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1. Introduction

Fractional calculus (FC) has been more important in pure and applied mathematics in recent decades
as a result of its applications in engineering and applied sciences. FC deals with the integral and
differential operators of non-integer orders. Fractional differential and integral equations have been
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confirmed to be powerful equipment to explain various real-world problems such as chemistry, biology,
physics, signal processing, electrodynamics, economics, finance, and also many more. For more
details, we refer readers to the books in [1-5].

One type of famous differential equation (DEq) involves proportional delay terms called pantograph
equations (PEqs) of the form:

{ X' (t) = ax(t) + bx(Ar), te[0,T], T >0,
(1.1)

x0)=xp, 4€(,1), a,b,eR.

It is studied by Ockendon and Tayler [6] that has been a wide range of applications in a wide range
of applied fields of sciences, economics, medicine, engineering and several problems. The PEs is
employed to model some processes and phenomena at the present time and depend on previous
states. For some interesting papers on PEs, see [7-19] and the references cited therein. In 2013,
Balachandran et al. [20] examined the existence of solutions for nonlinear fractional PEs using the FC
and fixed point theorems:

(1.2)
x(0)=x9, xp€R, A€(0,1),

{ “DUx(t) = f(t, x(1), x(A)), a€(0,1], te]0,1],
where ¢D? denotes the Caputo fractional derivative of order @ and f € C([0, 1] X R2, R).

The ordinary impulsive differential equations (IDEs) have been played a significant role almost
in every subject to descript physical phenomena in mathematical modeling. They were used to model
some processes with discontinuous jumps and instantaneous moves that cannot be modeled by ordinary
differential equations. In addition, they have been great considered in many fields of real-world
problems such as earthquakes, a mass-spring-damper system with short-term perturbations, finance
and pharmacotherapy, see [21-24].

Recently, a qualitative property is a favorite field to study in the areas of engineering and applied
sciences. It has two notable topics that are the existence theory and stability analysis. Stability analysis
plays a very important tool to study in many fields such as optimization, numerical analysis, economics,
mathematical biology and nonlinear analysis, etc. We encounter situations where finding the exact
solution is a very difficult task, so stability analysis comes into a major role. Various types of stability
like Exponential stability, Lyapunov stability, Mittag-Lefler stability, and Ulam-Hyers (UH) stability
have been applied to examine the stability of functional problems. This paper will be studying the UH
stability concept that has been accepted as an easy way and well-known procedure of examination.
Ulam and Hyers have initiated the UH stability concept of the functional problems in Banach space by
Ulam and Hyers during 1941. Thereafter, Rassias provided a notable generalization of the UH stability
of mappings by considering variables in 1978 (is called the Ulam-Hyers-Rassias (UHR) stability). The
UH stability and UHR stability have been extended to integral and differential equations. For more
historical details [25-28]. Then the qualitative property of IDEs is very significant and helpful to
realize physical phenomena that are not described as in the non-IDEs. Many modern papers apply
fractional calculus on IDEs. The researchers have studied the qualitative properties of impulsive
fractional differential equations. There are increasingly researches studying the qualitative property
on non-impulsive/impulsive fractional differential equations (FDEs).
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For instances, in 2009, Benchohra and Slimani [29], using fixed point theory of Banach’s, Schaefer’s
and Leray-Schauder types, discussed the existence and uniqueness criteria of solutions for the initial
value problems (IVPs) with impulses:

D) = f(t,x(t)), t#t, te[0,T], k=1,2,....m,
Ax(ty) = Ju(x(t)), k=1,2,....m, (1.3)
x(0) = x0, x0€R,
where f € C([0,T] XR,R), J : R > R, k=1,2,....m,and 0 =1y < t; < - <ty <ty =T,
Ax(ty) = x(t;) — x(t), x(t;) = lim_o+ x(# + €), x(#;) = x(t;) represent the right and left hand limits of
x(t) at t = ¢, respectively. Benchohra and Seba [30], using Monch’s fixed point theorem merged with
the technique of measures of noncompactness, examined the existence and uniqueness of solutions
for the IVPs with impulses (1.3). In 2012, Wang et al. [31] studied the sufficient conditions for the
existence of solutions for [IVPs with impulses (1.3) by using a fixed point theorem on topological degree
for condensing maps via a priori estimate method. In 2015, Benchohra and Lazreg [32] considered the
implicit FDEs in Caputo sense with impulse:
C@%x(l) = f(t, x(1), CD%x(t)), t#t, te[0,T], k=12,....m,
Ax(ty) = Ji(x(), k=1,2,...,m, (1.4)
x(0) =xp, xo€R,
where f € C([0,T] x R?,R). The existence results of (1.4) are established based on the Banach
contraction principle and Schaefer’s fixed point theorem. In 2017, Benchohra et al. [33] established
the existence, uniqueness, and UH stability of solutions for the nonlinear FDEs in Caputo-Hadamard
sense with impulse of the form:
CHD;ix(t) = f(t7 x(t)’ CHD(;‘,FX(l))’ re (tka tk+1]’ k = 07 19 2’ Y (X
k k
Ax(t) = Ji(x(te), k=1,2,....,m, (1.5)
ax(0)+bx(T)=c, a,b,ceR,

where D% denotes the Caputo-Hadamard fractional derivative of order a € (0,1], f € C([0,T] x
k

R2,R), and a + b # 0. The existence results are proved by using the Banach contraction principle
and Schaefer’s fixed point theorem. In 2021, Ali et al. [34] discussed the IVPs of pantograph implicit
FDEs with impulsive conditions. The existence results are derived by applying the Banach contraction
principle and Schaefer’s fixed point theorem. In addition, they studied the UH results of the following
problem:

DX = f(e x50, XA, “DEx(@), 1[0 T), r#4, k=12....m,
k
Ax(t) = Ji(x(te), k=1,2,...,m, (1.6)
x(o) = Xo, Xo € Ra A€ (0’ 1)7
where f € C([0, T]xR?, R). For modern researches on impulsive FDEs about the existence, uniqueness

and stability, see [35-46] and the references cited therein.
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Recently, in [47, 48], the authors formulate the proportional fractional operators of a function f
with respect to another function ¢ and provide its properties. For @ > 0, p € (0,1], ¢ € C'([a, b)),
' > 0, the proportional fractional integral (PFI) of order a of the function f € L!([a, b]) with respect
to another function ¢ is defined by

1
pT(a)
where I'(-) is the (Euler’s) gamma function defined by I'(a) = fom s*'e7*ds, s > 0. The Riemann-

Liouville proportional fractional derivative (PFD) of order « of the function f € C"([a, b]) with respect
to another function ¢ is defined by

PTGV = f 0N ) (51 fis s, (1.7)

P

PRI =R = S &7 OOty — () fs W ()ds,  (18)

where n = [a] + 1, [@] is the integer part of @, PD™ = DY . PDY...PDY and DY (1) = (1 — p)f(t) +

n times

of" (1) /¥ (). The Caputo PFD type is defined by

1 ! p-l —a—
PTG f(0) =TIV = e f 7 OO 1) — y ()R Fs W (s)ds.
pn—al"(n - CY) a
(1.9)
The relation of PFI and PFD of Caputo type which will be used in this manuscript as
n—1 PDk"ﬁ -
TS0 = 0=y, H w0 - @) e ), (1.10)
e
Morover, for @, § > 0 and p € (0, 1], we have the following property:
ay (s - I ) el a—
("I e r " (W(s) - v(@) ‘)(t> = B 50 ) - (1.11)
pTB+a)

Clearly, if we set p = 1 in (1.7)—(1.9), then we have the Riemann-Liouville fractional operators [2]
with y(#) = ¢, the Hadamard fractional operators [2] with ¢(f) = log?, the Katugampola fractional
operators [49] with ¥(t) = #/u, u > 0, the conformable fractional operators [50] with ¥(¢) = (t—a)*/u,
u > 0, and the generalized conformable fractional operators [51] with () = #*¢/(u + ¢), respectively.
The previous modern works on proportional fractional operators of a function with respect to another
function, see [52-56]. To the best of the author’s knowledge, there are some manuscripts that have
established either impulsive fractional boundary value problems [57, 58] and few papers focused on
impulsive Caputo proportional fractional boundary value problems with respect to another function
via proportional delay term.

Motivated by the aforesaid utilization of implicit impulsive pantograph differential equations above
and a series of papers were presented, we investigate the qualitative properties (existence, uniqueness
and UH stability) of the solutions for the following nonlinear impulsive boundary value pantograph
problem under Caputo PFD operator of the form.

oD x(t) = f(t, x(t), (A1), PO x(t)),  t# b, k=1,2,...,m,
k k
Ax(t) = J(x(@)),  k=1,2,....m,

- (1.12)
nx(0) + BX(T) = ) 6/ T7™x(&),
i=0
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where P D”" Y% denotes the Caputo PFD of order a; with respect to certain continuously differentiable
and 1ncreasmg function ¥ with ¥'(r) > 0 and a; € (0,1], t € Iy = (ti,ts1] € I = [0,T] =

U(Uod i), k =0,1,....m0 =1ty <t < <ty <tw =T, € (011,21 € (0,1), f €
C(j xR3R), o € CR,R), k = 1,2,...,m, T Z_""/”' denotes the PFI of order y; > 0 with respect to
certain continuously differentiable and increasing function ¢;, i = 0, 1,...,m. The given constants 7,

B.oi € R, & € (ti,ti], i =0,1,...,m. Ax(ty) = x(t)) — x(2;), x(;) = im0+ x(t + €), x(t;) = x(t;)
represent the right and left hand limits of x(7) at ¢ = #, respectively. Notice that, the significance of this
discussion on the manuscript is that the problem (1.12) generates many types, including mixed types
of impulsive FDEs with boundary conditions, see [29-34] and references cited therein.

The outline of this paper is as follows: In Section 2, we give some basic concepts, notations,
definitions and lemmas that will be used in this manuscript. Further, an auxiliary result useful to
convert the impulsive problem (1.12) into an equivalent integral equation is constructed in Section 2.
In Section 3, showing the existence results, the uniqueness criteria is verified by Banach’s fixed point
theorem, and the existence criteria is proved by Schaefer’s fixed point theorem. Besides, we investigate
the different types of Ulam’s stability results for the problem (1.12) in Section 4. Finally, illustrative
examples are built in Section 5 to clarify the positiveness of our theoretical results.

2. Preliminaries

Throughout this manuscript, let PC(J,R) := {x : J — R : x(¢) is continuous everywhere except
for some # at which x(#;) and x(t;) = x(tx), k = 1,2,...,m]} the space of piecewise continuous
functions. Obviously, (PC(J,R), ||x]|) is a Banach space equipped with the norm ||x]|| := sup,., [x(?)|.
In the following, we set the functional equation F,(f) = f(¢, x(t), x(At), F,(¢)), and represents the PFI
operator defined in (1.7) of a nonlinear function F, by a subscript notation by

PTOVE (f) f ep%l(w(t)—w(s))(lp(t) — ()" Fuls) (s)ds

pT(@)

P T@) f ¢ 7 OO (1) = () Fls, 25, X(As), Fol()W (5)ds.

Next, let us begin by determining what we propose by a solution of (1.12).

Definition 2.1. A function x € PC(J,R) N (UL AC(Jx,R)) is said to be a solution of (1.12) if x
satisfies “Px D;’f’d”‘x(t) = f(t, x(t), x(At), P* fo’w"x(t)), on Ji with Ax(ty) = Ji(x(ty)) fork = 1,2,...,m
k k

under 1x(0) + Bx(T) = 310 611" x(é), fori=0,1,...,m
Conveniently, for nonnegative a < b, we define the following symbol:
lIla(taa tb) = Wa(tb) - Wa(ta)- (21)

Proposition 2.1. [48] Let Re(@) > 0 and Re(B) > 0. Then, for any p € (0,1] and n = [Re(a)] + 1,
we have

(i) (72T ) - p@P ) () = Fe T i) - W@, Rela) 2 0,
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(i) (PRI 7 Wis) = w@F ) () = EEBTHO WO - p@) L ReB) >
Fork=0,1,...,n—1, we have
(2074 Wis) - @) 0 =0 and (V2T )@ =0
Corollary 2.1. [57] Let 0 < Re(8) < Re(a) and m — 1 < Re(B) < m. Then we have
PRIV f (1) =PI f(0).

Next, we provide an essential Lemma 2.1 that is used to prove the main results of (1.12).

Lemma2.l. Let0 < o < 1,0< p < 1, Fy € AC(T X R3,R) for any x € C(J,R) and A # 0. Then
the following problem:

CoDx(t) = Fit), t#4, k=0,1,2,....m
Ax() = il(x(t)), k=1,2,....m
nx(0) + Bx(T) = Z STV (&),

i=0

(2.2)

is equivalent to the following integral equation:

k m
o= 1 Pisi=lg oo vt
X0) = PIRUED + e W%”{ﬂ [ ‘P~<f~’“[§ 5P T VE () ~ T E(T)

tm
i=1 i=0

m—1 pj-1
7\11 itiv
—Be i YmltmT) Z ( p’ TR () + Ji(X(ti))) 1—[ PR 1))

j=i

Vi i i—1
+ Z 5 \P (tn é:l) /Jrl Wi(ti.€1) Z (pj_lfjj—l,¢j—l x(t/) + Jj(x(tj))) 1_[ e i ‘I’[(l‘[ 1)
PTG+ 1) 2\ <

I=j
k-1 /’j‘lq_,
( Pz 11’2‘111 Wi- lFx(ti) + Jl('x(tl))) l_[ eT-/ j(lj,l‘_f+l))}’ te jk, (23)
i=1 Jj=i

where

m+l1 Yi _
—n+ l_[ ”’p‘l Wi 1 (tio1i) _Z 0¥ (t:, &) p, \P(tlgl f;_ll‘l’_,-_|(tj_1,l_/-)
A A P+ D |

(2.4)

Proof. Firstly, for t € Jy = [y, 1], we convert (2.2) into integral equation by taking the PFI operator
mT ff)o’“/’o to both sides of (2.2) and also applying (1.10), we have

Xty = TN (1) + ¢ oo Wo(D=oo))

0 X ]
where ¢y = x(t)). For t € J; = (t,,1,], by taking Pl]i"‘”] to both sides of (2.2) and again using (1.10),
we obtain

P11 _
X(t) — x(t-li-)e o1 W (O-v1(t)) +p1IZIa¢1Fx(t)'
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From an impulsive condition, x(f7) = x(¢7) + J,(x(#1)), we get

p1-1
X)) = [x() + e O Lo )

p]]';l;l,ﬂl’lF (1) + {C e pO (l//o(tl) l//o(to)) [po];f)()#'oFx(tl) + Jl(x(tl))]}e o Lo zpl(tl))

For t € J, = (1, 13], by using the operator #2 1 Z“/’z to both sides of (2.2), we have
x(t) = 2TV F (1) + x(£)) o Wa—va(t)
In view of the impulsive condition x(#]) = x(£;) + J»(x(,)), we obtain

x(t) = x(t )e /,2 (lﬁz(t) W2 (t2)) pzfaz,l//zFx(t)

pz_z‘sz//zFx(t) + {CO e 0 20 (o (11)- lﬂo(lo))e o =W ()0 (1)
p1=1 _ P2l _
+[p0IZO7¢OFx(t1) + Jl(x(tl))]e o1 W1(t2)—1(11)) + [plI;Y]I,lﬂlFx(tz) + JZ(X(tZ))]}e o ((Z10) l/’z(tz))'

By a similar ways repeating the same process, for t € J; = (t, ti+1], K =0, 1,2, ..., m, we have

k
x(f) = pk]'Zk,lﬁkF (N +e Pk 2 (g (- l//k(lk)){ ne o (l//, 1) —Yi-1(ti-1))

i=1

k k—
2 ((p“f ) + (1) ]—[ - ‘”’(””)} 2.5)

Applying the conditions nx(0) + Bx(T) = Y, 61 tyi""/”'x(fl-) with the symbol (2.1), we obtain

m+1
nx(0) +x(T) = neo+ IV FuT) + e | [ e ¥t
i=1
m—1 o
+ﬁe p Yo (tm,T) Z ( Pi- lIat 1LYi-1 x(tl) + Jl(x(tl))) H e Pj lP (tj tj+l)] . (2.6)
j=i
N \P%(tl &) et i i1ty (tj-1.t))
6l_piIV_i’l/ff ) = 5p, Ch+7, %Fx ) + > - o Yilni.€) oot 1L
ZO] 1Y) ZO] &) Z —ylm[ 5 o l:[e
i i—1
3 ((”“f IR + ) [ e )) @7)
J=1 =)

By solving (2.6) and (2.7), we get that
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7824

1D v o
CO — X|: Z 5ipl‘z'tit+')’zsl//tFx(éji) _Bpm_z'tn:n»l//mFx(T)

m—1

— e‘pm Y (tm,T) Z ( Pz lIZrll,l//r—lFx(ti) + Jl(x(tl))) 1—[ e i “P/(l/,fﬁl))
Jj=i
" S0 £) e < ( e i
B rad 11 UR )] pis1 TY-1Yj-1 ‘Pl(fl t1)
+ - e ri A - Fx(l ) + J-(x(t )) e p[ )]

Substituting the value of ¢j in (2.5), yields the solution (2.3).
Conversely, suppose that x satisfies (2.3), taking the Caputo PFD ©#* Dgf’w" into both sides of the
Volterra integral equation (2.3) and using Proposition 2.1 with Corollary 2.1, we get that

Cpy @Zk,l//kx(t) — Cpx Dz;k,'ﬁk pk]'Zk,'ﬁkFx(t)
k m
-] 1 pi-1=1 et
+Cpk @st'ﬁke Pk Tk(tk’t){x l—[ e Pi-l \Pz 1(i-158) [Z 6iplfgl+%’wlFx(§i) _ﬁpm_z'g:z’l//mFx(T)
i=1 =
pm—1 l (tw,T) @i Wi m-] IL_]\.II.([.[._H)
—pen Z (2 E) + ) | ] e
J=i
m Vi i i—1
OV (t, &) ity e s
+ Z —— ll e e S Z (pj"IZ:"w"_'Fx(lj) + Jj(X(tj))) l_[ o i
i=0 p F(YI + ) =1 I=j
- Pl )
i-1:Wi- by SR
+Z(”‘ TR + i) [ e )}
J=i
= x(t)’ re jk-

Next, we show that x satisfies the boundary conditions. Applying the operator p"]’,yi"’w" to both sides
of (2.3) with (1.11), fori =0,1,...,m, we obtain

m 6 e /J \P HUR fl)\l}’yt (l, é‘: 1 m 1
6ipi-z'7.ivwf ; 6 Pl (1,+’}/¢ th ; + 15l lPl 1(ti=15t)
ZO] "X(E) Z (&) ZO oD Hl

X Z é‘ip,'IZHVialﬁin(é‘;i) _ﬁme;Zn,l//mFx(T)

i=0
m—1
— epzlm W (tm,T) Z ( Pl 1]::1%#1 x(ti) + Jz(x(tl))) l_[ e p lF (), t/+1))
j=i
6-‘Py’(t- &) ot Ly i-1
15t iEi) p | 7 11/’1 1 - 2N, t141)
+ I~ I F, 1)+ J x(t; e H
m m—1 oy
+ Z ( Pt ]]'2/111 Wi-1 x(ti) + JI(X(II))) n epj‘{’_/(f_l’l_/-v-l))},
izl j:l
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m

1 PtV
ﬁx(T) — ﬁpm]'a/m me (T) +ﬂe p Wi (tims T){A 1_[ e//’ill Wio1(tim1,ti)

i=1

% Z 6ip,-]~Zi+7i,¢in(§i) _ﬁpm_z'znmd//mFx(T)

i=0

m—1
—Be o YnltnT) Z ( p’ TR () + Ji(x(ti))) l_[ e T t’”))

j=i
- \P%(tta &) "t \y(; &) ;- 11// = = LW (11,0141)
ot
O Yi I=j
m m—1 Py
+ Z( Pt ]]‘Z!ll Wi-1 x(ti) + Jl(x(tl))) n er\y'/(t']’tHI))},
i=1 J=i
nx(0) = %[ 5ip,_Z'Zz+’Yx Wi F(&) _ﬁmeZ;rr»lﬂmFx(T)
i=0
M e,
_ﬁe Pm Yo(tm,T) Z ( Pz 1]'(11 1Yi-1 x(ti) + Jz(x(tl))) l_l epj‘P/(t/,tHl))
J=i
u 5\1’%(1‘1,{:1 Pt lP(I ) ;- le 1 - \Pl(tl f1+1)
o Z [z may + sep) [ 50|
1= O 7 l:]
where A is given by (2.4). Therefore,
nx(0) + Bx(T) = ) 677" x(&).
i=0
The proof is finished. O

3. Existence and uniqueness criterias

In this section, we prove the existence and uniqueness results for the problem (1.12) via Banach’s
and Schaefer’s fixed point theorems. Firstly, we convert the problem (1.12) into a fixed point equation
x = Qx, we define an operator Q : PC(J,R) — PC(J,R) according to Lemma 2.1 as follow:

k m
1 i Ay
Q)1 = kaZkJ//kFx(t) te Pk Bl (i, t){A 1—[ epp 1] i1 (ti-1.8) [Z 5ip,~J-Z/,+y,,w,Fx(§i)

i=1 i=0

m m—1 .4
pm=1 ) e Byt
BT R Y (O]

j=i
5 61, ) /" Yi1.60) ( a; w a_ e

+ : 1 ; i»Si p] II j-1.¥ - 1 x(t) + J()C(I)) e rl JAUR l+1)):|
;piy’r(% T Z o )l;[
C pi-1 TUi-1:Yi-1 = lLvl\Pj(f/JjH)

+ Z (= T3 F ) + (@) ]_[ e . 3.1)
i=1 j=i
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Clearly, the problem (1.12) has a solution if and only if the operator Q has fixed points. For the sake of
convenience, we assume the following notations of constants:

m+1 a, m @;tYi
lIJll tl ,t 61\111 Yi ti, ;
Ql:(”@)sz(l) ZU )
|A| = ’F(al 1+1) |A| p.’y’r(ai+)/i+l)

i=0 IMi

6T (5, E) < ; (tj—lat') )
+ — 32
;P?‘F(%Jr 1) Z‘p, T + 1) (32)
B 16,7 (1;, &)
% < i) |A|Z AT ) e

3.1. Uniqueness criteria

In the forthcoming first theorem, we will prove the uniqueness of solution for the problem (1.12) by
applying Banach’s fixed point theorem.

Lemma 3.1. (Banach’s fixed point theorem [59]) Let D be a non-empty closed subset of a Banach
space E. Then any contraction mapping Q from D into itself has a unique fixed point.

Theorem 3.1. Assume that y, € C(J,R) with () > 0 fort€ J,k=0,1,2,....m, f : J X R3 > R
and ¢, : R > R, k=1,2,...,m are continuous functions, which satisfy the following assumptions:

(Ay) There exist constants L; > 0 and 0 < 1L, < 1 such that, for everyt € J and x;, y;, zi € R, i = 1,2,
Lf @, x1,91,21) = f(8, X2, 2, 22)l < Ly (|1 = xal + [y1 = y2D) + Lalzi — 22l
(Ay) There exists a constant M| > 0, for any x,y € R, such that
[Je(x) = SO < Mylx -y, k=1,2,...,m.

Then the problem (1.12) has a unique solution on [J provided that

2L, €
1-L,

+ M;Q, < 1. 3.4)

Proof. Suppose that K; and K, are nonnegative constants such that K; = sup,. [Fo(#)| < +00, where
Fo(t) = £(¢,0,0,0) and K, = max{J(0) : k = 1,2,...,m}. Define a bounded, closed and convex subset
B,, of PC(J,R), where B,, = {x € PC(J,R) : [|x]| < r1}, r 1s chosen such that

KIQI + KQQQ

1 - (235; + M)

r =

We split the proof into two steps:
Step I. We show that QB,, C B,,.
For any x € B,,, we have

AIMS Mathematics Volume 7, Issue 5, 7817-7846.
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k m
Pl Pi-1~ ot ) v
QX)) < pk]'Zk,l//lex(t)l +em k(fk,f){ A | | e Pt — P 1(1‘11711)[ § |5ilpl-z-:l+%’l//l|Fx(§i)l

i=1 i=0

m m—1 1
m>¥Ym M\Pm m,T i— i—1.¥i- p'/i.‘y'(l's[# )
HBP T F ()] + Bl D) ((p’ T E )]+ ) [ e P

i=1 j=i
|0; |\Pyl(tza§t) ”l. Wi(ti,E0) i i1 7U-1¥j-1 = SWi(tt111)
+Z TG D’ Z (I F ) + |Jj<x<rj>>|)];[e z
o RN
i-1 (I, Wi . . . T i(Z)stj+1
+Z(P T E + ) [ e )} (3.5)
J=i

By using (A;) and (A,), we have

IF (D] < [Fx(t) = Fo(D)] + [Fo(D)]
< f @ x(@), x(A1), Fo(2) — f(2,0,0,0) +f(z,0,0,0)|
< Li(x@] + [x(AD)]) + Ly F(0)] + K
< Hntk (3.6)
1-1L,
Il < Ju(x) = JO)] + [, 0) < Myry + Koy, k=1,2,...,m. (3.7)

Then substituting (3.6) and (3.7) into (3.5) with using (1.7), one has

@i = B oty 4 o '””’"’T){ﬁﬁe”’n‘l Yol

2IL’lrl + KI - ity 2]L1r1 + Kl Ol
_ E |6, T2 ) (E) + ————— B L (1)(T)
[ I-L " 1-L, fm
m—1
=1 Z 2L + K Pitl g
+Iﬁ|epp Wy (1, T) (( 11r1 L lp 11‘2&11 Wi- 1(1)(t,) + erl + Kz) | | e 1{71' ‘“Pj(tj,t]-f-l))
T2 o
J=t

"8, |\Py’(t,,§1) ot ‘I‘(t &) 2L, + K| _—
T ot nS — "L () + My + K
; T D Z L 7 (1) + M +

k=1,
1—[ Z 2L +K N
. €le " ZM))] ((llr%Llp IIZIII - "(D(@) + My + Kz) | | e 7 ‘P’(t”"”))}

i=1 j=i

2Lir +K T iy
= L i f epT"lwm(é’T)‘Pﬁ'n’”_l(s, T, (s)ds
1-L, pmmr(a'm) I
o0 T) { 1 e’}g‘wi_1<zi_1,ti)[2L1r K Z — |6l
Al 1-L, & p/""T(a;+7v)

2L1r1 + Kl Iﬁl
1-L,  pp'T(an)

-
o~ Yils.éngei+yi—1
xf e o P (s, EWi(s)d s +
ti
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T m
el (s Tyggam—1 , om0 T 2Ly + K 1
X e pm mIYImT (s T (s)ds + |Ble om0 Z - —
\ft " " . 1-L,  pfT(@i1)
1

1

=1
li Pin1— — y
X f ¢ YRR (5 g ($)ds + My +K2) o ./<z_/,r_,+.>)
ti-1 .
+ZM R ) 2((2Lm + K, 1
1j P17ty (S ) vwer i —1 i1 SR
Xf e Pt it \ijll (s, lj)l//;-_l(s)ds +M,r + Kz) l—[e o Vit )]
tji-1 ]
k
2L1r1+K] f Pi—1— ‘*P (s.4) ) i
+Z . e pi-l RS i-1— s, 1; {_ $)ds
P (( 1-L, P 'F(a, D i1 (1Y (s)
e R
+M, 7 + Kz) H eri U )}
j=i

E
By using 0 < e # Tl(”')slforOSsSuST,l:O,l,...,m,weget

2L K
@00 < fr_lizl pamr(a ) f W (s, T, (s)ds

1 ZLII’I + Kl |(5,| fi ar+y
+— (s, & s)ds
|A|[ 1 - L2 Z p?i+yir((}f[ + 71) . ( é: )lr// ( )

i=0

2Lyr +K
G K ‘I‘“’"_l(s ),
1-1L, om'T(ay) J;,

< 2L11’1+K1 f @ 1—1
+ k SN 7 ds + M;r; + K
wg]( L ""rm, S (5, W], (8)ds + My + K

ISP (1, E) o (2L + K f g
! . 2 t ds +M;r + K
Z P/ T(yi+1) Z( 1-L, Ke T(al 1) (5 01 ($)ds + Mary + K

(s)ds

m

i=0

w 2L1}"1 + Kl -1 ,
+Z( 1-L, ’ a’z ll“(a, ) f Ti_l (s, ti)'!’p](s)ds + M + K,

2L1}’1+K1 \P;lnm(l',n,T) + 1 |:2L1}"1+Klzm:
1 -Ly,  pET(am+1) Al 1-L, T +yi + 1)

+2L1V1 + K |€|3’:fzm tm, T) +|'8|i 2L + K _ :’T' L (i, 1)
1-L,  p™T(a, +1) 1-L,  pT(ai; +1)

S (1, & i +K, Y Gt
+Z|7| ( f)Z( 17 1 wjll j-1:1j +M1r1+K2)]
o Tyi+ 1) o -1, pjfl [aj- +1)

|5'|‘Pm+yi(ti, &)

=0

+M11"1 +K2)

(2L + K W (et
+Z 1 1' s ( ! ) +M1T1+K2
~\ 1-L, g T +1)
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|ﬁ| m+1 LP(I, l(tl l,t) m |6 |\Pa,+yl(tl,§l)
[(1 " W)Z |A|(Z

f (@i + 1) (g +yi + 1)

el {2 |

PTG+ 1)
K [(H@)’”Z“ A URRD) l(i 61%5 (1, £)
=L\ " IA & T + D I & T + 9, + )

m i &N L _- 1,1 Vi
+ZI6I‘P (t,,fl)z NGERD ) +K2[ (HW) lAlzzlél‘P (%, &)

i pl'T(y; + 1) = p“’ ‘T(aj + 1)

Pl T(yi+1)
2L1.Q.1 KIQI

= +M;Q, p + + K, < ryq,

rl{l_L2 1 2} -1, p8a) ST

~ oL,

- M1-L,

S (1 &) o Y 1)
+Z; ”le)z )

, S p} T + 1)

which implies that QB,, C B,,.
Step II. We prove that Q is a contraction.
Let x, y € B,,. Then, for each ¢t € J, we consider

Q00 ~ (@)D < ”"IZ""”lex<t>—Fy<r>|+ep§7“m’t){

k
ne“pll Wi l(tl ltl
A

i=1
m

i=0

D NSP I (&) = Fy (@) + BPn i |F(T) = Fy(T)

pm—1

+Ble om D) Z ( (P T3 P NE ) = Fy(a)]+ @) = JiO)l)

TR, OiP (1 €) et S i
X ‘/ Y _— ool Pt I P E (t) — Fo(t
1—[ ) Z Ytr(,}/l + 1) Zl ( tj-1 | (]) y( ])l
i—1 k
ST x(e) = 70t [ T >)] * Z( (23 () = Fy(@)
I=j i=1
12 e
D
HIe)) = TG [ e )} (3.8)
J=i

p;—1
From (A,) and (A,) with the fact of 0 < e 7 " < 1for0 < s <u<T.l=0,1
compute (3.8) as follow:

m, we
[(Qx)(1) — (Qy)(®)]

< I = Fy(0)] + —
IAI

Z 16 |p, a,+yl wl|Fx(§l) F (&)| + |ﬁ|pm_[ ‘/”"|FX(T) y(T)|
i=0

+81 Y (Pf-‘fzf;“‘”f-l IF(t) = Fy(@)] + (1)) = o)
i=1
AIMS Mathematics
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N 1GHYY (1,6 <A () vy
+Z}“m1 (p, e |Fx(l‘j)—Fy(tj)|+|Jj(x(tj))_-]j()’(tj))|)]

k
> (P“f;f:'*”"-' IFt) = Fy(@)l + 1ix() - Ji(y(zi))|)
i=1

2L1 T pm—1
e Pm
-L, p“mr(am)

1 2L, < 0] f 2l s )i yie
+— — e o ISEPEITY s, & ;SdSX—
|A|[1 =, p?,w,r(w — s Ewis)dsllx

i=0 fi
N 2L, 1Bl ’
1 - LZ Pg{"r(am)

IA

EnsIpan=lg Ty (s)dsllx -yl

e p Wu(s, T)\Ilam_l(s T)$m(s)ds||x y||

m 2L1 /Jtl ‘Y, (Ytz) @ 1
+|'8|Z(1—L o 1r<al of et T s 1y ()il =yl + Ml =y

= |5|lP%(tz"fz 2L p]l Wii(s,t ) a
Z Z L P s W ()dslx = |

ZipI T+ D) S\ -1y p r(a, )
- 2L1 piz1=ly, (s,tihyai-1—1
+M[|x — ||) + ( v e ri-t TEEEWET (s, i (s)ds|lx = Y|
Ll AN e p,._l;lrmi_l) Vi ’
M x - y||)
2Ly (i T) L X G, E)
< = e =yl + [ : Z T ke =l
1- L p F( a, + 1) |A| 0 ' lr(a't t+7yit+ 1)
2L |‘P"""(tm, T) 2L Vi (i, 1)
et e [IESURY" Z R e =il + Myl =
I- L2 Pm r( (077 1- L P r( | + )

S |5'|lP7i(ti,§i) 2L (tj—lat')
5 E L Ix = yll + My flx - ]
,Op,F(%H) 1-L, P r(]1 1)

S 2L1 \P‘Il I(tl L l)
" —yl|+M —
;(1‘1% P e ol Ml =yl

(2L
- \1-L,

+ MIQZ) llx = ll,

which implies that

2L, Q4
1Qx — @yl < ( MIQZ)HX M-

2

Since [2L,Q;/(1-L;,)+M,;Q,] < 1, by the conclusion of Banach’s fixed point theorem (Lemma 3.1),
Q is a contraction. Hence, Q has a unique fixed point that is the unique solution of the problem (1.12)
on . The proof is done. O

AIMS Mathematics Volume 7, Issue 5, 7817-7846.
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3.2. Existence criteria

The next result is based on the Schaefer’s fixed point theorem.

Lemma 3.2. (Schaefer’s fixed point theorem [59]) Let E be a Banach space and T : E — E be a
completely continuous operator. If the set D = {x € E : x = 0Tx,0 < o < 1} is bounded, then T has a
fixed point in E.

Theorem 3.2. Let y; € C(J,R) with (1) > 0 fort € J, k=0,1,2,...,m. Assume that f : I xR} >
R and J; : R — R are continuous functions, k = 1,2, ..., m satisfying the following assumptions:

(A3) There exist nonnegative continuous functions q, q», q3 € C(J,R*) such that, for every t € 9 and
Xy z€R
1f @, x, 9,21 < g1(0) + g20)(|x] + [y + g3(D)lzl,

with g7 = sup,.{g1(1)}, &, = sup,.+{82(1)} and g5 = sup,.+{g3(1)} < 1.
(Ay) There exist positive constants N, N, for any x € R, such that

[Je()| < Ny|x| + Ny, k=1,2,...,m.

Then the problem (1.12) has at least one solution on .

Proof. We will utilize Schaefer’s fixed point theorem to show that the operator Q defined as in (3.1)
has at least one fixed point. The procedure of the proof is divided into the following four steps.

Step 1. We show that Q is continuous.

Let x, € PC(J,R) be a sequence such that x, — x € PC(J,R). Then, for every ¢ € J, we obtain

[(Qx,)(1) — (Qx)(1)

k
Pl Pi—
< p"IZ"”"IFxn(t) —F. ()| +er ‘Pk(fkaf){ N | | e fi Wic1(ti-1,i)

i=1

X Z 6Ly T F (€)= FEDl + B I |F oo (T) = Fu(D)|

m—1 Pl
+Ble ’"“”)Z(pfIJ“'“”"|Fxn<r,»>—Fx(z,->|+|J,-(xn(ri>> )| e “”f“))

] i

|5 |\P7’(t,,f,) /" t.&i 1 711
+Z e " “ZZI]((PJ I3 () = Fue) + 1) = J(xie)l)

% l_[ epﬁ)t Wi(t1, t1+1))
I=j

;ﬂ
Byusing0<en " <1forO0<s<u<T,1=0,1,...,m, we have

k k=l i
2, ( (2 LN 1) = Fa)] + Vi) = Jie@pl) [ ] e ))}

i=1 j=i

[(Qx,)(1) — (QX)(@)|

T
% f &b STl (¢ TYF (5) = Fu(s)W, (s)ds
o' L)
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L[< 6] f B s ety
+ _— e Pi i(8,6i lI]al Yi S, i Fx S _ Fx S / S ds
|A|[;p +%r(a, +71) A i ( f)l n( ) ( )W;( )

Wi (s, Thgam—1 ’
amr(am) f ¥y (5, TIF s, (5) = P9l (s)ds

IﬂIZ( ey f ¢TIl IE - (5) — Fy(9W(s)ds
|5 |\Il%(tl7fl P/,Jll Wio1(s,t))
+|J,~(x,,<t,->>—J,-(x<t,->)|) Z Tl 1) 2 (Q,T(al S f

X‘I’;-Yf]l_l(s, IIF,(8) = Fu(W (s)ds + [ ;(x (1)) — Jj(x(tj))l)]

+Z( ey f B “‘“)\P?_ﬁ]“<s,ri>|Fxn<s>—Fx(s>|w;_1<s>ds+|J,-<xn<r,~>>—J,~<x<r,~>>|)
IIFy, = Fill - 1[0 J6illFs, = Fill el gy
= T T(an) f For (s T (5)ds + |A| ; P e+ y0) Ju FT (s Eisds

BIIF,, — F.ll _1 (IIFx —Fl (" e
= T \Pg;n (s, T, (s)ds + || e ‘P;’_'-' (s, t)W;_1(s)ds
pmmr(a’m) tm w Iﬁ Z llr( a;- 1) ! '7[’ !

5 lP% 1°61 Fx F Aj-1—
+M1||xn—x||) Z" g f) (” ”f v l(stwj 1(s)ds+Ml||xn—xn)]

711_‘(71 + 1) KE T(a] 1)

m Fx B
N Z ( |1Fy, = Fill f P l(s, W_(s)ds + M;llx, — X“)
1

7111F(al 1)

m+1 @ m @;+yi m .

k (N ST (1, & 8P (1;, &
(1+LBI)Z AR (Z T8 S 01 )
IAl] < F(a,1+1) IANS ol " T+ i+ 1) & plT(y; + 1)

LSRN 116,197 (1;, &)
xz ) m(1+—) Z e ] e, = Al
= p] lr(aj_l +1) |A] |A| r(71

= QIFy, = Fll + QM llx, — x|

_Fx||+

IF,

By using the continuity of f, we obtain that ||F,, — F,|| — 0 and ||lx, — x|| — 0, as n — oo. Hence,

lQx, — Qx|| — 0, which yields that Q is also continuous.
Step II. We show that Q maps a bounded set into a bounded set in PC(J, R).

Define a ball B,, = {x € PC(J,R) : ||x]| < r;}. From (A3) and (A4), we have

T4 20k
17780 39

IO < 1/ x(@0), X(A0), FAD)] < 81(1) + g2(x(t) + x(A1) + g3DIF (D] < —— PO
3
(3.10)

IJk(x)I < Njr, + Ns.

Then, substituting (3.9) and (3.10) into (3.5) in Theorem 3.1 and applying 0 < e 7 " < 1 for
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0<s<ux<T,l=0,1,...,m, we obtain

g +2g5r; N g +2¢5r T
(@00 < =T ()(T) + [—2 DI
- g3 |A| 1 _g3 i=0
+2
+g — 52 ZIﬁlmeam lﬁm(l)(T) + Iﬁl Z( g2 2 i 1[2/:11 Wi 1(1)(ti) + Nﬂ’z + N2)
3
= 5 le[ tl’ 1 + 2 Qj—
Zl 1 0 (81 LTy (1)(lj)+N1rz+N2)
lopzr(yl-l_l)j 1_3 "

gl * 2g2 2/31 @j-1,Yi-1
+;(1——g; lflz 1 (1)(ti)+N1r2+N2

420ty 1
BiTzbn f o=l (s, Ty (s)ds + —
1-g; ”T((Ym) W\

" iyl g + 28 ! 1
< [ s + S8 f Wl (s, Ty (s)ds
ti I- 83 mr(am) tm

(8128 f o :
Y. ‘ LI (8)ds + N N
+(8] § ( [—g o= T(a/, D (s, 1)W1 (s)ds + Niry + Ny

2 6‘I‘7t,,, T+ 280 o
Zl} (&, &) 2(81 g32. f S s 1(S)ds+N1r2+N2)
YT(y; + 1) 1-g; - F(a] 1)

0

(8 + 285 1 f . ,
: P s, W (8)ds + Ny, + N
121 ( 1 _ g3 ['lHr(ai—l) - i—1 (S )wl 1(s) N 12 2

+1 (7 a;i+Yi .

Lo A (N7 1 (v Sl (1, & Y (8, &
1+Iﬁlza(1) Z|+|-’(§)+Z|-|‘(f)
IAI . "F(cm+1) Al (@ + v + 1) p’T(yi+ 1)

Opl ‘—O
(t] s ]) g’f +2g§F2 ilo; Hﬂl(tl’fl
E +[(m|1+ E Nir, +Ny).
~ ] (ajl+1)) 3 [ ( IAI) A] 4 ]( 2t

1 - g3 Ytr(’)/l

81+ 28, i [
l-g 4 PEIWT(% +7i)

IA

—

It follows that
2g 2 r

1 g;
which implies that ||Qx|| < H;. Then the set QB,, is uniformly bounded.

Step III. We show that Q@ maps bounded sets into equicontinuous sets of PC(J,R).
Let 7y, 7, € J; for some k € {0,1,2,...,m} with 7; < 7,. Then, for any x € B,,, where B,, is as
defined as in Step II, by using the property of f is bounded on the compact set J X B,,, we have

(QX)(12) — (QX)(1))|
1 2 pr—1 TNy~
T f e e T (o 1) F (5)(s)ds

1 T
+fl’k— f
o, Tla) Jy,
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4
2l (4,12) ep/t(?k Wi (t,71)

+le

N

m l \117' tl’l A -1,
+W|Z(p, lf;fl;%1|Fx(tl~)|+|Ji(x(r,~))|) 2 o+ 1) _— Z("f SI IFx(tj>I+|Jj(x(ff>)l)]

= P y,l—‘(% +1)
N Z (Pil T 1Wi- 1|F ()] + | (x(2; ))l)}

i=1
1
P T (o + 1)

1 S a/ (0
{ [Zw I E (@D + 1B L |F(T)

gl + 2g2r2
- &5

IA

(297 () + P (1 ) = W )] )5

S ) _ ) {L[Zm: Y 0 6 81280
Al & o T (@i +y:+1)  1-g;
WO (o, T 4+ 2g%r SN AN (RN 428k
I,BQI 1) &) g32+ | (a,] k) 8 gfz+N1r2+N2)
pmr(am+1) 1_g3 i—1 ,1r(a/tl+1) 1_g3
- 5llP% L, & i all(t l,t) T+ 20k
+Z|%| A f)Z:(al " & gfz+N1rz+N2)
— 0 T(yi+ 1) < T+ 1) 1-g;
SV SRR +2g%r
+Z( trrt) &) gf2+N1r2+N2)}.
“\p, F(a'i—l +1) 1 -g3
Then
1 @ ) g1 +2gm
[(Qx)(12) — (Qx)(71)| < ak—(z‘{’ (T1,72) + |‘P (te, T2) = P (lk,T1)| )—*
P Ta + 1) 1-g;
+le /’k “Pk(tk 72) ep,;):‘yk(tkﬁl) {g;i< + 2g;r2|: < \Pal 1(l’l lst)
1-g |4 5T+ 1)

BIS ¥ G (i 017 (1, £1)
|A| P a/, T(a, 1 + 1) |A| p?"”"F(Qi + Vi + 1)

+Zm: |5i|lPi%(li,§i) Z " [ (1, 1) )
pIT(y; + 1) o T(cvj-l +1)

i=0 =1 Pja

i=0

+Qz(N1r2+N2)}. (311)

From (3.11), we get W (1), 72) — 0, [¥2 (0, 72) — ¥ (1, 71)| — 0 and [e 5t ") — 67 -0
as 7, — 7. This inequality is independent of unknown variable x € B,, and tends to zero as 7, — 74,
which implies that [[((Qx)(12) — (Qx)(11)|]] — 0 as 7, — ;. Hence by the Arzela-Ascoli theorem, we
can conclude that Q : PC(J,R) — PC(J,R) is completely continuous.

Step I'V. We show that the set D = {x € PC(J,R) : x = 0Qx} is bounded (a priori bounds).
Let x € D, then x = pQx for some 0 < o < 1. From (A;3) and (Ajy), for each ¢ € J, we obtain the
produce by using the similar process in Step 11,
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|x(2)| lo(Qx)(1)|

(1+ @)"’Z“ Wi (11, 1) (Zml |61 (81, €) +Zm:|6,-|w"<r,-,fi>
Al & i T(all+l) Al T +yi+ 1) el T+ 1)

i=0 pi

LWt t) 1697 (1, &

XZQ,I j 1) m( ) Zl,l(f

L4 Tap + 1) A1) 1A & ol Ty + 1)

Then, ||xl| < Qi(g] + 2g5m2)/(1 — g3) + Q, (N, + Ny) := H; < oco. This implies that the set D is
bounded.

From all the assumptions of Theorem 3.2, we summarize that there exists a positive constant H

such that ||x|| < H; < co. By applying Schaefer’s fixed point theorem (Lemma 3.2), Q has at least one

fixed point which is a solution of the problem (1.12). O

gT + 2g2r2
1-g;

+ (N17'2+N2).

4. Ulam’s stability
In this section, we examine the different type of Ulam’s stability of the problem (1.12).
First of all, we provide Ulam’s stability concepts for the problem (1.12).

Definition 4.1. If for every € > 0 there is a constant C; > 0 such that, for any solution z € PC(J,R) of

Cor @Yk _ Cpr m~\kYk
{\ D) - f(t, 20, 240, PO D) < €, wn

[2(5) = 2(5) = Jz(w)] < €.
there is a unique solution x € PC(J,R) of the problem (1.12) that satisfies
|z(t) = x(¢)| < Cre, te
then the problem (1.12) is UH stable.

Definition 4.2. If for € > 0 and set of positive real numbers R* there exists ¢ € C(R*,R™), with
#(0) = 0 such that, for any solution z € PC(J,R) of

{ DD () = f(2.2(0), 2A0), LD 2(D))] < $(0),
|e(t)) = 2(t7) = Jez(t)| < v,

there exist € > 0 and a unique solution x € PC(J,R) of the problem (1.12) that satisfies

4.2)

|l2(t) — x(D] < p(e), 1€,
then the problem (1.12) is generalized UH stable.
Definition 4.3. If for € > O there is a real number C; > 0 such that, for any solution z € PC(J,R) of

{ PRL) = f (1, 2(1), 2An), PR 0)| < e, “3)
|Z(tk

O = 2t) = Tz(t)| < ev,
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7836

there is a unique solution x € PC(J,R) of the problem (1.12) that satisfies
|2(1) = x()] < Cre(v + ¢(1)), 1€,
then the problem (1.12) is UHR stable with respect to (v, ¢).

Definition 4.4. If there exists a real number C; > 0 such that, for any solution z € PC(J,R) of (4.2),
there is a unique solution x € PC(J,R) of the problem (1.12) that satisfies

2(t) = x| < Cro,(V+ (1)), 1€,
then the problem (1.12) is generalized UHR stable with respect to (v, ¢).

Remark 4.1. It is clear that:

(i) Definition 4.1 = Definition 4.2;

(it) Definition 4.3 = Definition 4.4,

(iii) Definition 4.3 for v + ¢(t) = 1 = Definition 4.1.

Remark 4.2. The function z € PC(J,R) is called a solution for (4.1) if there exists a function w €
PC(T,R) together with a sequence wy, k = 1,2,...,m (which depends on z) such that

(@) W@l <ewl<e 1€;
(@) PDE2(r) = (2, 2(0), 2(A0), LD 2(1)) + w(t), 1€ T

(a3) 2(t}) = 26) = JG@(t) + w1 €.

Remark 4.3. The function z € PC(J,R) is called a solution for (4.2) if there exists a function w €
PC(T,R) together with a sequence wy, k = 1,2, ..., m (which depends on z) such that

(b)) W < @), Wil <v, 1€,
(by) (1) = (1, 2(8), 20, LDV (1)) + w(r), 1€ T
k k
(b3) z(ty) — 2(t) = Jez(t) + wi, 1€ T
Remark 4.4. The function z € PC(J,R) is called a solution for (4.3) if there exists a function w €
PC(Y,R) together with a sequence wy, k = 1,2, ..., m (which depends on z) such that

(c1) w@)| < ed(t), Imil < ev, ted;
(c2) P Dj;f”"z(t) = f(t, 2(0), 2(A0), P DU (D) + w(t), teT;

U
(c3) z(t) —2(ty) = Jiz(t)) + wi, L€ .
4.1. The UH stability
Firstly, we construct the results related to UH stability of impulsive problem (1.12).

Theorem 4.1. Assume that f : § XxR> = R, J, : R — R are continuous. If (A;), (A,) and (3.4) are
fulfilled, then the problem (1.12) is UH stable.

Proof. Assume that z is a solution of (4.1). By using (a,) and (a3) in Remark 4.2, we obtain
o (1) = f(2, 2(1), 2(A1), LD (1)) + 1),
k

2(t) = 2(t) = Ju(z(t) + wy, (4.4)

m

n2(0) + BT = ) 67TV x(&).

i=0
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From Lemma 2.1, the solution of (4.4) can be written as

k m
1 PtV iy
2 = pk_Z'Zk lPkF () + € /’k 2y, 4, t){ | |€ o ‘P,—l(t,—l,tz)[ E 5ip,IZ,+71,lﬂ:Fx(égi)
i=0

i=1

m—1
B I FT) = Be'in mﬂmﬂz(ﬁ (7 2 F ) + diee) [ e ‘”’f’f“))

i=1 j=i

+Zm1 5;“{’?"(1‘1‘,51‘) p;:l“l"i(tisfi)z. (pj,lz-aj—l,kﬁj—lF (t:) + J( (t)))ﬁ L L (11,8141
i=0 P;/T(’}’i + 1)e | =1 - o F ‘

I=j
k k-1 p/-—l\P
+ Z ( Pz I_Z'Z:ll Wi lFx(ti) + Jl(x(tt))) 1—[ eTj /(l/,fj+l))}
i=1

j=i

k m
Pl Pi- i
Pk Z';:k»lﬂkw(t) +e ‘Pk(lksl){ | | e fi- Wi (tim1oti [ § 5ip, Z'zz"'%»lﬁzw(é‘;i)

i=1 i=0

m m—1
Pm “P +
BT w(T) — et Yt T E (p, (i win) + wi) | |e" At ‘))

=1 J=i

m Y[+, -l
N 5‘{1 (tl’é‘:l Pt “l"(t, &) p} 1]"11 l,wj_lW(t') + w; e Pl lP[(ZI tr41)

ylr 1 t/ 1 J
(71 + ) I=j
k—1 ‘{J

+Z(p, 11‘2:11% W(ti)+wi)1—[ep (UUH))}, tejk, k:0,1,2,...,m

i=1 Jj=i

By using (a;) in Remark 4.2 with (A;) and (A,) and the fact of 0 < e P =5 <lforO0<s<
u<T,[=0,1,...,m, we estimate

|z(2) — x(1)|

< p,,, U Ym F t D+ —
< LT F() — Fu(o) |A|

Z 6 Ty (&) = Fo@)l
HBP I F(T) = Fo(T)] + 1B Z (p’ T FLA) = F()]+ i) - Jl-(x<r,->)|)

BIT 1E) < [,y
' Zo: PIT(yi+ 1) & Z (,,, Ly IR = Eplh+10) - Jj(x(tj))|)]

m

v Z (f’”IZj]"w” (1) = Fut)] + i(a(e) - J,-(x<ti>)|) P T (1)

A A| Zw P @] + BT ‘”’"Iw(T)|+L8|Z PATE (e + i)

m Yi
+2) léy,lf(y(t’j’) Z (2 ) + wil)
O 4

m

£ (I ) + i)

i=1
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2L won(t, T)
- l2() — x(1)] + —
1L, poT(am+1) |A|

2}L’I Bl Iglm(lm’ T) 2L1 Ia/t l(ll 1s l)
+ . ) — x()| + E . t) — x(t
1 LZ P;Z"T(Qm 1)|Z( ) X( )| Iﬁ' i=1 (1 LZ p?_[llr( i—1 1)|Z( ) X( )l

(1) = x(0)|

2L, i |62 (11, €)
— p! T +yi + 1)

U0 (1, E) < (2L %l(fj—l, t;)
+M|z(2) — X(l)|) + Z T+ 1) ; (1 L aj T )|Z(l) = x(D)] + M lz(2) — x(t)l)]

% 2L1 lPa_ll i1, 1) \sz(tma T)
"2 (1 Lo P T, + D) Tl M - x(”') @+ D

€ [ Z’": 6P (1, &) . 1B (t,, T) LB Z’”:( WO (11, 17) . 1)

i=1

Al & o7 T(@i +yi+ 1) o' Tlam + 1) TT(@m + 1)
PSP (1, £ a“(t 1, 1)) SN SN
+Z|| (§)Z(al - 1)”2(@1(1)*1)
L4 plT(y; + 1) S T(ajo + 1) L\ pl Ty + 1)
2L, Q2
= ( _ILI + Mlﬂz) l2(t) = x()] + (Q1 + Q) €.

This further implies that |z(f) — x(#)| < Cre, where

Q+Q
1— (2 + M)

Cf =

Hence, the problem (1.12) is UH stable. O
Corollary 4.1. In Theorem 4.1, if we set ¢(€) = Cye such that ¢$(0) = 0, then (1.12) is generalized
UH stable.

4.2. The UHR stability
Before the proof of the next result, we give the following assumption:

(As) There exist a nondecreasing function ¢ € C(J,R) and constants «, > 0, € > 0 such that

PTV (1) < kpp(2).

Theorem 4.2. Assume that f : J xR?> = R, J; : R — R are continuous functions. If (A;), (A), (As)
and (3.4) are fulfilled, then (1.12) is UHR stable with respect to (v, ¢), where ¢ is a nondecreasing
function and v > 0.

Proof. Let z be any solution of (4.3) and let x be a unique solution of (1.12). Then, for ¢ € J, we have

m

2B T IFE) = @)l

i=0

2(t) — x(O)] < PIUE () — Fo(t)] + W

ti-1

HBP I\ FAT) = FA(T)| + 181 (p’”f W F L) = Ful + i) = Jie)
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N 1GHYY (1,6 < [, ety
+ ; m 2 (p I,/ : |[F(t;) — Fo(t)| + |J;(z(t)) — Jj(x(fj))|)]

+ Z (I*” (1) = F ()] + 1(2(0) - J,-<x<t,->)|) 0T (1)

i=1

Z 63t T3 w(@] + 1B T w(T)] + 1B Z (P T3 ) + i)

|A| 2
|5i|\P)'ll(lia§i) d vt m

+ 1— /’II_Z'UIJIWI' + |w; + 'D'I-Z-allw’lwti + |wil ).

; pZT(’)’,’ +1) JZ( 11 w(zpl + | | ; tio1 lw(z)| + | |)

p;—1
By using (c1) in Remark 4.4 with (A,), (HA2), (As) and the fact of 0 < e i V@) < | for
0<s<ux<T,l=0,1,...,m, we estimate that

2L, B\ i i )
lz(r) — x(0)] < (1 _L2|:(1 + W)ZZ N lr(al 1+ D

1( i 6P (1, £) Zwiw,”(ri,&) " T711‘<r,~_1,n>)
@j—1

T D LT+ 1 T I
i=0 pl' (ai+7i+ ) i=0 i (71+ )j:l Pj_l (aj—l+ )

i8R (8, &
+M1[m1+—) ZI}F(( &)
Yit

06,17 (1:, &)

1+m(|ﬁ|+2|5)+ml+m |A|Z 711“(%_’_1)
o 6P (15, &)

(1 ’ W) Zo i Toi+ D )E

_ (Zngl 1+ Tl [l,Bl + Z |6; I) + Qz} Kp(2) + sz)f

o M1Qz) |z(£) — x(0)] + (
1+m[|ﬁl+2|6|]+92

This further implies that |z(¢) — x(7)] < Cy, €(v + @(7)), where
|1+ & 81+ 2 0|6|)+92]K¢+92
Fre = 1- (ZLIQI + M]Qz)
Hence, the problem (1.12) is UHR stable. O

)Iz(t) — x(2)|

Kpp(1)

< (2L1£21

Tt Mlszz) [2(t) = x()] + [

Kg + Qz) e+ ¢(1).

Corollary 4.2. In Theorem 4.2, if we set € = 1, then (1.12) is generalized UHR stable.

5. Numerical examples

This section provides three numerical problems, which indicate the exactitude and applicability of
the main results.
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Example 5.1. Consider the following an impulsive pantograph fractional boundary value problem:
cZsl D%k+2 exp (F5%) (1) = f(t, (1), x[?t) cs TD“"Z exp(1F3) (t)) e

Ax(t) = Je(x(t),  k=1,2, (5.1)

1 3 2 1+ 3 21+1 H'% 5 ,eXp (tH—?) 2i + 1
4x%(0) + ~x[2| = I :
0+ 2x(2) ;(2z+8) z 73

By giving a; = (k+ 1)/Bk +2), Y (t) = exp(tk%), te=k/2, pr = 2k+1)/10, k=0,1,2, 1 = \3/2,
m=2T=3/2,n=4,6=1/2,06;=((+3)/Q2i+8), vy, = (i+3)/(Bi+2), & = 2i+1)/4,i =0,1,2. From
the given all data, we can find that A = 3.962094671 + 0, Q; = 11.27074721 and €, ~ 2.532952962.
For the theoretical confirmation, we will consider the various functions as below:

(i) To demonstrate the application of Theorem 3.1, let us take the following nonlinear functions:

eS+2005t 1 |)C| |y| ) 4t |Z|
L, Xy, = + + + . , (8.2
S x3.2) 1+3 (3+sin2m)2+1(3+|xl 3apl) Grropas 2ap 0P
1 .
Ji(x(t)) m sin x(fy) + 2t,, k=1,2. (5.3)

By (ﬂl) and (ﬂZ)’for any X;, yi, Zi € R) l = 19 2 andt € j’ we have |f(t9 xl9yl9Z1)_f(ta X2, Y2, Z2)| <
(1/30)(Ix1 = x2| + |y1 = y2) + (1/10)|z1 = 22| and |Jk(x) = k)| < (1/25)|x(5) — y(@0)l, for k = 1,2. The
conditions (A,) and (A,) are satisfied with L, = 1/30, L, = 1/10 and M, = 1/25. Hence,

2L,Q,
1-L,
Then, all the conditions of Theorem 3.1 are satisfied, which implies that the numerical problem (5.1),
where the functions f and Ji are given by (5.2) and (5.3), has a unique solution on [0, 3/2].
Furthermore, we also compute the constant
Ql + Qz
1- (ZLIQI + M]Qz)

Hence, by Theorem 4.1, the numerical problem (5.1) is UH stable on [0,3/2]). In addition, if we

set p(€) = Cre with ¢(0) = 0, then, by Corollary 4.1, the numerical problem (5.1) is generalized UH

pr—1
stable on [0,3/2]. By setting ¢(t) = eﬁka(’)(wk(t) - wk(tk))% with v = 1, we have

+ M;Q, = 0.9361882824 < 1.

~ 51.80636573 > 0.

Cr=

17k+12

2
2%-9 etm s 3 ok
. F( e+t et — el

>
(2k+1 )“k r (23k+16)
10 6k+4

i I3k*2 e (1) < o(1).

By using (As), we get

2 ) 17k+12
2 Ok+4
2k=9 tk+3 tk+3 tk+

F( et € e — el
Ky = >0, Vtel0,3/2].

(2k+1 )“k r (23k+16)
10 6k+4
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We have
| B B 16 + Q2| ks +

~ 39.80812832 > 0.
1- (ZLIQI + M]Qz)

Cf Ko —

Therefore, by all assumptions in Theorem 4.2, the numerical problem (5.1) is UHR stable on [0, 3/2].
Additionally, if we set ¢(€) = Cre with ¢(0) = 0, then, by Corollary 4.1, the numerical problem (5.1) is
generalized UHR stable with respect to (v, @).

(i) To demonstrate the application of Theorem 3.2, we consider the following nonlinear functions:

N2 +4) 3+ tannr , 346 |
£ Xy, _ : L (54
[, x,y,2) EY + ) (cos(m — |x]) + sin([y])) + 7+5 310 (5.4)
i 15
L) = Gh-2pSmXW) a0 ko1 (5.5)
cos x(t;) + 2

By (A3) and (Ay), for any x, y, z€ Rand t € J, we have

In(3 +4) 3+ tan’ 1t £+1
LX,y, < + +y) +
|f @ x,y,2)| a1 ) (Ixl + IyD 73

k(0] < 4 +5, k=12

|l

The (A3) and (A,) are satisfied with g; = (In(31> + 4))/3t + 1), g» = 3 + tan’>nt)/ (31> + 2), g3 =
(£ + 1)/2t +5), N; = 4 and N, = 5. Hence, all the conditions of Theorem 3.2 are satisfied, which
implies that the numerical problem (5.1) has at least one solution on [0, 3/2] ,where f and J; are given
by (5.4) and (5.5).

(iii) We consider the linear impulsive fractional boundary value problem:

c2sl D3k+2exp(”‘+3) N=0 relo E l 1
() 9 ,2 \ 2’ b

3
Ax(ty) = Ek -2, k=12, (5.6)

2 l + 3 2k+l '+3 5 ,eXp ([t+3) 21 + 1
4x(0) + x =2 \5g) I =)

i=0

Here, f(t,x,y,2) = 0and Ji(x(t,)) = (3k/2) -2, k = 1,2. Clearly, all conditions of Theorem 3.1 are
satisfied. Then, the numerical problem (5.6) has a unique solution on [0,3/2]. By setting F(t) = 0,
Jo(x(tp)) = =2 and J,(x(t;)) = —1/2 in (2.3), it is easy to compute that

—9¢™ 49 1
0.2523917481e , te]|o0, 5],

X(l') — _0.49998307046—2.3333333336‘ﬁ+4.732268288, te (%’ 1], (57)

0.9000957055¢~'¢" +2718281828 4 (1. %].

Thanks of (5.7), we present the numerical solution of (5.6) by using MATLAB program (see
Figure 1).
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k=0

k=2

0.5

N

-0.5 1

t

Figure 1. The numerical solution of (5.6).

6. Conclusions

We discussed the important role of qualitative theory, which is a favorable trend to study the
existence and stability analysis of solutions for the impulsive boundary value problems with general
boundary conditions involving the Caputo proportional fractional derivative type of a function with
respect to another function (1.12). Firstly, the uniqueness result for the problem (1.12) was investigated
by applying Banach’s contraction principle. Afterward, the existence result was established by
applying fixed point theory of Schaefer’s type. Furthermore, by the application of qualitative theory
and nonlinear functional analysis techniques, we examined results concerning different kinds of UH
stability concepts. The concerned results have been guaranteed by numerical examples to demonstrate
the application of our main results. This paper has flourished the literature of qualitative theory
on nonlinear impulsive fractional initial/boundary value problems concerning a certain function in
future works.
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