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1. Introduction

A dual numbera [1] is usually denoted in the form
a=a+ ea,

where the real numbers a and q are respectively the prime part and the dual part of @, and ¢ is the dual
unit satisfying e # 0,0e =0 =0, le = ¢l = gand g2 =0. Actually, dual numbers can be defined over
both the real and the complex fields [2], and in many cases, real numbers will suffice. Since a pure dual
number £a, has no inverse, the set of dual numbers is not a field, but a ring [3]. For more details of
the dual numbers, such as representations of dual numbers, functions of dual numbers, mathematical
expressions of dual operations, the reader is referred to [4, 5] and references therein. The dual number,
originally introduced by Clifford in 1873 [6], was further developed by Study in 1901 [7] to represent
the dual angle in spatial geometry. Because of conciseness of notation, dual numbers and their algebra
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have been powerful and convenient tools for the analysis of mechanical systems, and have attracted a
lot of attention over the last three decades because of their applicability to various areas of engineering
like kinematic analysis [1, 4], robotics [8, 9], screw motion [10] and rigid body motion analysis [11].

A matrix with dual number entries is called a dual matrix. If A and B are two m X n (or m-by-n)
real matrices, then the m X n dual matrix ;1\ is defined as A = A + eB, where A and B are respectively
called the prime part and the dual part of A. In particular, if A and B are n X n real matrices, then we
say that Ais a square dual matrix. Many terminologies of dual matrices, such as matrix
multiplication, inverse of a dual matrix, QR and SVD decomp0s1t10ns can be deﬁned on the analogy
of those of real matrices. For example, for two dual matrices A1 = A, + €B; and Az = A, + B,
Zy@ = A1A; + €(A1B, + B1A,), where Ay, A,, By, B, have appropriate dimensions. If a real n X n
matrix A is nonsingular, then the n X n dual matrix A = A +¢&Bis also nonsingular and the inverse of A
is given by A' = A™' — sA"'BA™! [4]. For rectangular dual matrices and singular square dual
matrices, it is natural to study their dual generalized inverses. Angeles [1] investigated the usefulness
of dual generalized inverses in kinematic analyses based on dual numbers. However, it should be
noted that many important properties of dual generalized inverses of dual matrices are much different
from those of real matrices. For example, it is well-known that the Moore-Penrose generalized inverse
of a real matrix exists, while it was shown in [12, 13] that the dual Moore-Penrose generalized inverse
(DMPGI, for short) of a rank-deficient dual matrix may not exist and there are uncountably many dual
matrices that do not have them. Hence, it is interesting to investigate the necessary and sufficient
conditions for the existence of dual generalized inverses and find efficient methods to compute them
when they exist. The existence, computations and applications of dual generalized inverses have been
a topic of recent interest. de Falco et al. [14] discussed the mathematical conditions of existence for
different types of dual generalized inverses. Moreover, solutions of some meaningful kinematic
problems were discussed to demonstrate the usefulness and versatility of dual generalized inverses.
Pennestri et al. [15] proposed novel and computationally efficient algorithms/formulas for the
computation of the MPDGI. Udwadia et al. [13] investigated the question of whether all dual matrices
have dual Moore-Penrose generalized inverses and showed that there are uncountably many dual
matrices that do not have them. Udwadia [12] studied properties of the DMPGI and used them to
solve systems of linear dual equations. Wang [16] gave some necessary and sufficient conditions for a
dual matrix to have the DMPGI, and a compact formula for the computation of the DMPGI was also
given.

As showed in [12], dual generalized inverses are powerful tools to study the solutions and
least-squares solutions of systems of linear dual equations. Many applications of dual algebra in
kinematics require numerical solutions of systems of linear dual equations. A common approach is to
split the system of dual linear equations into the real part and dual part and then form a system of real
equations. The solutions of the real part and dual part of the system of linear dual equations are
usually computed separately. However, the availability of a dual generalized inverse of the coefficient
matrix allows the simultaneous computation of the dual equation in a single step, and thus improve
the overall computational efficiency. For this reason, the existence and the availability of an efficient
method to compute dual generalized inverses could be of interest for the researchers.

Motivated by the above results, in this paper, we consider another kind of dual generalized inverse
of dual matrices, which is called the dual group inverse. The dual group inverses, although exist only
for square dual matrices, have some properties of inverse matrix that the DMPGI does not possess,
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for instance, a square dual matrix commutes with its dual group inverse. Furthermore, the dual group
inverses also provide solutions and least-squares solutions of linear dual equations. Hence, they more
closely resemble the true inverse of a dual matrix. For real cases, there are applications of the group
inverse in various fields such as Markov chains [17], stationary iteration [18], fuzzy linear systems [19].
It is known that the group inverse of a real square matrix A exists if and only if the index of A is 1.
However, for a square dual matrix A whose prime part has index 1, the dual group inverse of A may
not exist. Hence, it is also interesting to investigate the existence and computations of the dual group
inverse.

In this paper, we study the existence and computations of the dual group inverse, and discuss the
usefulness of the dual group inverse in solving systems of linear dual equations. The outline of the rest
of this paper is as follows. In Section 2, we present some notations which will be used later and review
some preliminaries briefly. In Section 3, we give some necessary and sufficient conditions for a dual
matrix to have the dual group inverse, compact formulas for the computation of the dual group inverse
are also given. In Section 4, we discuss the applications of the dual group inverse in solving systems
of linear dual equations. The concept of the dual group-inverse solution is introduced. The dual analog
of the real minimum P-norm least-squares solution is obtained through the dual group inverse. Some
numerical examples are provided to illustrate the results obtained.

2. Notations and preliminaries

Throughout this paper the following notations and definitions are used. C"*, R™" and D" denote
the set of all m X n complex matrices, real matrices and dual matrices respectively. R" and D" denote
the set of all n-dimensional real column vectors and n-dimensional dual column vectors respectively.
For a real matrix A, R(A) is the range of A and N(A) is the null space of A. The index of a matrix
A € R™"_is the smallest positive integer such that rank(A*)=rank(A**!), and denoted by Ind(A). For a
square dual matrix A = A + B, AT = AT + &B”, where A7 is the transpose of A. For a nonsingular real
matrix P, P"'AP = P"'AP + £P~' BP.

We first give the definition of the dual Moore-Penrose generalized inverse of a dual matrix in the
following, which is analogous to real matrices.

Definition 2.1. The dual Moore-Penrose generalized inverse of a dual matrix A € D™ denoted by
AT, is the unique matrix X e D satisfying the following dual Penrose equations

AXA=A, XAX =X, (AX)! = AX, (XA) =
The Drazin inverse is a generalized inverse which is defined only for square matrices, and has many
applications in the theory of finite Markov chains, singular linear difference equations, cryptograph etc

(see [20, 21)).
Definition 2.2. [22] Let A € R™" and Ind(A) = k. Then the matrix X € R™" satisfying

A*XA = A, XAX =X, AX=XA

is called the Drazin inverse of A, and is denoted by X = AP,
If Ind(A)=1, then this special case of the Drazin inverse is known as the group inverse.
Definition 2.3. [22] Let A € R™". If X € R™" satisfies

AXA=A, XAX=X, AX =XA,
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then X is called the group inverse of A, and is denoted by A*. It is known that A has a group inverse if
and only if Ind(A) = 1. For example, diagonalizable matrices have index 1, thus, a singular
diagonalizable matrix has group inverse.

The dual group inverse of a square dual matrix can be defined similarly as the group inverse of a
square real matrix.
Definition 2.4. Let A € D™ If a dual matrix X € D™ satisfies

AXA =A, XAX =X, AX =XA,

then X is called the dual group inverse of A, and is denoted by A*,
The following lemma gives a block representation of a real square matrix that has the group inverse.

Lemma 2.1. [22] Let A € R™". Then A has a group inverse if and only if there exist nonsingular
matrices P and C such that

A:P[g 8]1)-1. (2.1)
In this case, it is easy to verify that
-1
A* = P[ CO 8 ]P‘l. (2.2)

The block representation (2.1) is the Jordan canonical form of A.
The following three lemmas play important roles in Section 3.

Lemma 2.2. [22] Let A, P € C™" satisfy P> = P. Then

(i) PA = A if and only if R(A) C R(P).

(ii) AP = A if and only if N(P) C N(A).

Lemma 2.3. [23] If

A C
w=[5 5]

then M* exists if and only if A* and D* exist and (I — AA*)C(I — DD*) = 0. If so,

A" X
#

=5 o)
where X = —A*CD* + (A*)>C(I — DD*) + (I — AA")C(D*)*.
Lemma 2.4. [24] Let A € C™", B € C™", C € C™" with Ind(B)=k and Ind(C)=I. Then
. A B k I D D
(i) rank c o |7 rank(B*) + rank(C") + rank[(I,, — BB")A(Il,, — C"()].
(ii) rank| A B* | = rank(B) + rank(A - BBPA).

(iii) rank[ él ] = rank(C') + rank(A — ACPC).
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3. Dual group inverses of dual matrices

In this section, we study the dual group inverses of dual matrices. Some necessary and sufficient
conditions for the existence of the dual group inverse are given. Some efficient methods for the
computation of the dual group inverse are also presented. We firstly give a necessary and sufficient
condition for a dual matrix to be the dual group inverse of a given dual matrix A=A+é&B.

Lemma 3.1. Let A = A + &B be a dual matrix with A,B € R™ and Ind(A) = 1. Then an n X n dual
matrix G = G + &R is a dual group inverse of;f if and only if G = A* and

B = AA*B + ARA + BA*A, (3.1)
R = A"AR + A"BA" + RAA*, (3.2)
AR + BA" = RA + A"B. (3.3)

Proof. By Definition 2.4, G =G + &R is a dual group inverse of A=A +e¢Bifand only if

(A+&B)(G + eR)A + eB) = AGA + e(AGB + ARA + BGA) = A + €B,
(G +&eR)A + eB)(G + eR) = GAG + e(GAR + GBG + RAG) = (G + €R),

(A+&B)(G+€eR) =AG + (AR + BG) = GA + &(GB + RA) = (G + eR)(A + &B).

Then, we can see from the prime parts of the above equalities that AGA = A, GAG = G and AG =
GA, ie., G = A*. On the other hand, we can see from the dual parts of the above equalities that
B = AGB + ARA + BGA, R = GAR + GBG + RAG and AR + BG = GB + RA. Hence, the equalities
(3.1)—(3.3) follow. ]

It is well-known that for a real square matrix A, if A* exists, then it is unique. We now show that it
is also true for dual matrices.
Theorem 3.1. Let A = A + &B be a dual matrix with A, B € R™" and Ind(A) = 1. If the dual group
inverse of A exists, then it is unique.

Proof. According to Lemma 3.1, if the dual group inverse of A = A + &B exists, then it must be of the
form A* + eR. Let G, = A" + €R, and G, = A* + &R, be two dual group inverses of A. To show the
uniqueness of A*, we need only to show that R; = R,.

It follows from (3.1) that

B = AA*B + AR,A + BA*A (3.4)
and
B = AA"B + AR,A + BA*A. (3.5)

AIMS Mathematics Volume 7, Issue 5, 7606-7624.



7611

Subtracting (3.4) from (3.5) gives
AR; — R)A =0. (3.6)
Similarly, we can observe from (3.2) that
R, = A*AR, + A*BA* + R, AA" (3.7)
and
Ry = A"AR, + A*BA* + R,AA™. (3.8)
Comparing (3.7) and (3.8) we have
R, — R, = A"A(R, — R)) + (R, — Ry)AA". (3.9)
Furthermore, it can be seen from (3.3) that
AR, + BA* =R/A + A*B (3.10)
and
AR, + BA" = R,A + A*B. (3.11)
Subtracting (3.10) from (3.11) gives
AR — Ry) = (R — Ry)A. (3.12)
Now, postmultiplying (3.6) by A* yields A(R; — Ry)AA* = 0. Thus, by (3.12),
0 = AR — R)AA" = (R — Ry))AAA" = (R — Ry)A = A(R| — R»). (3.13)
Substituting (3.13) into (3.9) we get
Ry — Ry = AA(R, — Ry) + (R) — Ry)AA* =0,
i.e., Ry = R,, which completes the proof. O

Although Lemma 3.1 provides a necessary and sufficient condition for a dual matrix to be the dual
group inverse of a given dual matrix, however, it is still not easy for us to see whether the dual group
inverse of a given dual matrix exists. The following theorem gives some sufficient and necessary
conditions for the existence of A* under the assumption that the prime part of A has index 1. If one of
these conditions is satisfied, we give a compact formula for the computation of A*,

Theorem 3.2. Let A = A + &B be a dual matrix with A, B € R™" and Ind(A) = 1. Then the following

conditions are equivalent:

(i) The dual group inverse of A exists;
o C 0|, B, B,

(ii) A :P[ 0 0 ]P ! +8P[ By 0

(iii) (I — AA")B(I — AA*) = 0;

] P!, where C and P are nonsingular matrices;
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| A B Y
W) g 4 | exists
B A
(v) rank[ A0 ] = 2rank(A),
(vi) AT exists.
Furthermore, if the dual group inverse of A exists, then

A* = A* + R, (3.14)
where
R = —A*BA* + (A"?B(I — AA") + (I - AA")B(A™). (3.15)

Proof. (i)=(ii): If In_d(A) = 1, then A and A* have the block matrix forms (2.1) and (2.2), respectively.

LetB =Pl B B ptanar=pr| B B pt it the dual group inverse of A exists, then by
B; B | Rs R
Lemma 3.1, the condition (3.1) is satisfied, i.e.,
B B,| [10 By By| |CO|lR RffCO| [B BlI0
B; By _>00 B; By 0 0 Ry Ry 0 0 B; By 00
_ [ 2Bi+CR/C B,
B B; 0 |

It can be seen from the above equality that B, = 0.

(i) = (iii): If
_ C 0 —1 _ B] Bz —1
A—P[O O]P ,B—P[B3 O]P,

then a direct calculation shows that

" s [0 O0][B B[O O], ., _
(I—AA)B(I—AA)_P[O 1H33 OHO I]P = 0.

(iif) = (i): By Lemma 2.1, there exist nonsingular matrices P and C such that A and A* are of the

forms (2.1) and (2.2), respectively. Let B = P[ gl ? ]P‘l. Then it follows from (I — AA*)B(I —
3 by

A R

AA*) = 0 that

which implies that B, = 0.
Now, denote

0 O

- C_l O —1
G—P[ ]P +eP| T b 0

—C_IBIC_1 C_sz]P_l
Then

Y~ _ C O —1 Bl BZ —1

@ = (€ O] B 2]
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az::(p[

X
—_—
v

Hence, AG = GA.
Moreover,

AGA =

X

and

GAG

|

v

-1 1 -1 2
CO 8 ]P‘l +8P[ CB3?_2C ¢ 032 ]P—l)
I 0 —1 0 C_le —1
! 0]p +gp[3ﬂfl . ]p ,
-1 -1 -1 -2
CO 8 ]P“ +3P[ CB3?_2C ¢ 032 ]P“)
c ol ., B B | .,
c 0]p +8P[B3 0]p )
1 0] 0 C'B .,
0 O]P + &P BiC-! 0 ]P .

(p[’o]p4+gp

O C_IBZ :| P_l)

00 B;C™! 0

C 0 —1 Bl BZ —1
P[5 0]7 +er| o |7

C 0 —1 Bl B2 —1
P € O]mrver] B
A

I 0 1
[O O]P +&P

0 C_le _1
mer o |7

C_l 0 _1 —C‘181C‘1 C_2B2 _1
X (P[ 0 O]P +8P[ BiC2 0 P
C_l O -1 _C_lBlc_l C_2B2 —1
= P[ 0 O]P +3P[ B.C 0 P
= G.
Therefore, A* exists and A* = G.
Since
C'B,Cc' 0
A _ 1 -1
A"BA"T = P[ 0 0 ]P ,

0O OB O 0 7 0 0

(A#)ZB(I—AA#):P[C_Z OHBI 32”0 0]]3—1:13[0 C‘ZB2]P_1,

(I—AA#)B(A#)zzP[O OHB‘ B2HC_2 O]P‘lzP[ 0 O]P‘l,

AIMS Mathematics
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then G = A* = A" + g[-A*BA* + (A")2B(I — AA*) + (I — AA*)B(A")*], which completes the proofs of
(3.14) and (3.15).
Since Ind(A)=1, then by (i) of Lemma 2.4,

rank[ f ‘3 ] = 2rank(A) + rank[(I - AAHB(I — AAM)]. (3.16)

It can be seen from (3.16) that (I — AA*)B(I — AA*) = 0 if and only if rank[ ﬁ g ] = 2rank(A). Thus

(iti) ©(v) follows.

The equivalence of (iii) and (iv) follows directly from Lemma 2.3, and the equivalence of (v) and
(vi) follows from the equivalence of (a) and (c) in [16, Theorem 2.2], in which the author showed that
A" exists if and only if rank [ i 6‘ ] = 2rank(A). O

It should be noticed from Theorem 3.2 that for a square dual matrix A whose prime part has index
1, A* exists if and only if A" exists. However, if the index of the prime part of a square dual matrix
A is not 1, then A* does not exist, but AT may exist. Moreover, it is easy to see that if A¥ exists, then
for any nonsingular real matrix P, (P"'AP)" also exists and (P"'AP)* = P~'A*P, whereas the DMPGI
does not possess this property.

If the prime part of a dual matrix A = A+é&B has index 1, then it is not difficult for us to see whether

A" exists. For example, we can calculate the rank of A and the rank of the 2 X 2 block matrix [ A g ]
to see if the condition (v) inATheorem 3.2 holds. On the other hand, it is an unexpected result that
if the dual group inverse of A exists, then by Lemma 2.3, the prime part and the dual part of A* are

respectively the (1,1)-entry and the (1,2)-entry of the group inverse of the 2 X 2 upper triangular block

], where A and B are respectively the prime part and the dual part of A. In another

matrix B
0 A

word, A* is completely determined by the group inverse of the block matrix [ ] Hence, in order

0 A

#
A B
to obtain A*, we need only to compute [ 0 A ] , which is an efficient method to compute A*,

Corollary 3.1. Let A = A + &B be a dual matrix. If A* exists, then

melro]ld gﬂgfl].

Corollary 3.2. Let A = A + &B be a dual matrix with A, B € R™ and Ind(A) = 1. Then the following
statements are equivalent:

(i) The dual group inverse of A exists and A* = A* — eA* BA*;

(ii) AA*B = BAA* = B;

(iii) R(B) C R(A) and N(A) € N(B);

(iv) rank[ B A ] = rank[ i ] = rank(A).
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Proof. (i) = (ii): If A* exists, then by (ii) of Theorem 3.2,

’\_ C O —1
A—P[ 0 O]P + &P

B, B |,
o O]P.

Moreover, if A¥ = A% eA*BA*, then by (3.15) we have that (A*)2B(I — AA*) + (I - AA*) B(A*)? = 0,
1.e.,

C?0]||lB BI|[0O N 0 0]||B Bl|[C?0]_ 0 C?B, | _ 0
0O O||Bs O 0 1 0 I|lB; O 0 0| | BC? 0 e
B, 0

Thus, C™>B, = 0 and B;C™2 =0, i.e., B, =0and B; = 0. Now, B = P[ 0 0

] P~! and it is easy to

see that AA*B = BAA* = B.

(if) =(i): If AA*B = BAA* = B, then (I — AA*)B(I — AA*) = 0. Thus, by Theorem 3.2, the dual
group inverse of A exists. It is also clear that (A*)*B(I — AA*) + (I — AA*)B(A*")? = 0. Therefore, it
follows from (3.15) that A* = A* — cA*BA*.

The equivalence of (ii) and (iii) follows immediately from Lemma 2.2.

(i) & (iv): We can observe from (ii) and (iii) of Lemma 2.4 that

rank| B A | = rank(A) + rank(B — AA*B)

and

rank[ i ] = rank(A) + rank(B — BAA").
Hence, AA*B = BAA* = B if and only if mnk[ B A ] = rank[ f ] = rank(A). o

Example 3.1. We provide an example from kinematics in which three line-vectors from points p; to
qi» 1 <i <3, are drawn on a flat plane that lies in the plane y = 2 in an inertial coordinate frame. The
points have coordinates

p=(1,22), pp=3,2,2), p3 =(5,2,4)

and
g =3,2,3), ¢ =(4,2,3), g3 =(8,2,6).

Then the dual matrix of line-vectors is

21 3 2 2 4
A=10 0 O|+&|l 3 -1 2 |:=A+¢&B,
112 -4 -2 -6

where the i-th column of the prime part and the dual part of A are respectively g; — p; and p; X g;, 1 <
i <3.
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Since rank(A) = rank(A?) = 2, then A* exists. Moreover, rank[

by Theorem 3.2, A" and A exist. It follows from [16] that

B A
A O

] =4 = 2rank(A). Hence,

AT = At —g[ATBAT — (ATA)'B(I - AA) — (I - ATA)BT(AAT)']
1.0000 0.0000 -1.3333 —-2.6667 10.6667 —2.0000
= | —1.0000 0.0000 1.6667 |+e&| 3.3333 —12.3333 2.0000
0.0000 0.0000 0.3333 0.6667 —1.6667  0.0000
On the other hand,
[ 2 -5 3|27 -78 -51]
0 0 0|13 -35 -22
AB] | -1 3 2|-21 60 39
0 A 0 0 0|2 -5 -3
0O 0 0[O0 O O
0 0 0|1 3 2
Therefore,
2 -5 -3 27 -78 -51
A*=1 0 0 0 |+&| 13 =35 -22|.
-1 3 2 -21 60 39
Example 3.2. Let A=A + eBbe a dual matrix, where
1 -1 0 2 -4 3
A=|0 0 O0|,B=|0 0 0]
1 -3 3 1 -5 6

Then rank(A) = rank(A?) = 2 implies that A* exists and

Moreover, it is not difficult to see that rank[ B A ] = rank [

exists and

A = A* — gA*BA* =

AIMS Mathematics

A* =1 0.0000 0.0000 0.0000

-0.3333 0.1111

1.0000 —1.0000 0.0000}

0.3333

i ] = 2. Hence, by Corollary 3.2, A¥

1.0000 —1.0000 0.0000
0.0000  0.0000 0.0000
-0.3333 0.1111 0.3333

0.0000  0.0000 0.0000
-0.6667 0.4444 0.3333

1.0000 -1.6667 1.0000}
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4. Dual group-inverse solution of the system of linear dual equations Ax=b

In this section, we consider the linear dual equation
Ax=b, “.1)

where A € D™ and Y/b\ e D

It was shown in [12] that the DMPGI plays an important role in the solutions and least-squares
solutions of systems of linear dual equations. Despite the DMPGI, it appears that the dual group
inverse also has some kind of least-squares and minimal properties.

Define the range and the null space of a dual matrix A = A+ sB € D™ as follows.

RA)={weD":w=Az, 7€ D"} = {Ax + &(Ay + Bx) : x,y € R"}, (4.2)

NA) ={ZeD":Az=0}={x+ey: Ax=0,Ay + Bx =0, x,y € R"}. (4.3)

It is not difficult to see that if A¥ exists, then R(Zf# ) = R(;l\) and N (;l\# ) =N (X).

We firstly give a necessary and sufficient condition for the Eq (4.1) to be consistent under the
assumption that A* exists, which is analogous to the case when A and b are real. We omit the proof.
Theorem 4.1. If the dual group inverse of A € D™ exists, then the linear dual equation (4.1) is
consistent if and only if AA¥b =b. In this case, the general solution to (4.1) is

—_

Y= A"b+ (I - AATYZ, (4.4)
wherez € D" is an arbitrary dual vector.

Notice that the condition AA¥H = b in Theorem 4.1 is equivalent to b e R(X) If A¥b is a solution
to (4.1), then we call it the dual group inverse solution to the linear dual equation (4.1). Although, in
the case b ¢ R(A) the dual vector A¥b is not a solution to (4.1), for convenience, we also call it the
dual group-inverse solution.

Next, we present some characterizations of the dual group-inverse solution A¥D.

Theorem 4.2. [f the dual group inverse of a dual matrix A = A+ eB € D™ exists, then A¥b is the
unique solution in R(A) of

A’X = Ab. (4.5)

Proof. Firstly, if A* exists, then it is obvious that the Eq (4.5) is consistent and A A¥D is a solution.

It is clear that A% € R(/’l\# ) = ﬂ(A) Suppose that % is another solution in 72(A) of (4.5). Then
U-A% e R(A) On the other hand, since u and A¥D are solutions of (4.5), then P(A A#b) 0, which
implies that A*A2(@ — A¥b) = A — A¥b) = 0, i.e., W — A¥b € N(A). Hence, 7 — A¥b € R(A) N N(A).

Recall that for a real square matrix A, if A" exists, then R(A) N N(A) = {0}. Next, we conclude that
R(A) NN (A) {0}, thus u = A¥b and the uniqueness of A¥b in 7€(A) follows.

Indeed, for any 7 € R(A) AN (A), we can see from (4.2) that there exist x,y € R” such that7z =
Ax + &(Ay + Bx). Moreover, since A7 =0, then

(A + eB)[Ax + &(Ay + Bx)] = A’x + €[A%y + (AB + BA)x] =
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Thus A%x = 0 and A%y + (AB + BA)x = 0.

It can be seen from A%x = A(Ax) = 0 that Ax € R(A) N N(A) = {0}. Therefore, Ax = 0. In this
case, 0 = A2y + (AB+ BA)x = A>y + ABx = A(Ay + Bx), i.e, Ay + Bx € N(A). On the other hand, since
A* exists, then it follows from Theorem 3.2 that (I — AA")B(I — AA*) = 0, i.e.,

B = AA"B + BAA" — AA*BAA*. (4.6)
Substituting (4.6) into Ay + Bx we get
Ay + Bx = Ay + (AA"B + BAA" — AA*BAA")x = A(y + A*Bx) € R(A).

Now, Ay + Bx € R(A) Y N(A) = {0}, i.e., Ay + Bx = 0. Therefore, 7 = Ax + &(Ay + Bx) = 0, which
implies that R(A) N N(A) = {0}. O
Since (4.5) is analogous to the normal equation ATAY = ATh of (4.1), we shall call the linear dual
equation (4.5) the group normal equation of (4.1). It is obvious that each solution of (4.1) is also a
solution of (4.5).
The P-norm of a real vector x is defined as || x ||, = || P"'x ||,, where || - ||, is the Eulidean norm

and P is a nonsingular matrix that transforms A into its Jordan canonical form (2.1) (see [25]). For
X =u+ v € D", Udwadia [12] defined a norm of X as

<x>=lully+11vl,. 4.7)

In this paper, we define a norm of X = u + &v as

IZI = \lul3+1v 1B (4.8)

We will show that the expression for the norm given in (4.8) indeed define a norm.
) || x] =0, and || X|| = 0 if and only if x = 0.

(ii) For a real scalar k, || kx || = \/|| ku |+ 11 kv 12 = kIl B+ 11 v 112 = [kl T

(iii) For two dual vectors X = u; + &vy,y = up + &v, € D",

—~ =2 2 2
IXx+yI7 = lur+wuwllz+1lvi+v2ll
2 2 2 2 T T
= Nl lz+lua |l + 1 vi iy + 112 ll; + 201wz + 2v1 7 va
2 2 2 2
< Nwllz + i +1Tvellz + 1Tva llz + 200w ol wz [l + 21 vy 2l vz 2
2 2 2 2 2 2 2 2
< Nwllz+Tua i +1Tvellz + 1T v2 Il + 2\/(|| uy ly + v DA 2 [l + 11 v2 (1)

2

2 2 2 2

. (\/u 1B+ 11 1B+ i I+ 1 v ||2)
—~ —~1n2
= RN+ 1T

Le, X+ VX + 1YL
Furthermore, in order to study the minimal properties of the dual group-inverse solution, we define
the P-norm of a dual vector X = u + &v as

1%l = 1 P7F I = Al P IR+ 11 P I (4.9)
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For a dual vector X, by considering the square of the norms defined in (4.7) and (4.8), we can see
that the norm of x defined in (4.8) is not greater than the norm of x defined in (4.7). Moreover, the norm
defined in (4.9) is a generalization of the norm defined in (4.8), since the norm defined in (4.9) will be
reduced to the norm defined in (4.8) if we replace the nonsingular matrix P by the identity matrix /.

When the matrix A (Ind(A)=1) and the vector b are real, it was shown in [24, 26] that A*b is the
unique minimal P-norm least-squares solution of the inconsistent equation Ax = b. Now we consider
the problem of finding the dual vector X that is analogous to looking for x that makes || Ax — b ||, as
small as possible when A and b are real. We will show in the following theorem that although the dual
group-inverse solution may not be a least-squares solution to the linear dual equation (4.1), because we
can not guarantee that || AA*D - b Ilp < || Ax—b ||p for any x € D", but the dual group-inverse solution
provides a small P-norm of the error e = Ax — b.

Theorem 4.3. Let A = A + eB € Drn b € D" be such that A* exists. Then
(i) The choices of X = A¥D + (I — AA¥)Z where 7 € D", give a small P-norm of the error of the
inconsistent equation AX = b. The norm of the error

I€llp = | AX=D |lp = | AA"D =D ||, (4.10)

where X satisfies the group normal equation (4.5).

(ii) The dual group-inverse solution A¥D has a small P-norm among x = A¥b+ - )z, wherez € D".
In addition, among the solutions of (4.5), A¥D is the unique dual vector which is orthogonal to the null
space of AT,

AAY

—_

Proof. (i) Denoting wy = AA"D — b = u, + vy and wy = Ax — AAYD = u, + €v,. Then

- T~ _ 7 —~ = 2 2
lellp=11AX=bllp=1lwi+wallp = \/II ur+u llp+ v +vallp. (4.11)

It can be seen from the block representations of A and A* in Theorem 3.2 that

1 T T, p-17Dy _ 0 0 0 (B;C™HT
[P (AA _I)P] (P AP) - ([ 0 —J t+e (C_]BQ)T 0 ])
cC 0 B, B,
00|"% B 0
0 0
= 8[(C_1B2)TC_B3 O].:SM.

If we denote P~'b = x + eyand P~'(x - ;\7“"19\) =w + &z, then

[P~Y{(AAYD — b)]" [P~ (Ax — AA™D)]
= [PY(AA* - DPP D] [P'APP ' (x — A"D)]
= (P[P (AA* - DP)T(P'AP)[P ' (x - A¥D)]

= sxTMW,

(P (P~'wr)

i.e., the prime part of (P~'w})"(P~'wy) is zero. Thus (P~'u;)" (P~'u,) = 0.
_ 2 N _ _ _
Hence, || u; +uy |5 = | Py +wo) |, = (P 'uy + P~lun) (P~ 'uy + P'wo) = g |5 + || o |15 +
2P u)) (P wp) = Nl Il + 11 1tz -
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Substituting the above equality into (4.11) we get an upper bound for || ¢ ||, i.e,

Il =1l AX =D [l < \/II wy [+ 1wz [+ (v llp + 1 vz llp)? = 61 (4.12)

Notice that the dual vector w; depends only on A and b, in order to obtain the smallest Value of the
upper bound ¢, glven in (4.12), we can choose x to make w, = 0 so that || u, ||, = || 2] llp =

We remark that if A* exists, then the group normal equation (4.5) is equivalent to Ax = AA b, and it
is not difficult to see that the general solution of the group normal equation (4.5) is

T=A"b+ (I - AAYYZ,

where 7 is an arbitrary dual vector.
Hence, the choices of X that satisfy (4.5) will cause w; to vanish. The P-norm of the error is given by

lellp =1l willp = \/II w |3+ 11 vi 1 = | AA¥D =B Ilp.
(it) Denoting the dual vectors A¥p = m=ay+&6, (- AA¥Z = > = as + &B>. Then

(P (P R) = (PT'ATD) [P\ - AAYYZ)
= (P'A*PP D) [P - AAHPPZ]
= (P'B)(P'AP) [P\ - AAHPI(P D)

and it can be seen from the block representations of A and A" that the prime part of
(P'A*P)T[P~'(I — AA*)P] is zero. Thus the prime part of (P~')"(P~'[53) is also zero, i.e.,
(P~'a))!(P™'@,) = 0. Therefore, || a1 + a I3 = [l a1 I3+ a2 |2

Thus, as before, we obtain an upper bound for the P-norm of the dual vector X given by

1% lp < \/II i lp + 1l ez 17+ Ul B llp + 1l B2 lIp)? = 65 (4.13)

To make &, in (4.13) as small as possible, we can choose Z = 0 such that i, = (I — AA* )z = 0. In this
case,

I xllp =1l llp = \/II ar 3+ 1B I3 = 11 A7D [lp.

By Theorem 4.1, N (ZfT )=[I-A AT(ZT )#r where 7 is an arbitrary dual vector. For any ye R(A) there
exists a dual vector ¥ € D" such that y = Ax. It follows that 37 [ — AT (AT)* ]z = X7 AT[I-AT (AT )#r 0,
1 e., R(A) 1S orthogonal to N (AT) Moreover, by Theorem 4.2, A¥D is the unique solution in R(A) of
Ay = Ab therefore A¥b is orthogonal to N (AT) |

Example 4.1. Consider the inconsistent equation Ax=b given in [12], where

1 21 1 4 7 . 8.2 30.2
A=12 1 1|+l 2 5 8 |:=A+eB, b=| 73 |+e| 32.8
33 2 3 6 14 15.1 53.6
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Then A is diagonalizable, i.e.,

A = | 04082 -0.7071 -0.3015 || 0 -1 O || 0.4082 -0.7071 -0.3015

0.8165 0.0000 0.9045 0 0 0[] 08165 0.0000 0.9045
.= PDP',

0.4082 0.7071 -0.3015 H 5 0 0 ” 0.4082 0.7071 -0.3015 }l

) ) ) ) B A
It is obvious that rank(A) = rank(A?) = 2. Hence, A* exists. Moreover, since rank[ A0 ] =4,

then by Theorem 3.2, A¥ exists.
Therefore, by Corollary 3.1,

N

I—O.44OO 0.5600 0.0400

A

0.5600 —0.4400 0.0400
0.1200  0.1200  0.0800

-0.8800 0.2000  0.1600
-0.3600 -1.2000 -0.0800

+ &

-0.9200 0.1600 —O.ZOOO]

The P-norm of the error is

1€l =1l AAD =B ||p = \/n Plu |+ Pv |l; = 0.7452,

where u = [-0.0800, —0.0800, 0.2400]" and v = [-0.3800, —0.3000, —0.3000]" .
On the other hand,

1.0840 ~2.1720
Ab=| 1.9840 [+e| 12840 |:=x+ey.
3.0680 ~1.0720

Then

1A 11y = Il PLx I+ 1l Py | = 4.6795.

We will show in the following that if A" exists and A* = A* — £A* BA*, then the dual | group-inverse
solution A¥b is the minimal P-norm least-squares solution to the inconsistent equation Ax=.

Theorem 4.4. Let A = A + eB € D, b € D" be such that A* exists and A* = A* — eA*BA*. Then X*
satisfies
15~ A% Il = minl| b - A%,

if and only if X* satisfies the group normal equation (4.5). Moreover, the dual group-inverse solution
A¥D is the unique minimal P-norm solution of (4.5).

Proof. Write b = AA"D + I - AA* )7;. Then

—_ —~_ 2 —~_ 2 - 2
Ib-AXl, = I AA*D Ax||P+|| (I - AAMD |
+ 2[P (A ’)] (P~ 1AP) [P~ (I AA )PP b. 4.14)
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If A* = A* — cA* BA*, then A* has the block representation

~ ¢t o], -c'B,Cc 0],
A _P[ 0 O]P +5P[ 0 o |77 (4.15)

It can be deduced from (2.1) and (4.15) that the third term of the right hand side of (4.14) vanishes.
Hence,

—_ —~_ 2 —~_ 2 — 2 —~ 2
b - AX ||, = || AA*D — AX ||, + || (I = AA*D |, = || (I — AA™D ||,

the equality holds if and only if Ax = @Z
On the other hand, since Ax = AA¥D is equivalent to (4.5) and the general solution to (4.5) is

—

x:m+(l—m)2

Then
2

| A% + (0 = AR lfp = N A% W+ 1l (1 = ARV > | A [
Equality in the above relation holds if and only if (I — AA*)Z = 0, i.e., ¥ = Ab. m]

Corollary 4.1. Let A = A + eB € D™ b € D" be such that A* exists and A* = A* — 8A#BA# Then,
lfo = b is consistent, then A¥b is the unique minimal P-norm solution ofo = b; lfo =Dbis
inconsistent, then A¥D is the unique minimal P-norm least-squares solution of Ax=b.

5. Conclusions

This paper mainly studied the existence, computations and applications of the dual group inverse.
We have shown some differences between the dual group inverse of square dual matrices and the
group inverse of square real matrices, espec1a11y in the existence and computatlons An mterestlng
phenomenon is that for a dual matrix A whose prime part has index 1, A" exists if and only if Al
exists. If the dual group inverse of a dual matrix A = A + &B exists, then ;ﬁ* can be easily obtained by

computing the group inverse of the 2 X 2 upper triangular block matrix [ 0 i ]

We also discussed the applications of the dual group inverse in solving systems of linear dual
equations. Some results which are analogous to the real matrices were obtained. For one thing, if the
coefficient dual matrix of the linear dual equation Ax = b exists and
A* = A* + g[-A*BA* + (A*)2B(I — AA*) + (I — AA*)B(A*)?], then the least-squares and minimal
properties of the linear dual equation Ax = b are somewhat different from those of the real case. For
another, if the coefficient dual matrix of the linear dual equation AX = b exists and A¥ = A¥ — eA*BA*,
then the least-squares and minimal properties of the linear dual equation AX = b are almost the same
as those of the real case.

We can see from Theorem 3.2 that the condition Ind(A)=1 is necessary for the existence of the
dual group inverse of the dual matrix A = A + eB. However, the indices of the prime parts of many
dual matrices from kinematics and mechanisms may be larger than one. In this case, in order to deal
with some problems in kinematics and mechanisms, we have to introduce some new dual generalized
inverses. That will be our future work.

AIMS Mathematics Volume 7, Issue 5, 7606-7624.



7623

Acknowledgments

The authors would like to thank the referees for their valuable comments and suggestions. This
work is supported by the Program of Qingjiang Excellent Young Talents, Jiangxi University of Science
and Technology (JXUSTQJYX2017007).

Conflict of interest

The authors declare that there are no conflicts of interest regarding the publication of this paper.

References

1. J. Angeles, The dual generalized inverses and their applications in kinematic synthesis, In: Latest
advances in robot kinematics, Springer, 2012, 1-10. https://doi.org/10.1007/978-94-007-4620-6_1

2. H. H. Cheng, S. Thompson, Dual polynomials and complex dual numbers for analysis of spatial
mechanisms, In: Proceedings of the ASME 1996 Design Engineering Technical Conference and
Computers in Engineering Conference, Irvine, California, USA, 1996. https://doi.org/10.1115/96-
DETC/MECH-1221

3. G. F. Simmons, Introduction to topology and mordern analysis, Krieger Publishing Company,
1963.

4. J. Angeles, The application of dual algebra to kinematic analysis, In: J. Angeles, E. Zakhariev,
Computational methods in mechanical systems, Springer-Verlag, Heidelberg, 1998, 3-31.
https://doi.org/10.1007/978-3-662-03729-4_1

5. E.Pennestri, R. Stefanelli, Linear algebra and numerical algorithms using dual numbers, Multibody
Syst. Dyn., 18 (2007), 323-344. https://doi.org/10.1007/s11044-007-9088-9

6. M. A. Clifford, Preliminary sketch of biquaternions, Proc. Lond. Math. Soc., s1-4 (1871), 381-395.
https://doi.org/10.1112/plms/s1-4.1.381

E. Study, Geometrie der dynamen, Teubner, Leipzig, 1903.

. Y. L. Gu, J. Luh, Dual-number transformation and its applications to robotics, IEEE J. Robot.
Autom., 3 (1987), 615-623. https://doi.org/10.1109/JRA.1987.1087138

9. H. Heip, Homogeneous and dual matrices for treating the kinematic problem of robots, JFAC Proc.
Vol., 19 (1986), 51-55. https://doi.org/10.1016/S1474-6670(17)59452-5

10. Y. Jin, X. Wang, The application of the dual number methods to Scara kinematic, In:
International Conference on Mechanic Automation and Control Engineering, IEEE, 2010, 3871-
3874. https://doi.org/10.1109/MACE.2010.5535409

11. E. Pennestri, P. P. Valentini, Linear dual algebra algorithms and their application to kinematics,
In:  Multibody dynamics. Computational methods in applied sciences, Springer, 2009,
https://doi.org/10.1007/978-1-4020-8829-2_11

12.F. E. Udwadia, Dual generalized inverses and their use in solving systems
of linear dual euqation, Mech.  Mach.  Theory, 156  (2021), 104158.
https://doi.org/10.1016/j.mechmachtheory.2020.104158

AIMS Mathematics Volume 7, Issue 5, 7606-7624.


http://dx.doi.org/https://doi.org/10.1007/978-94-007-4620-6_1
http://dx.doi.org/https://doi.org/10.1115/96-DETC/MECH-1221
http://dx.doi.org/https://doi.org/10.1115/96-DETC/MECH-1221
http://dx.doi.org/https://doi.org/10.1007/978-3-662-03729-4_1
http://dx.doi.org/https://doi.org/10.1007/s11044-007-9088-9
http://dx.doi.org/https://doi.org/10.1112/plms/s1-4.1.381
http://dx.doi.org/https://doi.org/10.1109/JRA.1987.1087138
http://dx.doi.org/https://doi.org/10.1016/S1474-6670(17)59452-5
http://dx.doi.org/https://doi.org/10.1109/MACE.2010.5535409
http://dx.doi.org/https://doi.org/10.1007/978-1-4020-8829-2_11
http://dx.doi.org/https://doi.org/10.1016/j.mechmachtheory.2020.104158

7624

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

F. E. Udwadia, E. Pennestri, D. de Falco, Do all dual matrices have dual
Moore-Penrose generalized inverses, Mech. Mach. Theory, 151 (2020), 103878.
https://doi.org/10.1016/j.mechmachtheory.2020.103878

D. de Falco, E. Pennestri, F. E. Udwadia, On generalized inverses of dual matrices, Mech. Mach.
Theory, 123 (2018), 89-106. https://doi.org/10.1016/j.mechmachtheory.2017.11.020

E. Pennestri, P. P. Valentini, D. de Falco, The Moore-Penrose dual generalized inverse matrix
with application to kinematic synthesis of spatial linkages, J. Mech. Des., 140 (2018), 1-7.
https://doi.org/10.1115/1.4040882

H. Wang, Characterizations and properties of the MPDGI and DMPGI, Mech. Mach. Theory, 158
(2021), 104212. https://doi.org/10.1016/j.mechmachtheory.2020.104212

C. D. Meyer, The role of the group generalized inverse in the theory of finite Markov chains, SIAM
Rev., 17 (1975), 443—-464. http://dx.doi.org/10.1137/1017044

N. J. Higham, P. A. Knight, Finite precision behavior of stationary iteration for solving
singular systems, Linear Algebra Appl., 192 (1993), 165-186. http://dx.doi.org/10.1016/0024-
3795(93)90242-G

B. Mihailovi¢, V. M. Jerkovi¢, B. Malesevié¢, Solving fuzzy linear systems using a block
representation of generalized inverses: The group inverse, Fuzzy Sets Syst., 353 (2018), 44-65.
http://dx.doi.org/10.1016/j.£s5.2017.11.007

S. L. Campbell, C. D. Meyer, Generalized inverses of linear transformations, SIAM, 20009.
http://dx.doi.org/10.1137/1.9780898719048

J. Levine, R. E. Hartwig, Applications of Drazin inverse to the Hill cryptographic systems,
Cryptologia, 4 (1980), 71-85. http://dx.doi.org/10.1080/0161-118091854906

G. Wang, Y. Wei, S. Qiao, Generalized inverses: Theory and computations, Springer, Singapore,
2018. http://dx.doi.org/10.1007/978-981-13-0146-9

X. Chen, R. E. Hartwig, The group inverse of a triangular matrix, Linear Algebra Appl., 237/238
(1996), 97-108. https://doi.org/10.1016/0024-3795(95)00561-7

Y. Tian, Rank equalities related to generalized inverses of matrices and their applications, Master
Thesis, Montreal, Quebec, Canada, 2000.

Y. Wei, Index splitting for the Drazin inverse and the singular linear system, Appl. Math. Comput.,
95 (1998), 115-124. https://doi.org/10.1016/S0096-3003(97)10098-4

Y. Wei, H. Wu, Additional results on index splitting for Drazin inverse solutions of singular linear
systems, Electron. J. Linear Al., 8 (2001), 83-93. https://doi.org/10.13001/1081-3810.1062

©2022 the Author(s), licensee AIMS Press. This

% is an open access article distributed under the
@ AIMS PI’CSS terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 7, Issue 5, 7606-7624.


http://dx.doi.org/https://doi.org/10.1016/j.mechmachtheory.2020.103878
http://dx.doi.org/https://doi.org/10.1016/j.mechmachtheory.2017.11.020
http://dx.doi.org/https://doi.org/10.1115/1.4040882
http://dx.doi.org/https://doi.org/10.1016/j.mechmachtheory.2020.104212
http://dx.doi.org/http://dx.doi.org/10.1137/1017044
http://dx.doi.org/http://dx.doi.org/10.1016/0024-3795(93)90242-G
http://dx.doi.org/http://dx.doi.org/10.1016/0024-3795(93)90242-G
http://dx.doi.org/http://dx.doi.org/10.1016/j.fss.2017.11.007
http://dx.doi.org/http://dx.doi.org/10.1137/1.9780898719048
http://dx.doi.org/http://dx.doi.org/10.1080/0161-118091854906
http://dx.doi.org/http://dx.doi.org/10.1007/978-981-13-0146-9
http://dx.doi.org/https://doi.org/10.1016/0024-3795(95)00561-7
http://dx.doi.org/https://doi.org/10.1016/S0096-3003(97)10098-4
http://dx.doi.org/https://doi.org/10.13001/1081-3810.1062
http://creativecommons.org/licenses/by/4.0

	Introduction
	Notations and preliminaries
	Dual group inverses of dual matrices
	Dual group-inverse solution of the system of linear dual equations A"0362Ax"0362x=b"0362b
	Conclusions

