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1. Introduction

An important tool for describing the natural process is a system of fractional differential
equations [1,2]. An ordinary system of fractional differential equations (FDEs) is described by

SD%(q(1) = p(t, q(1), 1€ [0,d] (1.1)

where a € R, q : [0,a] — R” is a v-dimensional vector function and p : [0, a] Xx R — R". Here, gD? 18
the Caputo fractional derivative of order a > 0.
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FDE:s of the form (1.1) are used in an extensive amount of published papers for describing diverse
evolutionary processes. Pollution model for lake [3], dynamical models of happiness [4] and Irving-
Mullineux oscillaton [5] are among them.

A system of type (1.1) has at least n = [a] (ceil of @) degree of freedom due to the presence of
n the integer-order derivative. To have a unique solution more information of the system’s states is
required. In most applied problems this information on the boundary is known. These problems are
referred to as boundary value problems. Initial value problems, terminal value problems (TVPs) and
Sturm-Liouville problems are among boundary value problems. For initial value problems, the states
of the system in the beginning time of the model are known. These states may include derivatives
or more complex operators of the modeled process in the initial time. For initial value problems, the
states of the system in the beginning time/point of the model are known. These states may include
derivatives or more complex operators of the modeled process in the initial time. For terminal value
problems, the system’s states are known at the end terminal. However, for Sturm-Liouville problems
states of the system are known in both initial and end boundaries. These systems have completely
different dynamics and behaviors [6].

Adding boundaries information is not the only way to reduce the degree of freedom. For example,
the information in the intermediate point/time can be used [7] for such a reduction. Such problems are
known as intermediate value problems.

Recently, TVPs for fractional systems of the order less than one (0 < @ < 1) have received some
extensive attention and interest [8—14]. These problems can be described by

D q(t) = p(t,q(1)), t€[0,al,

1.2
q(a) = q.. (12)

where D” is fractional derivative and q, is a given v-dimensional vector. At the first glance, these
systems seem to be well-posed with regular source functions [15,16]. Surprisingly, Cong and Tuan [17]
revealed some counterexamples. The papers [14, 18] pointed out that the well-posedness depends on
the terminal value a. For larger a we may not obtain a unique solution.

Surprisingly, TVPs for fractional differential equations of higher-order derivatives @ > 1 are not

well-studied. An order @ € (1,2] problem on an infinite interval have been studied in [19]. These
problems have the form

SDq(r) = p(t, q(1), q'(1)), 1 € [0, M],
q(®) = e, (1.3)
q'(c0) = 0.

where q’(c0) € R is a given number and OCD? stands for Caputo derivative.

This paper’s important aim is to study the existence results and regularity of the higher-order
terminal value problem for systems of FDEs. The other important aim of this paper is to introduce
an analyzed high-order numerical method for solving such problems. Thus, the piecewise polynomial
collocation method (PPCM) as a numerical solver is introduced and analyzed in detail.

The PPCMs have some superior advantages in solving differential or integral equations. For
example, if we use polynomials collocation methods (known as spectral methods) we may encounter
Runge-phenomena. The piecewise characteristic of the PPCMs avoids such probable divergence.
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In comparison with Runge-Kutta methods, the coefficient and parameters of the given methods are
obtained constructively. It is remarkable to mention that for ordinary differential equations PPCMs,
for some piecewise polynomial spaces are equivalent to Runge-Kutta methods. Conclusively, having
more parameters (collocation parameters, degree of polynomial space, step size, meshing method)
for controlling error, complexity and order of convergence makes the PPCMs competitively superior
category of methods.

This paper is organized as follows: In Sections 2 and 3 we obtain the existence and uniqueness
of a mild solution for higher-order FDEs. The regularity for the linear case is studied in Section 4.
A numerical method is introduced in Section 5 and analysand in Section 6. Supportive numerical
experiments are given in Section 7.

2. Higher order terminal value problem

Consider the system (1.1) with terminal values

q@) = q’,
Dq(a) = q.”,
2.1
D" V(@) = ¢
where n — 1 < @ < n and n € N. The v-dimensional vector function q = [¢y,...,q¢,] is an unknown

vector and qg) eR"(i=0,...,n—1) are known vectors.
Further, we impose the Lipschitz condition on components of the function p : [0,a] X R” — R”.
Thus, we suppose
lpit, q1) — pi(t, )| < Lillg; — qull, Yq1,92 € R”
where L; (i = 0,...,v) are constants and are not depend on ¢. Let z = "V, (z = ™). Taking
repeatedly integrals and using terminal values, we obtain

n-2 i n—2—i
- , -
an =y L= (qg) - —Ea ;) T z(x)dx)
— I 0 n-— —1)!
i=0 2.2
t (t _ x)n—Z ( )
o (n=2)!
By definition of Caputo derivative, we have

OCD;yq(t) — gD;y—)Han—lq(t) — (C)‘D;y—n+lz.

z(x)dx.

Acting Riemann-Liouville integral oJ®"*! on both sides of Eq (1.1), we obtain

2() - 2(0) = oJ; " (1, q(1)). (2.3)
Finally, putting ¢ = a and using terminal conditions, we obtain
-1 “ p(x, q(x)) " p(x, q(x))
dx— | ——dx
INa-n+1)

o (a—xy= g -y
Remark 1. The solution of the coupled system of (2.2) and (2.4) can be regarded as a mild solution of
the system (2.1).

z(t) =

+q V. (2.4)
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3. Existence of a unique solution

Since we use vector functions, we need a norm combined with vector norm and function norm. This
combinations brings us to face complexity in calculating induced norm. In this respect, the max norm
defined by

g/l = max flgi(t)ll = max lg,(1)l, g: € C[0,a]
seems to be more easier. We establish well-posedness of the inverse problems (1.1) and (2.1). We
define the operators £ and Q : (C[0,a])® — (C[0,a])” by the right hand sides of systems (2.2) and
24),1.e.,

n-2 N a 12—
ﬂmmm=297@@9— Q—Q—ﬂmM)
i=0 ’

0o (m—2-10)!
— 3.1
+[) —(n ) z(x)dx
and
_(n=1) _ 1 “ p(x, q(x)
A@2DO =0 505Dy @ (3.2)
1 " p(x, q(x)) '

+
INa-n+1)J, (t—x)y—@

Let #; and @ : (C[0,a])® — CI0,a] be the ith component of the operator # and Q, respectively.
Setting w = [q, z] and defining the operator 7~ : R>” — R>* by

Tw=[Pw,Qw],
the Eqs (2.2) and (2.4) can be compactly written as
w=7Tw. (3.3)

It is straightforward to show that for w, and w, € (C[0, a])*”. We can write

n—1

[Pi(wi)(@) = Pi(w2)(0)] < =D W1 — Walleo. (3.4)
and
1Qi(wW1)(1) — Qi(W2)(D)] < %IIM — Walloo. (3.5)
where Ly, = max,-;__, L;. Now, the Egs (3.4) and (3.5) give
2a"" 2Lya !

17w — T Wsle < max{ HIWi — W2l (3.6)

(n—DV'T(@—n+2)

Conclusively, we can estate the following theorem.
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Theorem 3.1. Let each component of the continuous function p : [0,a] X R” — R” (v € N) satisfy the
Lipschitz condition with the Lipschitz constant L; and let

Ly = max {L;}.

i=1,-
Then, the problem (1.1) with terminal conditions (2.1) has a unique mild solution on (C[0, a])* if

Zan—l ZLMaa—rHl
n-=D'T(@-n+2)

A := max({ p<1 (3.7)

Proof. Suppose w € (C[0, a])*. Since all integral operators involving in the definition of 7~ transform
a continuous functions into a continuous functions, therefore, 7 (w) € (C[0, a])*. The operator 7 is
contractor by (3.6) and the space (C[0, a])* is a Banach space by the norm ||.||.. Thus, by contraction
mapping theorem w = 7 (w) has a unique solution which completes the proof. O

The next corollary is an important result of Theorem 3.1 which shows the regularity of the solution
on more smooth spaces.

Corollary 1. Suppose the hypotheses of Theorem 3.1 are satisfied. Then, the mild solution q obtained
Jfrom solving systems (2.2) and (2.4) satisfies the system (1.1) with terminal conditions (2.1). Moreover,

q < (C"'[0,a]).

Proof. Taking derivative from Eq (2.2) and using Theorem 3.1 results ¢V = z € (C[0,a])". Thus,
q € (C"'[0,a])*. Similarly, putting ¢ = a in Eq (2.2) and its derivatives, proves that q satisfies terminal
conditions. Replacing z = q”~" in (2.2) we obtain

_ _ 1 “ p(x, q(x))
(n=1) _qn=1) _ N
T " Trea+ D)y @-xre (3.8)

+ a7 p(x, q(x))

where , 79! is the Riemann-Liouville fractional integral. Noting that @ — n + 1 > 0, we can take a
fractional derivative of order @ — n + 1 from (3.8) to obtain

OCD;z—n+1q(n—1) — OCD;z—n+1ajta—n+lp(x’ q(X)) — p(x’ q(X)) (39)

which shows that the component q of the mild solutions satisfies (1.1). m|
4. Regularity for linear FDEs

The regularity of the solution is important for analyzing numerical methods, especially finite
difference methods and methods based on projection [20]. The regularity speaks about the order
of differentiability of solutions. Usually, the regularity is investigated in the space C"[a, b], (see
Corollary 1). But, some good functions such as \t € Cla, b] do not belong to C"[a, b]. The space
C"(a,b] N Cla, b] contains such functions. This space is not Banach or complete. Therefore, we need
to introduce another Banach space such that

C"la,b]l c X c C"(a,b] N Cla, b].

In this paper, we study regularity on the following weighted space C"“(0, a] introduced in [13].
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Definition 4.1. [13] Let 0 < @ < 1 and m € N. Then g € C"™*(0, a] if there exist functions ¢; € C[0, a]
fori=0,---,m+ 1 such that g = t“qy + ¢g; and

Dig(t) = t""'qin(t), i=1,--,m.

Theorem 4.2. The space C™*(0, a] with the norm

lgllesn = llgllo + D Igieille (4.1)
i=1

is a Banach space.

Proof. Let g, € C™*(0,a], n € N be a Cauchy sequence with norm ||.||,,,. Thus, by the definition of
C"™%(0, a] there exists functions g,; in C[0,a] fori = 0,--- ,m + 1 such that g,(¢) = t“g,0(¢) + q,.1(?)
and

Dig,(t) = 171 (1), i=1,--- ,m, 1 € (0,al.

From the definition of the norm ||.||,.., the sequences g,; for a fixed i are Cauchy sequence in the
Banach space C[0, a] and thus have a unique limit say g;. Let ¢ defined by g(r) = “qo(¢) + ¢1(¢) on
[0, a]. Following items show that g € C"™*(0, a].

g liInrz—>o<> Qn(t) = limn—wo t{lCIn,O(t) + Qn,l(t) = f”Qo(f) + ql(t) =q forall 7 € [aa b],

e g € C[0,a], since gy € C[0,a] and g, € C[0, al;

o lim, . D'q,(t) = lim, e 1°7'qui11(2) = 1*7'q;41(1). For each t € (a, b] we can find € > 0 such that
D, = [t—€,t] C (a, b]. Itis trivial that D'g,(t) converges uniformly to *7'g;,,(f) on D,. According
to Theorem 7.17 of [21] Dig(t) = lim,_., Dq,(t) on D.. Thus Dig(t) = t*7ig;,,(¢t) for all t € D,
and hence for all r € (a, b].

Oa
Let v € N. For a v dimensional vector functions, p = [f1, ..., f,] in (C™*(0,a] c (C™(0,a])", we use
the max norm defined by
IPll = max [1fillo-
The system (1.1) with
p(7,q(1) = A(H)q(?) + b(2), t€[0,q], 4.2)

is a system of linear FDEs. Here A is a given v X v dimensional matrix function and b € (C[0, a])” is a
given source function. To study linear systems we introduce the operators W, and ‘W, : (C[0, a])* —
(C[0, a])” by

n-2

(l _ a)i a (Cl _ x)n—2—i
Wilq,zD@®) = - . (f - Z(x)dx
1 ; i! 20 (n—-2-10)! 4.3)
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and
1 A
Wallg, 2(0) = - - A
(@a—n+1)Jy (@a—x) (4.4)
N 1 " A(x)q(x) '
INa—-n+1)Jy (t—x)
Let us also define the vector valued functions G, and G, : [0,a] — R” by
n-2 i
(t—a)
gng—y%@y (4.5)
and
_ 1 b(x)
—qm-1 _
S T T — o (a—xye “46)
1 " b(x) '

+ X
INa—-n+1)Jy (t—x)@

Let T = [ W,,W,]T and G = [G|,G-]". Then, the Egs (2.2) and (2.4) can be written as an
inhomogeneous system

w-T(w)=@G 4.7)
where w = [q, z]”.
Theorem 4.3. Let a € R and a > 0. Assume each component of A and b are in C™*(0, a]) and the
hypotheses of Theorem 3.1 are satisfied for related p : [0, a]lxXR” — R” (v € N). Then, the problem (1.1)
with terminal conditions (2.1) has a unique mild solution on (C™*(0, a])?".

Proof. Since T is a combination of weakly singular integral operators, it is a compact linear operator
on (C[0, a])® and (C™*(0,a])*. Also, it is clear that

T(C"(0,a])™)  (C"™*(0,al)”.
System (25) has a unique solution on (C[0, a])* by Theorem 3.1. Therefore, the homogeneous system
w — T(w) = 0 has the trivial null space in (C[0, a])*” and thus (C™%(0, a])*”. Conclusively, alternative
Fredholm theorem asserts that the system (4.7) has a unique solution on (C"™%(0, a])*. |
Remark 2. Regularity of the nonlinear case needs further investigations.
Example 1. Consider the system (1.1) with a = 0.5, @ = 2.5 and p defined by (4.2)

0 05 1
A:(o.s 0 ) b(t):(z)'

Obviously, L; = 0.5, L, = 0.5. and thus Ly, = 0.5. Therefore,
261"_1 2LMaa—n+1
n-DVT(a@—-n+2)
and Condition (3.7) holds. By Theorem 3.1 the terminal value problem (1.1) with arbitrary terminal
value (2.1) has a unique solution on C[0, a]. Since all components of A and b belong to C"™*(0, a],
(m € N) the mild solution belongs to (C"™%(0,a])*, by Theorem 4.3. Furthermore, we obtain the

regularity of the solution of the system (1.1) on the closed interval [0, a] by Corollary 1 and we have

q = (C*[0,a])*.

max{ 1 =0.7979 < 1
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5. Numerical method

Considering the memory, one of the best methods for solving the coupled systems (2.2)—(2.4) is to
use collocation methods on piecewise polynomial spaces. To implement such methods we partition the
solution interval [0, a] into sub-intervals o; = [¢;,t;11],i = 0,..., N — 1, with length h; := t;;| — t; where
0 =1y <...<ty = aarenodes of a chosen mesh (uniform or graded mesh) and N € N. A graded mesh
with exponent r > 1 is described by

ti:a(i), i=0,....N.
N
LetO < ¢; <... <c¢y £ 1 (m € N) be collocation parameters, f,; = t, + ¢h, (n = 0,...,N = 1)

be collocation points and let qy(¢) and Zy(7) be approximate solutions. The restriction of approximate
functions to the o is fully determined by Lagrange polynomials interpolation formula

v (D], = Anltc+hs) = > 0uiLi(s), 5 € (0,1] (5.1)
=1
and
a0, = 2wt + hs) = ) Z,iLi(s), s € (0,1] (5.2)
=1
where O ; = qn(t,j), Zij = Zn(t ), tkj = te + hejand Lj (j = 1,...,m) are Lagrange polynomials of

degree m — 1. The integrals in the operators # and Q of systems (3.1) and (3.2) can be discretized as:

—( ) lZ (x)dx = N E h Z, (5 3)
. )/n,i, JEL .

where

a—t, — sh)>"
Ynil,j = f ( (nl_ _l. ) L(S)dS

Forte [t;, 44411 (k=0,...,N —1) we have

(t X)n 2 k-1 m
o W= D ) 07+ Z ks ()2 (54)
=0 Jj= j=1
where L
— I
= 0, 1],
v I € [0,1]
1 n—2
_ (ty =ty + vy — sh))
Mt j(V) = j(: =2 Li(s)ds
and .
_ V(v = )"
Mk, j(V) = —ij(s)ds.

o (n=2)!
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Similarly, we discretize integrals of the operator Q. We have

I fl p(t + shy, qn(t; + shy))
0 (a—1t— shy—

N-1

“ p(x, Gy () QN(X))
o (@—xy

=0

By interpolating p(#; + sh;, q(t; + sh;)) on ¢; we obtain

p(t; + shy, un(t; + shy)) ~ Z p(t, O1j)L;(s)

=1
and thus
pP(x, 4y (X)) (IN(X)) = "
(a—x)y—« Z Zp(tl], Q1,))0n.1,j
where
_ f : L;(s) p
Qn,l,] - o (Cl - Sh[)"_“ S
and finally
k-1 m
pP(x, qn(x))
—d h 1, :
L (t — x)y—@ rE IZ: ’Z:;p(lj O1)n.1j
+h Y P, Q) (V)
j=1
where

Lj(s)
énlj(v) f (I - Sh[)n o S,

L)
N =

ds.

(5.5)

(5.6)

(5.7)

The discretized mappings Py and Qy : (C[0, a])® — (PC[0, a])” (PC stands for piecewise continuous

space) related to systems (3.1) and (3.2) can be defined by

Py([an (), 2n1)(1) = Z o ") { 0 Z h Z Vuid i
=0 j=1

k-1 m

+ Zh Znnzj(v)zzj + thUnkJ(V)ZkJ

=0 j=1

and

1 N-1 m
Qy([qn, 2y = ¢V "Tazn+D) Z hy Z p(tj, Q1j)0n1,j
=

-n+1) —

N kZ_I‘J Iy i P Q1)ens i) ” i P(tej» Ok ). o)

INa-n+1) INa-n+1)

=0  j=I

(5.8)

(5.9)
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on 0. Setting 7y = [Py, Qy], unknowns vectors Q; ; and Z; ; can be obtained by solving the nonlinear

system

TN (o), Zn(10,p)]) = [An (o), Zn (k)] (5.10)

fork=0,...,N—-1ando = 1,...,m. Taking into account that

the dense solution can be

[Qkos Ziol = [An(tr0)s Zn(tro)],

evaluated in all points of the desired interval by Eqgs (5.1) and (5.2). We note

that the six parameters ¥, j» Muijs fnk.j» Ontjs {ntj and &yx; fully determines the method for each m.
The equations of these six parameters for m = 1 and m = 2 are provided in Tables 1 and 2, respectively.

Table 1. The coefficient of the collocation method of order m = 1.

parameter j=1,i=0,...,n-2,1=0,...,k—1,k=0,...,N—-1

Li(s) 1

Ynidi ((a =y = (@ =ty = hy=17) [ (hy(n = 1 = i)Y)

it V) (=t + VY™ = (6 =ty + viy = )" [ (un = 1))

i) OB (n = 1))

Ontj ((a = 0)7*! = (@ =t = h)*™h) / (hy(er = n + 1))

G j(v) ((fk + Vi — 1) — (f + viy — 1 - hz)”_"“)) [ (h(a —n+ 1))
GukgV)  h)* ™ (@ —n+ 1))

Table 2. The coefficient of the collocation method of order m = 2. Here, we used @,

e +vhy —t;and © =

a — t; for simplifying the presentation of formulas.

parameter j=1,2i=0,...,n-2,1=0,...,k-1,k=0,...,N-1
Ynilj #};XZ_Q) ((@ ey hl)(@)—h,)::lﬂ__i@n—l—z B <®—h131”_*;—®"*')
ki (V) (n—z()_'f},% ((Wk — 3 jhz)(wk_h[:: /. (wk‘hrll)"—W’Z)

e, j(V) % ((vhk —c3 jhk)% — @)

Onlj (c(z__lzjl;,lllz ((® — hycs- j)((;)_h’)::;—l@"_”” _ (®—h;)‘;‘_":12+—2®"-"+2)
) o PR
L) 2 (0 = s S )

(ca—cDk?

6. Numerical analysis

For simplifying our analysis we recall some notations. Let S ! (/) be the space of piecewise

polynomials of degree less than m, (m € N) on the mesh partitioning 1, = {¢; :

AIMS Mathematics
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2v
projection operator II,,_;y : (C[O, a)¥ — (S n_1£ 1(Ih)) is uniquely determined by interpolation on

collocation points such that
i nvqt.) =qt), n=0,...,N-1,i=1,...,m, ¥ q € (C[O, al)® .
Since Wy(1) := [v(D. (D] € (S, (1)) we have
Iy(Wn (1)) = Wy (D).
Thus, Eq (5.10) can be written as
I T (W (0) = Wa(0), W) € (S,1,(1) 6.1)

A useful theorem regarding I1,,—; y that simplifies existence and convergence analysis is the following
theorem.

Theorem 6.1. Let m, N € N. Then, I1,,_, y is a bounded linear operator. Let

A= ”Hm—l,N”
be induced norm of 11, y and
Ay = max Z ILi(5)]. (6.2)

i=1
Then, A < Ay and
ITL,—1 vl < Allqlleo-

Proof. In each sub-interval o, of [0, a] by Lagrange interpolation formula, we have

Ty NGty + $h) = > Li($)Gnis s € [0, 1].

i=1

The rest of the proof is straightforward by taking the max norm. O

6.1. Existence results for the proposed numerical method

One of the most fundamental questions is whether the system (6.1) has a unique solution? The

answer is affirmative. For Wy(¢) in (S ;11_1(1;1))% the operators Py of (5.8) and # of (3.1) are equivalent
and we have

Prn(Wy (D) = P(Wy(1)). (6.3)
Thus, the inequality (3.4) holds for £y and

n—1

[(Pn)iw1 — (Pn)iwa| < -1l

W1 = Walle (6.4)
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2v
for all wy,w, € (S ;1171(111)) . However, Qy is different from Q in this space and we need further
computing. Actually, Qy can be described by

_ (=1 _ 1 fa I, 1.8P(s, q(s))
Qnv(W)(1) =q, Ta—-n+1)J, (@ sy ds

L f I B0, a(s) | >
INa-—n+1) Jy (t—s)y—@
where q is the first v element of w. More precisely
IQy(W1) — Qn(W2)lleo =
T(a _ln ) jo‘“ @ _1s)n_ads”Hm—l,Np(" q1) — L1 vpC, qo)lleo
+ T(a —1n 1) j: - i)n_adS”Hm—l,NP(-»%) = -1 0P Q2)llo (6.6)
2 q2-n+1
Smllﬂm_mllmllp(-, q1) — P(, q2)lle
a-n+1
<~ el
Therefore,
L1 NT N (W1) = ILp s NI N (W2)lloo < AlIT N (W1) = Tv(W2)llo
e
Theorem 6.2. Let
Ap = max{ii:T;AjLGj, (21161"__11[)\!} <1. (6.8)

Then, the numerical solution of system (1.1) obtained by (6.1) exists and is unique.

2v 2y
Proof. The operator 11, yTy : (S ;11_ 1(Ih)) - (S ;11_ 1(Ih)) is a contractor by (6.7). Thus, by using
contraction mapping theorem, I1,,_; y7» admits a unique fixed-point. O

Remark 3. Obviously, if

2aa—n+1A2L 2 n_lA
max{ =M 2d l}gl (6.9)

IMNa-n+2)" (n-1)!

holds, then Eq (6.8) holds too. For m = 1 we have A; = 1, and Eq (3) matches with Eq (3.7).
However, our estimate may not be optimal for higher degrees of approximations. Also, we guess
using the convergence properties of I1,,_; y when N — co, we may obtain a convergence result without
dependency on A;.
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6.2. Detailed implementation: Solving nonlinear system

An important question is how to solve the nonlinear Eq (6.1). There are many methods available
in literature that we can employ. The Newton iteration method is one of them [14]. The advantage is
that it is fast. The disadvantage is that it needs computation of Jacoby as well as a good initial value
for an iteration. It increases competition cost for higher dimension (computation of v? function for
each iteration) and complexity of the implementation. However, strict restriction of 4, and analytic
discussion of the previous section is constructive and suggests the use of an iterative method. Since
the operator II,,_; 7y 1s a contractor operator, beginning with an arbitrary initial value grantees the
convergence of the related iterative method. In our algorithm, we initialize the iteration by

- 0 —D1T
Wyno = [qi’,qé” )] .

Then, we estimate the solution by the recursive formula
Wik = [y NTN( W1 (8), k €N, (6.10)
The computation of iteration (6.10) continues with the smallest x such that
IWnx = Way—ill < Tol

where Tol is a desired user tolerance. We report such « as a number of iteration to achieve the given
tolerance.

6.3. Convergence analysis

Theorem 6.3. Suppose wy = [Wy,Wy] (N € N) be a discretized collocation solution of (2.2)
and (2.4) described by (6.1). Let the conditions of Theorems 3.1 and 6.2 be fulfilled. Then, the
coupled systems (2.2) and (2.4) have a unique solution w on (C[0, al)* and the Wy converges to the w.
Furthermore, supposing w € (C™*(0, al)? implies

O(N_rﬁmin)’ 1 S r< m

:Bmin’
ON™, rz~.

”WN - W”oo = {

Proof. Let w be the solution of the coupled systems (2.2) and (2.4). Define the residue operator by
R(w)(@) := (T — HUnTn)(W)() (6.11)
and let e = Wy — w. Subtracting Eq (3.3) from (6.1), we obtain

Wy (1) —w = IINT N (Wn (1) = TW

) (6.12)
= T n(Wa (D) — TInT v (W)(#) — R(W)(2).

Taking maximum norm, we obtain
llelleo < [MINT N (Wn (1)) = HNT N(W)(Dleo + [IRW)(D)]co-
Applying Eq (6.8), we obtain

llello < AplWN (@) = Wlleo + [[ROW)(D)l]oo
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and finally
llello < (1= A0 HIRW)Dlleo, if An # 1. (6.13)

This is a good news since we can obtain the asymptotic behavior of ||R(W)||. for the known w. Thanks
to Theorem 8 of [20], one can easily prove that

IR(W)llw = ON™") + O(N i)

which completes the proof. O
7. Examples

All numerical experiments is implemented in MATLAB software. The tolerance number for solving
related nonlinear equations is Tol = 10~'#. This tolerance is close to the floating-point relative accuracy
2.2204e — 16 for data type of double-precision (64 bit) in standard machine. The numerical examples
show theoretically the obtained order of convergence is sharp and can not be improved more.

Example 2. Let 1 <a <2 and

0.1sin(y; + y,) — 0.1 sin(>® + £*) + _FSZEL) 25— ]

0.1 cos(y; — y2) — 0.1sin(#*> — £2) + %tz“’

p(t,q) = (

on [0,0.15]. We note that p(¢,.) € (C[0,0.25])> but p(z,.) ¢ (C'[0,0.25])%. Since Ly, = 0.1, one
can check that the conditions of Theorem 3.1 for a = 0.25 hold and the system (2.1) with boundary
condition

y(a) = [0.0225,0.058095]"

and
Dy(a) = [0.3,0.58095]"

has a unique solution on [0, a]. The solution by Corollary 1 belongs to (C'[0, a])*. We apply a numerical
method based on collocation parameter ¢ = [0.5, 1]. Thus, the dense solution on each sub-interval o
(k=0,---,N —1) of a given partition can be described by

Wy (ty + hs) =2(W,1(1 = 5) + (s = 0.5)W,»), s € (0,1]. (7.1)
An estimated norm of the given method can be determined by (6.2) and we have

A= m[(e)ula 2(11 = s| + |s = .5]) = 2(1.5) = 3.

Taking into account (6.8), we obtain

Ax, = max{0.78663,0.9} = 0.9.

1

Consequently, by using Theorem 6.2 the nonlinear Eq (6.1) has a unique solution and the iteration
process (6.10) converges to that solution. Theorem 6.3 implies the numerical solution converges to the
exact solution by following order (O)

0.5r, r<4,
O‘{z, r>4. 72)
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In Tables 3 and 4, we provided the maximum error
E(r,N) = [|[Wy — W||eo,

estimated order of proposed method (Oy) and the number of iteration for required tolerance. As we

see Oy = 0.5,1,1.5,2 for r = 1,2,3,4 respectively, which is in agreement with theoretical result
(see Eq (7.2)).

Table 3. Numerical results of the proposed collocation method with ¢ = [0,1], m = 2 and
r=1,2.

N  E(,N) Oy It EQ2,N) Oy It
2 0.17015 049 10 0.12032 1.00 9
4 0.12032 0.49 10 0.06016 1.00 10
8
1

0.08507 0.50 10 0.03008 1.00 10

6 0.06016 050 10 0.01504 0.99 10
32 0.04254 0.50 10 0.00752 1.00 10
64 0.03008 0.50 10 0.00376 1.00 10
128 0.02127 - 10 0.00188 - 10

Table 4. Numerical results of the proposed collocation method with ¢ = [0,1], m = 2 and
r=3,4.

N E(3,N) Oy It E4,N) Oy It
2 0.08509 1.50 9 0.12054 1.78 9
4 0.03008 1.50 10 0.03486 195 10
8
1

0.01063 1.50 10 0.00896 1.98 10

6 0.00376 150 10 0.00226 2.00 10
32 0.00133 1.50 10 0.0006 1.99 10
64 0.00047 150 10 0.00014 199 10
128 0.00017 - 10 3.5439e-05 - 10

Remark 4. Theorem 1 provides a sharp result when we consider all the components of the state of the
system 1 (w = [q,z]). However, it can be improved for the desired state of the solution q. According
to Corollary 1, q has better regularity for n > 1. Thus, we guess that the order of convergence for q
component with uniform mesh r = 1, can be greater than or equal to n — 1. Thus, for that component,
a greater graded mesh exponent is not necessary. The error Eq(r, N) = ||n — (|l and the estimated
order of convergence of Example 2 is reported in Table 5. The order 2 is achieved with r = 1.5.

To show the sharpness of theoretical results, we add numerical experiments for the case m = 1 with
¢ = 0.5 (for other choice of ¢ on [0, 1] we have similar results). The dense solution on each sub-interval
o« can be described by

Wy (ty + hs) = W, 1, s € (0, 1]. (7.3)

In this case A; = 1 and by (6.8)

Ax, = max{0.087404,0.3} = 0.3.
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Consequently, by using Theorem 6.2 the nonlinear Eq (6.1) related to m = 1 has a unique solution and
the iteration process (6.10) converges to the exact solution. By Theorem 6.3 we expect

0.5r, r<2,

1, r>2. (7:4)

Order = {

The sharpness of this result can be seen in Table 6.

Table 5. Numerical results of the proposed collocation method with ¢ = [0,1], m = 2 and
r = 1,2 for y component.

N ELN) Oy It E4N) Oy It
2 000593 146 10 0.00544 191 10
4 000214 147 10 0.00145 196 10
8 000077 148 10 0.00037 197 10
16 0.00027 148 10 9.501e-05 2.01 10
32 9.803¢-05 149 10 2.354e-05 1.94 10
64  3.484e-05 149 10 6.122e-06 2.01 10
128 1.236e-05 NaN 10 1.522¢-06 NaN 10

Table 6. Numerical results of the proposed collocation method with ¢ = 0.5, m = 1 and
r=1,2.

N E(1,N) Oy It EQ2,N) Oy It
2 0.29073 0.50008 8 0.20597 0.99 9
4 0.20556 0.50024 9 0.10305 099 9
8 0.14533 0.50024 10 0.051533 0.99 10
16  0.10275 0.50019 10 0.025768 1.00 10

32 0.072644 0.50015 10 0.012884 1.00 10
64 0.051362 0.50011 10 0.006442 1.00 10
128 0.036316 - 10 0.003221 - 10

Remark 5. The low order method have the advantage of supporting larger class of terminal value
problem with large value of a. The reason is that with m = 1, we have A; = 1 which is three times
smaller than A for the case m = 2.

8. Conclusions

TVPs for higher-order (greater than one) fractional differential equations are rarely studied in the
literature. In this paper, we tried to have a comprehensive study with a simple analysis to cover all
general interests. Many questions in this topic deserve to study with more scrutiny. The regularity of
nonlinear cases as well as optimal bound for obtaining well-posed problems are among them. We think
the terminal value problem is important in applied since it monitors the past evolution of a dynamical
system. Also, it can be regarded as a control problem for having the desired future by finding suitable
initial value. We think this topic will catch more interest similar to the initial value problem.
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