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an appropriate Sobolev space and a corresponding approximation space. Then, according to the
Fredholm Alternative, the corresponding operator forms of weak formulation and discrete formulation
are derived. After that, the error estimates of approximated eigenvalues and eigenfunctions are proved
by using the spectral approximation results of completely continuous operators and the approximation
properties of orthogonal projection operators. We also construct an appropriate set of basis functions
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numerical experiments and compare them with some existing numerical methods, which validate that
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1. Introduction

Steklov eigenvalue problems have significant physical background and wide applications in many
fields of science and engineering [1-4]. Its theoretical analysis and numerical calculation have attracted
the attention of many scholars, and a variety of finite element methods and spectral methods have been
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proposed [5—13], but these numerical methods are mainly based on the selfadjoint Steklov eigenvalue
problem.

Recently, a new Steklov eigenvalue problem arising from inverse scattering attracts many
researchers’ interest. The corresponding weak formulation of the problem is non-selfadjoint and
indefinite. We can not use Lax-Milgram theorem to determine the existence and uniqueness of
the solution of the corresponding resource problems, which brings some difficulties to deduce the
equivalent operator form of the eigenvalue problem. In addition, in order to prove the error estimation
of approximated eigenvalues and eigenfunctions, we need not only to introduce conjugate eigenvalue
problem and corresponding conjugate operators, but also to prove the error estimation between these
operators and their approximated operators. However, there are still some numerical methods to solve
the problem. For instance, Cakoni et al. discussed the conforming finite element approximation in [14],
Liu et al. studied spectral indicator method in [15], Bi et al. discussed two-grid discretizations and a
local finite element scheme in [16], Zhang et al. established a multigrid correction scheme in [17],
Yang et al. used non-conforming Crouzeix-Raviart element solve it [18], Xu et al. discussed an
asymptotically exact a posteriori error estimator for non-selfadjoint Steklov eigenvalue problem [19],
Wang et al. studied a priori and a posteriori error estimates for a virtual element method for the
non-self-adjoint Steklov eigenvalue problem [20]. To our knowledge, the study of spectral method
for solving this problem has not been reported. Since the spectral methods have the characteristics
of spectral accuracy [21-25], that is to say, we only need to spend less degrees of freedom to obtain
higher accurate numerical solutions. Then, it is meaningful to propose an effective spectral method for
solving a new Steklov eigenvalue problem in inverse scattering.

Hence, we shall study an effective spectral-Galerkin method for the new Steklov eigenvalue
problem. Firstly, we establish the weak formulation and the associated discrete scheme by introducing
an appropriate Sobolev space and a corresponding approximation space. Then, according to the
Fredholm Alternative, the corresponding operator forms of weak formulation and discrete formulation
are derived. After that, the error estimates of approximated eigenvalues and eigenfunctions are proved
by using the spectral theory of compact operators and the approximation properties of orthogonal
projection operators. We also construct an appropriate set of basis functions in the approximation
space and derive the matrix form of the discrete scheme based on tensor product. In addition, we
extend the algorithm to the circular domain and transform the original problem into an equivalent form
under the polar coordinates. By using orthogonal polynomial approximation in the radial direction and
Fourier basis function approximation in the 6 direction, combining with pole conditions, we construct
an appropriate approximation space and derive the corresponding matrix form of the discrete scheme.
Finally, we provide plenty of numerical examples and compare them with some existing numerical
methods, the numerical results confirm the effectiveness and high accuracy of our algorithm.

We derive the weak formulation and the corresponding discrete scheme and prove the error
estimations of approximation eigenvalues and eigenfunctions in next section. In §3, we propose an
efficient algorithm to solve the Steklov eigenvalue problem in the square domain. In §4, we extend our
algorithm to the case of circular domain. In §5, we provide several numerical examples to validate the
accuracy and efficiency of our algorithm. In §6, some concluding remarks are presented.

Throughout this article, a notation a < b is used to mean that a < Cb, where C is a positive constant
independent of any function or any discretization parameters.
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2. The weak formulation, discrete scheme and the error estimates

2.1. The weak formulation and discrete scheme

Denote by H*(D) and H*(0D) the usual Sobolev spaces with integer order s in D and on dD,
respectively. In particular, H(D) = L*(D) and H°(0D) = L*(0D). The norm in H*(D) and H*(dD) are
expressed as ||¥/||;.p and |[¥]|s.0p, separately.

Consider the following Steklov eigenvalue problem:

AY + KBy =0, in D, (2.1)
o + Ay =0, on 6D, (2.2)
ov

where D C R? (or R?) is a bounded polygon with Lipschitz boundary 4D, v is the unit outward normal
on dD. Let k be the wavenumber and S(x) = S;(x) + i’% be the index of refraction that is a bounded
complex value function with 8;(x) > 0 and 5,(x) > 0 .

The weak formulation of the Eqs (2.1) and (2.2) is to find (1, ) € C x H'(D), ¢ # 0 such that

AW, ¢) = -ABW, ¢), ¥ ¢ € H'(D), (2.3)
where

AW, ¢) = (Y, Vo) — (KLY, §),
W, ) = f Ydx,
D

B, ¢) = f véds.
oD

Refering to [15], we know that A(-, -) satisfies Garding’s inequality, i.e., there exist constants K < oo
and ¢ > 0 such that

Re{A(p, §)} + KI5 p > aollgll} p. Y € H' (D).

Let K be a positive constant which is large enough, and the sesquilinear form is defined as follow:

AW, ¢) := AW, ¢) + KW, ¢) = (Vi, Vo) — K> (B, ¢) + KW, ¢), ¥, ¢ € H'(D),

then it is easy to verify that A is H'(D)-elliptic (see [15]).
We first focus on the case of D = I%(d = 2,3) with I = (-1,1). Denote by L,(t) the Legendre
polynomial of degree p. Let Vy = span{L(¢), L,(?),--- , Ly(¢)}, then the approximation space Xy =

(V).
The spectral-Galerkin approximation for the eigenvalue problem (2.3) reads: Find (Ay,¥y) € C X
Xy, Wy # 0 such that

AWn, dn) = —ANBWnN, dn), ¥ ¢y € Xy. (2.4)
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2.2. Error estimation

We first consider the following source problem associated with (2.3): Given g € H‘%(é‘D), find

w € H'(D) such that
Aw,¢) = B(g.¢), V¢ € H(D),
and the approximation source problem associated with (2.4): Find wy € Xy such that
Awy, dn) = B(g, ¢n), Yoy € Xy.
Further, we introduce Neumann eigenvalue problem as follows:
Aw + K*B(x)w = 0 in D,
ow

EZO on 0D.

(2.5)

(2.6)

2.7)
(2.8)

When k? is not a Neumann eigenvalue of (2.7) and (2.8), from the Fredholm Alternative (see, e.g.,
Section 5.3 of [26] or Lemma 1 in [18]), we know that for g € H ‘%(3D), there exists a unique solution

w € HY(D) of (2.5) such that
Iwlh.p < Cligll_1 ap-
Define an operator A : H~2(dD) — H'(D) by
AAg. ¢) = B(3.9). ¥ ¢ € H(D),
and a Neumann-to-Dirichlet mapping I' : H ~2(D) > H %(6D) by
I'g = Aglop.
We can similarly define a discrete operator Ay : H ‘%(6D) — Xy such that
A(ANE, dn) = B(g, ), Y Py € X,
and a discrete Neumann-to-Dirichlet operator I'y : H ‘%(0D) — Xf, satisfies

I'ng = Anglop,

where Xf, = Xylop- Then from (2.9), we obtain ||Agl|l1p < ||g||_%,aD.
Thus, the equivalent operator forms of (2.3) and (2.4) are:

1 1

Ay = —/—1% Anyy = —Elﬂzv,
1 1

Iy = _Zl//’ Ivy = _El//N-

In this paper, we always assume that k? is not a Neumann eigenvalue of (2.7) and (2.8).

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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Consider the dual problem of (2.3): Find (1%, ") € C x H'(D), y* # 0 such that
AP Y) = -V B($,y"), ¥ ¢ € H'(D). (2.14)

It’s clearly that the primal and dual eigenvalues satisfy the relation: A = A*.
The discrete variational formulation associated with (2.14) is given by: Find (43,¢}) € C X Xy,
Yy # 0 such that

Alpy¥y) = ~LyBldw, i), ¥ oy € Xy. (2.15)

Likewise, the primal and dual eigenvalues satisfy the relation: Ay = E
Similarly, define the dual operators A* : H‘%((?D) — H'(D) and Ay H‘%((?D) — Xy such that

Alp,A*g) = B¢, ), ¥ ¢ € H' (D), (2.16)
Alpy, Ayg) = B(dn, 8, ¥ ¢y € Xn. (2.17)

The corresponding Neumann-to-Dirichlet and discrete Neumann-to-Dirichlet dual operators are
defined as follows:

I : H%(0D) — H*(dD), Ty : H*(8D) — X%.
Define the H' projection operators I1}, : H'(D) — Xy and 11}, : H'(D) — Xy by
Aw —Thyw, ¢y) = 0, YV ¢y € Xy. (2.18)
Alpy,w* =TI, W) =0, V ¢y € Xn. (2.19)

Then for any g € H ‘%(D), we have

AAng ~ TIy(AQ). ¢n) = AlAyg — Ag + Ag — TI(Ag), )
= A(Ang — Ag. dn) + A(Ag — TI(Ag), ¢v) = 0, Yy € Xy.
Since the above equation admits a unique solution, we have Ay = I, A. Similarly, we can obtain
Az =TILA
There holds the following regular results, which will be used in the following theoretical analysis.

Lemma 1. If g € L*(0D), then Ag € H'**(D) and

lAglh+5.0 < Cligllo.ap, (2.20)
if g € H2(OD), then Ag € H'**(D) and

1AgIh+0 < Cligll1 op (2.21)

where k = 1 when the largest inner angle 6 of D satisfying 6 < n, and k < § which can be arbitrarily
close to § when 6 > .

Proof. see [27]. O
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For the dual problem, we have the same regular results as the corresponding source problem.

Defining an H'-projection operator Py, : H'(D) — Xy by

(V(w — Pyw), Vo) + (w — Payw, dy) = 0, ¥ ¢y € Xy.

According to Theorem 8.4 in [28], we have the following lemma:

Lemma 2. Foranyw € H*(D) with s > 1 and s > | > 0,
Iw = Pyxwllip < N7 lwllsp.
Denote

Ny = sup inf [|Ag — énlli.p,
1 ¢N€XN
g<HE @Dl =1

*

By= s inf A% - dullip.
. NEXN
SEH2@D) gl 5=1

It is obvious that
AL = i e =0

Lemma 3. Let w be the solution of (2.5), if w € H*(D)(s > 2), there hold:

1 1-s
lw = ywllip £ N 7°lwlls p,
1 1-
llw =TIy wil,p < N 7°lwllsp,

w = w1 g < N 1wl
Proof. According to the definition of the projection operator I1},, we obtain
Aw - Tyw, ¢n) =0, ¥ ¢y € Xy.
From Theorem 3.1 in [15] and the inequality (2.22), we derive that
w = TIywllp < ,nf hw =l
S w=Pywllipo s N wllsp.
Similarly, we can arrive at
Iw =TIy Wihp < Nl p.
From Lemma 2.2 in [16], for any ¢y € Xy we derive that

|B(w — yw, g)|
gl an

1
[lw — HNwll_%ﬂD = sup
gEH% (0D),g#0

(2.22)

(2.23)
(2.24)
(2.25)
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lbw = T wlh ollAg = éwllio
lglly a0

< sup
1
g€H2(9D),g20

Taking ¢y = I1,;Ag and using (2.21) and (2.23) we obtain that

lw = ywll pllAg — Ty Agll p

1
[lw— HNWH_%’()D < sup

geH? (9D),g%0 lls ”%ﬁD
< N |wllp - N lAgll2,0
27 gl g
< N7°lwlls.p-
The proof is completed. o

Consider the following auxiliary problem: Find &; € H'(D), such that

Ap. &) = (@, f), ¥ ¢ € H(D). (2.26)
Referring to [16], we obtain the following result.

Lemma 4. If f € L*(D), then there exists a unique solution £&; € H'**(D) to (2.26) and

€40 < N flo.os (2.27)

where the principle to determine k see Lemma 1.

Remark 1. If the regularity results, Lemmas 1 and 4 hold in the case of D € R>, we can prove the
analysis and conclusion in this paper for D € R®. However, there are no such good results in R®
(see, e.g., Remark 2.1 in [29] and Remark 1 in [18]). Our analysis is still valid in the case of D € R®,
but the conclusions need minor modifications.

Lemma 5. For VYw € H' (D), we have
lw = ywllop $ N'™*llw = Iywlly p. (2.28)
Proof. According to the definition of the projection I1L", for any & € H*(D)(s > 2) we have
Ap.& ~ Ty &) = 0,Y9 € Xy.
From Lemma 2.4 in [16], we can obtain that

1 2 1 1*
”W - 1—INWHO,D = ﬂ(W - 1_[NW’ gw—ﬂ}vw - 1_[N é:W—H}lVW)
1 1*
< |w = ILwllipllgy-ntw = Hy &t wllio-

From the inequalities (2.24) and (2.27), we have

1 *
||§w—1’[}vw - 1_IN fw—l’[,l\,wlll,D

1-
< NIl
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< N'7llw — Iywllo.p.
Thus, we obtain
llw = Tywllo.p < N'™*llw = TLywlly p.
This ends our proof. O

According to the classical spectral approximation theory: when lim ||[I' — T'y|| _: 1. =0,
Noeo H™2(0D)—H 2(dD)
we can obtain the error estimates of eigenvalue problem.

Lemma 6. If s > 2, then Al’im I = Tl = 0 and T is a compact operator.

H™3 (9D)—H 3 (9D)
Proof. From Lemma 2.6 in [16], for any ¢y € Xy we have

1A = AwglliollAg = dullio
lglly a0 |

I =Tl 5p < sup
geH (9D),g0

Taking ¢y = I1),Ag, from (2.23) and (2.21) we derive that

I(A = An)¢lli pllAg — TIyAgll o

I =Tl s p < sup

geH (9D),g#0 gl on
(A — An)¢lli pNHIAgp
= g gl
geH? (D) g0 8ll3.op

< N7YIA = Al p.
From the above inequality, together with (2.23) and (2.9) we obtain that

I =Tl g
el a0
LA = Ao
el a0
N"1lAgll.o
el a0

1" = Tull = sup

1 1
H 2 (8D)—H 2 (D) ;
@eH 2 (OD),p#0

A

sup
1
@eH 2 (ID),p#0

<
weH™ 3 (OD) 0
<N

Since s > 2, then we obtain }\llim I = Tl = 0. Note that I'y is a finite rank operator.

H 3 OD)—H "3 (4D)
Then, I" is a compact operator. This ends our proof. O

Let A be the p-th eigenvalue of (2.3) with the algebraic multiplicity /4 and the ascent a. Since I'y
converges to I', there are h eigenvalues A,n(q = 6,6 + 1,6 +2,...,6 + h — 1) of (2.4) converging
to 4. Let M(A) be the generalized eigenfunction space of (2.3) associated with the eigenvalue A,
and My(A) be the generalized eigenfunction space of (2.4) associated with the eigenvalue A,y (¢ =
0,0+1,0+2,...,0+h—1). As for the dual problems (2.14) and (2.15), we can also define M*(1*) and
M3,(17).
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Theorem 1. Assume that Yy is the eigenfunction approximation of (2.4), then there exists an

eigenfunction y € M(QA) of (2.3) corresponding A such that

||l// - WN”—%,ﬁD S N_E9
2-2s _s 1-
l—ynllip SN +N o« +N°,
2-2s s
l —¥nllop SN« + N o,

and

2-2s

[A—Ay| SN .

(2.29)
(2.30)
(2.31)

(2.32)

Proof. From the Theorem 7.3 and Theorem 7.4 in [30] we know that there exists an eigenfunction

corresponding to A and

o+h—1
[1— Ayl <4 Z 1B = Tn)pe, gl + 1T = Tl ll-1 opllT™ = Tl ap} e

T,q=0

1
W = dnll_1 ap < I =Tl s
L

21—

where @s, . .., @s.p-1 are the any basis for M(A) and ¢5, ..., @5, | are the dual basis in M*(1).
From Theorem 2.1 in [16], combining (2.23) and (2.24) we derive that

BT = T, )| < A = Al pllA* e, — Ty A6l
< N2 Ag, | IA"¢

< NZ—ZS'
We derive from Lemma 6, (2.22) and (2.23) that

I = Tmlmwll-1 9p = sup T = T A1y o
FEMDIALy 5p=1

SN2
Similarly, we have

1A = Tleanll-s 9p < N7°

Combining the inequalities (2.34) and (2.36), we obtain (2.29). From (2.33), (2.35),

and (2.37), we obtain (2.32).
From Theorem 2.1 in [16], and the inequalities (2.9), (2.32), (2.29) and (2.23) , we deduce

ln — ¢llip

< A = AWAY|Lp + IANAW — d)llip + IAN(A = An)Ynllio

S 1A= Anl + lon = Yll_s p + I(TNA — AWy — Wl + ITRA — Al o
SN + N + N v + N Ayllso

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.36)
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225 -3 1-s
SN« +N«+N°.
From Theorem 2.1 in [16], and the inequalities (2.28), (2.9), (2.32), (2.29) and (2.23), we obtain

ln — Yllo.p

<A = A)AYllo.p + [ANAW N — W)llo,p + [AN(AN — A)nllo.p

<12 = 2)AYlo.p + IAvAWN — Wllop + N'ITINA = Ayl

Sy = Al + o = Yll_s gp + N IIAIRA = W = W)llp + IAA = Al o]
SNT £ N7+ N'ZINTT + N'|Ayll o]

<N&

2s _s
@ + N e,
This ends our proof. O

For the dual problems (2.14) and (2.15), we can also obtain the corresponding conclusion as
Theorem 1.

3. Efficient implementation of the algorithm

In this section, we shall present an efficient algorithm to solve the discrete scheme (2.4). We first
construct a group of basis functions of the approximation space Xy. Denote by L,(#) the Legendre
polynomial of degree p. Let ¢;(¢t) = Li(t) — Liy2(¢),l = 0,1,--- ,N =2, on_1(t) = Lo(t), on(t) = L1(2).
Then the approximation space Xy = span{®;(x)®;(x») : [, j =0,1,...,N}.

Let a;; = f_ll ¢@ydt, by = f_ll Qipidt, cj = @;(=D@i(=1), d;j = ¢;(1)@,(1). By utilizing the
orthogonal properties of the Legendre polynomials, we obtain that

(1
_ _ 2 2 N
alj—4l+6,blj—m+m7 l_.]7
bij = bj = —5i3, Jj=l+2;
a; = bl] =c = dl] = (), otherwise,

where [, j=0,1,...,N - 2.
2)
blj:bﬂ:2,l+j=N—1;
bin = by = §;
ap; =daj = blj = bﬂ =Cj=Cj= dlj =dj = 0, OthCI'WiSC,

where [ =N-1,N,j=0,1,...,N - 2.
(3)

_ — . _ 2.
ann = by-in-1 = 2;byy = 3>
ey = dyn = cy-in-1 = dy-in-1 = 1

cN-iv = cnN-1 = —Lidy_iv = dynv-1 = 1,
a;j = b;; =0, otherwise,
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where [ =N —-1,N,j=N—-1,N.
Next, we shall derive the matrix form based on the tensor product of the discrete scheme (2.4). For
simplicity, we only consider the case of d = 2. It can be derived similarly for the case of d = 3.

N
Let yy(x1, x2) = zzo Y1@i(x1)@j(x2) and
sJ=

Yoo Yor ... Yon
¥ lﬁ-lo W‘n - w.lN
Uno Yni oo Yww
We denote by ¥ a column vectors with (N + 1)? elements, which is consist of the N + 1 columns of V.

Let ¢on(x1, x2) = @(x1)Pn(x2),m,n =0,1,...,N, then we derive that

N Al sl
fV¢NV¢NdX1dX2 = Zf f VI@1(x1)@ j(x)IVI@m(x1)@n(x2)1d X1 d X240
Q —1J-1

1,j=0

N 1 1 , ,
-y f f BB (X)B (2 Bu(2)
1,j=0 -1 J-1

+ @) @)@ (x02), (x2)dx1dx2
N 1 1
=X f @10, (x1)dx, f &1(2)u(x2)dx2
l,j:() -1 -1
1 1 , ,
+f ¢Z(X1)¢m(xl)dxlf @ (x2)@,(x2)d X211,
-1 -1

N
= Z(amlbnj + anjbml)wlj

1,j=0
= A(m, )¥YBn, )" + B(m, YA, )"
= B(n,)) @ A(m, ¥ + A(n,:) ® Bm, ¥,

N 1
| nduds = X f [PDRH=DEnCEAD) + PP DG (D]
Lj=0 ¥~

1
+ f 1 [£1(=1)@(x2)@m(=1)@n(x2) + Q1)@ (X2)Pm(1)Pn(x2)1d 22101

N 1

= Y B-D0-1 + 0] [ Beatxidr
1,j=0 -1
1

N
+ Z[@z(—l)%(—l) +@i(D@n(1)] I1 @ (x2)@n(x2)dx24p1

1,j=0

N N
= Z(an + dp )by + Z(sz + dn)bn i

1,j=0 1,j=0
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= B(m, )¥(C + D)(n, )" + (C + D)m, )¥Bn, )"

= (C + D)(n,?) ® B(m,)¥ + B(n,:) ® (C + D)(m, ¥,
where AA = (alj)?]j:OA’ B = (bA,j)Q’J.:O, C = (Clj)?]j:o’ {A) = (dlj)ﬁ’jzo. A(m, ) indicates the m-th row of the
matrix A, B(m,:), C(m,:), D(m,:) are similar to A(m,:). ® is a notation of tensor product of matrix,
then A® B = (a,jé)ﬁ’jzo.
Let &, w,(u =0,1,...,N;) be the Labatto-Gauss points and weights, respectively. Then we have

N 1 1
fﬁ(xl,xz)¢N¢Ndx1dxz = Zf f B(x1, x2)@1(x1)P j(x2) P (X1)Pn(X2)d X1 d X201
D “1 -1

1,j=0

N Ny
= > D B ENPENDENEnENPHEN Wt

1,j=0 p,o0=0
= PY,
where
Poooo  Poioo  ---  Ponoo ---  PoooN  PoioN ---  PONON
Piooo  Prioo ---  Pinoo ---  PiooN  PiioN  ---  PINON

Pnoo0o  PN10O .-+ DPNNOO --- PNOON DPNION --- PNNON

~
Il

Poo~no  Poin0  ---  PONNO --- POONN POINN --- DPONNN
Piono  Piino -+ PINNO --- PIONN PIINN --.- PINNN
PNoNO  PNINO --- PNNNO --- PNONN PNINN --- PNNNN

Ny
Puinj = Y B EBIENEENDEDGED W0

1,0=0

From the above deduce, we obtain the matrix form of the discrete scheme (2.4) as follows:
BoA+A®B-KP)Y = -Ay(C+D)® B+ B (C+D)VY. (3.1)

Note that the matrix £ can also be written as matrix form base on the tensor product and the stiffness
matrix and mass matrix in (3.1) are all sparse when 3 is a constant, so we can solve (3.1) efficiently.

4. Extension to circular domain

We extend the above algorithm to a circular domain. Utilizing polar coordinate transformation
x = (x1,x2) = (rcos6, rsinf), the functions ¥(x) and S(x) are represented as E(r, 6) = Y(rcosb, rcosh)
and B(r, 0) = B(rcosd, rcosd). Let Ly = 1 2(r%) + r%%, then the Eqgs (2.1) and (2.2) can be rewritten
as follows:

Ly(r,0) + K*B(r,0)y(r,0) = 0, in Q = [0, R) x [0, 27), 4.1)
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%(R, 0) = —AW(R, 6), 6 € [0,2r), ¥ periodic in 6. (4.2)

Then from (2.3) we derive that the weak form of (4.1) and (4.2) is as follows:

a(, d) = —Ab(y, B), (4.3)

where
a(%%: f r@,@é,?;drd9+ f %%Z%Zdrd@— f kzﬁmwér drdo,
Q le) 0
27 _
bW, §) = fo RU(R, 0)d(R, 0)do.

Since y is 27 periodic in 6, by using the expansion of the Fourier basis function we have

[

(0 = D un(re™. (4.4)

/|=0

Substituting the expansion (4.4) into (4.3), and taking ¢(r, 6) = v;(r)e™, we derive that

(o)

(oo} ~ o~
_ mn S
f E uyvie imf ”’edrd9+f E — uzvie™e ™ drdo

(o] 271- (o)
f Z (r Ouzvie™ e ™ rdrdd = —A f Z Ruz(R)vz(R)e™ e M 6. 4.5)
|m|=0 0

lin|=0
In order to make (4.5) well posed, we need to introduce the following polar condition (see [22])
Mg (r)|=o0 = 0. (4.6)

Letr = §(z +1),t € (=1,1), wa(t) = uz(r), zz(t) = va(r), y(¢,0) = ,E(r, ), then (4.5) can be rewritten
as follows:

0 27 1 27
(t+ Dw), Z.e™ —'""drd9+ f f €™M0 1 do
l;ofo L e 1(t+1)

R2 2 1 ~ N 0 2 ~ N
- Z — i f f (t + Dywpzae™ e ™ dtde = —/IZ f Rwi(1)za(1)e™e ™ qpg. 4.7)
= 4 0 J-l Iinl=0 ¥ 0
Define the weighted Sobolev space:

2

HLQ) = (wa(t)e™ : f (t+ Dlw, 2+ ’:’—|wm|2dt < o0, fwa(=1) = O},
which is endowed with the norm as follows:

~2

Iwalline = [f (t+ DIwy [ + —IWmlzdt]2
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Then the weak formulation of (4.5) is to find wy()e™ € H}(Q), A € C such that

21 21
1 ’ tm9 —ind f f - lmH —m@
§ f f(t+ Whzhe dzd0+§ T dtde

il=0 =0
R2 27 27 » ~
- Z e f f (t + Dywazae™e ™ dtd = — Z f Rwi(Dza(1)e™e ™ qp, (4.8)
=0 =0 0

for zz(Ne ™ € HI(Q).
Denote by Py the space of polynomials of degree less than or equal to N, and set Xy =

@ HL(Q) N Pin, where Pay = {pye™ : py € Py}

[/m|=0
Then the discrete form of (4.8) is to find wsye™ € Xy, Ay € C such that

M

21 21
(t+ Dwhyziyve™e ""edtd9+ f f wanzive e " dtdo
|m|of f e D

|/m|=0
M

RZ
- 718 > f f (t + Dywanzave™e ™ dtdo
|ﬁ1|—0

Ry f wan(Daa(Dee s, @9)

||=0

for ¥ zzye ™ € X'

4.1. Implementation of the algorithm
Let

~ r+1
gi(t) = Li(t) = L;p(1),i =0...N =2, on_1(t) = T,‘PN(I) = —
It is clear that

Hy(Q) N Poy = spanfe? : ¢! = ¢;,1=0,1,...,N},
WI(Q)ﬂPmN—span{ et 90?7290;,;:0,1,...,]\7—1},(|l’7’l|¢0)-

27 2
S = f f (t+ (@) (@2 e ™d1d6, g = f f - 19" re' " drde,
1

27
inm = f f (t + Dy(1,0)¢] @' " d1d6, hiy = f ¢ (DE(De' ™™ de.
0

Setting

N-sign(lml) - -
Let wyy = > W;,n(p%"(lﬁ’ll =0,....M), ziny = go?i(lﬁl =0,....M,j =0,...,N — sign(|a])), and
i=0
inserting the expressions into (4.9), we obtain that
M N-sign(|ml|) M N-sign(|m])
DIND I RPN
i= 7|=0 =0
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M N-sign(|in]) N-—sign(|inl)
- _k2 Z Z anm = _/lNR Z Z jmm rh. (410)
Im=0  7=0 Im=0 =0

Then the corresponding matrix form of (4.10) can be derived as follows:
R? — —
(F+G- Zsz)W = —AyRHW,

where

F = (fan) G = &ginm)> @ = jinm)> H = (hjn), W = (W;h)’

W is a column vector with N(2M + 1) + 1 elements, which is consist of the column of W. By using the
orthogonality of the Fourier system ¢", we obtain that

S = 0, 85iam = 0, A = 0, m # it;
Finm = 27 [0+ D@ (@Y dt, i = 7
g = 2m [\ g, i = i
hiinn = 27 (D@(D), =7

It’s obvious that the matrices F, G, and H are diagonal block matrices.
Let #;, ws(§ = 0,1,...,N;) be the Gauss-Lobatto points and the weights and 6;, &);(7 =0,1,...,
M, — 1) be the Fourier points and the weights, respectively. Then we have

Ny M;-1
G = Y 3 (15 + DY(ts, O)er(to)ps(t)e ™ sy

§=0 =0

5. Numerical experiments

We shall present some numerical experiments to validate the effectiveness of the algorithm. We
carry out our programs in Matlab 2018a.

5.1. Square domain

Example 1. Consider the problem (2.3) with k = 1 and S(x) = 4 on the domain D = (- 2 s )2 The
approximation eigenvalue /ljv(i =1,2,3,4) for different N are shown in Table 1.

Table 1. The approximation eigenvalue (i = 1,2, 3, 4) for different N on the square.

N 1, 2 L i

10 2.202507126351584 —0.2122521695447584 —0.2122521695447588 —~0.9080560857539495
15 2202507126351587 —0.2122521695447581 —0.2122521695447585 —0.9080560857539485
20 2.202507126351584 —0.2122521695447591 —0.2122521695447593  —0.9080560857539485
25 2.202507126351590 —0.2122521695447577 —0.2122521695447578  —0.9080560857539492
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We observe from Table 1 that the approximation eigenvalues reach at least fourteen-digit accuracy
with N > 20. For comparison, we list in Table 2 the numerical results obtained by Multigrid Correction
Scheme in [17]. However, the numerical results reported in Table 2 have at most six-digit accuracy
despite utilizing a great quantity of degrees of freedom.

Next, we choose the numerical solutions of N = 40 as reference solutions, the corresponding error

figures of the approximate eigenvalues Ay (i = 1,2,3,4) with different N are listed in Figure 1. We
know from Figure | that the approximation eigenvalues converge gradually with the increase of N.

Table 2. The eigenvalue approximations of (2.3) obtained by Multigrid Correction Scheme
and direct method(square: B(x) = 4).

h Ay, A5, A3 A
5% 2.20250138679 —-0.21225453108 -0.21225510721 -0.90806663225
10% 2.20250569143 —-0.21225275994 —-0.21225290397 —-0.90805872239
h A, Ao A3 Aap
5% 2.20250138680 —0.21225453108 -0.21225510721 -0.90806663225
2

220250569144 —-0.21225275992 —0.21225290395 -0.90805872238

)
e}
=

10-10

Error

10-12

10-14

10-16 1 1 1 1 1 1 1
6 8 10 12 14 16 18 20 22 24
N

Figure 1. Errors curves between approximation solutions and the reference solution.

Example 2. We take k = 1, B(x) = 4 +4i and D = (—%, %5)2 as our second example. The
approximation eigenvalue A4,(i = 1,2,3,4) of complex Steklov eigenvalues with largest imaginary

parts on the square domain are shown in Table 3.
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Table 3. The approximation eigenvalue /l;'v(i =1,2,3,4) for different N on the square.

N 4 2 z P

10 0.6865518312509367 —0.3430465448633202 —0.3430465448633193  —0.9501102467115710
+2.495293986064900i +0.85074650679961031  +0.8507465067996082i  +0.5400967091477815i

15 0.6865518312509322  —0.3430465448633182  —0.3430465448633182  —0.9501102467115667
+2.495293986064902i  +0.85074650679960551 +0.85074650679960551  +0.5400967091477780i

20 0.6865518312509390  —0.3430465448633176  —0.3430465448633159  —0.9501102467115643
+2.495293986064897i  +0.85074650679960551 +0.8507465067996060i  +0.5400967091477757i

25 0.6865518312509413  —0.3430465448633178  —0.3430465448633153  —0.9501102467115623
+2.4952939860649061  +0.8507465067996077i  +0.8507465067996044i  +0.5400967091477753i

We can see from Table 3 that the complex Steklov eigenvalues reach at least thirteen-digit accuracy
with N > 20. The numerical solutions obtained by Multigrid Correction Scheme of [17] in Table 4
have at most seven-digit accuracy despite utilizing a great quantity of degrees of freedom.

Similarly, we also choose the numerical solutions of N =

Table 4. The eigenvalue approximations of (2.3) obtained by Multigrid Correction Scheme
and direct method(square: B(x) = 4 + 4i).

h A B A Ao
5% 0.6865580791 —0.3430478705 —0.3430446279 —0.9501192972
+2.495294591 +0.850744491 +0.850743281 +0.540095811
10% 0.6865533933 —0.3430468763 —0.3430460656 —0.9501125093
+2.495294141  +0.8507461 +0.85074571 +0.540096491
h Ay, Ao j A3 p Aap
% 0.6865580791 —0.3430478705 -0.3430446278 —0.9501192972
+2.495294591 +0.8507444891 +0.85074327951 +0.5400958141

40 as reference solutions, the

corresponding error figures of the approximate eigenvalues A} (i = 1,2, 3,4) with different N are listed
in Figure 2. We observe from Figure 2 that the approximation eigenvalues also converge gradually
with the increase of V.
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Error

Figure 2. Errors curves between approximation solutions and the reference solution.

Example 3. When 3(x) is a variable coefficient, we take k = 1, B(x1, x2) = [(x] + x2)* + 1]+ (x| — x2)?i
and D = (—%, %5)2. The approximation eigenvalue A5(i = 1,2,3,4) of complex Steklov eigenvalues
with largest imaginary parts on the square domain are shown in Table 5.

Table 5. The approximation eigenvalue 5 (i = 1,2, 3, 4) for different N on the square.

N 1 2 B i

10 -0.7865907038296051 0.5176843446683526 —1.221875087800295 —0.6465164817971206
+0.15359162136942051 +0.12764114696612091 +0.077668770090844901 +0.017233552066350771

15 -0.7865907038296497 0.5176843446683336 —-1.221875087800307 —-0.6465164817971384
+0.15359162136895291  +0.12764114696586451 +0.077668770090611171 +0.01723355206591358i1

20 -0.7865907038296479 0.5176843446683319 —-1.221875087800304 —0.6465164817971389
+0.15359162136895151  +0.12764114696586361 +0.077668770090608891 +0.017233552065913071

25 -0.7865907038296479  0.5176843446683351 —-1.221875087800305 —-0.6465164817971382
+0.15359162136895201 +0.12764114696586431 +0.077668770090609461 +0.017233552065913161

We can see from Table 5 that the first four of complex Steklov eigenvalues reach at least thirteen-
digit accuracy with N > 20. Again, we choose the numerical solutions of N = 40 as reference solutions,

the corresponding error figures of the approximate eigenvalues A} (i =

1,2,3,4) with different N

are listed in Figure 3. From Figure 3, we can see that the approximation eigenvalues also converge
gradually with the increase of N.
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Error

Figure 3. Errors curves between approximation solutions and the reference solution.

Example ﬁ We consider the problem (2.3) in a three-dimensional case, where we take k = 2, B(x) =
1+iand D =[0,1]°. The appro_ximation eigenvalue /ljv(i = 1,2,3,4) of complex Steklov eigenvalues
with largest imaginary parts on D = [0, 1]* are shown in Table 6.

Table 6. The approximation eigenvalue /lj\,(i = 1,2, 3,4) for different N on D= [0, 17°.

N A Z z Z

5 0.6408976921157513  —0.6930457356247105 —0.6930457356247079  —0.6930457356247073
+0.83362836364881951  +0.4147709839135792i  +0.4147709839135787i  +0.4147709839135795i

10 0.6408976931254834  —0.6930457440435756  —0.6930457440435721  —0.6930457440435676
+0.83362836081342081  +0.4147710214947442i  +0.41477102149474381  +0.4147710214947377i

15 0.6408976931254811  —0.6930457440435714  —0.6930457440435694  —0.6930457440435678
+0.8336283608134180i  +0.41477102149474261  +0.4147710214947404i  +0.4147710214947374i

20 0.6408976931254825  —0.6930457440435693  —0.6930457440435679  —0.6930457440435653
+0.83362836081341841  +0.4147710214947407i  +0.41477102149473931  +0.4147710214947370i

We can see from Table 6 that the first four of complex Steklov eigenvalues reach at least thirteen-
digit accuracy with N > 15.

5.2. Circular disk
Example 5. Consider the problem (2.3) with k = 1 in the unit disk centered at (0, 0) with radius R = 1.

We choose the index of refraction S(x) = 4. The three largest Steklov eigenvalues for different N and
different M are listed in Tables 7-9, respectively.
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Table 7. Numerical eigenvalues to A; for different N and M in the circle.

M=4

M=6

M =38

M =10

10
15
20
25
30

5.151840642736440
5.151840642736440
5.151840642736454
5.151840642736454
5.151840642736442

5.151840642736451
5.151840642736460
5.151840642736441
5.151840642736440
5.151840642736443

5.151840642736432
5.151840642736455
5.151840642736452
5.151840642736422
5.151840642736438

5.151840642736449
5.151840642736447
5.151840642736441
5.151840642736442
5.151840642736472

Table 8. Numerical eigenvalues to A, for different N and M in the circle.

M=4

M=6

M =38

M =10

10
15
20
25
30

0.2235784688644089
0.2235784688644086
0.2235784688644089
0.2235784688644082
0.2235784688644093

0.2235784688644088
0.2235784688644084
0.2235784688644082
0.2235784688644083
0.2235784688644087

0.2235784688644088
0.2235784688644087
0.2235784688644086
0.2235784688644086
0.2235784688644088

0.2235784688644094
0.2235784688644084
0.2235784688644084
0.2235784688644084
0.2235784688644090

Table 9. Numerical eigenvalues to A3 for different N and M in the circle.

N

M=4

M=6

M=38

M =10

10
15
20
25
30

0.2235784688644083
0.2235784688644081
0.2235784688644087
0.2235784688644081
0.2235784688644089

0.2235784688644084
0.2235784688644082
0.2235784688644075
0.2235784688644079
0.2235784688644086

0.2235784688644087
0.2235784688644086
0.2235784688644081
0.2235784688644085
0.2235784688644083

0.2235784688644091
0.2235784688644080
0.2235784688644083
0.2235784688644084
0.2235784688644088

We observe from Tables 7-9 that approximation eigenvalues to 4;, A,, A3 reach at least fourteen-
digit accuracy with N > 15 and M > 4. For comparison, we list the numerical results of [15] in
Table 10. The numerical results to 4;, A,, A3 reported in Table 10 have at most three-digit accuracy
despite utilizing a great quantity of degrees of freedom.

Table 10. The largest six Steklov eigenvalues for the circle S(x) = 4.

h Ist 2nd 3rd 4th Sth 6th

0.2341 5.016606 0.206380 0.205917 -1.294039 —1.294339 -2.561531
0.1208 5.116979 0.219175 0.219048 -1.275370 —1.275440 -2.494866
0.0613 5.143045 0.222469 0.222436 -1.270670 —1.270687 -2.478245
0.0309 5.149636 0.223301 0.223292 -1.269493 -1.269497 -2.474088
0.0155 5.151289 0.223509 0.223507 -1.269198 -1.269199 -2.473049

Example 6. When S(x) is complex, we take S(x) = 4 + 4i, k = 1 and Q is a unit disk centered at (0, 0)
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with radius R = 1. The numerical results of the first three complex Steklov eigenvalues with largest
imaginary parts in a unit circle are shown in Tables 11-13, respectively.

Table 11. Numerical eigenvalues to A, for different N and M in the circle.

M=4

M=6

M=28

M =10

10

15

20

25

30

—0.3205059883274507
+3.1246893263185111i
—-0.3205059883274459
+3.1246893263185101
—-0.3205059883274491
+3.1246893263185061
—-0.3205059883274496
+3.1246893263185051
—-0.3205059883274480
+3.1246893263185091

—0.3205059883274481
+3.124689326318512i
—-0.3205059883274499
+3.1246893263185111i
—-0.3205059883274469
+3.1246893263185131
—-0.3205059883274490
+3.1246893263185041
—0.3205059883274495
+3.1246893263185111

—-0.3205059883274489
+3.124689326318508i
—-0.3205059883274493
+3.124689326318511i
—-0.3205059883274485
+3.1246893263185091
—-0.3205059883274446
+3.124689326318509i
—-0.3205059883274517
+3.124689326318508i1

—-0.3205059883274535
+3.124689326318517i
—-0.3205059883274489
+3.1246893263184971
—-0.3205059883274508
+3.124689326318506i1
—-0.3205059883274471
+3.124689326318505i1
—-0.3205059883274509
+3.124689326318516i1

Table 12. Numerical eigenvalues to A, for different N and M in the circle.

M=4

M=6

M=28

M =10

10

15

20

25

30

—-0.1368609477039202
+1.3967374947885791
—-0.1368609477039197
+1.3967374947885791
—-0.1368609477039198
+1.3967374947885771
—-0.1368609477039201
+1.3967374947885791
—-0.1368609477039196
+1.3967374947885801

—-0.1368609477039205
+1.396737494788578i
—-0.1368609477039195
+1.3967374947885801
—-0.1368609477039204
+1.3967374947885781
—-0.1368609477039194
+1.3967374947885771
—-0.1368609477039200
+1.3967374947885771

—-0.1368609477039209
+1.3967374947885791
—-0.1368609477039205
+1.396737494788578i
—-0.1368609477039212
+1.3967374947885771
—0.1368609477039191
+1.396737494788578i1
—0.1368609477039198
+1.3967374947885791

—-0.1368609477039210
+1.3967374947885771
—-0.1368609477039195
+1.3967374947885761
—-0.1368609477039199
+1.396737494788578i1
—0.1368609477039208
+1.3967374947885791
—-0.1368609477039203
+1.3967374947885811

Table 13. Numerical eigenvalues to A3 for different N and M in the circle.

M=4

M=6

M=28

M =10

10

15

20

25

30

—-0.1368609477039208
+1.3967374947885811
—-0.1368609477039203
+1.3967374947885791
—-0.1368609477039197
+1.3967374947885781
—-0.1368609477039201
+1.3967374947885801
—-0.1368609477039198
+1.3967374947885811

—-0.1368609477039200
+1.3967374947885791

—-0.1368609477039200
+1.3967374947885811

—-0.1368609477039202
+1.3967374947885791

—-0.1368609477039195
+1.3967374947885811

—-0.1368609477039193
+1.396737494788581

—-0.1368609477039202
+1.3967374947885791
—-0.1368609477039197
+1.396737494788578i
—-0.1368609477039205
+1.396737494788578i
—-0.1368609477039200
+1.396737494788578i1
—0.1368609477039201
+1.396737494788581i1

—-0.1368609477039211
+1.3967374947885791
—-0.1368609477039205
+1.3967374947885791
—-0.1368609477039204
+1.396737494788580i1
—-0.1368609477039204
+1.396737494788582i1
—0.1368609477039199
+1.396737494788582i1
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We observe from Tables 11-13 that approximation eigenvalues to 4;, A, A3 achieve at least thirteen-
digit accuracy with N > 15 and M > 4. The results in Table 14 are obtained in [15], which are
comparison to the results in Tables 11-13. The numerical eigenvalues to 1, A,, A3 reported in Table 14
have at most four-digit accuracy despite utilizing a great quantity of degrees of freedom.

Table 14. Table Eigenvalues for the circle S(x) = 4 + 4i.

h Ist 2nd 3rd 4th

0.2341 -0.298121 -0.134181 -0.133990 -1.371155
+3.1316201 +1.3753871 +1.3745651 +0.7863271

0.1208 -0.314981 -0.136106 -0.136049 —1.357526
+3.1264941  +1.3912671 +1.3910441 +0.790318i

0.0613 -0.319127 -0.136650 -0.136666 —1.354126
+3.1251461  +1.3953021 +1.3953591 +0.791351

0.0310 -0.320161 -0.136812 —-0.136808 —1.353338
+3.1248041 +1.3963921 +1.3963781 +0.791628i

0.0155 -0.320420 -0.136849 -0.136848 —1.353145
+3.1247181 +1.3966511 +1.3966471 +0.7917011

6. Conclusions

In this paper, we propose an efficient spectral method for solving a new Steklov eigenvalue problem.
First, we give an efficient spectral Galerkin approximation for the new Steklov eigenvalue problem in
rectangular domain, and prove the error estimates of approximation eigenvalues and eigenfunctions.
Secondly, we derive the matrix form of discrete scheme based on tensor product, and analyze the
sparsity of mass matrix and stiffness matrix. In addition, we give an efficient spectral Galerkin
approximation for the new Steklov eigenvalue problem in circular domain. Finally, we present ample
numerical examples which validate the effectiveness and high accuracy of the algorithm.

The method proposed in this paper can be extended to some more complex problems, such as
transmission eigenvalue problem, electromagnetic eigenvalue problem, nonlinear eigenvalue problem
and so on, which will be our goal in the future.

Acknowledgments

The authors would like to thank the editor and the referees for helpful comments and suggestions.
This work is supported by the National Natural Science Foundation of China (No. 11961009),
Guizhou Provincial Graduate Education Innovation Program (No. YJSCXJH [2020] 097) and the
Scientific Research Foundation of Guizhou University of Finance and Economics(No. 2020XYB10),
the Project for Young Talents Growth of Guizhou Provincial Department of Education under (Grant
No. KY[2022]179).

AIMS Mathematics Volume 7, Issue 5, 7528-7551.



7550

Contflict of interest

The authors declare that they have no competing interests.

References

1.

10.

11.

12.

13.

14.

15.

S. Bergman, M. Schiffer, Kernel functions and elliptic differential equations in mathematical
physics, New York: Academic Press, 1953.

C. Conca, J. Planchard, M. Vanninathanm, Fluid and periodic structures, Paris: John Wiley &
Sons Inc, 1995.

D. Bucur, I. Ionescu, Asymptotic analysis and scaling of friction parameters, Z. angew. Math.
Phys., 57 (2006), 1042—-1056. https://doi.org/10.1007/s00033-006-0070-9

J. Canavati, A. Minzoni, A discontinuous Steklov problem with an application to water waves, J.
Math. Anal. Appl., 69 (1979), 540-558. https://doi.org/10.1016/0022-247X(79)90165-3

A. Andreev, T. Todorov, Isoparametric finite-element approximation of a Steklov eigenvalue
problem, IMA J. Numer. Anal., 24 (2004), 309-322. https://doi.org/10.1093/imanum/24.2.309

Y. Yang, Q. Li, S. Li, Nonconforming finite element approximations of the
Steklov eigenvalue problem, Appl.  Numer. Math., 59 (2009), 2388-2401.
https://doi.org/10.1016/j.apnum.2009.04.005

M. Armentano, C. Padra, A posteriori error estimates for the Steklov eigenvalue problem, Appl.
Numer. Math., 58 (2008), 593-601. https://doi.org/10.1016/j.apnum.2007.01.011

J. An, H. Bi, Z. Luo, A highly efficient spectral-Galerkin method based on tensor product for
fourth-order Steklov equation with boundary eigenvalue, J. Inequal. Appl., 2016 (2016), 211.
https://doi.org/10.1186/s13660-016-1158-1

Q. Li, Y. Yang , A two-grid discretization scheme for the Steklov eigenvalue problem, J. Appl.
Math. Comput., 36 (2011), 129-1309. https://doi.org/10.1007/s12190-010-0392-9

H. Bi, Y. Yang, A two-grid method of the non-conforming Crouzeix-Raviart element
for the Steklov eigenvalue problem,  Appl. Math. Comput., 217 (2011), 9669-9678.
https://doi.org/10.1016/j.amc.2011.04.051

L. Cao, L. Zhang, W. Allegretto, Y. Lin, Multiscale asymptotic method for Steklov
eigenvalue equations in composite media, SIAM J. Numer. Anal., 51 (2013), 273-296.
https://doi.org/10.1137/110850876

F. Lepe, D. Mora, G. Rivera, 1. Veldsquez, A virtual element method for the Steklov eigenvalue
problem allowing small edges, J. Sci. Comput., 88 (2021), 44. https://doi.org/10.1007/s10915-
021-01555-3

S. Dominguez, Steklov eigenvalues for the Lamé operator in linear elasticity, J. Comput. App.
Math., 394 (2021), 113558. https://doi.org/10.1016/j.cam.2021.113558

F. Cakoni, D. Colton, S. Meng, P. Monk, Stekloff eigenvalues in inverse scattering, SIAM J. Appl.
Math., 76 (2016), 1737-1763. https://doi.org/10.1137/16M 1058704

J. Liu, J. Sun, T. Turner, Spectral indicator method for a non-selfadjoint Steklov eigenvalue
problem, J. Sci. Comput., 79 (2019), 1814—1831. https://doi.org/10.1007/s10915-019-00913-6

AIMS Mathematics Volume 7, Issue 5, 7528-7551.


http://dx.doi.org/https://doi.org/10.1007/s00033-006-0070-9
http://dx.doi.org/https://doi.org/10.1016/0022-247X(79)90165-3
http://dx.doi.org/https://doi.org/10.1093/imanum/24.2.309
http://dx.doi.org/https://doi.org/10.1016/j.apnum.2009.04.005
http://dx.doi.org/https://doi.org/10.1016/j.apnum.2007.01.011
http://dx.doi.org/https://doi.org/10.1186/s13660-016-1158-1
http://dx.doi.org/https://doi.org/10.1007/s12190-010-0392-9
http://dx.doi.org/https://doi.org/10.1016/j.amc.2011.04.051
http://dx.doi.org/https://doi.org/10.1137/110850876
http://dx.doi.org/https://doi.org/10.1007/s10915-021-01555-3
http://dx.doi.org/https://doi.org/10.1007/s10915-021-01555-3
http://dx.doi.org/https://doi.org/10.1016/j.cam.2021.113558
http://dx.doi.org/https://doi.org/10.1137/16M1058704
http://dx.doi.org/https://doi.org/10.1007/s10915-019-00913-6

7551

16

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

@ AIMS Press

. H. Bi, Y. Zhang, Y. Yang, Two-grid discretizations and a local finite element scheme for a
non-selfadjoint Stekloff eigenvalue problem, Comput. Math. Appl., 79 (2020), 1895-1913.
https://doi.org/10.1016/j.camwa.2018.08.047

Y. Zhang, H. Bi, Y. Yang, A multigrid correction scheme for a new Steklov eigenvalue
problem in inverse scattering, Int. J. Comput. Math., 97 (2020), 1412-1430.
https://doi.org/10.1080/00207160.2019.1622686

Y. Yang, Y. Zhang, H. Bi, Non-coforming Crouzeix-Raviart element approximation for
Stekloff eigenvalues in inverse scattering, Adv. Comput. Math., 46 (2020), 8I.
https://doi.org/10.1007/s10444-020-09818-7

F. Xu, M. Yue, Q. Huang, H. Ma, An asymptotically exact a posteriori error estimator for
non-selfadjoint Steklov eigenvalue problem, Appl. Numer. Math., 156 (2020), 210-227.
https://doi.org/10.1016/j.apnum.2020.04.020

G. Wang, J. Meng, Y. Wang, L. Mei, A priori and a posteriori error estimates for a virtual element
method for the non-self-adjoint Steklov eigenvalue problem, IMA J. Numer. Anal., in press.
https://doi.org/10.1093/imanum/drab079

J. Shen, Efficient spectral-Galerkin methods III: polar and cylindrical geometries, SIAM J. Sci.
Comput., 18 (1997), 1583—-1604. https://doi.org/10.1137/S1064827595295301

T. Tan, J. An, Spectral Galerkin approximation and rigorous error analysis for the Steklov
eigenvalue problem in circular domain, Math. Method. Appl. Sci., 41 (2018), 3764-3778.
https://doi.org/10.1002/mma.4863

J. An, An efficient Legendre-Galerkin spectral approximation for steklov eigenvalue problem,
Scientia Sinica Mathematica, 45 (2015), 83-92. https://doi.org/10.1360/012014-64

B. Guo, Z. Wang, Z. Wan, D. Chu, Second order Jacobi approximation with applications
to fourth-order differential equations, Appl. Numer. Math., 55 (2005), 480-520.
https://doi.org/10.1016/j.apnum.2005.01.002

X. Yu, B. Guo, Spectral method for fourth-order problems on quadrilaterals, J. Sci. Comput., 66
(2016), 477-503. https://doi.org/10.1007/s10915-015-0031-6

G. Hsiao, W. Wendland, Boundary integral equations, Berlin: Springer-Verlag, 2008.
https://doi.org/10.1007/978-3-540-68545-6

M. Dauge, Elliptic boundary value problems on corner domains: smoothness and asymptotics of
solutions, Berlin: Springer-Verlag, 1988. https://doi.org/10.1007/BFb0086682

J. Shen, T. Tang, L. Wang, Spectral methods, Heidelberg:  Springer, 2011.
https://doi.org/10.1007/978-3-540-71041-7

E. Garau, P. Morin, Convergence and quasi-optimality of adaptive FEM for Steklov eigenvalue
problems, IMA J. Numer. Anal., 31 (2011), 914-946. https://doi.org/10.1093/imanum/drp055

I. Babuska, J. Osborn, Eigenvalue problem, In: Handbook of numerical analysis, North-Holand:
Elsevier Science Publishers, 1991, 641-787. https://doi.org/10.1016/S1570-8659(05)80042-0

. ©2022 the Author(s), licensee AIMS Press. This
D is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 7, Issue 5, 7528-7551.


http://dx.doi.org/https://doi.org/10.1016/j.camwa.2018.08.047
http://dx.doi.org/https://doi.org/10.1080/00207160.2019.1622686
http://dx.doi.org/https://doi.org/10.1007/s10444-020-09818-7
http://dx.doi.org/https://doi.org/10.1016/j.apnum.2020.04.020
http://dx.doi.org/https://doi.org/10.1093/imanum/drab079
http://dx.doi.org/https://doi.org/10.1137/S1064827595295301
http://dx.doi.org/https://doi.org/10.1002/mma.4863
http://dx.doi.org/https://doi.org/10.1360/012014-64
http://dx.doi.org/https://doi.org/10.1016/j.apnum.2005.01.002
http://dx.doi.org/https://doi.org/10.1007/s10915-015-0031-6
http://dx.doi.org/https://doi.org/10.1007/978-3-540-68545-6
http://dx.doi.org/https://doi.org/10.1007/BFb0086682
http://dx.doi.org/https://doi.org/10.1007/978-3-540-71041-7
http://dx.doi.org/https://doi.org/10.1093/imanum/drp055
http://dx.doi.org/https://doi.org/10.1016/S1570-8659(05)80042-0
http://creativecommons.org/licenses/by/4.0

	Introduction
	The weak formulation, discrete scheme and the error estimates
	The weak formulation and discrete scheme
	Error estimation

	Efficient implementation of the algorithm
	Extension to circular domain
	Implementation of the algorithm

	Numerical experiments
	Square domain
	Circular disk

	Conclusions

