](]2

for all (x,y) € [my, 3] X [7n3, 4] where q1,q, € (0,1) and s > 1.

Inspired by this ongoing studies, we introduce some new notions of post-quantum partial derivatives
and prove some new ostrowski type inequalities for the functions of two variables by using the post-
quantum double integrals and newly introduced post-quantum partial derivatives. Moreover, we show
that the results presented in this paper are the extensions of results proved in [21,40].

The following is the structure of this paper: A brief overview of the concepts of g-calculus, as well
as some related works, is given in Section 2. In Section 3, we recall the notions of (p, g)-calculus and
give some realted works. In Section 4, we show the relationship between the results presented here and
comparable results in the literature by proving some new post-quantum Ostrowski type inequalities for
the functions of two variables. Section 5 concludes with some recommendations for future studies.

2. Quantum calculus and some inequalities
In this section, we present some required definitions and inequalities.

AIMS Mathematics Volume 7, Issue 5, 8035-8063.
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In [33], F. H. Jackson gave the g-Jackson integral from O to m, for 0 < g < 1 as follows:

Uy

f Fx) dpx =(l=q)m ) q'F(1:q") 2.1)

0 n=0

provided the sum converge absolutely. Moreover, he gave the g-Jackson integral in an arbitrary interval

[y, m2] as:
9 Uy 4!

f F) dyx = f F) dgx - f F(x) d,x.
T 0 0

Definition 2.1. [54] For a continuous function F : [n,n;] — R, then g, -derivative of F at x € [, 73]
is characterized by the expression:

F(x)-F(gx+d-q)m)
(I-q)(x-m) ’

For x = mr, we state r D,F () = lim,_,, ., D,F (x) if it exists and it is finite.

nDgF (x) = X # my. (2.2)

Definition 2.2. []14] For a continuous function F : [, ;] — R, then g™-derivative of F at x € [ry, 7]
is characterized by the expression:

’TZDqF (x) = F(gx+ (1 -¢q)m) —F()C), x % . (2.3)

(1-¢q)(m—x)

For x = my, we state ™ D F (my) = lim,_,,, ™D,F (x) if it exists and it is finite.

Definition 2.3. [54] Let F : [r;,m;] — R be a continuous function. Then, the q,,-definite integral on
(71, m,] is defined as:

Uy

f F(x) rdgx

T

(1=q)(m—m) ) ¢'F(g'm + (1 - g)m) (24)

n=0

1
(ﬂz—ﬂl)ff:((l —T)m +Tm) dyT .
0

On the other hand, S. Bermudo et al. gave the following new definition:

Definition 2.4. [I14] Let F : [, 1] — R be a continuous function. Then, the g™ -definite integral on
(71, 2] is defined as:

Uy

fF(X) Pdgx = (1 -q)(m—m) Z q'F('m + (1 -q")m) (2.5)

n=0
US|

1
= (7T2—7T1)fF(T7T1 +(1-1)m) d,T .
0
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For more details about ¢™-integrals and corresponding inequalities one can see [14].
Now, let’s give the following notation which will be used many times in the next sections (see, [35]):

q -1

[n], = =1
Moreover, we give the following Lemma for our main results:
Lemma 2.5. [54] We have the equality
2
f(x_ﬂl)a mdgx = M
m

[@+ 1],

for a € R\ {-1}.

In [23], H. Budak et al. proved the following variant of quantum Ostrowski inequality using the g,
and ¢™-integrals:

Theorem 2.6. [23] Let F : [r),m] C R — R be a function and ™ DF, , D, be two continuous and
integrable functions on [my, ;] . If| ™D, F(T)| .| mDy F(T)| < M for all T € [ry,n,], then we have
the following quantum Ostrowski type inequality:

X Uy

fF(T) ndyT +fF(T) ~d, T

b8l X

F(x) - (2.6)

T, — 7Ty

gM [(X —m)’ + (m - X)z]
(my — 11) (2],

forall x € [my,m,] where 0 < g < 1.

On the other hand, the authors gave the following definitions of gy, ¢x', ¢r, and ¢™™ integrals and
related inequalities of Hermite-Hadamard type:

Definition 2.7. [19,40] Suppose that F : [r;,75] X [n3, 14] € R?> — R is a continuous function. Then,
the following G ny, 4. qn. and g™ integrals on [rry, ;] X [713, 4] are defined by

x oy
ffF(T,S) mlgy S mdgT =1 =q) (1 —q)(x—m) (y —73)

M

X DN eF (gix+ (1= @) m.ghy + (1 - ¢3) 7s)

n=0 m=0

f f Fr.s) ™dys ndyt = (1—a) (1= g2) (x—11) (ms — ) @.7)
Ty

X D i (gix+ (1= @) m, ghy + (1 - ¢8) )

n=0 m=0
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Ty
L[IF@QNMM gyt = (1= q1) (1= o) (12 = ) (y = 73) 238)
X 3
X D diF (gix+ (1= @) m, ghy + (1 - ¢8) 7m3)
n=0 m=0
and

Ty T4

F(t,8) ™dgys ™dyt =1 —q)(1—q2) (= x) (4 — ) (2.9)
Xy

X Z Z d\qiF (dix+ (1= g gy + (1 — qf) ma)

respectively, for (x,y) € [my,m,] X [73, 4] .

Definition 2.8. [40,57] Let F : [rr), m] X [n3, 14] € R? — R be a continuous function of two variables.
Then, the partial q,-derivatives, g,-derivatives and q,q,-derivatives at (x,y) € [my,m;] X [m3,714] can
be given as follows:

n0gF (x,y)  Flqix+ (1 —q)r,y) —F(x,y)

= , XET
70, X (1-q)(x-m) ‘
n0pF (6,y)  F(x,qy+ (1 —q)ms) —F(x,y)
AR L .y #
7300,Y (I -q)(y—m3)
a1 02 o F () 1
1, T37q1,92 2
- Flgix+ (1 =qg)m,qy+ (1 —q)ms)
1001 X 20,y G- (=g —gn @ gy 2

—F(gix+ (A -qg)m,y) —F(x, gy + (1 —q)m3) +F(x,y)], x #m, y # 73

0,,F (x,y) F(qix+ (1 —q)m,y) —F(x,y)

- , XEW
"0q,x (I =g (m—x) 2
7r4(9q2F (X,y) _ F ()C, q2y + (1 — q2) 7T4) —F ()C, y)
T myy ’ y¢7T4
"0g¥ (1= q2) (s - )
71462 F(X y) |
T17q1,92 ’
LA o F(gix+ (1 —qy)my, +(1 = go)my)
71 0q, X ™0,y (x—m)(ms—y)A =g - qo) [F (& q1) 1, g2y q2) T4

—F(gix+ (A =q)m,y) —F(x,qoy + (1 = q) ) + F(x, )], x # 71, y # 74y

7r282 F(X y) |
37 q1,q2 ’

ER P F(gix+ (1 —q)m,qy+ (1 - g2)73)
204, X 7,00,y (m—x)(y—-—m3) (1 —q1))( —qr) IF(a q1) 72, 42y q>) 3

—F(qix+ (1 —q)m,y) —F(x,qoy + (1 — g2)m3) + F (x,¥)], x # mp, y # 73,

AIMS Mathematics Volume 7, Issue 5, 8035-8063.
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gl F ) 1

q1,92 = F( X+(1— )ﬂ-’ (] - )ﬂ-)
70, X 04,y (ﬂz—x)(m—y)(l—ql)(l—qz)[ ¢ qU 72, q2y + (1 = g2) 4

—F(qix+ (1= q) 7, y) = F(x, g2y + (1 = @) ) + F (x,))], x # m, y # ma.
3. Post-quantum calculus and some inequalities

In this section, we review some fundamental notions and notations of (p, g)-calculus.
The [n],, is said to be (p, ¢)-integers and expressed as [13,28,29]:

r'-q
1]y = ———
Pq p—gq
with0 < g < p < 1. The [n],,! and [ Z ]! are called (p, g)-factorial and (p, g)-binomial, respectively,

and expressed as:

[2],,4!

[ [kl n2 1,100, =1,

k=1

|: n :|‘ _ [n]p,q!
k|7 -k, K,

Definition 3.1. [1] The (p, q)-derivative of mapping F : [, 7] — R is given as:

F(px) —F (gx)
pP—qx

D, F (x) = x#0

with) <g<p<1.

Definition 3.2. [53] The (p, q),,-derivative of mapping F : [rry, 1] — R is given as:

F(px+(-p)m)—Fgx+(1-q)m)
P—q) (x—m)

with0 < q < p < 1. For x = iy, we state D, F (m) = lim,_,,, D, F (x) if it exists and it is finite.

m Dpgf (%) =

, X F M 3.1

Definition 3.3. [25] The (p, q)"*-derivative of mapping F : [, 7] — R is given as:
F(gx+ (1 -q)m)—F(px+ (1 - p)m)
(p—q)(m—x)
with 0 < q < p < 1. For x = m, we state "> D, ,F (m;) = lim,_,,, ™D, ,F (x) if it exists and it is finite.

Remark 3.4. It is clear that if we use p = 1 in (3.1) and (3.2), then the equalities (3.1) and (3.2) reduce
to (2.2) and (2.3), respectively.

=D, F(x) = , X (3.2)

Definition 3.5. [53] The definite (p, q),,-integral of mapping F : [r;,m3] — R on [n,,m,] is stated as:

fF(T) wdpT=(p-q)(x-1) Y = 1F( q x+(1—pz+l)7r1) (3.3)

+ +1
o n=0 pl’l pn

with) <g<p<1.
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Definition 3.6. [25] The definite (p, q)™-integral of mapping F : [m,, ;] = R on [n, n,] is stated as:

53 o n n n
\f F@)M@WT:(p—qu—moEJZHF(Zﬂx+(1—‘iJnJ (3.4)
; L prt \p p

with0 <q<p< 1.

Remark 3.7. It is evident that if we pick p = 1 in (3.3) and (3.4), then the equalities (3.3) and (3.4)
change into (2.4) and (2.5), respectively.

Remark 3.8. If we take my = 0 and x = my = 1 in (3.3), then we have

1 0 n n
q q
fo F (@) odpgt = (p_q)nzzc; pn+1F(pn+1)'

Similarly, by taking x = 7y = 0 and m, = 1 in (3.4), then we obtain that

1 & n n
q q
F@) dpt=(p-a) F(l— )
j(; P4 ; pn+1 pn+1
Lemma 3.9. [56] We have the following equalities

_ a+1
f (my — x)* ™d,gx = o= m)”

[a +1]pq

a+1
f (=) rd g T T

[@+1],,

where a € R\ {-1}.

For more details in (p, g)-calculus, one can consult [22,32,51].
In [38], M. Kunt et al. proved the following HH type inequalities for convex functions via (p, ¢), -
integral:

Theorem 3.10. [38] For a convex mapping F : [, m;] — R which is differentiable on [, n,], the
following inequalities hold for (p, q),, -integral:

1 pra+(1-p)my F F
AT st [ ) e s TR )
[2]p,q p(m—m) Jy, [z]p,q

where )0 < g < p <1.

Recently, M. Vivas-Cortez et al. [56] proved the following HH type inequalities for convex functions
using the (p, g)™-integral:

Theorem 3.11. [56] For a convex mapping F : [n,m;] — R which is differentiable on [m,,n,], the
following inequalities hold for (p, q)™-integral:

F Py + gy - 1 ) Fo) ™d, x < pF (my) + gF ()
(21,4 pae =

< , (3.6)
p (=7 Jpm+(1-ppms (21,4
where 0 < g < p < 1.
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In [36] and [58], the authors gave the following notions of post-quantum integrals for the functions
of two variables.

Definition 3.12. /36, 58] For a function F : [ry,m,] X [n3,14] — R:
(1) The (p,q);! integral of F is given as:

X T4
f f F(t,8) ™dy 08 5,dp, T = (P1 — q1) (P2 — q2) (x — 1) (M4 = y)

AR 4 4 4 ‘A
XZZ n+1 m+1 ( n+1 (1 - n+l)ﬂ-1’pm+1y+(1 - pm+1)ﬂ4)’

=0 m=0 P1 P2 141 41 2 2

where x,y € [ry, pimy + (1 = p) ]| X [pams + (1 = po) my, 4]
(2) The (p, q);. integral of F is given as:

7T Y
f f F2,8) ndygss T = (01— 1) (92 = g2) (T2 = ) (y = 73)
3

o 4 b q q| qy a5
XZZ n+1 m+lF( n+1 +(1_ n+l)ﬂ2’ m+1y+(1 m+1)ﬂ3)

=0 m=0 P1 P2 141 P 1) 1)

where x,y € [pimy + (1 = py) mty, 12| X [73, portg + (1 = p2) 73] .
(3) The (p,q)™™ integral of F is given as:

T T4
f f Fr,s) dy, s ™dy o7 = (p1 = q1) (ps = o) (T2 = %) (s — )

4 9 4 q 7 9
XZZ n+1 m+1 (n+l (1_ n+1)7r2’ m+1y (1_ m+1)7r4)’

nOmOpl D Py P 12

where x,y € [p1m) + (1 — py) 1y, 13| X [parrs + (1 = po) 74, 4] -
(4) The (p, q)y,r, integral of F is given as:

ffF(n)m S iy o T = (1= ) (P2 = g2) (x = 1) (v = 73)

(o)

N @ 4 (49 ‘A 7 4y
XZZ n+1 m+1F( n+1 (1_ n+1)7r1’ m+1y+(1 pm+l)ﬂ3)

=0 m=0 P1 P2 Py D 1) )

where x,y € [ry, pimy + (1 = py) m3] X |73, pares + (1 = po) m3] .

Remark 3.13. It is obvious that if we use p, = p, = 1, then Definition 3.12 transforms into
Definition 2.7.

In [36], H. Kalsoom et al. introduced the following notions of post-quantum partial derivatives.

Definition 3.14. [36] Let F : [n1, 2] X [73, m4] € R?> — R be a continuous function of two variables.
Then  the partial  piqi-derivatives, Daqo-derivatives  and  piqip2q»-derivatives  at
(x,y) € [m, ] X [73, 4] can be given as follows:
01 O0p1aiF (X, ) _Fgx+d-g)m,y) =F(pix+ 1A - p)m,y)
110p1.q1 X (p1—q1) (x —my)

, X £ M
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230pr.qF (X, ) _ FOngoy+ 1 —qo)m3) —F (x, poy + (1 = po) 73)
ﬂ3ap2,qzy (Pz - 612) (y - 7T3) ’

y#m

2
T ”36P1,(11,P2,q2F (X, )7) _ 1
710p1.1 X 730200y (x=m) @y —=m3)(p1—q1) (P2 — q2)

[F(gix+ (1 —q)m, qoy + (1 — q2) m3)

-Flqix+A =q)m,poy+ (1 =pr)m) —F(pix+ (1 = p1)mi, gy + (1 — q2) 3)

+F(pix+ (1 = p)m, pay+ (1 = p)m)], x # my, y # w3,
Now, from the above given concepts, we give the following new post-quantum partial derivatives.

Definition 3.15. Let F : [r), 1] X [n3,14] € R? — R be a continuous function of two variables. Then

the partial p,q,-derivatives, p.q,-derivatives and p,q, p,q,-derivatives at (x,y) € [my, my] X [n3, 14] can
be given as follows:

0, qF (x,) :F(q1x+(l —q)m,y) —F(pix+ (1 = p)m,y)

20k (P —q0) (2 — %) rEm
“Opal (63) _F(xqoy + (1 = g2) 7a) = F (x, poy + (1 = po) 1) Y
40 pyqnY (P2 = q2) (4 = y) VI
z?ail’QI!PZ"DF (X’ y) _ 1

01 0pr g X ™0py g,y (x—11) (4 = Y) (p1 — q1) (P2 — q2)

X [Flqix+ (1 =gq)mi, g2y + (1 = q2) 1)

—F(qix+ (1 =g m, poy + (1 = p2) m4)

—F(pix+ (1= p)m,qy+ (1 —g2)ma)

+F(prx+ (1= p)r,poy + (1= p)m)], x #m,y # ng,
20 manF (6 9) B 1
20 1 X 1Oy (2= X) (v = 73) (p1 — q1) (P2 — ¢2)

X [F(qi1x + (1 = q1)m, g2y + (1 = q2) m3)

—F(qix+ (1 —gq1)m, p2y+ (1 = p2) m3)

—F(pix+ (= p)m,qy+ (1 -q)m3)

+F(prx+ (1= p)my, poy + (1 = pa)m3)], x #m, y # 73,

T F(x,y) 1

P1,91,P2,92

20p g1 X ™0p, gy (2= x) (1 = Y) (p1 — q1) (P2 — q2)
X [F(qix+ (1 =g m, g2y + (1 — q2) 1)
—F(qix+ (1 —q) 7, p2y + (1 = p2) m4)
—F(pix+ (= p)m,qy+ (1 —q)mrs)
+F (p1x+ (1 = p)my, poy+ (1 = p)my)], x # mp, y # 7.
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Remark 3.16. It is obvious that if we set py = p, = 1 in Definitions 3.14 and 3.15, then we obtain the
Definition 2.8.

4. Quantum Ostrowski type inequalities for function of two variables

In this section, we prove some new post-quantum Ostrowski type inequalities for the functions of
two variables.

Lemma 4.1. Let F : A C R2 — R be a twice partially Piq, DP2qa-differentiable function on A°. If

T4 F(rs) 70, FTS) 300, a1.0.0,F (@) n. 1395 F(z,s)
artlal 'derlvatlves P 1:91-P2-92 1 P1:491-P2:92 37 P1,491:P2:92 d 1> T37p1.91:P2-92 are
p P191P292 "20p 1T ™0prga5 " mOp1arT ™0pygaS’ "20p1.g1 T 130pyqn S 11 9p1.41 T 130pp.qr 8

continuous and integrable on [7r1,7r2] X [m3,m4] C A°, then following identity holds for p\q\p2qa-
integrals:

g?gjpbt]hpz,qz (F (T, S))
q19>
(my — my) (M4 — 73)

A F(rx+ (1 =1)m, sy + (1 = 5) 1)
X (7T2—x)2(ﬂ.4_y)2f f s P 1,41.P2:92 2 4
0 0

Td,, o8
e praiT Aprgy
20p,.0T ™0pp S

Lol 7252 Fltx+ (1 =1)my, sy + (1 — 5)73)
+(7T2—X)2(V—7T3)2f f 37D 1,91,P2,92
0o Jo

T
200141 T 10py.gnS

el e Fax+(1—1)m,sy+(1—s)m)
+(X—7T1)2(7T4—y)2f f AL LYy 4 rd

P1.91 P2, 112
110p1.1 T ™0, 48

+(x - n)(y ﬂ)ff 71,73 plqlpzqu(Tx+(1_T)7T1,Sy+(1—s)7r3)
1 3

710p1.a1 T 1302408

pra T ApygnS

P1 t]lT dpz 612

where

Z?szpl sq1,P2,92 (F (T S)) (41)

: [fﬂz fm
= F(t,s) ™ T™d
Pl 41 P2, 512
P12 (my — 1) (7m4 — 713) prx+(1=p)ma J pay+(1=pa2)ms
72 p2y+(1=p2)ms
+ f f F(z,5) "dp g7 spygpS
3

p1x+(1-pima)

p1x+(1=pi)m T4
+f f F(7,8) ndp.g™ " dp,gps
m P2y +(1=p2)my
prx+(1-pi)m pay+(1=pa)m3
+f f F(z,s) ﬂldplﬂlTFSdPZ,é]zs]
T 3
T4 p2y+(1-p2)m3
1
_—[f F(x,s) ™ p2q2s+f F(x,$) r, pms]
P2 (s = 73) p2y+(1-p2)ms 3
1

7> p1x+(1=p1)m
_ f F(r,y) ™d,, .7+ f Fy) ndpaT
T, — 7T

p1x+(1=pp)m 7

+F(x,y)

forall (x,y) € [my, m] X [m3,d] and 0 < g; < p; < 1.
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Proof. From Definitions 3.14 and 3.15, we have

2, ”4857141,172,42,: (tx+ (1 =1)m, sy + (1 = 5)m4) (4.2)
20,1 T ™0p g8 |
1

S P ) =D —yyrs | CNE (1 =Tg) 2 5oy + (1= 5g2) )

—F (rqix + (1 = 7q1) 7y, spay + (1 = spa) ma) = F (rp1x + (1 = wpy) ma, sqay + (1 — sq2) m4)

+F (tp1x + (1 — tpy) mp, spoy + (1 — sp2) ma)]

;gaél,QI»PZaQZF(TX-'_(l —T)m, sy + (1 — 5)m3) (4.3)
2041 T 130p2.4 S

1
B (P1—q1)(p2—q2) (ma = x) (y —73) 75 IF(rqux+ (1 =7qm2, sq2y + (1 = 542)73)

—F (rqix+ (1 —1q) my, spoy + (1 = spp) ) —F (tpix + (1 — tp1) ma, sqoy + (1 — sg2) 73)

+F (tp1x + (1 — tp1) mp, spoy + (1 — sp2) ma)]

Z?afa.,q],pz,qu(Tx"'(l — 1)y, sy + (1 = s)my) 44)
210p1. 1T ™ 0p, S '

1
S e Gy | COEH T sy (s m)

—F(rqix+ (1 —71q) my, spay + (1 = spy)my) —F (tpix + (1 —tp) my, sqoy + (1 — sq2) m4)

+F (tpix + (1 —Tpy) my, spay + (1 = spa) ma)],

,maf,l,qm,qu (tx+ (1 —71)m, sy + (1 — s)m3) “5)
710p1.a T 10000 S
1

S GGG |t (L= Ta)m sy + (1= g2 7)

—F(rqix+ (1 —71q))my,spay + (1 = sp2)m3) —F(tpix + (1 —tpy) my, sqoy + (1 — sg2) 73)

+F (tpix + (1 —tpy) 7y, spoy + (1 — spy) m3)] .

By the equality (4.2) and Definition 3.12, we have
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™ s 8172 S a1 T GprgyS

T, 4 92
fl flTS B 4617’1qlequ(Tx'i'(1 —T)ﬂz,sy+(1 — §)74) 4
P1:91

1
(1 —q1) (P2 — q2) (my — x) (714 —

f f [F (rq1x + (1 — 7q1) 72, 5oy + (1 — 5q2) 74)
») Jo Jo
—F (rq1x + (1 = 7q1) 72, spay + (1 = spa) ma) = F (tp1x + (1 = wpy) ma, sq2y + (1 — 5q2) m4)

+F (Tplx + (I =1p))m, spoy + (1 = sp2) )] dp, 4T dp, g,

n+l n+1 m+1 m+1
9195 qﬁ q 95 95
_ _ n+l m+l n+l n+1 > m+l m+1
2 x)(m v > M G ke W

n=0 m= 0 2 1 2
o n n+1 n+1 m
_Z ni]iq?nHF(qul (1 - qn+1) q_zy + (1 - q_fn 7T4)
=0 m=0 1 P2 Py P Py P
00 o q1q2 ql qg1+] qr2n+]
- Z Z n+1 m+1 By KL m+1y +11- m+1 T4
n=0 m=0 p p2 Pz
WWr (" ( qu1) o (-2
+ P P - = |72yt T4
nz:(; Z:;) p +1 +1 1 p2 p2

p—

(my — x) (4 — y)

PiD2 995 qi qs g
X q19> ZZ n+1 m+1 ( n+1pl'x+(1 pn+1pl)ﬂ-2’ szy-l_ (1 N pm+1p2)7r4)

n=0 m= 0 2 pl 1 2 2
P2 4 4y a5
Z m2+lF(x 2+1p2y + (1 N m2+1p2)7r4)
a4 m=0 P2 12 %
PO 4 q q! 1
Z nllF( nl—lplx-l_(l_ n-li—lpl)ﬂ-z’y)-i__F(x’y)
QICIZ =0 P1 P P 9192
X q q qn qm qm
DI G () L TR (BT
=0 m=0 P1 P D 12 D,
R4 ( fJZ’ 4
+— Flx, ——py+|1- P2 |1y
q ;) ngl pm+l pg1+1
- 4\ g “ “
Z n+l ?n+1 ( n+1p1x+(1 nl—lpl)n-z’ m+1p2y+(1 - m2+1p2) )
=0 m=0 P Py 1 2 %)
1 v 4 ( q| ( q;
+— F pix+|1- P12,y
9> % p111+1 pr11+l pr11+1

o 99D q q g5 qs
+nz:(; P pn+1pg1+1F(p +1p1x+ (1 pn+1p1)ﬂ2’ pm+1p2y + (1 N pm+1p2)ﬂ4)]

(my — x) (M4 — )
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% (P1—q1) (P2 — q2)

N KA q 75 q
qu( p p1X+(1— ~ pl)m,—m pzy+(1— -
919> ot 2 p1+1 p +1 p +1 p +1

n= 1 2 2
(p2— ) qy qs
- £ 2 m+1 2+1p2y+ 1 - m+1p2 T4
q19>2 =0 p2 p p2
(P1—q1) © q| q! 1
- ot me — )y |+ —F (xy)
9192 n— p1 q19>
| f [
= F(t,s) ™d, ., t™d,, ;S
9192 | p1p> (2 — X) (714 = 9)* Jprcr1=piim Jpay+(1-payns P P24
1 g
- F(x,s) ™d,, s
P2 (2 = x) (s — ¥ Jpay1-poyms e
1 f”2 1
- F(r,y) ™d F (x, y)] .
p1 (= %) (4 = y) Jpixei-pom na T =0 d—y)

Similarly, by the equalities (4.3)—(4.5) we obtain the identities

I :flfl Ziailfhpzqu(T'X—i_(l_T)7T2’Sy+(1_S)7T3) .
2 nzapl,qlT 7r3ap2,qzs P1,q1 P2, qz
1 2 pay+(1-p2)m3
) F(1,5) ™dp, 0T nd
q192 [plpz (72 —x)z(y—TF})z p1x+(1—p1)7r2f P1q1 p2.q2 S
1 p2y+(1=p2)ms
- F(x,$) x s
p2(my — X)(y—j'(3)2 N
1 - Fen v 1 Foen
- Ty aT x|,
p1 (= x)* (v — m3) Jpiasi-pom pra (712 — x) (y — 73)
17, = fl fl fr?ai’lq1P242F(Tx+(1_T)ﬂl’sy+(1_s)774) d
» 110p1a1 T ™0, g, pra T Gy
1 1 p1x+(1-p1)m T4
- F(T’S)n'd R Tﬂ4d ’ S
9192 [PIPZ (x = 71'1)2 (m4 — y)2 fpgy+(l—p2)ﬂ4 1%p1g1 p2.q2
1 T4
- F(x,s) ™dp, 4,5
pa(x—m)(my — y)2 p2y+(1=p2)my P
1 prx+(1-pim 1
) F@y T+ F(x.y)|.
p1(x=m)* (m =) I m (x =) (714 = y)

and

I, =

o1 T ApygnS

ff . p]qlquF(Tx+(l—T)m,sy+(1—s)7r3)

1011 T 130240

1 p1x+(1=pi)m pay+(1—pa)m3
F(t,s) » T od
q19>2 [pIPQ (x 71'1) (y 7'(3) f ‘fﬂ; 1 Pl g1 P22 S

o))

(4.6)

4.7)
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1 p2y+(1=p2)m3
- F(x,s) , K
Pz(X—Fl)(Y—ﬂ3)2 ’ p2q2
1 P1X+(1 PO 1
F(r,y) nd, , 7+ F(x,y)].
Pl (x —m)* (y — 73) Y m o (x =) (y—m3) y

Thus, we have

q1q2 (my — x)* (my — y)zl L D92 - x)? (y — m3)?

I
(7ry — 1) (4 — 113) : (7ry — 1) (4 — 113) ?

91612(76—7?1)2(7&—)’)2[ + 111Q2(x—ﬂ1)2(y—7T3)21
(my — ) (g —713) (ry = 1y) (74 — 113)

: [fm fm
= F(r,s) ™ dy, T dp q
P1P2 (ty = 71) (T4 = 73) | Jpyxr(1=piyms S pay+(1=po)ma e w2

) p2y+(1=p2)m3

+f f F(,5) ®dpg,T ,dprg,s
p1x+(l-pim) J3
p1x+(1=p1)m T4

+f f F(1,8) mdpgT " dprg,s
i pay+(1=p2)ms
p1x+(1=p1)m p2y+(1—p2)ms

+f f F(7,5) mdp.giT 3dprgrS
b3 3

1 [fm p2y+(1-p2)m3
- F(x,s) ™ s+f F(x,s) rd s]
dp,q »8) mlpyg
P2 (74 = 73) p2y+(1=pa)my o 3 .

1 V) p1x+(1-pi)m
- [f F(z,y) ﬂzdpl,qlT"‘f F(,y) ndp g
p

oM 1x+(1=p1)m i
= ZTZ;jPIaQI,PZ,CIZ (F(7,5)

+F(x,y)

which completes the proof. O
Remark 4.2. In Lemma 4.1, if we set p; = p, = 1, then the Lemma 4.1 reduces to [21, Lemma 2].

Remark 4.3. In Lemma 4.1, if we set py = p, = 1 and q,,q, — 17, then Lemma 4.1 reduces to [41,
Lemma 1].

In terms of brevity, we will use the following notations

o s = gl oF (@ s)’ Wr.s) - 7 amart (T s)
"20py,qi T ™0ps.qy S 7110p1.qi T ™0y, S

A1, s) = %6{9’2" anal 09 Q(r, 5) = — w0 ek 2
prai T 730p2.qo S 1 0p1a1 T m30pr.gn S

Theorem 4.4. Suppose that the assumptions of Lemma 4.1 hold. If |O(x, s)|, |O(7, s)|, [Y(1, s)| and
|Q(7, s)| are co-ordinated convex on [y, ;] X [m3, 4], then we have the inequality
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|;?;;jpl,61|,172,q2 (F (7, S))|
! q192
(my — 1) (g — 73) [21,,.4, 1000 [B1p1 .00 B0

x |(r2 = ) (ra = y)?

X (120101 [20pags 19 G+ 121510, (131 psgs = [2]00) 19 (. 72)]
+ 121505 (1315101 = (205100 ) 19 (12, )] + 1O (12, 74)])

+(m — %) (v — m3)’

X (1215141 1212 1O G + 121,41 (3]s = [2]2.00) 1O (x, 73)]
+ 1250, (1315101 = [215,.4,)1© (12, )| + 1O (2, 73)1)

(x = m)” (4 — y)?

X (1215101 21 o ¥ G+ 12,4, (Blpnge = (200 ) ¥ (1))
+ 205 (1315101 = (215,00 ) ¥ Gri )| + ¥ (1, 4)1)

+(x - 7T1)2(Y - 7T3)2

X (1215141 21 o RG]+ 121, (3]s = [2]0,) 12 (Cx.73)]
+ [2pss (B1p1r = 211, ) 1Q G )] + 12 (1, 713)]) ]

Proof. Taking modulus in (4.1), we have

|Z?2jpl,41»172»qz (F (7, S))| 4.8)
9192
(7 — 1) (4 — 73)

1 pl
(my — x)* (74 — y)2 f f |0 (rx + (1 =) my, sy + (1 = ) )| dp, 0,7, 4,
0o Jo

IA

X

1 1
+(7r2—x)2(y—7r3)2f f 751@(tx + (1 = D)y, sy + (1 = ) w3)| dyy 4,7y
0 0
1 1
+(x—7r1)2(7r4—y)2f f ¥ (rx+ (L =) 7y, sy + (1 = $) )| dp, 4,7, g, S
0 0
1 1
+(x—7r1)2(y—7r3)2f f 75|Q(tx + (1 = 1) 7y, 5y + (1 — 5) 73)] d,,l,q,fdm,qzs].
0 0

Since |®(7, 5)| is co-ordinated convex, we obtain

1 pl
f f S|P (rx+ (1 =)o, sy + (1 = ) my)| dp, 4, 7d 0,8 4.9)
0o Jo

1 pl
Sff‘rs
0o Jo
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(20101 (210 19 G 9] + 1211, (3]s = (2] ) 19 (o, 7))
+121,,4, ([3];;1,(11 - [2]171,(11) @ (2, )] + [P (12, 74|
[2]p1,q1 [z]pz,qz [3]171,111 [3]pz,qz

By the similar way, as |O(t, 5)|, [¥(7, 5)| and |Q(7, 5)| are co-ordinated convex, we establish

1 pl
f f s|O(rx+ (1 =) ma, sy + (1 = $) m3)| dpy, 4, 7d ), 008 4.10)
0o Jo

[2]1715111 [2][72,!12 1® (x, )| + [2]P1,CI1 ([3]172,!12 - [2]172’112) ® (x, 73)|
+ 1205 (1315101 = [2151.00)1© (12, )] + 1O (2. 75)|
[Z]Plﬂl [2]172,6]2 [3]P174I [S]Pz,lh ’

IA

1 pl
f f ts¥(rx+ (A —1)my, sy + (1 = s)my)| dp, 4,7dp, 4,8 “4.11)
0o Jo

2110 (2o ¥ o+ 121, (B0 = [21.0,) I (5 )]
+ 1205 (1315101 = (20510 ) ¥ G )| + ¥ (1 )]
(21101 (21p2.2 [31 101 [Bl

IA

and
1 pl
f f s|Q(rx+ (1 =1)m, sy + (1 = s)m3)| dp, 4, 7dp, 4,8 4.12)
0 Jo

[z]plm [2]pz,qz 1Q (x, y)| + [Z]pl,ql ([3]112,42 - [2]p2,q2) €2 (x, 713)]
+ 2105 (1315101 = (215100 1Q (i )| + 19 (1, 703)]
[2]p1,q| [Z]pz,qz [3]171»(11 [3]17242

If we substitute the inequalities (4.9)—(4.12) in (4.8), then we obtain the desired result. |

<

Remark 4.5. In Theorem 4.4, if we set p1 = p, = 1, then Theorem 4.4 reduces to [21, Theorem 5].

Corollary 4.6. In Theorem 4.4, if we choose |O(x, s)|, |O(t, )|, |P(1, s)|, |7, )| < M for all (1,s) €
[r1, 2] X [73, 4] , then we obtain the following post-quantum Ostrowski type inequality

|;?;2jpn,q1,pz,qz (F (7, S))|

M 0192 120p,.01 (Blpsgs = 2D prs) + 2l Blpyy + 1
(7 — 1) (4 — 13) (315141 [Blprg
y (2 = x)* + (x — 7T1)2] [(M -+ (- 7T3)2] .
21,4, 21,4,

Remark 4.7. In Corollary 4.6, if we put p; = p, = 1, then we recapture the inequality (1.7).
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Remark 4.8. In Corollary 4.6, if we set p1 = p, = 1 and q1,q, — 17, then Corollary 4.6 reduces to
Theorem 1.3.

Theorem 4.9. Suppose that the assumptions of Lemma 4.1 are hold. If |®(z, s)|°, |O(t, 5)I*, [Y(7, s)|°
and |Q(t, s)|° are co-ordinated convex on [rty, ] X [13, 4], then we have the inequality

|§?;2jp|,q1,pz,qz (F (7, S))|

9192 ( 1 1 )
(7[2 _ﬂ'l)(ﬂ-4 _7T3) [r+ 1]p|,q] [r+ 1]p2,q2

@ G + (12 = 1) 10 )l + (1214, = 1) 19 (22, I
+ (120 = 1) (120514 = 1) 1® (2, I

2 2
X |(my — x)" (4 = y) [2]p1,q1 [2][72,(]2

1O (I + (121 = 1) 1O (r, 1)l + (121, — 1)10 (12, I
+(120psg2 = 1) (121514, = 1)10 (12, 73)]°

— 2 —_ 2
+(my — %) (y —m3) [2]p1,q1 [2]1727112

¥ G+ (1200 = 1) 1¥ )l + (121, — 1) 1¥ ()
+ (120 = 1) (12010 = 1) I¥ Gy o)l

2 2
+(x=m) (ma—Yy) [ P 4 P

ol
)

QG + (1210 = 1) 1Q (e 73)[* + (1214, — 1) 1Q (1, )
+(120pn2 = 1) (1214, = 1) 1Q (1, 7)*

2 2
+(x—m) (y—ms) [2]p1,q1 [2]172,1]2

where%+§: 1, s > 1.
Proof. From the Lemma 4.1, we have

T prar g (F (1, 9) (4.13)
9192

(7 — 1) (4 — 13)

X

1 1
(my — x)2 (4 — y)2 f f S|P (tx+ (1 —71)mp, sy + (1 — 5) 14) d,,l,qlT dm,qzs
0 0
1 1
+ (7 — x)* (y — m3)° f f 751® (x + (1 = 1) mp, 5y + (1 = ) m3)| dpy gy T Ay S
0 0
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1 Al
+(x—7r1)2 (4 —y)zf f sV (rx+ (0 -D)m, sy + (1 =) m)l dp, g, T dpy g s
0 Jo
1 pl
+(x— 7r1)2 (y— 7r3)2f f s|IQ(rx+ (1 =) my, sy + (1 = 8)m3)| dp, 0T dprgn S| -
0o Jo

By using the well-known Holder inequality and the co-ordinated convexity of |®(7, s)|*, we obtain

1 pl
f f S|P (rx+ (1 =)o, sy + (1 =) ma)l dp, T dp, g8 4.14)
0 Jo

1l ¥
r.r
f f s dpl,qlepz,qzs)
0 0
1
s

1 1 K
X f f D (tx + (1 — 1) my, sy + (1- s)ﬂ'4)|s dpl,mT dpzilzs)
0 0

IA

IA

1 1 )'
[r+ 11,4 [r + 11,4,

1
X f f [Ts|® (x, VI° + 7(1 = 5)|D (x, 74)]°
0 Jo

1
(1= )51 @) + (1= 1) (1 = $) 1O (02, 1) dpy T i r5)’

+
B 1 1 )lr
-\l Uy g [r+ 11,4,
1 eI+ (120 = 1) 10 Gzl + (120, = 1) 1@ @) )
. + (1202 = 1) (121510 = 1) 10 (e, )
[z]plﬂl [2]P2,q2

Similarly, we have

1l
f f SO (Tx+ (1 =1)m, sy + (1 =) m3)| dp, g, T dpy g S 4.15)
0 Jo

IA

1 1 )
[+ 1,0 [+ 11,4,
© ey + (1210 = 1)10 el + (1214, = 1)1O G |
+([2]pz,qz - 1)([2]1)1,% - 1) 1® (2, m3)|*
[2]171,Q| [2]P2,q2
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1 pl
f f S|P (rx+ (A -1, sy+ (A = s)m)l dp, T dp, g8 (4.16)
0o Jo

(o)
[}" + l]l’l»CII [I’ + 1]172,(12
¥ eI+ (2155, = 1) ¥ )l + (21,4, = 1) I¥ G0
+ (120 = 1) (12114, = 1) 1¥ Grr, 7))
[2]Plal]1 [2]1727&12

and

1 pl
f f s|Q(rx+ (A =) my, sy + (1 = s)m3)| dp, T dprgn S “4.17)
0o Jo

1

IA

1 1 )
[r+ 11,4 [r+ 11,4
1Q oI+ (120 gy — 1)1 G 7)l* + (121, — 1) 1Q Gri, )P
+ ([2]P2,q2 - 1) ([2]p|,q1 - 1) 1Q (71, m3)I°
1215191 (21 2.0

By substituting the inequalities (4.14)—(4.17) in (4.13), then we obtain the required result. O
Remark 4.10. In Theorem 4.9, if we use py = p, = 1, then Theorem 4.9 reduces to [21, Theorem 6].
Corollary 4.11. In Theorem 4.9, if we choose |®(t, 5)|, |O(1, )|, |Y(7, 5)|, |Q(T, $)| < M for all (7, s) €
[r1, 2] X [73, 4] , then we obtain the following post-quantum Ostrowski type inequality

|;?Z;jm,q|,pz,qz (F (x, S))|

0192M ( 1 1

), |[r2 = 07 + (x = 2| | ra = 3 + (v = m3)?) -

Remark 4.12. In Corollary 4.11, if we set py = p, = 1, then we recpature the inequality (1.8).

Remark 4.13. In Corollary 4.11, if we set p1 = p, = 1 and q1,q, — 17, then Corollary 4.11 reduces
to Theorem 1.4.

Theorem 4.14. Suppose that the assumptions of Lemma 4.1 hold. If |®(, 5)|*, |O(t, 5)*, |¥Y(7, 5)|* and
|Q(7, 5)I°, s > 1 are co-ordinated convex on [y, 2] X [3, 4], then we have the inequality
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|g?Z;jpl741,P2,42 (F (T’ S))|
1 q192
(2 — 711) (4 — 713) 121, 41 2]

x |2 = ) (4 = y)?
(21,4, (21,4, 1P (x, V' + (21,4, ([3]172#2 - [21,,. qz) D (x, )l
20 ps (1315101 = (21500 19 (12, ) + [® (2, 70l
[3]171»(11 [3]172,(12

IA

ol

+(my = x)* (v — m3)°
215, (213, 1 e )P + 120, (131 = [2]y5) 1© G )P
#1200 (Blpray = [215,.0,) 10 (12, I +10 (2, 7))
[3]P1,QI [3]172,612

@ =

+(x—m) (g — y)°

(215101 (200 12 G + 120, (13Tpnge = [2Dpne) P (o)l )’

12000 (315101 = [20p10)) ¥ G ) + ¥ Gy, )l
[3]171,41 [3][’2542

+(x—m) (v —m)
(215101 (205 1Q ]+ 1214, (1Bl = [25,) 19 (. 713))
+2gn (13110 = [20p1.0)) 1Q G )| + 1Q (i, 75)|
[31p1.0: Blpog

Proof. By using the power mean inequality and the co-ordinated convexity of |®(, s)|°, we obtain

1l
f f S|P (rx+ (1 =)o, sy + (1 = ) ma)| dp, 4, 7dp, 4,8 (4.18)
0 Jo

-
(ffTSqul pzqzs)

(ffTS|(D(T)C+(1—T)ﬂz,sy+(1—s)7f4)| dplfh pzqzs)

IA

1
K

1 =
* (o)
[2]1717(1I [2]P2a512
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1 Al
x(f f T8 [T8|D (6, VIF + 7 (1 = ) |D (x, my)|*
0o Jo

1

+(1 =) s|® (o, I’ + (1 = 7) (1 = 9) | (72, ma)|] dpl,depz,qzs)E

1 =
) ([2]1717111 [2][7242)

[2][’141 [2]]72,(]2 |CD (-x’ )’)|s + [2]]7141 ([3]p2,q2 - [2][72,42) |(D (x’ 7T4)|s
+ 12005 (1315101 = (20500 ) 1® (2, I + [@ (2, 70

[2].171,41 [2]172"]2 [3].171,‘11 [3]172’(]2

Similarly, since |O(, 5)|*, [¥(7, s)|* and [Q(7, s)|° are co-ordinated convex, we establish

1l
f f s|®@(rx+ (1 = 7)ma, sy + (1 = ) m3)| dp, 4, Tdp, 4,8
0 Jo

1 =5
* (e
[2]1’1,111 [2]172,612

(215141 [2]p,.00 1© G, VI + (2], 4, ([3]pz,qz - [z]pz,qz) ® (x, )"
+ 2005 (1315101 = [20p1.0)) 1© (12, Y1 + 1O (. 73)[*

[2]171"11 [2]172"]2 [3]171"]1 [3]172,‘12

1l
f f sV (x+ A —1)m,sy+ (1 =)yl dp, 4,7dp, 4,8
0 Jo

1 -
( [2]p1’(/| [2]P2,q2 )

(20101 (2 pgn 12 G + 120, (13Tpnge = (2] ) I (5, 70)
+ 2 (131pry = (20100 ) ¥ G 0 + ¥ Gy, )l

[2][71»‘]1 [Z]sz [3][717‘]1 [3]P2s112

and
1
ffTS|Q(TX+(1—T)7T1,Sy+(l_s)7[3)| dp, g Tdp, 4,
0 Jo

1

]_,1
[ ]PI,QI[ ]1727(12

@ =

(4.19)

(4.20)

(4.21)
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[2]171,(]1 [2]17242 1Q (x, )I” + [2]17141 ([3]172’42 - [2]172,42) 1Q (x, m3)I°
+ 1205 (13111 = (2150, )1Q 0 I +1Q (1, 73)

X
[Z]PIJII [2]1727(12 [3]PI,(11 [3]1727(12
If we substitute the inequalities (4.18)—(4.21) in (4.13), then we obtain the desired result. O
Remark 4.15. In Theorem 4.14, if we assume py, = p, = 1, then Theorem 4.14

becomes [21, Theorem 7].
Corollary 4.16. In Theorem 4.14, if we choose |®(t, )|, |O(7, s)|, |'Y(7, 5)|, |Q(1, )| < M for all (1, s) €

[y, 2] X [713, 4] , then we obtain the following post-quantum Ostrowski type inequality

|ﬁg~7p1,q1,pmz (F (7, s))|
1
Mqq> (21,4, ([3]172,(12 - [2]p2,qz) + 21,0, Blprgr +1 '
(my — 7y) (4 — 713) [3]171,41 [3]p2,q2

y [(ﬂz — )+ (x - m)z] [(m -+ (- ﬂ3)2]
(2110, [21p,.4: .

Remark 4.17. In Corollary 4.16, if we consider py = p, = 1, then we recapture the inequality (1.9).

Remark 4.18. In Corollary 4.16, if we consider p1 = p» = 1 and q1,q, — 17, then Corollary 4.16
reduces to Theorem 1.5.

S. Conclusions

In this study, we proved some new post-quantum variants of Ostrowski type inequalities for the
differentiable functions of two variables. We also proved that the results proved in this study are
the refinements of some existing results in the field of integral inequalities. It is an interesting and
new problem that the upcoming researchers can obtain the similar inequalities for the other kind of
convexity in their future work.
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