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1. Introduction

Jackson [25] introduced quantum calculus. Then, it was later developed by Al-Salam who started
fitting the concept of g—fractional calculus [7]. Agarwal continued studying certain g—fractional
integrals and derivatives [3]. Furthermore, some researchers have also studied g—difference equations
(for more details, see [1, 2,5, 6, 8,9, 15, 23, 24, 26, 27, 33, 39, 40]). On the one hand, fractional
differential equations have gained a considerable importance due to their applications in various fields
of sciences, such as physics, mechanics, chemistry, and engineering (see [17-21]). In [22], El-Sayed
discussed a class of nonlinear functional differential equations of arbitrary orders, and
Lakshmikantham [30] initiated the basic theory for fractional functional differential equations.
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In 1996, Delbosco et al. investigated DPu(r) = #(t, u) with initial condition: u(a) = 1, where a > 0,
neRandB € J:=(0,1) [16]. In 2005, Bai et al. presented the boundary problem:

Dju(t) = h(t, (1)),

under conditions: u(0) = u(1) = 0, wherer € J,0 < 8 < 2, and ]Dﬁ is the Riemann-Liouville standard
derivative [11]. In 2008, Qiu et al. studied the equation with conditions: u(0) = u’(1) = u”(1) = 0,
wheret € J,2 < 8 < 3, ]Df; is the Caputo derivative and & : J X [0, 00) — [0, o), here J := [0, 1], is
such that lim,_,g+ A(t,.) = oo [34]. In 2010, Agarwal et al. considered the singular fractional Dirichlet
problem:

DPu(t) + h (t, u(t), D u(t)) = 0,

with the boundary value condition: u(0) = w(l) = 0, where 8 € (1,2], v > 0, B —vy > 1,
h € Car(J x (0,00) x R), h is positive and singular at = 0, and D is the usual Riemann-Liouville
derivative [4]. In 2012, Cabada et al. investigated the existence of positive solution for the following
nonlinear fractional differential equation:

DPu(t) = h(t, u(t))

1
u(0) = u”(1) = 0,u(1) = fo u(@) de,

where 0 <t < 1,2 < <3and h : J x [0,00) — [0, 0) is a continuous function [13]. In 2014, Li
reviewed the problem:
CDPu(t) + h (t, u(r), D u(t)) = 0,

for each ¢ € J, under conditions: u(0) = u’(0) = 0 and «’(1) = “DPu(1), where 8 € (2,3), v € J,
h:(0,1] x R? — R is continuous function that may be singular at ¢ = 0, “ID? is the standard Caputo
derivative [31]. In 2016, the fractional integro-differential equation

D u(t) = h (z, u(t), ' (), Du(), Hﬂu(t)) ,

under conditions u’(0) = u(n), u(1) = fov u(&)dé and u?(0) = 0 fori = 2,...,[y] — 1 was investigated,
wheret € J,y € [2,3),ue B8=C'(J),a,n,v€ J,>1and h: J x R* - Ris a function such that
h(t,.,.,.,.) is singular at some point ¢ € J [44]. In 2017, Shabibi et al. studied the singular fractional
integro-differential equation:

DPut) + h(t, u(t), w' (1), DYu(t), u(u(t))) = 0,

where u(u(t)) = fol f(&)u(€) dé, under boundary conditions: #(0) = u’(0) and u(1) = “D?u(t), where
teJ,ueB,>2,0<v,a<]l1,felL=L(),Iflli =m, ht,u,u,us,uy) is singular at some points
t € J and €DD? is the Caputo fractional derivative [45]. In 2020, Samei considered the singular system
of g—differential equations:

{ Dg'u(t) = g (t, u(?), v(1)),
Dy v(t) = ga(t, u(t), v(1)),

AIMS Mathematics Volume 7, Issue 5, 7781-7816.



7783

with conditions: #(0) = v(0) = 0, u?(0) = v®?(0) =0, fori =2,...,n—1 and
u(l) = [ (wiu®)|_ ., v = [[2newe)]

where ]DZ’ is the g—derivative of fractional order «;, @; € (n,n + 1] with n > 3, ]IZ’ is the g—integral
of fractional order y;, y; > 1, g; € C(E), g, are singular at ¢+ = 0 and satisfy the local Carathéodory

condition on E = (0, 1] X (0, 00) X (0, 00), and w; € L are non-negative such that

[ owi)] e [0, %)

for j = 1,2 [37]. Also, Liang et al. [32] investigated a nonlinear problem of regular and singular
fractional g—differential equation:

“Dyu(t) = h (8, (o), w' (1), “Diu(s)),

with conditions: u(0) = cju(1), v’ (0) = cz“]Df]u(l) and u®(0) = Oforall2 <k <n—1,heren-1 <a <n
withn > 3, B,q,c; € J,0 < ¢, < T'y(2 - ), function £ is a L“-Carathéodory and A(z, u;, u>, u3) may
be singular. Similarly, some related results have been obtained in [28, 36, 38]. Dassios ef al. used a
generalized system of differential equations of fractional order:

dA(r)

Ty~ = ~Had(t) + Ke (0 — wea(0).

to incorporate memory into an electricity market model by constructing the fractional-order dynamical
da)

model, studying its solutions, and providing the closed formulas of solutions, where =;=, A(7) are the
marginal electricity price and electricity price, respectively, w™ represents the reference frequency,
wcoi(t) represents the frequency of the Col, that is, w™ — we,(2) is the deviation frequency of the Col
with respect to the reference frequency, 7, is the time constant, H; is the deviation with respect to
a perfect tracking integrator, and for a low-pass filter, it is H; = 1, and Kz can be used as feedback
gain [14].

Using the ideas from these works, we investigate the existence of solutions for the following
nonlinear pointwise defined fractional g—integro-differential equation:

!
Dyu(r) = W(f, u(?), lDﬁu(r),f F(Ou(é) dé, SD(M(I)))» (1.1)
0
for ¢ € J, under boundary conditions: fob u(r)dr = 0, u'(1) = u(a) and u”’(0) = O for j > 2, here @ > 2,
a,b,pel,: B - Bis a map such that

llp(ur) — @)l < cilluy — usll + calluy — ujll,

for some non-negative real numbers ¢; and ¢, belonging to [0, co) and all u;, u, € B, where IDZ and IDg
are the Caputo fractional g—derivatives of order « and S, respectively, which are defined in (2.11), and
w € L is singular at some points ¢ € J.

In fact, the non-constant real-valued function u on the interval I = [a, b] is said to be singular on 1,
if it is continuous, and there exists a set S C I of measure 0 such that for all # outside of S, u’(¢) exists,
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and it is zero, that is, the derivative of u vanish almost everywhere. We say that, ]D;'u(t) +g(t)=0isa
pointwise defined equation on J if there exists set S C J such that the measure of S is zero, and the
equation holds on S [44].

In Section 2, we recall some essential definitions of Caputo fractional g—derivative. Section 3
contains our main results of this work, while an example is presented to support the validity of our
obtained results. An application with some needed algorithms for the problems are given in Section 4.
In Section 5, conclusion is presented.

2. Basic definitions for the problem

Throughout the paper, we apply the notations of time scales calculus [12]. The Caputo fractional
g—derivative is considered here on

T, = {0} U {s 1 s= soqN},

forall N € N, sy € R and g € J. If there is no confusion concerning s,, we denote T, by T. Let p € R.
Let us define [pl, = (1 —¢”)(1 — gq)~ ' [25]. The g—factorial function (v — W)((f) with N € Nj is defined
by

v-w» = ﬂ(v -wq),  (Yv,weR), (2.1)

and (v — w))” = 1, where Ny := {0,1,2,3,...} [2]. Also, for o € R, we have:

© k
(o) _ o V—wq
v - W)q =V kl :Ol W, (Vv,w € R). 2.2)
n [10], the authors proved that (v — w)\"™ = (v — w)\” (v — ¢"w)"” and

(av - aw)(‘T) a’(v— )(‘T),

for each v, w € R. If w = 0, then it is clear that v() = v7. The g-Gamma function is given by
L, = (1=¢)' (1 =),

where v € R\{---, -2, -1, 0} [25]. In fact, by using (2.2), we have

+1

L, =(-q" ]—[ — Hk -, (WveR). (2.3)
Note that, I';(v + 1) = [v],[',(v) [10, Lemma 1]. For a function u : T — R, the g—derivative of u, is
d u(t) — u(qr)
D, [ul(f) = (—) p = LD~ Hah 24
0 = (G ) w0 = =3 (2.4)

forall r € T\{0}, and D,[u](0) = lim,_,o D,[u](¢) [2]. Also, the higher order g—derivative of the function
u is defined by Di[u](r) = D, [Di'[u]] (¢), for all n > 1, where DI[u](r) = u(?) [2]. In fact,

Dn _ 1 n (1 —n)(k) 2 5
qu‘mvwwz(l Wq(Q) 2.5)

k=0

fort € T\ {0} [9].
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Remark 2.1. By using Eq (2.1), we can change Eq (2.5) into the following:

1 Z M (1-4"")

]DZ[L{](Z‘) = 1= (1 ) qku(tqk), (2.6)
The g—integral of the function u is defined by
_( _ ko k
L) = [ u@)d,g=11-) ) gtutteh @)
0 =0

for 0 <t < b, provided that the series is absolutely convergent [2]. If a is in [0, b], then
b
f u(€) dgé = I,[ul(h) - L[ul(@) = (1 - q) Z g" [bu(bg") - autaq")|. (2.8)

whenever the series converges. The operator I is given by ]Ig[u](t) = u(t) and
I2[u)(t) = T, [Ty (]| o),
for n > 1 and u € C([0, b]) [2]. It has been proven that
D, |LLul| &) = u(®, 1, |DyLu] (1) = u(t) ~ u(0),

whenever the function u is continuous at ¢ = 0 [2]. The fractional Riemann-Liouville type g—integral
of the function u is defined by

17 1l(r) =

T f =&y Pu@)dé, Tl = u@), (2.9)

fort e Jand o > 0[9,23].
Remark 2.2. By using Egs (2.2), (2.3) and (2.7), we obtain:

t _ g)lo=D)
el R IGEY

' o-1 = I - é‘:ql

" I,

& o+i—1 &

o 1 - q k k
=17(1-¢q) 1= z+1 Zq l_[ 1= qo-+k+z e (tq").

k=0 i=0

Therefore, we have:

0’+l 1) (1 qk+t)

I7lul(®) = (1 = g)° lim Zq ]—[(1_ =T u(rq"), (2.10)
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The Caputo fractional g—derivative of the function u is defined by

DI Lul(r) = 7 [ DI ul] (1)

1 !
T T,(ol-o) fo (t =)V D [ul(€) dgg @.11)
q

for t € J and o > 0 [23,35]. It has been proven that
I 10| ) = 17l @, DY |15 | @) = u(o),
where o, v > 0 [23]. Also,

t0'+k—n

DE[ul(0),

Jo+k—-n+1)

n—1
AT OESAIH T ORDYS
k=0

where o > 0 and n > 1 [23].

Remark 2.3. From Eq (2.3), Remark 2.1, and Eq (2.10) in Remark 2.2, we obtain:
1 ‘
m j; (l‘ _ g);[o-]—a-—l) ]Dgo-] [u](f) dqf

[0'] o— 1 I - Sq
0—] 0—) l— Sq[O'] o—1+i

[o] qi—hﬂ)

(;[0](1 — q)[fr] Z [ ll—()[ (1—g") ]qk u(qu)) d,s

B 1 i ([ © (1 _ q[(r]—0'+i—l)(1 _ qk+i) ]
C7(1 - g)elo] £i\[1 ] (1 — gi*1)(1 — glol-o—1+k+i)

i=l

o] = m—1 (1 qi [o]

X (Z“:O[ (I—H])]q u(rg"™) ))

m=0

Thus, we have:

- 1 . (1 =gl = g
cIDq [u](r) = m ,}1_{2, Z ([ = g1 - q[a']—a'—l+k+i)]

k=0

[o] _m-1 (1 _ qi [o‘])
k+m
The authors in [41] presented all algorithms and MATLAB code’s lines to simplify g—factorial
functions (v — )(") (v— w)(q”), I,(v), I,[u](z), and some necessary equations.
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Lemma 2.4. [27,29] For o > 0, the general solution of the fractional g—differential equation
Du(t) = 0 is given by u(t) = Y- eit’, where e; € R fori = 0,1,2,...,n— 1 and n = [o] + 1 here
[o] denotes the integer part of the real number o.

We use the three norms: ||u|| = sup,; |u(?)l,
1Gae, ), = max {Jfuel, I},

and ||u; = fjlu(§)|d§ in A = CWJ), B =C'(J),and L = L(J), respectively. Let ¥ be the family
of nondecreasing functions 1 : [0,c0) — [0, c0) such that })°, P"(#) < oo, forall + > 0. Let T :
X > Xanda : X XX — (0,00). T is called an a-admissible mapping if a(u;,u;) > 1 implies that
a(T (uy), T(up)) > 1 for each uy, up in X.

Definition 2.5. [42] Let (X, p) be a metric space, where \p € ¥ and a : X* — [0, ) is a map. A
self-map T defined on X is called an a-\p-contraction whenever

a(uy, up)p (T(ur), T(uz)) <P (o(uy, uz)),
for each uy,uy € X.

Lemma 2.6. [42] Let (X,p) be a complete metric space and T : X — X be a continuous,
a—admissible and a—p—contraction, then T has a fixed point whenever there exists uy € X such that
a(uo, T'(up)) = 1.

Lemma 2.7. [43,46]If x € AN LwithD2x € AN L, then
IoDgu(r) = u() + »_ it
i=1
where [a] < n < [a] + 1, and c; is some real number.

3. Main results

Let us first prove the following essential lemma:

Lemma 3.1. Suppose that « > 2, q € J and g € L. The solution of the boundary value problem:
Dyu(r) = g(r) with boundary conditions is expressed as:

u(0) =0 5] =2,3,4,...,
w'(1) = u(a) ;Ya e J,
[ u@ds=0 vbey

is

1
u(t) = fo G (1. O d.t.
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on a time scale Ty, where G,(t, s) is expressed as:

~Ao(t = )V + A1(1)(1 = )37 + Ay(t)(a — )3V + Ay(0)(b - 5) s < min{a, b};
~Ao(t = )3V + A1 ()1 = )Y + Ay(D)(a - ) b<s<a
(3.1
—A (t _ oe-b _ @2 @ .
ot = )3V + A (O = )07 + A3 (Db - 5), a<s<b;
~Ao(t - )V + A ()1 - 5) 7 s > max{a, b;
whenever 0 < s <t <1,
A (t)(l @2 _ @D _ @ : .
1 8)y T+A(a-s), ' +A3(b-s), s<min{a,b};
Al = 987 + Ay(t)a - )7 b<s<a
(3.2)
Al = 957 + As(D)(b = 9)” as<s<b;
A1 = 9P s > max{a, b);
whenever 0 <t < s < 1. Also
Ay =
_ b(l-a+t)—u(a,b)
Al = u(a,b;rq(z—n ’
(3.3)
_ ab)+b(a+t-1)
A =@
_ uab)(1-a)+t
As(0) = Z(a,b)rq(an)’
and
b2
w(a,b) = b(l —a) + = >0. (3.4)

Proof. Consider the problem: ]D‘q’u(t) = g(#). Using Lemma 2.7, it is deduced that u(t) = —]I‘q’g(t) +
co + c1t, where ¢y, ¢; are some real numbers, and I is Riemann-Liouville type g-integral of order .
Hence, u/'(¥) = —]Ig‘1 g(t) + c¢; where ]IZ‘1 is a fractional Riemann-Liouville type g—integral of order
a — 1. By applying condition u'(1) = u(a), we get:

—]Ig_lg(l) +c¢1 = -Iggla) + co + c1a,

and so ¢y = —]Ijl"lg(l) + ]IZg(a) + (1 — a)cy. one can easily check that

b
1
f u(r)dr = =I2"g(b) — bI3 ™" g(1) + pllg(a) + bey (1 — a) + zclbz.
0
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Since fob u(r)dr = 0, we get:

1 b
¢ = I g(b) + o) - ——1"""g(a).

p(a,b) ua, b) L u(a,b)
Thus,
a—1 1 a+1
-1 g(1) + [g(a) + a b)llq g()
b(l Cl) a 1 _ b(l ) (o4
a.b) I, g(1) w@.b) I, 8(a)
and so
1-
u(t) = -Igg(t) - 177" g(1) + I7g(a) + @ b)]IZ“ g(b)
b(1 —a) -1 B b(1 - )
+(’b)q g(l) (b)q()
! a+1 a—1
ol e+ b)llq - b) 2g(a).
Hence,
u(t) = =I7g(t) + Ai(OL] ' g(1) + Ax(DIS g(a) + A3(DI] ' g(b).
Now, some easy evaluations show us that u(f) = fo G,(t, 5)g(s)d,s. O

6Gq(t s)

Remark 3.2. Note that, the mappings G,(t, s) and are continuous with respect to t. Let w be a

map on J x B such that w is singular at some points of J. Let us define the function ®, : B — B by

0.(1) = —H;’w(t, u(t), Diulo), fo f(f)u(f)df,sO(u(t)))
1
+Al(nﬂg—lw(l,u(l),mﬁu(l), fo f(f)u(f)df,so(uu)))
+A2(r)ﬂzw(a, u(@), Du(a), f f(f)u(f)df,so(u(a)))

b
+A3(t)ﬂg+1W(b, u(b), Du(b), j; f©u&) dé, sa(u(b))),

for all t € J, where Ig is the fractional Riemann-Liouville g—integral of order a which is defined
in (2.9), and ]D/; is the Caputo fractional g—derivative of order 8 which is defined in (2.11). Then, by
taking the first order derivative related to t, we have:
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1 GG , s
®;(t)=f0 2(; f)W(S,M(S),]D[;M(S),j(: f(f)u(f)df,sa(u(S))) dgs

= —ﬂg—lw(r, u(t), Dku(r), fo f(f)u(f)d&so(u(t)))

—+

|
a—1
,u(a,b)]Iq W(l’u(l)’ﬂ)g”(l)’j(;f(f)u(f)df,go(u(l)))

+

@b Tgw (a, u(a), Diu(a), j:’ F(Eu(&) dé, go(u(a)))

b
+,Ll—(a’b)]IZ+1W(b’ u(b), ]Dgu(b), fo f(é‘:)u(f)dg’sp(u(b)))'

Obviously, the singular pointwise defined Eq (1.1) has a solution iff the map ©, has a fixed point.

Now, we give our main result as follows:

Theorem 3.3. Assume that @ > 2, [a] =n—1,a,b,q € J, f € Lwith||fll =m, ¢ : B — Ris such
that
lo(u(®)) — e(W(D)| < cilu(t) — v(®)| + colu’ (1) — V' (1)l

for some ci,c; € [0,00). Let Q : J x B° — R be a mapping which is singular on some points J and

ko
Wt 1, us) = Wit v, Vsl S ) (O = i, s = vs),
i=1

for all uy, us, vy, v, € B and almost all t € J, where ky is a natural number, y; : J — R*, fi; € L,
fi(s) = (1 = )52 ui(s),
Q, : B° — R* is a nondecreasing mapping with respect to all components with

Qi(v, V’ V’ V’ V)
i»
VYi

as v — 0% for some y; > 0, p; € R* with 1 <i < ko. Suppose that
|W(Z7 Uy, oo oy I/ts)l < h(t)T(I/l], R I/tj),

for all (uy,...,us) € B and almost all t € J, whereh : J > RY, he L, T : B - R isa
nondecreasing mapping respect all their components such that

T
lim LYYV g o
4

y—0*
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where T = (€1l Maas)
1

Iy(2-p)

f:max{l, , M, Cy +c2},

u(a, b) define by Eq (3.4) in Lemma 3.1 and

1 N b(2 —a) — u(a,b) N u(a,b) + ab
L@ pa.bla-1)  pabl (@)

Jpabd-a+l 1 b
w(a, T+ 1) "Ta—1)  ula,b)l,(a—1)

Myap = max{

b 1
+ + )
u@a,b)l'y(a@)  p(a, D) y(a + 1)}
If
ko
M,..p Z pl7 Nl < 1,

i=1

then the pointwise defined Eq (1.1) under boundary conditions: u”’(0) = 0 for j > 2, fob u(rydr =0
and v’ (1) = u(a) has a solution.

Proof. Let u,v € B. Then, we get:

|®u(t) - ®v(t)| <

- Tow (t, u(t), w' (), Dou(r), fo t J(ru(r)dr, so(u(t)))
+A1(t)11;;—1w(1,u(1), u' (1), Dou(l), fo 1 f(Pu(r)dr, go(u(l)))
+ Ay (N2 (a, u(a), u'(a), Diu(a), fo i f(ru(rdr, go(u(a)))

+ Ay (DI w (b, u(b), u'(b), Diu(b), fo ' Fou ar, 90(u(b)))
+ ]I;’W(t, LORUGR VATON fo t f(rv(r)dr, @(V(l)))
—Al(t)HZ‘IW(l,V(l),V'(l), Div(1), j: f(r)V(r)dr,so(V(l)))
— A, (DT5w (a, v(@),V'(a), Djv(a), fo a f(rv(r)dr, SD(V(G)))

1
—A3(t)]IZ+lw(b,v(b),v'(b), Div(b), fo f (F)V(r)dmo(V(b)))‘
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Iy

W(t, u(r), u' (), Dju(r), fo f (r)u(r)dmo(u(t)))
- W(t, w(1), V' (1), DOw(n), j; f(rv(r)dr, <P(V(t)))‘

+ Al(t)[]IZ_l

1

W(l,u(l),u'(l),]])gu(l),fo f(r)u(r)dr,w(u(l)))
1

_w(l,v(l),v'(l),]])gv(l),j; f(r)v(r)dr,cp(v(l)))”

+ Az(t)[ﬂg

w (a, wa), ' (a), Dbu(a), foa f(u(r)dr, so(u(a)))
—w(a,v<a>,v'(a>, Div(a), fo f(r)V(r)dr,so(V(a))) |]

+ A3(t)[]1;;+1

w (b, u(b).uf (b), DEu(b), fo | fouer 90(u(b)))
v (b, oRCs Ao | Fomdr, so(v(b))) |
ﬂg(guia)[ai(u(t) — (0,1 (1) = (1), DEu(t) - D),

[ emrar= [ sowor ar gtaon - e

ko
INGI DI
i=1

X [Q,-(u(l) — (1), /(1) = v(1), D) — DEw(1),
1 1
f Frucr) dr - f F@) dr, 1) = ¢o(1)) )
0 0

ko

+ A0l ) @)
i=1

x| @(u(@) - v(@.w @) - v'(@), Diu(@ - Dia)

a q
fo Fru(r) dr - fo f(r)v(r)dnso(u(a))—so(v(a)))])
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ko
+ A1 (D )
i=1
x [Q,-(u(b) — (b). t (b) = v (b), DPu(b) — DEv(b),
b b
fo Frucr)dr - fo FOW) dr, u®)) - 001 )

ko
<> ﬂ;’(u,(r)[sz,-( u(t) = v, 1t (1) = v @], [DEue) - DPw(o)|,
i=1

f Foryu(r) dr - f Forw(r) dr. lpu(n) — (@) )])
0 0

ko
£ A0 ) ()
i=1

x| (1) = v o (1) = v DL D) = D),

1 1
f Fu(r) dr - f Fmr) dr
0 0

Jou(1)) - ¢<v<1>)|)])
+ Ax(1) kZ 15 1t
=1

x| (@) - v@ v @ - v (@, [Dhut@ - D],

a q
f Frur) dr - f f(r)v(r)dr,w(u(a))—so(v(a))|)])
0 0

ko
+ 430 Y15 st

i=1

x [Qi(m(b) — VB (B) = VD), [DEuth) - DEv(b).,

b b
fo Frurydr - fo f(r)V(r)dr,Icp(u(b))—sD(V(b))I)]).

Since ngu(t) = ]Ii,_ﬁ u'(t) for g € J, we have

1Zg1

DGl < L2 0] < WL = =2,
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and so

Thus, by considering ¢ =

AIMS Mathematics

|DEu(r) — DEv(n)| = |Di(u(o) - v()| <

ko
0.0 = 040l < ) 1l = vl I’ = V1L
i=1

N =Vl

F(2 B

- ||+, we have:

" — V']l

r,2-p)

mllie =Vl e1lliu = Vil + eallid’ — v’||)

ko
a0 Y1 |l = vl o =1,
i=1

llu’ — VIl , )])
—_— —_ —_ + —_
F =gyl kel v+ el =V
ko
+ 40 ) Ty Q4 = vl I = v
i=1

||u, v’” ’ ’ ):|)
_—, —_ , — + —_
T,2-p) mllu = vl|, e1llu = V|| + collu” = V|

ko
+A4s0) Y 15 ()] Qe = vl =1,
i=1

" — vl

—’ - b - + ,_ !
F gyl vberlle =l + ol X))

Z ( (2 ﬁ) ,mE, 18 + C2§)]Iglui(t)

ko
é: a-1
+ AW ) QU & =, mE, 1§ + ef T (1)
1 Zl ( r,e-p " 2)
ko
3
+ Ay (t Q[ P N ) + ]Iai
0 Y066y o cif  cx i@

ko
+A3(t); Qi(f T (; B ,mé,ci& + sz)ﬂaﬂﬂz(b)

ko
< Z Qi(C&, L&, L&, L&, LT u1)
i=1
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ko
FAND) ) Qe L, L, L, LT (1)

i=1

ko
+Ax) D QullE, &, LE, L, ()T (1)
i=1

ko
A0 D QUEE O €, L8, LT (D)

i=1

ko
= Ao ) Al (€€, €€, €, 6, £8)
i=1
ko
+ AL Y Il (L& LE, LE, L. £)
i=1
ko
+ Ao D Il Qi (€, 66, L&, L€, €9)
i=1
ko
+ A3 D il (EE, &, L&, CE, €2)
i=1

ko
= > il Qi (€€, €&, &, €€, €¢)
i=1

X [A() + Al(l) + Az(l) + A3(t)]

This implies that

ko
1O, — B,]l < [Ag + A1 (2) + Ax(?) + A3(1)] Z il €2 (€€, 68, €€, EE, £8) .

i=1

Assume that u, v € B. Then, we get:

9, - 0| <

_113‘1W(t, u(®), ' (1), Deu(r), fo Jundr ‘0(”(0))

b . ) 1
+ @b b)ﬂq 1w(l, u(l),u’(1), Dgu(l), fo F(u(r)dr, go(u(l)))

+ ’u(a’b)]I;’w(a, u(a), u'(a), ]D’;u(a), ﬁa f(ru(r)dr, go(u(a)))

b
+ w(a,b) ]IZHW(b’ u(b), u'(b), ]D’gu(b), j(; f(ru(r)dr, ¢(u(b)))
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+ 127 w{1 (0, (0), DIV, fo SO dr 00

b 1
e b‘)ﬂff1 (LV“)’V’(D,Dﬁv(D, fo f(r)v(r)dr,<p(v(1)))

e v, @), Dy, f FOM dr, ¢(v(@)

mﬂg” (b,v(b),v’(b),]ng(b), fo f(r)v(r)dr,so(u(b)))'

(), 0, o, fo Fu(r) dr, ¢(u ()

— w(t, v(t), V' (1), ]ng(t), fo frv(r)dr, go(v(t)))‘

b ]Ial

1
L w1, (), w0 (1), D) fo Fur) dr, g(u(1)

1
_ﬂg—lw(l,v(1),v'(1),1D§v(1), fo f(r)v(r)dr,so(V(l)))’

+ ¢
u(a,b) 1

w(a, u(a), ' (@, Dhuca, j: Futr)dr g(uta)

- Iw(a vi@), (@, Di(a) f” Fwr)dr, w(V(a)))‘

1

H 3a+1
p(a,b)

(b u(b), u' (b), Dou(b), f f(u(r)dr, go(u(b)))

- W(b, v(b), V' (b), Div(b), fo f(rv(r)dr, cp(u(b)))‘
ko
<! Z,ui(t)[ﬂi(u(t) V(0. 1) ~ (1), DEu(t) — DAVa),
i=1

fo FOu(r) dr - fo Fr) dr, g = 600 )|

ﬂ( 5k Zu(l)
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x| (1) = v, (1) = v (1), D) - D),

1 1
\ﬁfmmnm—ﬁfvwwMﬂmm—ﬂwmﬂ
+ LHQ i ui(a)

pla,b) 1
x [Q,-(u(a) ~ Wa), u'(a) - V' (@), DPu(a) — Div(a),

L Jf(ru(r)dr - f: f (r)V(r)dr,so(u(a))—w(V(a)))

e b)g”}:mw)

X [Q,-(u(b) —v(b),u' (b) —V'(b), Diu(b) — Div(b),
b b
fo J(ryu(r)dr - fo frv(r) dr, (u(b)) ~ so(v(b)))]

ko
< D5 a0] @) = (ol b 1) = v (O, D) = v(o)),
i=1

fo Fr)(u(r) = v(r)) dr|, le(u(r)) - ¢(V(f))|)]

h &
v ]Ia—l il
+,u(a,b); g Hi(1)

X [Qi(lu(l) = (D], Ju’ (1) = v/ (DI, IDEu(1) = (D)L,

1
fo JF)u(r) = v(r))dr],

(1) = ¢

b &
I (1
+umiag;‘w()

>{Q@mn—va»m%n—wa»mﬁwa>—wnm
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1
fo F@O)u(r) = v(r))dr, lou(l)) - ¢(V(1))|)]

ko
1
- ]Ia+1 il
+#(a,b); ARTIE)

X [Qi(W(I) = (D], Ju’ (1) = v/ (DI, IDEu(1) = (D)L,

1
fo FO)u(r) = v(r))dr, lou(l)) - 90(V(1))|)]

ko
. W =Vl
<) ' = v 1w = v o, Reh
mllu(t) — v, crllur) — vOll + el (1) — v’(z>||)]

[lw’ (1) —v' (D]
r,2-p °

e b)ZH“ 1[ (lu(l)—V(l)ll ' (1) = v/ (D],

mllu(1) = v(Dl, crllu(1) = v(DI + callu’ (1) - V’(l)ll)]

lu’ (@) — v'(a)l
[4(2-p)

ko
t @b Z 15 2(lut@ - v@ll. I @ - V@I,

mllu(a) — v(@)ll, cillu(a) — v(@)ll + callu’(a) - V'(a)ll)

|’ (D) = V' (D)

ko
L1 Qy{ lu(b) — vD)II, 1’ (b) = V' (D),
Z v [ (u v u v r2-p

+
u(a,b) &

mllu(b) = v(D)Il, c1llu) — v(b)Il + callu’(b) - V'(b)ll)]

ko

¢ .
< 2086 =g me i+ et Iy )

i=1

é: m
L2-p)

h &
ofe.e £,c1é + Iy (D)

—+
pla, b)

,u(a b) Z ( q(z B)’ M, C1€ + CZf)HZﬂi(a)
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e b)Z ( r(z 5y e i +02§)EZ+1ui(b)

ko
< Z Q,-(fgfg, L&, CE, {ff)llj“u,-(l)
i=1

ﬂ(a b) ZQ("f RS ff)ﬂ“ (1)

,u(a b) ZQ (fé: g, tg, €€, ff)]lg (1)

ko

1 o
STy D Ml (e, €€, t, EE, £8)
q =1

b ko X
" u(a, b y(a—1) ; 11 Q:(CE, &, EE, LE, EE)

b k
Mo >l u(ce. . té. . )
B i1

1 ko X
" ua, b (a+1) ; 11 Q:(EE, €&, EE, LE, EE)

ko
= (il C4(C€, L€, EE, CE, L.
D e, 6 6. .06 s

b b 1
T u@ha-1  m@b,@  waba+ Dl

Hence,

ko
164, = Ol = D alh (66, . 06, 6. 06 o

b b 1

T @b a—1) " @ hly@ @b+ 1)
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and so

ko
0,—-0,. < ;|1 (€€, L€, L€, LE, €
I I <;||u||l RNN §)maX{rq(a)

b(2 —a) — u(a,b) N u(a,b) + ab N u(a,b)(1 —a)+1
wa,bly(@—1)  uably@)  pla,blya+1)"

1 N b N b
Lyla=1)  pa,b)ly(a—1)  p(a, bl y(a)

+ ! }
wa,b)Ty(a+ 1))
If
1 N b2 —a) — u(a,b) N u(a,b) + ab
L@  w@blya-1)  wulaDIy(a)

u(a,b)y(1 —a)+1 1 N b
ua,b)l'y(a + 1) ’ Fya-1) pla,b)ly(a—1)

Myap = max{

b 1
T @b (@) @b (e + 1)}’

then
ko
19, — Oyll. < My ap Z il Cu(EE, L€, L€, L€, €€).
i=1

Let 0 < € < 1 be given. Since
. Qv v,v,v,v)
lim ————— = p;,
y—0+ Vi
for 1 <i < ko, 36; = 6;(¢) such that v € (0, 6;] implies

Q(v,v,v,v,v)
] — Di <g,
Vyl

and so Q;(v,v,v,v,v)/v" < & + p;. This consequents
0<Q;(v,v,v,v,v) < (g + p)V".
We take 6 = min{d, ..., 0k, €}. In this case, v € (0, 6] implies
0<Q:(v,v,v,v,v) < (g+ p)V"
forall 1 <i < ky. By using (3.6), we obtain:

Qi(LE,. ... 08 < (e+ p)lE) < (e+ p)lieh.

(3.5)

(3.6)

(3.7)
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At present, by applying (3.5) and (3.7), we obtain:

ko
104 = Ol < Mo ), llli(e + pes™.

i=1

Now, we consider: y = min{y,, - - , ¥, }. Hence,

ko
10, = Ol < & Maap ) Nl (& + p)e”.
i=1

Therefore, this implies that ® is continuous. Since

ko
Ma,a,bZ i pil” < 1,

i=1

there is £; > 0 such that

ko
Maap Y il (pi + 00 < 1.

i=1

Let T
A= tim LYY g 4
%4

v—0*
Then, we have:
A= lir(r)l+ T(v,...,tv)/(Cv),

and so for each € > 0 there exists 6(e) > 0 such that v € (0, 6(g)] implies

< Ty,...,tv)

0
%

—A<e.

Hence, 0 < T(¢v,...,{v) < (1 + &)fv and
0<T(e),...,t5() < (A+e)d(e).
Since A € [0, 7), choose gy > 0 such that A + gy < 7. Assume that
0 = min {8(eo), 6(e)}.
Then, n < ny implies 0 < T ({n, ..., €n) < (4 + &)n. Since

. Qiv,v,v,v,v)
lim ————= = p;,
y—0* VYi
there exists 7; > 0 such that v € (0, ;] implies
Qi(Cv,...,tv) < (p; + &)Lv)"
fori=1,...,k. Let 7 = min{n, 2,1} and

E = {ue@:llull* sn}.

AIMS Mathematics
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Define o : 8% — R by

1 u=v,
a(u,V)={
0 u=#v.

Assume that u, v € 8B be given. If a(u,v) > 1, then for every t € J, we have:
0,01 < [ 16t (5,151 Duts). [ £ gtuts) s
0 0
< ]I;;'w(z, (), (1), DEus), f FPu(dr, go(u(t)))‘
0

1
+ Al(t)]lg‘_1 w(l, u(l),u’(1), ]D'gu(l), L f(ru(r)dr, go(u(l)))'

+ Ay (D)

w(a u(@), ' (@, Diuca), fo Fru(r)dr, so(u(a)))‘

b
+ A w(b, u(b), u (b), DPu(b), fo f(r)u(r)dr,go(u(b)))'

< X (T (), 1), D), fo Futr) dr, place)
1
+ A Ol (RO (), 0 (1), D) fo Fur) dr, ¢(u(1))
+ A0 (@) T (u(a), ' (@, Dhu(a), f; F@ur) dr, ¢(u(@))
b
+ 43O (T (ub), ' (b), Diuh), fo Fur) dr gud))
< 15 (BT (O o 0, Do), fo O] drs o))
+ Al (RO (DL e (DL D),
1
f O] dr, o))
0
+ O (T (@) I @) IDfuca)l,

f F o) dr, |¢p<u(a)>|))
0
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+ Ay (h(b)T(Iu(b)l, ()], IDEu(b)],

b
f )] dr, |¢<u(b))|))
0

[l @)l
r,2-p

< 15 (T (o I 0
il erllu(o)l] + Cz||u'(f)||))

+ MO8 (ROT(Ju® I O

llu’ @I
r,2-p

mlluOl, e (o]l + cznu'(r)n))

+ A2<r>ﬂg(h<a)r(||u<t>n, i (D)l

llw’ @]
r,2-p)y

i@, erllu(o)l] + cznu'(r)n))

+ As()I! (h(b)T(nu(r)n, i @,

llw’ @]
r,2-pr

i@, erllu(o)l] + cznu'(r)u))

llw’ @l
r,2-p

< T(nu(r)n, e (),

mllu(D)ll, cillu)|l + Czllu’(t)ll)]IZh(t)

[l @)l
r,2-py

+ Al(t)T(Ilu(t)II, Il OIl,

mllu(O)|l, c1|lu(@)| + Czllu’(t)ll)]li,’_lh(l)

[l @)l
r,2-p

+Az(t>T(||u(r)||, ron

m|lu(D)l], cilu()|l + Czllu'(t)ll)]IZh(a)

llw’ @l

+A3<r>T(||u(r)||, WO
q
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Ol + el OIE ™ o)
< T, M)l Ol Ol O
X [Ag + A1(1) + Ax(1) + A3(1)]
<T({r tr,Ltr, tr, fr)||iz||1[A0 +A(r)+ A1) + A3(t)]
< (A + Ol [Ao + A1 (1) + Ax() + As(D)]
= £+ 2N A + 4,0+ Ax(0) + As(0)]).
Therefore,
184l < n(m + oAIL[Ao + Ar(r) + As(D) + A3<z>]) <7

Also,

(1) < ‘ SR (RTORTGRATON fo Futr) dr, ¢(u()

1
0 pe- (1,u<1>,u'(1),1D§u(1>, f f(r)u(r)dw(u(l)))

#( .b) !
b D f” d
bl w(a u(a), '@, D@, [ ) ar, gtutay)
LG (b, u(b), ' (1), D), fo f(r)u(r)dr,<p(u(b)))‘
< ]IZ—I w(t, u(t), u'(t), ]Dgu(t), fo S u(r)dr, cp(u(t)))'
b 1 ’ !
e w1, ), (1), D), f f(r)u(r)dr,so(u(l)))'
et w(a. u(@), ' (@, Diuca), f Fru(r)dr, w(u(a)))‘
1 a+ ’
L (b, (o), (1), DA, fo f(r)u(r)dw(u(b»)'

< 157 (T (o), w01, D), fo Feutr ar, o))

b a— ’ 1
hoL (T (a1, 1), D), fo Futr) dr, et
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+u(j,b) q(h(a)T(u(a), i (a), ]D{ju(a), foﬂ F(rur)dr, (,O(u(a))))

b
e b)ﬂg”(hw)T(u(b),u’(b),ﬂ)‘;uw), fo Futr) dr, (o)

gﬂg—l(h(z)T(u(z),u'(t), Dju(o), fo f(r)u(r)dr’so(”(f))))

b , :
b (T (. 1), D), fo Futr) dr, gt

@ b) (@ (u@).w @ Djuca) f: Futr) dr, ptuta))

b
e b)]{g”(h(b)T(u(b),u’(b),]Dgu(b), fo f(r)u(r)dr,go(u(b))))

[l (@)l
r,2-p

< 1 (T (ol I O

mllu(o)l, e1llu(o)] + cznu'(t)n))

llw’ @l
r,2-p

+

a—1
T (T (o I ol

il e luColl + cznu’(t)n))

[l @)l
r,2-py

b a
WH (h(a)T(Hu(t)ll e’ ()11,

mllu(@l, e lluo)l] + Cz||M'(l)||))

llw’ @]
r,2-pr

a+1
oL (7ol 1 o),

mllu(@ll, erlluo)l] + cznu'(t)n))

[l @)l
r,2-p)

< T(Ilu(t)ll, [l (D, mlu(O)|l, ¢ |l + Czllu'(l)ll)ﬂz_l(h(l))

[l @)l
L,2-p)

b
@) (Ilu(t)ll [l (DI, ,mllu(t)ll,clllu(t)ll+Cz||u'(t)||)113_l(h(1))
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(ol o), %, a1l + el ) 5 )

T(nu(z)n, I (1), %, (O, el + cz||u'(t>||)113”<h(b»

,_b
u(a, b)

1
+
u(a, b)

< T(lull,, -, Qlull)IIA);

« [ 1 N b N b N 1 ]
Fya-1) wablya-1) wu@a,blya) wpa,b)ly(a+1)

< T(lr,--- , €r)|All,

o [ 1 N b N b N 1 ]
Fya-1) wablya—-1) wu@a,blya) wpa,b)ly(a+1)

< (r) (A + o)l

1 b b 1
x[ + + + ]
T a—-1)  uabla—-1) " uabl (@) ulabl(a+1)

Indeed,

0/,()] < (£r)(A + &o)lIAll;

X[ L b L b

T@-D  wabhly@-1 " @by
1

T W@ b+ 1)

<r

Hence, ||©,]l. < 1 and so ©, € E. Using a similar proof, we can show that ®, € E. This implies
®(0,,0,) > 1 and so O, is @-admissible. It is obvious that, E # (. Choose u, € E. Hence, ©,, € E,

and so a(uy, ®,,) > 1. Letu,v € E. Then,
E < lull, + VIl <21 <14,

where & = |lu — v||.. Also using (3.5), we have

ko
10, — O]l < My ap Z gl Mi(LE, . . ., £8).

i=1

Now, by using (3.8), we conclude that
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ko
10 = Oyl < Mo D Nl (ps + £0)(C6)"

i=1

ko
< Myap ) il (pi + )07
i=1

ko
Dl (pi + e (¢,

i=1

< M(t,a,b

—

where y = min{y,, ..., ¥, }. We take:

ko
0= Maas Y il pit”.
i=1

Note that, 7 € [0, 1). Define the map 1 : [0, c0) — R* by

nt' tel0,1),
B() =
nt te[l, o).

Then, 1 is nondecreasing and

thi(t) =nt + 7+ < Z n't =
i=1 i

for 0 <t < 1. Also, we obtain

for ¢ € [1, 00). Thus, i, W'(¢) is a convergent series for all 7 > 0 and so P € ¥. Also, we have
a(u, VO, — B[l < ¢(&).
Ifu ¢ Eorv ¢ E, then the last inequality holds obviously. This shows that
a(u, V)d(©,, ©,) < ¢(d(u,v)),
for all u, v € B. Now, Lemma 2.6 implies that ® has a fixed point that is the solution for problem (1.1).
O

4. An illustrative example with application

The following illustrative example is given to support the validity of our main results. A
computational method is provided here to test the proposed problem (1.1). Linear motion is
commonly basic among all other motions. From the 1st law of Newton’s motion, objects that are not
experiencing any net force will continue to move in a straight line with a constant velocity until they
are subjected to a net force.
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Example 4.1. We consider a constrained motion of a particle along a straight line restrained by two
linear springs with equal spring constant (stiffness coefficient) under external force and fractional
damping along the t-axis (Figure 1).

.. ' s
7 20
7 70
7 77
7 70
7 70
2 27
7 77
2 27
7 70
7 77
7 70
77 77
7 70
7 <« > 77
7 < » 70
B L -

Figure 1. A particle along a straight line restrained by two linear springs with equal spring
constant.

We consider the pointwise defined equation:

1000t DZ%u(r) + p(Hyu(t) = —p(t)(lu'(t)I +
" u(r)
+ ‘f(; W dr

1
P =3 (2-2L-’L-1Leost),

D; u(t)'

] sin(u(t))l), 4.1

where

n is constant and L is the unstretched length of the spring. We change Eq (4.1) into a form of the
problem (1.1) as follows:

Djutt) = = e(t)(m(m + ()] + D u(t)]
" u(r) )
¥ fo o |sm(u(t))|) (4.2)

with boundary conditions:

1

f Wdr=0. w1 =uld). w0 =o0.
) 1

0 teJNQ,
() =
1-t teJNnQ".

Also

SIS

Tokea =322 B=3ela=jelb=Felh=Ly=1Lu0=ho=gc=5c=
fé) = %, ¢(x) = sin(x) and

’

T(ur, ... us) = Qi(us,...,us) r] + -+ + lus]).

:%(
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Then, we get:
lo(u) — (V)| = | sin(u) — sin(v)| < |u —v| = cilu — V| + |’ =V,
wit,ur, .. us) = w(t, v, vs)| < @l = vil + -+ Jus = vs |,
Q(v,v,v,v,v) . 5

_ i 22y =001,
pr= 1% P V20 500y

ui,he L', m=|hl =2,

~ 1 - 3
||h||f=||ﬁ1||f=fm<1 s)‘”ds—f( g5 =2,

w(t, uy, ..., us)l < W(OT (uy, ..., us),

T,Q, are non-negative and non-decreasing with respect to uy, . . ., us,

¥ 11
u(a,b) = b(1 —a) + 5 =36
1 1
¢ = max{ , M, Cq +cz} :max{l,—3,2,1} =2,
r,2-B) r,3)

1 b2 —a)—u(a,b) u(a,b)+ ab

My.p = max{ + +
’ Ty  wabla-1)  uabl,()

u(a,b)y(1 —a)+1 1 b
u(a, b)l'y(a + H’'T Ja—1) u(a,b)Fq(a -1

+ b + ! }
pa D@ pla bl (@ + 1)

25 10 177
= X{ 5. T T 7’
1,8 " 1r,G)  44r,d)

23 12 36 }
+ + .

11IT,(3) 110,33  11T,3)
We put:

25 10 177
+ + ,
1T,(3)  10,(3)  44T,(32)

A]Z

4.3)
23 12 36

+ + .
1IT,(3) 11T,(3) 11T,

A2:
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Table 1 shows the values of Ay and A\, for g = { s 5y %, g} We can see that

M, ., =33.170478,21.551855, 16.363257, 15.234356,

forq = é % ‘5—‘ and g, respectively. Thus, by using the numerical results, we obtain:
v = (Wl M) 2 o = 0.0075
- U eab) = 330704 T
whenever q = ,
r = (A M) 2 e = 00116
w ~ 4x21.5518 ’
whenever g = 1,
v = (Wl M) 2 ———— = 00153
- ear )= 163632 T
whenever q = ‘5‘ and
r = (A M) 2 e = 0.0164
w T 4x15.2343 ’
whenever q = g. Also, we can check that
T
tim 20222 601 ¢ [0, 1),

y—0* Vv

and forall g € J

ko
Maap ) WPl = Mo ap X 2% 0.01 X 2" = 0.04My 0 < 1.
i=1

Table 2 shows numerical results for different values of q € J. Figure 2 shows the curve of these
results. Now, according to the obtained results, Theorem 3.3 implies that problem (4.2) has a solution.
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Table 1. The results of Ay, A, in Eq (4.3) in Example 4.1 for g € {é, %, %, g}
q=3 q=7% g=13 g=3

nl A As Ay As A Ay A Ay
1| 64269 33.0986 | 4.1726 17.6569 | 1.6844 4.9657 | 0.9465 2.2669
2 |1 64386 33.1615 | 45536 19.5549 | 2.1098 6.6125 | 1.1971 3.0219
3 | 64401 33.1694 | 4.7492 20.5409 | 2.4808 8.1416 | 1.4377 3.8100
4 | 6.4403 33.1703 | 4.8483 21.0433 | 2.7983  9.5087 | 1.6670 4.6128
5| 6.4403 33.1705 | 4.8982 21.2968 | 3.0660 10.6983 | 1.8838 5.4129
16 | 6.4403 33.1705 | 4.9482 21.5517 | 4.1529 15.8174 | 3.4095 11.8900
17 | 6.4403 33.1705 | 4.9482 21.5518 | 4.1750 15.9256 | 3.4840 12.2356
18 | 6.4403 33.1705 | 4.9483 21.5518 | 4.1928 16.0126 | 3.5509 12.5482
19 | 6.4403 33.1705 | 4.9483 21.5518 | 42070 16.0823 | 3.6110 12.8303
20 | 6.4403 33.1705 | 4.9483 21.5519 | 42184 16.1383 | 3.6649 13.0844
21 | 6.4403 33.1705 | 4.9483 21.5519 | 42275 16.1831 | 3.7132 13.3130
50 | 6.4403 33.1705 | 4.9483 21.5519 | 4.2640 16.3630 | 4.0987 15.1686
51 | 6.4403 33.1705 | 4.9483 21.5519 | 42640 16.3630 | 4.1002 15.1759
52 | 6.4403 33.1705 | 4.9483 21.5519 | 42640 16.3631 | 4.1015 15.1824
53 | 6.4403 33.1705 | 4.9483 21.5519 | 4.2640 16.3631 | 4.1027 15.1882
54 | 6.4403 33.1705 | 4.9483 21.5519 | 4.2641 16.3631 | 4.1037 15.1933
55 | 64403 33.1705 | 4.9483 21.5519 | 4.2641 16.3632 | 4.1047 15.1979
91 | 6.4403 33.1705 | 49483 21.5519 | 42641 16.3633 | 4.1120 15.2339
92 | 6.4403 33.1705 | 4.9483 21.5519 | 42641 16.3633 | 4.1121 15.2339
93 | 6.4403 33.1705 | 4.9483 21.5519 | 4.2641 16.3633 | 4.1121 15.2340
94 | 6.4403 33.1705 | 49483 21.5519 | 4.2641 16.3633 | 4.1121 15.2340
95 | 6.4403 33.1705 | 49483 21.5519 | 4.2641 16.3633 | 4.1121 15.2341
96 | 6.4403 33.1705 | 4.9483 21.5519 | 4.2641 16.3633 | 4.1121 15.2341
97 | 6.4403 33.1705 | 4.9483 21.5519 | 42641 16.3633 | 4.1121 15.2341
98 | 6.4403 33.1705 | 49483 21.5519 | 4.2641 16.3633 | 4.1121 15.2341
99 | 6.4403 33.1705 | 4.9483 21.5519 | 42641 16.3633 | 4.1121 15.2342
100 | 6.4403 33.1705 | 4.9483 21.5519 | 4.2641 16.3633 | 4.1121 15.2342
101 | 6.4403 33.1705 | 4.9483 21.5519 | 4.2641 16.3633 | 4.1121 15.2342
102 | 6.4403 33.1705 | 4.9483 21.5519 | 4.2641 16.3633 | 4.1121 15.2342
103 | 6.4403 33.1705 | 4.9483 21.5519 | 42641 16.3633 | 4.1121 15.2343
104 | 6.4403 33.1705 | 4.9483 21.5519 | 4.2641 16.3633 | 4.1121 15.2343
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Table 2. The results of M,,;, and (x) = M, Zfi] ||&:l i

{l L4 §}
8°2°5° 9]

in Example 4.1 for g €

q=3 q=; q9=3 9=3
n| Mayap (%) Maap Myap (%) Meyap (%)
1 | 33.0986 1.3239 | 17.6569 0.7063 | 4.9657 0.1986 | 2.2669  0.0907
2 | 33.1615 1.3265 | 19.5549 0.7822 | 6.6125 0.2645 | 3.0219  0.1209
31 33.1694 1.3268 | 20.5409 0.8216 | 8.1416 0.3257 | 3.8100 0.1524
4 | 33.1703 1.3268 | 21.0433 0.8417 | 9.5087 0.3803 | 4.6128 0.1845
12 | 33.1705 1.3268 | 21.5499 0.8620 | 15.0506 0.6020 | 10.1272 0.4051
13 | 33.1705 1.3268 | 21.5509 0.8620 | 15.3077 0.6123 | 10.6296 0.4252
14 | 33.1705 1.3268 | 21.5514 0.8621 | 15.5153 0.6206 | 11.0894 0.4436
15 | 33.1705 1.3268 | 21.5516 0.8621 | 15.6827 0.6273 | 11.5088 0.4604
73 | 33.1705 1.3268 | 21.5519 0.8621 | 16.3633 0.6545 | 15.2300 0.6092
74 | 33.1705 1.3268 | 21.5519 0.8621 | 16.3633 0.6545 | 15.2305 0.6092
75 | 33.1705 1.3268 | 21.5519 0.8621 | 16.3633 0.6545 | 15.2309 0.6092
76 | 33.1705 1.3268 | 21.5519 0.8621 | 16.3633 0.6545 | 15.2313 0.6093
77 | 33.1705 1.3268 | 21.5519 0.8621 | 16.3633 0.6545 | 15.2316 0.6093
78 | 33.1705 1.3268 | 21.5519 0.8621 | 16.3633 0.6545 | 15.2319 0.6093
79 | 33.1705 1.3268 | 21.5519 0.8621 | 16.3633 0.6545 | 15.2322 0.6093
80 | 33.1705 1.3268 | 21.5519 0.8621 | 16.3633 0.6545 | 15.2325 0.6093
1.4 . . ; ; ;
12} N 1
Maap Z | 2il | 7pil™
-1t i—1 |
i;
<08 / 1

Figure 2. Numerical results of M, 4, Zgl l&:|l7pi€* where g = % %
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5. Conclusions

The multi-singular pointwise defined fractional g—integro-differential equation has been
successfully investigated in this work. The investigation of this particular equation provides us with a
powerful tool in modeling most scientific phenomena without the need to remove most parameters
which have an essential role in the physical interpretation of the studied phenomena. Multi-singular
pointwise defined fractional g—integro-differential equation (1.1) has been studied on a time scale
under some boundary conditions. An application that describes the motion of a particle in the plane
has been provided in this work to support our results’ validity and applicability in the fields of physics
and engineering.
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