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1. Introduction

Domain theory [1], which is a mathematical foundation of theoretical computer science, was put
forward by Scott in the late 1960s. As an important content of domain theory, Dedekind-MacNeille
completion (also called the normal completion), has been studied by many researchers [2—4].

Quantitative domain theory ([5-9]), which is regarded as the deep combination of denotational
semantics of domain theory and the method of measurement, forms a new research field of domain
theory. Its essence is to find a kind of model structure which can be calculated. As an important
part of quantitative domain theory, the completions have also developed rapidly, and many researchers
are devoted to studying the completions. Wagner [9] discussed the enriched Dedekind-MacNeille
completion. Bélohlavek [10] discussed the Dedekind-MacNeille completion from the aspect of fuzzy
concept lattice. Xie, Zhang and Fan [11] studied the Dedekind-MacNeille completion from the aspect
of fuzzy poset. Wang and Zhao characterized the Dedekind-MacNeille completion from the aspect
of the category [12]. Ma and Zhao studied the Dedekind-MacNeille completion based on a complete
residuated lattice and obtain the full reflective subcategory of the category of fuzzy poset and fuzzy
precontinuous in a certain morphism [13]. Hala$§ and Lihova characterized weakly cut-stable map
by the 1st-order language [14]. In this paper, we study weakly cut-stable map based on a complete
residuated lattice, that is, fuzzy weakly cut-stable map. Furthermore, we prove the extension property
of fuzzy weakly cut-stable map. Following this, it is explored the conditions under which the extension
map to be fuzzy order isomorphism.
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The remainder of this paper is organized as follows. In Section 2, we review the basic definitions and
results which are used in the rest of the paper. In Section 3, we propose the definitions of fuzzy weakly
lower (upper) cut-stable map, fuzzy weakly lower (upper) cut-continuous map, and fuzzy weakly cut-
preserving map. Furthermore, we discuss the extension property of fuzzy weakly cut-stable map. In
Section 4, we explore the conditions under which the extension map to be fuzzy order isomorphism.
Finally, we provide conclusions in Section 5.

2. Preliminaries

This section is devoted to providing a review of some key concepts of domain theory and fuzzy set
theory.

Definition 2.1. ([15]) A residuated lattice is an algebraic structure L = (L; A, V, %, —, 0, 1) of type
(2,2,2,2,0,0) such that the following conditions hold.

(1) (L; A, Vv, 0, 1)is abounded lattice with the least element O and the greatest element 1;
(2) (L; *, 1) 1s a commutative monoid with the identity 1;
(3) L satisfies the adjointness property,i.e. ¥ x, y, z€ L, x*y < ziff x <y — z.

A residuated lattice is called complete if the underlying lattice is complete. In this paper, if no
otherwise specified, a complete residuated lattice is always denoted by L.

Definition 2.2. ([16,17]) A fuzzy poset is a pair (X, e) such that X isasetand e : X X X — L is a map,
which satisfies the following conditions for all x,y, z € X,

(1) e(x, x) = 1 (reflexivity);

(2) e(x,y) * e(y, 2) < e(x, z) (transitivity);

(3) e(x,y) = e(y, x) = 1 implies x = y (antisymmetry).

For a set X, LY denotes the set of all fuzzy subsets of X, that is, the set of all maps from X to L. For
A € L, we use Ay to denote the constant map with the value 4. For C C X,

(x) = 1, =xeC,
XX = 0, otherwises.

Obviously, Ay and y¢(x) are the fuzzy subsets of X.
Definition 2.3. ([16,17]) Let (X,e) be a fuzzy poset and A € LX. An element x, € X is called a

supremum (resp., infimum) of A, in symbols xo = UA (resp., xo = MA), if the follwoing conditions
hold.

(VY xe X A(x) < e(x, xp) (resp.,¥Y x € X, A(x) < e(x, x));

) VyeX, Niex(Alx) = e(x,y)) < e(xo,y) (resp., ¥y € X, N\ ex(A(x) = e(y, x)) < ey, xo)).
Theorem 2.4. ([16,17]) Let (X, e) be a fuzzy poset and A € LX, xy € X. Then the following statements
are equivalent:

(1) xo = LA (xo = MA);

(2) e(x0, %) = N\yex(AQY) — e(y, x)) (e(x, x0) = A\ ,ex(A(Y) — e(x,y))) for all x € X.

AIMS Mathematics Volume 7, Issue 5, 7507-7518.



7509

Proposition 2.5. ([16,17]) Let (X, e) be a fuzzy poset. Then (X, e) is a fuzzy complete lattice iff LIA
exists for all A € L* iff MA exists for all A € L*.

Definition 2.6. ([18]) Let f : X — Y be a map. The Zadeh forward powerset operator f;> : L* — L'
and the Zadeh backward powerset operator f;~ : LY — L* are, respectively, defined by f,”(A)(y) =
V =y A(x) forall A € LX,y € Y and f;(B)=Bo fforall Be L.

Definition 2.7. ([11]) Let (X, e) be a fuzzy poset and A € L*. Define A, A* as follows: ¥ x € X,
Al(x) = A (AX) = e(x, X)), A“(x) = /\X(A(X') — e(x', x)).
x'e

x'eX
Proposition 2.8. ([10]) (The Dedekind-MacNeille completion) Given a fuzzy poset (X, e), if YA, B €
LY, A = B!, B = A", then the pair (A, B) is called a fuzzy cut and A", B' are usually called fuzzy upper
cut and fuzzy lower cut, respectively. The collection of all fuzzy cuts, ordered by e((A, B),(C, D)) =
sub(A, C) = sub(D, B), is a fuzzy complete lattice, called the Dedekind-MacNeille completion of X. The
Dedekind-MacNeille completion of X is also denoted by DM (X) or N(X). That is to say, DM (X) =
{(A,B)|YA,Be L*,A = B', B= A").

Since {(A,B) | YV A,B € LX,A = B',B = A"} is isomorphic to {A | V A € L*X,A = A"}, the
Dedekind-MacNeille completion of X can also be denoted by {A | V A € LX,A = A"}, that is to say,
NX)={A|VAelLX A=A".

Let (X, e) be a fuzzy poset and x € X. Define two maps ¢,, u, : X = L by ,(y) = e(y, x), u,(y) =
e(x,y) for all y € X. Clearly, we have U ¢, = M u, = x and the pair (¢, u,) is a fuzzy cut of X.

Lemma 2.9. ([10,13]) Let (X, e) be a fuzzy poset and A, B € LX. Then

(DA <A and A < A™;

(2) sub(A, B) < sub(B", A") and sub(A, B) < sub(B', A");
(3) sub(A, B) < sub(A", B*) and sub(A, B) < sub(A™, B™);
(4) A“ = A" and A" = A

Theorem 2.10. ([14]) Let P, Q be posets. For a mapping f : P — Q there exists a (unique) weakly
complete lattice homomorphism f* : N(P) — N(Q) extending f if and only if f is weakly cut-stable.

3. Fuzzy weakly cut-stable map

In this section, we propose the definition of fuzzy weakly cut-stable map and discuss the extension
theorem of fuzzy weakly cut-stable map.

Definition 3.1. Let (X, eyx) and (Y, ey) be fuzzy posets and f : X — Y be a map. Then f is called
fuzzy weakly lower (upper) cut-stable if for all A € LX, when A* # Oy, ( o (AY)) = ( o (A)“ (when
Al # 0y, (f7(AD)" = (7 (A)™), and when A = Oy, (f;”(A)" = (f;”(1x))" (when A’ = Oy, (f”(A))' =
(f;(1x)). If f is both fuzzy weakly lower and upper cut-stable, then f is called fuzzy weakly cut-
stable.

For simplicity, we denote (f;"(A))~ as f,"(A).
Definition 3.2. Let (X, ex), (¥, ey) be fuzzy posets and f : X — Y be a map. f is called fuzzy weakly
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lower (upper) cut-continuous if V A € LX, A # Oy, i (A" < o (A)“( i (A < I (A)™). If f is both
fuzzy weakly lower and upper cut-continuous, then f is called fuzzy weakly cut-continuous.

Example 3.3. The identity mapping on a fuzzy poset is fuzzy weakly cut-continuous.

Definition 3.4. Let (X, ey), (Y, ey) be fuzzy posets, f : X — Y a map. f is called fuzzy weakly
cut-preserving if for all fuzzy cut (A, B) of X, and A, B # Oy, (f;~ (B), f (A)") is a fuzzy cut of Y.

Example 3.5. For the fuzzy poset (L, e;), define f : L* — L as follows YA € LL, f(A) = LA, then f is
fuzzy weakly cut-preserving.

Obversely, by Lemma 2.9, (f;”(B), f;”(A)*) is a fuzzy cut of Y is equivalent to f,”(A)" = f;°(B)
or f;7(B)" = f;”(A)". Next, we explore the relationships among these maps.

Proposition 3.6. If f is fuzzy weakly lower (upper) cut-stable, then f is fuzzy weakly cut-preserving.
Conversely, if f : X — Y is fuzzy weakly (lower, upper) cut-continuous and fuzzy weakly
cut-preserving, then it is fuzzy weakly (lower,upper) cut-stable.

Proof. Suppose that f : X — Y is fuzzy weakly lower cut-stable map. If V (A, B) € DM (X), A, B # Oy,
then A = B,B' = A. Therefore, f;”(B) = f;(A") = f,’(A)". Hence, f is fuzzy weakly cut-
preserving.

Conversely, let f be fuzzy weakly lower cut-continuous and fuzzy weakly cut-preserving. ¥V Oy #
A € LX, when A" # Oy, (A“,A*) € DM,(X), since f is fuzzy weakly cut-preserving, we have
(f7 (A", £, (A)) € DMy (Y), then £, (A" = £, (A“)". As f(A") < f;(A)", we have f;*(A)" =
F ()2 fo Ay = fAY. Y y e Y,

Jr (A

Vo AYx)

xeX, f(x)=y

=V A@AG) = e(x, )

xeX, f(x)=y X1ex

< Vo AAK) = e(f(x), f(x)

XGX,f(x):y Xlex

= A A = e(f(x1),y)

Xlex

= AU AOG) = ey, y)

Yiey
= fi(A)Y).
Hence, f,”(A") < f;"(A), f;7(AY)' > f7°(A)". Therefore, f;”(AY) = f,”(A)".
When A" = Ox, f;(A) < f;”(1x) = f;7(A") < f°(A)". Hence, f;”(A)" > f"(1x)" = f7(A")" >
J A" = f7(A)", that s, f;(A) = f;7(1x)".
Therefore, f : X — Y is fuzzy weakly lower cut-stable map. Other cases can be proved in a similar
manner.

Proposition 3.7. If f is fuzzy weakly cut-preserving or fuzzy weakly cut-continuous, then f is fuzzy
order-preserving.

Proof. Let f : X — Y be fuzzy weakly cut-preserving. Since V x € X, (¢, 1) 1s a fuzzy cut of X and

Ly, e # Oy, it holds that (f;” (), f;(t)") is a fuzzy cut of Y. Hence, f;”(uy) < f;7 (o)™ = f7 ()",
we have My < ST @)). v X,y € X,

ex(x,y) = w(y) < fr(f7@WO» = [ SO = /\Y (W@ — exz () =
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AV ex(x,0) = er(z, f)) = A (ex(x, %) = ex(f(X), () < ex(f(x), (). Therefore,

€Y  f(x')=z x'eX
we have that f is fuzzy order-preserving. Next we prove if f is fuzzy weakly cut-continuous, then f is
fuzzy order-preserving.

Firstly, Y z € Y,(x;)"(@) = A ((xrw)" @) = ezz1) = AN xrw@) = e(z,21) —

z1€Y 21€Y €Y

e(z,z1)) = N\ (f(x),z1) = e(z,21)) = e(z, f(x)) = t5(2).

zleY

Secondly, x ) = f;"(xx), Y z € Y, if z = f(x), then (x yx)(z) = 1 = X\f/( . Xx(x1) = 7 (x0(2). If
z# f(0),then (x;))@)=0= "V  x.(x) = £ (x)Q@)- ‘

x1€X.f(x1)=z

Finally, V x,y € X,

e(f(x), f(») Lr) (f (X))

O )™ (f ()
(7 e (f(x))
I Q)™ ()
T @) (f(x)

Vo 42

z2€X,f(2)=f(x)
e(x,y).

1 AV T |

\%

By Propositions 3.6 and 3.7, we have every fuzzy weakly lower (upper) cut-stable map is fuzzy
order-preserving. Next, we show the extension property of the fuzzy weakly cut-stable map.

Let X, Y be fuzzy posets, f : X — Yisamap. If ¥V Ox # A € L*, f(LUA) = Lf,”(A), f(MA)
=Mf;’(A), then f is called a fuzzy weakly complete homomorphism.

Theorem 3.8. Let X and Y be fuzzy posets. Then f : X — Y is fuzzy weakly cut-stable if and only if
there exists a unique fuzzy weakly complete homomorphism f*: N(X) — N(Y) extending f.

Proof. (Necessity) Suppose that f : X — Y is fuzzy weakly cut-stable. Define f* : N(X) — N(Y) by
VY A e N(X). If A # Oy, then f*(A") = f;"(A)". If A = Oy, then f*(A") = £, (1x)".

(1) f* is well-defined. V A, B € LY, if A,B # Oy, A“ = B" then A* = B*. When A* = B* # Oy,
fL—>(A)ul — fL—>(Au)l — fL—>(Bu)l — fL—>(B)ul When A% = B* = OXa fL—>(A)ul — fL—>(1X)ul — fL—>(B)ul
If A # Ox,B = Oy, then AY = 0%. Therefore, A* = lyx, f;"(A)" = f7(A") = f,’(1x)". Hence
1Ay = f*(B*). Similarly, B # Ox,A = Oy, f*(A%) = f*(B*). If A = B = Oy, clearly we have
1Ay = f*(B).

(2) f* is a fuzzy weakly complete homomorphism. ¥V ® € IN® @ # Oy ). Firstly, we show
(V D)= frr@)" =\ D)= (f7 (@)D" Ve N,

PEN(X) PEN(X)

AIMS Mathematics Volume 7, Issue 5, 7507-7518.



7512

sub(( \/~ ©(¢)  f ()", ) = sub( \ ©(¢)* f;”($), )

PEN(X) PpeN(X)

= ACV 0@+ f7 (@) = ¢()

yeY peN(X)

= A NA@P)* [P (@) = ()

PeEN(X) yeY

= A A@@) = (f (@) = 1)

PeN(X) yeY

= N\ (©(p) = sub(f;”(¢),¢))

PeN(X)

= N\ (D) — sub((f (@), ¢))

9N (X)
= sub(( \/ ©@)* [ (9)), ¢)
PN ()
= sub(( \/ ®(@)* [ (#))", ).

PEN(X)

Therefore, ( \/  ®(@) = (@) =V ®D(P) = (f" (o))"
¢ 9EN(X)

eN(X)
By [17], we have that N (X) is complete lattice, and | |® = \/ ®(@)xp=( \/ D(¢p)=* )"
PEN(X) PEN(X)
fU® = 1V D))
PeN(X)
= (7 CV D))"
PN (x)
= (V. @)= f@)"
PeN(X)

C\V ©@) = (f (@)
9EN(X)

(\V ©@) = f (o)

9EN(X)

C(V V0 =y)”

VEN(Y) GENCX).f* @)=y
C V(I @) )

yeN(Y)

LI (D).

So, fA(U® = () 7(®). Similarly we can show VY ® € IN® d % Oyp),
f1(M®) =n(f*),”(®). Hence, f* is a fuzzy weakly complete homomorphism.

(3) Commutativity. V x € X,

ST oux(x) S ()
G
I @)™
Lf(x)

ty o f(x).

(4) f* is unique. Assume that there is g : N(X) — N(Y) such that goty =ty o f.

AIMS Mathematics Volume 7, Issue 5, 7507-7518.
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V¢ e NX),
g@) = gU(x); (9)
= Ug (), (9)
= Uy o /) (®)
= UM () ()
= [H(Uw); (9)
= fH(9).
(Sufficiency) Assume that there is a fuzzy weakly complete homomorphism f* : X — Y such that
f* Oly =Llyo© f Y OX +AE€ LX. If A* # Ox, then (Lx)z)(Au) * ON(X)-

@AY = g (f(AY)
= My o )y (AY)
= N(f" owx) (AY)
= N7 () (A")
S (M) (A"))
fU() (A))
= U(f o) (A)
= UGy o f(A)
= U)o fr (A)
= [
If A = O, f;7(A)" = U(y)7 (7 (A) = ()7 ()7 (A) = fH(Ux) (A) = fH(A") = (0} =
[y = ), (1x) = U(f* o) (1x) = Uty o ) (1x) = U(ey) o f7(x) = f;7(1x)".
Hence, f;”(A) = f;”(1x)". Therefore, f is fuzzy weakly lower cut-stable. Similarly, f is also
fuzzy weakly upper cut-stable.

4. Characterization of extension map
In this section, we explore the conditions under which the extension map to be fuzzy order
isomorphism.

Definition 4.1. Let (X, e) be a fuzzy poset, A C X. If V x € X, there exists ¢ € L* such that u, = ¢“,
then we call (X, e) fuzzy A-dense.

Next we give an example of fuzzy A-dense.

Example 4.2. Let X ={0,a,b,c}, L = {0, %, 1} and = = A, the fuzzy order ey is defined as follows:

(ei)x| 0 a b c
01 1 1 1
a |0 1 3§ 1
b |0 1 1 1
c |0 3 3 1

AIMS Mathematics Volume 7, Issue 5, 7507-7518.
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Let A = {0,a, b} C X, we can show 0 € X, there exists ¢ = yo € L* such that uy = ¢". a € X, there
exists ¢ = x4 € L such that u, = ¢". b € X, there exists ¢ = x4 € L* such that u;, = ¢*. ¢ € X,
there exists ¢ = y0 € L* such that u. = ¢*. This shows that (X, ex) is fuzzy A-dense.

Proposition 4.3. Let (X,e) and (Y,e) be fuzzy posets. If f is fuzzy weakly cut-stable, then f* is
surjective iff Y is fuzzy f(X)-dense and (f;”(1x))' = 1.

Proof. (Necessity) Suppose that ™ is surjective.
(1) By the definition of f*, (f;”(1x))' = f*(0%).
(2) (f;(1x) =1,. Since Y y € ¥,

(f (L))

/e\y(fi(l’()@ — e(y,2))
AWV 1x(x0) = ey, 2)

z€Y  xeX,f(x)=z

/\ ey, f(x)).

xeX

Thus,
)

A 1y(2) = e(y,2))

zeY

= Ne(®2)

zeY

< A e(, f()

xeX

= (77 (L) .

Conversely, we need to show (f,”(1 ) < 1ly. VzeY e NY),as f*is surjective, there exists
A € N(X) such that f*(A") = 1,1, = f*(A") > f*(0§(’) = (fL_’(lx))’. Thus 1IY(y) = A ly(2) = e(y,2) =

zeY
AL0) 2 (f;7 (1) Therefore, (f;” (1) = 1.

Y y € Y, since f* is surjective, there exists A € N(X) such that f*(A“) = ¢, = (t,)". If A # Oy,
then f*(A) = (f (A" = (f;°(A) lpx)", we have py = (f;°(A) |px)*. If A = Oy, then f*(AY) =
(f;7(1x) = (1y)', we have p, = 1y = 0% = Oy [%y)- Thus Y is fuzzy f(X)-dense.

(Sufficiency) Let Y be fuzzy f(X)-dense and (f;”(1x))' = (1y)". First we need to show V y € Y, ¢, has
preimage. Since Y is fuzzy f(X)-dense, there exists B € L/™ such thatu, = B“. By B L'™, f,(B) €

LX. If f;(B) # Oy, notice that Vy € Y, f°(f (BY) =V  frB®) =V B(f(x) = B(y),
xeX,f(x)=y xeX.f(x)=y

we have f;”(f;(B)) = B, then f*(f;(B)") = (f;”(f (BN = B = i, = u,.
If f;7(B) = Ox, notice that V y € ¥,

T 0x)"(R)

/G\Y 7 0x)(z) = e(z,y)

= AC V  O0x(x) —e(zy)
xeX xeX,f(x)=z

=1

= ly(y.
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We have (1y) = f;>(0x)*, then

By

1y
£k
(1y)!

1 (0x)"
1y

Ly.

Therefore, (f;~(B))" is the preimage of ¢,.
Suppose that B € N(Y). The above tells us that ¥V y € Y, there exists B, € L/™ such

that f*((f(B,)") = 1,. Having B =
Oe NV Vyey.

@w={0

yey

\/ B(y) * x, implies that B = (\/ B(y) = x,)*’. Define

yey

B(y), ¥ =(f(B)",

otherwises .

Notice that (\/ B(y) *¢,) = (\V B() *x,)". Yz €Y,
yeY yeY

(V B() * 1,)"(z)

yeyY

e

A ((V B(y) * 1y(z1)) — e(z1,2))

z1€Y  yeY

N (BQy) — e(y,2))

yeyY
B“(2)
A (B(z)) — e(z1,2))

z1€Y

A (V (BO) * xy(z1)) = e(z1,2))

z1€Y yeY

(V B() * xy)"(2).
yey

LI (/)™ (D)
V(@) p)"
FEN(Y)

(V. Vo))"

PEN(Y) YeNX).f*(W)=¢

(VO = f )"

yeN(X)

(\/Y B(y) = (f; (By)y")"
ye
(V. B(y) *1,)"

yey

(V BO) * x )"

yey
Bul
B.

Theorem 4.4. Let f : (X, e) — (Y, e) be fuzzy weakly cut-stable. Then f* is fuzzy order isomorphism if
and only if e(f(x), f(y) < e(x,y) for all x,y € X, Y is fuzzy f(X)-dense and (f;”(1x))' = 1%.

AIMS Mathematics
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Proof. (Necessity) Let f* be fuzzy order isomorphism. ¥ x,y € X, e(f(x), f()) = sub(t s, Lf(y)
= sub(f* (1), f* (1)) < sub(ty, 1,) = e(x, ).

(Sufficiency) By Proposition 4.3, we have that f* is surjective, we only need to show f* is order
embedding. Thatis V A, B € LX, sub(f*(A"), f*(B“)) < sub(A", B*).

If A = Oy, obviously. If A # Ox, when B # Oy,

sub(f*(A"), f(B")) = sub(f;"(A)", f;”(B)")
< sub(f;"(B)", f,"(A)")
= (A Jo(B)'() = f7(A) ()

= y-/:\jﬂ/e\ny (B)(z1) = e(z1,y)) = (22/6\ f1 (A)(z2) = e(z2,y))

= y/e\Y (XI/E\Y B(x1) = e(f(x1),y)) = (xz/e\ A(x2) = e(f(x2),y))

< x/e\X (XI/E\X B(x1) = e(f(x1), f(x))) = (XQXA(Xz) — e(f(x2), f(x)))
XQX (XI/G\X B(x)) — e(x1, x)) = (XZAG A(x2) = e(x2, X))

= sub(B",A")

< sub(A", B").
When B = Oy, notice that
sub(ly, f;”(A)")

Ay(l - f (A" ()
ye
= AA fr (AR — e(z,y)

yeY zeY

ACA A(x) = e(f(x),y))

yeY xeX

A (N Ax) = e(f(x), f(x1)))

x1€X xeX

A (Ax(x) — (/\ A(x) = e(x, x1)))

x1€X

A Ax(x) — A”(Xl))

x1€X
sub(1y,A")
sub(A", lé().

IN O IA Il

IA I

Therefore,

sub(f*(A"), f*(B")) sub(f;” (A", f7 (1))
sub(fL_’(A)“l, lly)
sub(ly, f;”(A)")
sub(A", 1%)

sub(A", B").

IIA IA I

5. Conclusions

In this paper, we proposed the definitions of fuzzy weakly lower (upper) cut-stable map, fuzzy
weakly lower (upper) cut-continuous map, and fuzzy weakly cut-preserving map. Furthermore, we
obtained the equivalent characterization and the extension property of fuzzy weakly cut-stable map.
In addition, we showed that the extension map of the fuzzy weakly cut-stable map was fuzzy order
isomorphism under some conditions.
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