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Abstract: Let A be a finite-dimensional algebra with identity over the field F, U(A) be the group
of units of A and L(A) be the set of left ideals of A. It is well known that there is an equivalence
relation ∼ on L(A) by defining L1 ∼ L2 ∈ L(A) if and only if there exists some u ∈ U(A) such that
L1 = L2u. C(A) = {[L]|L ∈ L(A)} is the set of equivalence classes determined by the relation ∼, which
is a semigroup with respect to the natural operation [L1][L2] = [L1L2] for any L1, L2 ∈ L(A). The
purpose of this paper is to describe the structures of semigroup of conjugacy classes of left ideals for
the Sweedler’s four-dimensional Hopf algebra H4.
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1. Introduction

Throughout the paper, let A be a finite-dimensional associative algebra with identity over an
algebraically closed field F of characteristic 0 and U(A) be the group of units of A. By L(A) we denote
the set of left ideals in A. According to [1], there exists an equivalent relation on L(A) by defining
L1 ∼ L2 ∈ L(A) if and only if there exists some u ∈ U(A) such that L1 = L2u. The corresponding set of
equivalence classes is denoted by C(A), which coincides with the set of conjugacy classes, and is also
a semigroup [2] with respect to the natural operation [L1][L2] = [L1L2] for any L1, L2 ∈ L(A).

A study of C(A) is in part motivated by a general program of searching for semigroup invariants
of associative algebras [3]. In addition, the semigroup C(A) is related to the subspace semigroup of
an associative algebra, studied in [4, 5], which is an analogue of the semigroup of closed subsets in an
algebraic monoid. In the context of ring theory, various related actions of U(A) have been considered
on a ring A, see [6], and also [7, 8], leading to certain finiteness conditions for A. Especially, the class
of algebras with C(A) finite includes the algebras of finite representation type, see Theorem 6 in [1].
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Let H4 be the Sweedler’s four-dimensional Hopf algebra. From the classification result of finite-
dimensional Hopf algebras, it is known that H4 is a non-commutative and non-cocommutative Hopf
algebra of minimal dimension, which is closely related to non-semisimple eight-dimensional Hopf
algebras. It is also an algebra of finite representation type from the view of representation theory
of algebras. Furthermore, H4 is a very important example in the development of the theory of Hopf
algebras [9, 10]. Indeed, the Sweedler’s Algebra H4 is a Taft’s Hopf algebra (see for instance the book
[11] for more details) that are examples of non-commutative and non-cocommutative Hopf algebras
[12–14], too. Therefore, it is necessary to further consider the congucacy class of left ideals of H4.

The paper is organized as follows. First of all, we recall the necessary prerequisites on idempotents
used in this paper. Secondly, for H4 we consider all conjugacy classes of nilpotent left ideals with
the help of Jacobson radical of H4, and all conjugacy classes of principle left ideals generated by
idempotents. In addition, we also give the products of the principal left ideals generated by idempotents
and the nilpotent left ideals. In Section 3 we discuss conjugacy classes of those left ideals which are
neither nilpotent nor generated by idempotents. The last section is our main result. In this section we
describe the semigroup of conjugacy classes of left ideals of H4 by means of generators and relations.

2. Prerequisites

In the study of indecomposable modules over A, an important role is played by idempotent elements
of A. An element e ∈ A is called an idempotent if e2 = e. The idempotents e1, e2 ∈ A are called
orthogonal if e1e2 = e2e1 = 0. The idempotent e is said to be primitive if e cannot be written as a
sum e = e1 + e2, where e1 and e2 are nonzero orthogonal idempotents of A. According to [15] a set
E = {e1, e2, · · · , en} ⊂ A of primitive orthogonal-pair idempotents is called a complete set of primitive
orthogonal idempotents of A if e1 + e2 + · · · + en = 1. As for the complete set of primitive orthogonal
idempotents, the following conclusion holds.

Lemma 2.1. ( [16], Theorem 3.4.1) Let {e1, · · · , · · · , en} and { f1, · · · , · · · , fm} be two complete sets of
primitive orthogonal idempotents of A. Then n = m and there is an invertible element a in the algebra
A such that, up to a suitable reindexing, fi = aeia−1 for all i.

Lemma 2.2. ( [3], Proposition 2.2) Let e, f be idempotents in A. The following conditions are
equivalent:

(1) e and f are conjugate in A;
(2) [Ae] = [A f ] in C(A).

Let us recall that an ideal I or a left ideal of A is nilpotent if there exists a positive integer n such
that In = 0 and the minimal positive integer is called the nilpotent index of I. It is well known that for
a finite-dimensional algebra A, the Jacobson radical J(A) is the unique maximal nilpotent (left) ideal.
The following lemma can be obtained from Lemma 3.1 and Proposition 3.3 in [3].

Lemma 2.3. Let Li ∈ L(A) for i = 1, 2. Then
(1) there exist idempotents ei ∈ Li such that Li = Aei ⊕ Li(1 − ei) and Li(1 − ei) ⊆ J(A);
(2) moreover, [L1] = [L2] in C(A) if and only if [Ae1] = [Ae2] and [L1(1 − e1)] = [L2(1 − e2)].

By the lemmas above, for a finite-dimensional algebra A, to investigate the conjugacy classes of
left ideals of A, it needs to describe the conjugacy classes of nilpotent ideals and principal left ideals
generated by idempotents.
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3. Conjugacy classes of nilpotent left ideals and principle left ideals generated by idempotents

In this section we mainly describe conjugacy classes of nilpotent left ideals and principle left ideals
generated by idempotents of H4. For the purpose we need to determine the unit group U(H4) and the
Jacobson radical J(H4).

Recall that Sweedler’s four-dimensional Hopf algebra H4 is an associative algebra with unity 1 over
F generated by g, x with the following relations

g2 = 1, x2 = 0, gx + xg = 0.

Note that there is an F-basis 1, g, x, gx in H4. Let ε1 =
1 + g

2
and ε2 =

1 − g
2

. Then ε1 and ε2 are
orthogonal primitive idempotents such that 1 = ε1 + ε2 is the decomposition of the unity. Moreover,
J(H4) is a linear space of dimension 2 with a basis x, gx, which contains all nilpotent ideals and as left
ideal J(H4) is only conjugate to itself.

Since H4 is finite-dimensional it follows from [16] that an element a = l1 ·1+lg ·g+lx ·x+lgx ·gx ∈ H4

is invertible or a unit if and only if a is a left unit, i.e., there exists an element b = m1 · 1 + mg · g + mx ·

x + mgx · gx ∈ H4 such that ab = 1. At the same time, we have

ab = (l1m1 + mglg) · 1 + (l1mg + lgm1) · g + (l1mx + lxm1 + lgmgx − lgxmg) · x

+(l1mgx + lgxm1 + lgmx − lxmg) · gx.

Hence, ab = 1 implies that the following system of equations with four unknowns m1,mg,mx,mgx
l1m1 + lgmg = 1,
lgm1 + l1mg = 0,
l1mx + lgmgx = lgxmg − lxm1,

lgmx + l1mgx = lxmg − lgxm1

has a unique solution. Of course, the system of equations with two unknowns m1 and mg{
l1m1 + lgmg = 1,
lgm1 + l1mg = 0

has a unique solution, which is equivalent to the determinant of coefficient matrix
(

l1 lg

lg l1

)
is not zero,

i.e., l1
2
− lg

2 , 0 or l1
2 , lg

2. Furthermore, l1
2 , lg

2 also implies that the system of equations with
unknowns mx,mgx {

l1mx + lgmgx = lgxmg − lxm1,

lgmx + l1mgx = lxmg − lgxm1

has a unique solution.
In summary, l1

2 , lg
2 is a sufficient and necessary condition for a to be invertible. The proof of the

following lemma is complete.

Lemma 3.1. U(H4) = { l11 + lgg + lxx + lgxgx | l1
2 , lg

2
}.
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Since any nilpotent left ideal is contained in J(H4) and J(H4) is of dimension two, it follows from
Lemma 2.3 that the classification of nilpotent left ideals is reduced to the study of all one-dimensional
nilpotent left ideals. Next we initiate all nilpotent left ideals of dimension one. By J1, J2 we denote the
one-dimensional linear subspaces of J(H4) spanned by x + gx and x − gx, respectively.

Throughout the remainder of this paper, we fix notations J1 = F(x + gx), J2 = F(x − gx) and
J = J(H4).

Lemma 3.2. Let I be any nilpotent left ideal of H4 of dimension one. Then I = J1 or I = J2.

Proof. Since I is included in J(H4), there exists a nonzero element z = ax + bgx ∈ I which is an F-basis
of I, where a, b ∈ F. We claim that a , 0, b , 0. Otherwise, we suppose a = 0 or b = 0.

In the case of a = 0, without loss of generality we can assume z = gx. Since I is a left ideal of H4, it
follows that gz = g(gx) = x ∈ I. It is obvious that x is not a scalar multiple of z = gx. This contradicts
with the fact that I is a left ideal of dimension one.

In the case of b = 0, without loss of generality we can assume z = x. It follows that gz = gx ∈ I.
This also contradicts with the fact that I is a left ideal of dimension one.

In summary, we have a , 0 and b , 0, which implies that z = a · x + b · gx = b · ( a
b · x + gx). So we

can choose z = ax + gx. Next we prove that a = ±1.
Since I is a left ideal of dimension one, it follows from 0 , gz = g(ax + gx) = x + agx ∈ I that

x + agx ∈ I is a scalar multiple of ax + gx, which implies that there exists a number q ∈ F such
that x + agx = q(ax + gx). More specifically, we have (qa − 1)x + (a − q)gx = 0, which leads to
qa− 1 = 0, a− q = 0 and a = ±1. If a = 1, then we have I = J1. Otherwise, we have I = J2. The proof
of Lemma 3.2 is complete. �

Theorem 3.3. For any u ∈ U(H4), J1 = J1u and J2 = J2u.

Proof. First, from Lemma 3.1 for any u ∈ U(H4) we have u = a1+bg+cx+dgx ∈ U(H4) with a2 , b2.
So we get that

(x + gx)u = (x + gx)(a1 + bg + cx + dgx) = a(x + gx) − b(x + gx) = (a − b)(x + gx) ∈ I1,

(x − gx)u = (x − gx)(a1 + bg + cx + dgx) = a(x − gx) − b(x − gx) = (a + b)(x − gx) ∈ I2,

which imply that J1u = J1, J2 = J2u for any u ∈ U(H4).�
Remark 1 The conclusion of Theorem 3.3 tells us that the U(H4)-orbit of Ji contains only one element
for i = 1, 2.

Corollary 3.4. Let N(H4) be the set which consists of the conjugacy classes of nilpotent left ideals of
H4. Then N(H4) = {0, [J1], [J2], [J]} is a commutative semigroup with the following multiplication

[J1]2 = [J2]2 = [J]2 = [J1][J] = [J2][J] = [J1][J2] = 0.

Next, we focus on conjugacy classes of the principal left ideals generated by idempotents.

According to Lemma 2.2 it is enough to describe the complete set
{
ε1 =

1 + g
2

, ε2 =
1 − g

2

}
of

the primitive orthogonal idempotent elements.

Lemma 3.5. For any u ∈ U(H4), uε1 , ε2u.
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Proof. For u ∈ H4, there exist a, b, c, d ∈ F with a2 , b2 such that u = a · 1 + b · g + c · x + d · gx by
Lemma 3.1. Next we discuss the relation between uε1 and ε2u.

Direct calculations show that uε1 = (a ·1+b ·g+c · x+d ·gx)
1 + g

2
=

1
2

[(a+b) ·1+(a+b) ·g+(c−d) ·

x+(d−c) ·gx] and ε2u = (a ·1+b ·g+c · x+d ·gx)
1 + g

2
=

1
2

[(a−b) ·1+(b−a) ·g+(c−d) · x+(d−c) ·gx].
If uε1 = ε2u, then we have

a + b = a − b, a + b = b − a,

which leads to a = b = 0. This contradicts with a2 , b2. The proof of Lemma 3.5 is complete.
Lemma 3.5 shows that ε1 and ε2 are not conjugate in H4, which yields that H4ε1 and H4ε2 are not

conjugate as left ideals. As a consequence, we have the following conclusion on the conjugacy classes
of the principal left ideals generated by idempotents.

Lemma 3.6. The conjugacy classes of the principal left ideals generated by idempotents is a set with
three elements [H4ε1], [H4ε2] and the conjugate class [H4] determined by the trivial ideal H4.

By definition it follows that H4ε1 is linearly spanned by ε1 = gε1 and xε1 = xgε1. It is obvious
that 1 + g, x − gx are linearly independent and they form a basis of H4ε1. Similarly, H4ε2 has a basis
1 − g, x + gx. Let I1 = H4ε1, I2 = H4ε2. It is easy to see that {1 + g, x − gx, 1 − g, x + gx} is also a basis
of H4, denoted by I.

Lemma 3.7. The products of the principal left ideals generated by idempotents are as follows:

I1
2 = I1, I2

2 = I2, I1I2 = J1, I2I1 = J2, I1H4 = I1 + J1, I2H4 = I2 + J2.

Proof. It is a direct conclusion of Table 1.

Table 1. The multiplication with respect to Basis I.

1 + g x − gx 1 − g x + gx
1 + g 2(1 + g) 0 0 2(x + gx)
x − gx 2(x − gx) 0 0 0
1 − g 0 2(x − gx) 2(1 − g) 0

As a bonus of Lemma 3.7, another two left ideals of H4: I1 + J1 and I2 + J2 are obtained, which are
neither principle left ideals generated by idempotents nor nilpotent.

We end this section with the products between the principal left ideals H4ε j generated by
idempotents and the nilpotent ideals J1, J2 and J(H4).

Lemma 3.8. As for the products between the principal left ideals and nilpotent left ideals we have

I2 I1 H4

J1 J1 0 J1

J2 0 J2 J2

J J1 J2 J

and

J1 J2 J
I1 J1 0 J1

I2 0 J2 J2

H4 J1 J2 J

.
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4. Conjugate classes of other left ideals

Next we consider any left ideal which is neither a principle left ideal generated by an idempotent
nor a nilpotent left ideal. Let K be such an ideal. Then according to Lemma 2.2 K must be of the
form: H4εi + J j with 1 ≤ i, j ≤ 2. So to determine K we only need to discuss H4εi + J j = Ii + J j for
1 ≤ i, j ≤ 2. Since J2 ⊆ I1, J1 ⊆ I2, I1 ∩ J1 = 0, I2 ∩ J2 = 0 and J = J1 + J2, it follows that

I1 + J1 = I1 ⊕ J1, I1 + J2 = I1,

I2 + J1 = I2, I2 + J2 = I2 ⊕ J2,

I1 + J = I1 + J1, I2 + J = I2 + J2.

Therefore, we have the following

Lemma 4.1. Let K be any left ideal which is neither a principle left ideal generated by an idempotent
nor nilpotent. Then we have [K] = [I1 ⊕ J1] or [K] = [I2 ⊕ J2].

For convenience later, we fix the notations K1 = I1 ⊕ J1 and K2 = I2 ⊕ J2. From Lemma 3.7 we also
know that K1 = I1H4,K2 = I2H4

Lemma 4.2. Keep the notations above, we have

K1
2 = K1, K1K2 = J1,

K2K1 = J2, K2
2 = K2.

5. Results

In this section we give the main result of this paper.

Theorem 5.1. As a semigroup C(H4) is isomorphic to the semigroup S = {o, e, α1, α2, β1, β2, β, γ1, γ2},
which can be generated by e, α1, α2, β, o subject to the following relations:

(1) ee = e, eα1 = α1, eα2 = α2, eβ = β;
(2) oo = eo = oe = oα1 = α1o = oα2 = α2o = oβ = βo;
(3) α1

2 = α1, α2
2 = α2, β

2 = o;
(4) α1α2 = α1β = βα2, α2α1 = α2β = βα1.

Proof. By definition of the isomorphism of semigroup, in order to prove the theorem it is sufficient to
find a bijection between C(H4) and S keeping multiplication. First, we define a map ϕ : C(H4) −→ S
such that

ϕ([H4]) = e, ϕ([J]) = β, ϕ([0]) = o;

ϕ([H4εi]) = αi, ϕ([Ji]) = βi, ϕ([H4εi + Ji]) = γi for i = 1, 2.

It is easy to see that ϕ is bijection. By Corollary 3.4, Lemma 3.7, Lemma 3.8 and Lemma 4.2 it follows
that ϕ keeps the multiplication.

Corollary 5.2. (1) e is a left unit: for any a ∈ S , ea = a;
(2) o is the zero element: for any a ∈ S , oa = ao = o;
(3) s = {o, β1, β2, β} is a commutative ideal of S : for any a, b ∈ s, ab = ba = o;
(4) B = {α1, α2, γ1, γ2} consists of all idempotents of S .
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1. J. Okniński, L. Renner, Algebras with finitely many orbits, J. Algebra, 264 (2003), 479–495.
https://doi.org/10.1016/S0021-8693(03)00129-7

2. A. H. Clifford, G. B. Preston, The algebraic theory of semigroups, Vol. I, Providence, RI: American
Mathematical Society, 1961.
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