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1. Introduction

Bernstein polynomials have been used recently to solve some linear as well as nonlinear fuzzy
integral equations. These polynomials are positive and their sum is unity. The study of fuzzy
integral equations was initially considered by Kaleva [32] to convert the initial value problem for first-
order fuzzy differential equations into the equivalent fuzzy Volterra integral equation. Some authors
investigated the existence of a unique solution for fuzzy integral equations using the Banach fixed point
theorem (see [9, 10, 28, 36, 37]). Numerical methods for approximating the solution of fuzzy integral
equations have been studied by many authors based on quadrature rules and Pcard’s approximations
(see [11, 12, 15, 16, 23, 38, 43, 48, 49, 53]). Several numerical iterative approaches have been
proposed based on the Picard approximations and other techniques such as the Lagrange interpolation
[26], divided and finite differences [35], hybrid block-pulse functions and Taylor series [7], triangular
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basis functions [8] and block-pulse basis functions [50, 53]. Some other existing numerical and
analytical methods in literature are: Adomian decomposition [1], Nystrom methods [2], Bernstein
polynomials [22], fuzzy Haar wavelets [50] and block pulse functions [39], homotopy analysis [34]
and homotopy perturbation [5]. Yang and Gong [47] introduced the concept of ill-posedness for the
fuzzy Fredholm integral equation of the first kind using the Zadehs decomposition theorem of fuzzy
number and obtained the approximate solution for this class of integral equations using regularization
method based on classic Tikhonov regularization scheme. Early, Ziari et al. [55] presented an iterative
method based on fuzzy Bernstein polynomials for solving nonlinear fuzzy Volterra integral equations.
Recently, Ziari et al. [56] proposed an iterative method to solve fuzzy integral equations using
generalized quadrature rule. The study of fuzzy integral equations in two dimensions based on iterative
technique was started by Sadatrasoul and Ezzati (see [41]). Indeed, they developed the iterative
method in [23] for two dimensional fuzzy integral equations. Also, Ezzati and Ziari in [24] proposed
a non-iterative numerical method for solving fuzzy Fredholm integral equations in two dimensions
based on Bernstein polynomials. Sadatrasoul and Ezzati in [42] presented an iterative method to find
approximate solution of linear and nonlinear two dimensional Hammerstein fuzzy integral equations by
considering optimal quadrature formula for fuzzy-number-valued functions of Lipschitz type. In [16],
Bica and Popescu constructed the fuzzy trapezoidal cubature rule for fuzzy functions of Lipschitz
type to approximate the solution of nonlinear fuzzy Fredholm integral equations in two variables.
Recently, Akhavan et al. [3] developed an iterative approach and combining trapezoidal and midpoint
formulas for such equations. In [33], the existence and uniqueness results for fuzzy Fredholm-Volterra
integral have been investigated and the authors proposed an iterative numerical approach for these type
of equations based on bivariate triangular functions. In this paper, we approximate the integral of
two dimensional fuzzy function by the bivariate fuzzy Bernstein polynomials and investigate the error
analysis of the numerical method. Also, an iterative procedure is constructed based on two dimensional
fuzzy Bernstein polynomials for solving two dimensional nonlinear fuzzy Fredholm integral equations,

d b
F(x,y) = f(x,y)@f f H(x,y,s,t) ©G(F(s,t)dsdt, (s,t) € [a,b] X [c,d]. (1.1)

The main advantage of proposed method is the reduction of computational cost with respect to existing
methods in the literature such as iterative methods based on fuzzy trapezoidal cubature rule in [16] and
[41]. For instance, the number of function evaluations of the proposed method at the knots is n> for
m = n and the same factor for methods in [16] and [41] equals to 4n? for m = n, thus, the proposed
approach is reasonable from aspect of reduction of computational cost in comparison with the existing
methods. We provide some numerical experiments to confirm the numerical results with theoretical
results. Finally, some concluding remarks will be presented.

2. Preliminaries

Definition 2.1. (See [20].) A fuzzy number is a function w : R — [0, 1] having the properties:

(1) wis normal , that is dxy € R such that w(xy) = 1,
(2) wis fuzzy convex set

(i.e. w(Adx + (1 — A)y) = min {w(x), w(y)} Yx,y e R,1€[0,1]),
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(3) wis upper semicontinuous on R,
(4) the { x € R : w(x) > 0} is compact set.

The set of all fuzzy numbers is denoted by E.

Definition 2.2. (See [27].) An arbitrary fuzzy number is represented, in parametric form, by
an ordered pair of functions (w(r), w(r)),0 < r < 1, which satisfy the following requirements:

(1) w(r) is a bounded left continuous nondecreasing function over [0,1],
(2) w(r) is a bounded left continuous nonincreasing function over [0,1],
G)wr)<w(r) , 0<r=<L

For addition and scalar multiplication of fuzzy numbers in fuzzy set space E we have:

(D) wi ®wa = (Wi(r) + wa(r), wilr) + wa(r)),
(w1 (r), Awi(r))  1=0,
(2) 1ow) =
(AWi(r), Awi(r)) 1< 0.

Definition 2.3. (See [31].) For given fuzzy numbers wy = (w1(r), wi(r)) and wy = (wa(r), wa(r)), the
quantity

Dlwi.w2) = sup max{w(r) = wa)]. () = T30

is the Hausdorff distance between fuzzy numbers w; and w,.

Lemma 2.1. (See [46].) If w,w,, w3, ws € E and k € R, then we have:

(D) D(wi ® w3, wy ® w3) = D(wy, w),

(2) D(k©wi,k©ws) = [kl D(wy, ws),

(3) D(w; ® wa, w3z ® wy) < D(wy,w3) + D(wa, wy),
(4) D(w; @ wy,0) < D(w,0) + D(w», 0).

In [46], it is proved that (E, D) is a complete metric space.

Lemma 2.2. (see [4].) For any ki,k;, € R with k; - k, > 0 and any w € E we have
D (ki @ w,ky ©w) = |k — kol D (w,0).

Remark 2.1. The property (4) in Lemma (2.1) provide the definition of a function |.|| : E — R* by
w1l = D(wy, 0), which has the properties of the usual norms. In [5] the properties of this function are
exhibited as follows:

(@) will =0, ¥ w; € E, and |lwi|| = 0iff w, = 0,

(1) [lAwill = |Allwi [l and [lwy & wal| < |lwill + [Iwall, ¥ wi,wy €E, ¥ A1€R,

@1i1) [[will = [Iwalll < D(w1, w2) and D(wy, wa) < |lwil[ + [lwall ¥ wi,wy € E.

Definition 2.4. (See [25].) A fuzzy-real-number-valued function f : [a,b] — E is said to be
continuous in #y € [a, b], if for given £ > 0 there exists a 6 > 0 such that |x — xp| < d. implies that
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D(f(x), f(x0)) < &, for all x € [a, b] and We say that f is fuzzy continuous on [a, b] if f is continuous at
each 7y € [a, b], and we will use the notation C([a, b], E) for the space of all continuous fuzzy functions.

Definition 2.5. (See [29].) Let f : [a,b] — E be given. The function f is fuzzy-Riemann
integrable to I(f) € E if for any € > 0, there exists 6 > 0 such that for any division P = {[u,v]; &} of
[a, b] with the norms A(p) < 6, we have

D [Z(v - u)© (&), I(f)] <e,
£

where )| denotes the fuzzy summation. In this case it is denoted by I(f) = (FR) fa b f(x)dx.

Lemma 2.3. (See [29].) If f, g : [a,b] € R — E are fuzzy continuous functions, then the
function F : [a,b] — R, by F(x) = D(f(x), g(x)) is continuous on [a, b] and

b b b
D((FR) f f(x)dx, (FR) f g(x)dx) < f D(f(x), g(x))dx.

a

Theorem 2.1. (See [30].) If f,g : [a,b] — E are (FR) integrable fuzzy functions, and «a, 8 are real
numbers, then

b b b
(FR) f (@0 f(x)@B 0o gx)dx =a 0 (FR) f f(x)dx® B O (FR) f g(x)dx.

Definition 2.6. (See [11].) For L > 0, a function f : [a,b] — E is L-Lipschitz if

D(f(x),f () <Llx—yl

for any x,y € [a,b]. A function FF : E — FE is Lipschitz if there exists L’ > 0 such that
D(F(u),F() <L -D(u,v), forany u,v € E.
According to [11], any Lipschitz function is continuous.

For f € Cpla, b], let us consider the Bernstein-type fuzzy polynomials

k(b — a)

BO(H = f (a + ) © pux(x), n €N, x € [a,b],
k=0

where P, ;(x) (k = 0, ..., n) are Bernstein polynomials of degree n defined on [a, b] as:

n) (x —a)*(b — x)"*

k=0, ..n
K|~ (b-ay "

Pn,k(x) = (

It is obvious that P,x(x) > 0, V x € [a,b] and P, o(x), P,,1(x), ..., P, ,(x) are linearly independent
algebraic polynomials of degree n and Y};_, pnx(x) = 1.
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The following definitions are related to fuzzy-number-valued functions in two variables.

Definition 2.9.(See [3].) Let f : [a,b] X [c,d] — E be given. The function f is fuzzy-Riemann double
integrable to I(f) € E if for any € > 0, there exists 6 > 0 such that for any partition A = (A, A,) of
the region [a,b] X [c,d], with A, 1a = xo < X1 < ... Xp1 < Xp =band A, :c =y <y <...<
Vo1 < y» = d and any set of intermediate points {(fi,nj) i=1,2,...m,j=1,2, ...,n}, with norm

u(A) :max{lxi—x,-_1|+|yj—yj_]| ci=1,...,m, j=1,...,n} <9, we have

Z Z(Xi - Xi—l)(yj _Yj—l)Qf(é:i,nj)’I(f)] <eg, (2.1)

i=1 j=1

D

In this case, the fuzzy number /(f) will be denoted by

d b
I(f) = (FR)f (FR) (f fGs, t)ds)dt. (2.2)

Definition 2.10. (See [40].) A function f : [a, b] X [¢,d] — E is called:
(1) continuous in (xo, yo) € [a, b] X [c,d] if for any & > O there exists 6 > 0 such that for any (x,y) €
la, b] X [c,d] with |x — x| < J, |y — yo| < 6 we have

D(f(x’y)’f(XO’yO)) < E.

The function f is continuous on [a, b] X [c, d] if it is continuous in each (x, y) € [a, b] X [c, d].
(i1) bounded if there exists M > 0O such that

D(f(x.).0) <M, V(x.y)€[a.b]x[c.dl.

The set of all continuous functions f : [a, b] X [c,d] — E is denoted by C ([a, b] X [c,d], E) .

Lemma 2.4. (See [40].) If f € C ([a, b] X [c,d], E) then

b
(FR) f ((FR) f f(x,y)dx) dy

i b d b

((FR) f ((FR) f f(x,y>dx)dy)<r>: f ( f f(x,y,r)dx)dy
i b b

((FR) f ((FR) f f(x,y>dx)dy)<r)= f ( f TG, r)dx)dy.

Lemma 2.5. If f, g : [a,b] X [c,d] — E are continuous fuzzy functions then the function ¢ : [a, b] X
[c,d] — R, defined by ¢ (s,1) = D(f (x,y), g (x,y)) is continuous on [a, b] X [c,d] and

d b b
D((FR) f ((FR) f f (x,y)dX)dy, (FR) f ((FR) f g (x,y)dX)dy)S
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b
sf(f D(f (x,y), g (x,y)) dx|dy.

Proof. For simplicity we consider only m = n, where the m and n are the number of points in the
partition of [a, b] and [c, d], respectively, the case of m # n follows similarly. Firstly, we prove that
the function ¢ (s,1) = D(f(s,1), g(s, 1)) be continuous in every point (so, fy) € [a,b] X [c,d], for this
purpose, we let {(s,,t,)}us1, (Sus1,) € [a, b] X [c, d], such that lim,,—,(s,,1,) = (S0, %). In this case, we
have:

D (f(sn’ tn)’ g(sna tn)) < D (f(sna tn)7 f(S(), tO)) +D (f(S(), t()), g(S(), t())) +D (g(so’ t())’ g(sna tn)) 5

and on the other hand, we have:

D (f(s0,10),8(50, 10)) < D (f (50, 10), f (s, 12)) + D (f (s, 1n), 8(Sns 1)) + D ((n, 1), &(50, 1)) -

Taking to the limit when n — oo, and according to the continuity of f and g we obtain:
1}1—>I1c;lo D (f(sna tn)a g(Snv tn)) =D (f(s()y t0)7 g(s()a t())) 5

that is ¢ is continuous at each (sy,%) € [a,b] X [c,d]. Now, let P, = {([Ss-1,S:];&0)}, n € N and
0O, = {([t,-1,t.];m)}, n € N be two sequences of partitions of [a, b] and [c, d] with A(P,) — 0, when
n — oo and A(Q,) — 0, when n — oo, respectively.

So, we have:
b d b
D((FR)fd(FR)(f f(s,t)ds)dt,(FR)f (FR)(f g(s,t)ds)dt)s
D|(FR) fd (FR)( f £, r)ds)dtZZu,—x, D (v = -1 )@f(e;,,n,)]

i=1 j=1

[Z Z(xz —xi) (v = yi1) © f (&) ZZ(X’ = xi-0) (v =y 1)@8(51”71))

i=1 j=1 i=1 j=1

b
(ZZ(x, %) (v = yi1) @ (&) (FR) f (FR)( f g(s,r)ds)dr)s

i=1 j=1

((FR) f <FR>( f f (s t)ds)dr),,ZZu,—x, D (3= v )@f(f,,n,))

i=1 j=1

D (f (fi, Uj) .8 (fi’ Uj)) (x; — xi-1) ()’j - yj—l) + D(Z Z(xi — Xi-1) ()’j - yj—l) Og (é:i’ 77j) ,

i=1 j=1

d b
(FR)f (FR)(f g(s,t)ds)dt)

Taking to the limit when n — oo, we get:

b d b
D((FR)f(FR)(f f(s,t)ds)dt,(FR)f (FR)(f g(s,t)ds)dt)s
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d b
ffD(f(s,t),g(s,t))dsdt.
O

Moreover, it can be proved that any continuous function f : [a, b] X [c,d] — E is bounded.

Thus, the proof is complete.

Consider a fuzzy-number-valued function f : [a,b] X [c,d] — E having the following Lipschitz
property: there exist L, L, > 0 such that

D (f (x1,y1), f (x2,¥2)) < Ly |x1 — x2| + Ly [y1 — ol (2.3)

for all xy, x; € [a,D], y1,y2 € [c,d].

Similar to the one dimensional case, for f € Cr([a,b] X [c,d]) we express the fuzzy two-
dimensional Bernstein operators as follows:

Definition 2.10. (See [4].) Two dimensional fuzzy Bernstein operator on the region [a, b] X [c, d] is
defined as follows:

BN = D> f(x03)) © Puix)Pu ), ¥ (x,3) € [a,b] X [c,d], ¥ (m,n) € N?, (2.4)
i=0 j=0

where x; = a+ 22 (i=0,..,m), y; = c+ 22 (j=0,..n) and P, (x), (i = 0,..,m), P, ;(x), (j =
0,...,n) are Bernstem polynomials of degrees m and n respectively, moreover the polynomials
Pm’,-(x) and P, ; Vi, j, are defined on intervals [a, b] and [c, d], respectively.

Let ¢; j(x,y) = Py i(x).P, j(y), it is obvious that ¢; ;(x,y) > 0, V (x,y) € [a,b] X [c,d], Vi, ],

and ¢ 0(x,¥), ©o.1(x,y), ..., om(x,y) are linearly independent, and

D eusn=1. (2.5)
i=0 j=0
3. Approximation of integral of fuzzy function

The fuzzy function f € Cpr([a,b] X [c,d]) can be approximated using fuzzy Two dimensional
Bernstein-type polynomials as

Fls,00% " 3" F(501)) © Pui$)Py (1),
i=0 j=0

where s; = a + ’(b U (;=0,...m), ti=c+ ’(d 9 (j = 0,...n). Hence, the approximate value of the
integral of fuzzy functlon can be obtained as follows.

(FR) fd (FR) f f(s,dsdt ~ (FR) f (FR) f ZZ £ (51:)) © Puni($)Po (D sdt

a =0 j=0

=3 Y s(su)e [ [ Putoroasac

i=0 j=0
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n [21], the derivative of Bernstein polynomials on interval [a, b] for fixed m is expressed as follows:
P (S) —(Pmlll(s)+Pmlz(s))

By integrating from the above equality, we obtain:

b b
f Pm—l,i—l(s)ds = f Pm—l,i(s)ds,

namely, for fixed m all Bernstein basis functions have the same definite integral over the interval [a, b].
Since }iL pm.i(s) = 1 we have:

b
b-a
P,(s)ds = 1 =0,1,...,
fa i(8)ds p—— i m

Similarity for two dimensional Bernstein polynomials, we obtain:

_b-ad-o ..
ff HOP(Odsdt = =S Vi (3.1)
So, we have the following approximation for double integral of two dimensional fuzzy function:
(FR) f d(FR) f ’ Fes.ndsdt ~ L=DE=O Z Z £ (sit)) (3.2)
: A e+ D+ 1) Ly L)
where s; = a + ’(b 9 (i=0,..m), ti=c+ @, (j=0,..n).

In the following theorem, we obtain the error estimate of the above approximation.
Theorem 3.1. Let f € Cr ([a, b] X [c,d]) be a Lipschitzian function. Then we have:

—a)d-o)
(FR)fd(FR)f fls,ndsdt, =S sz Sint; ]

- (Ll(b —a)*(d - c) L -a)d - c)z)
- 2\m 2+/n

Proof. According to (2.5), we have:
(b ad-c¢) <O\
D|(FR) f(FR)f f(s, tdsdt, ———— Tho T @Z f Sist J

i=0 j=0
((FR) f (FR) f ZZQD,](S 0 f(s, )dsdt

a =0 j=0
(FR)f (FR)f ZZ(p,J(S t)f Siyt )dsdt)
a =0 j=0
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where ¢; j(s,1) = P,,;(s).P, j(). Then, applying the parts of 2 and 3 of Lemma 2.1, we obtain:

b m n
T < fd f D2 @i, 0D (f(s,0), f (si,1;)) dsdr.
¢ va iz j=0

As regards, f satisfies in Lipschitz condition namely, inequality (2.3) holds for f, we obtain:
d b m_ 1
< f f Z Z @i (s, 1) (L1 |s — si] + Lo |t - tjl) dsdt.
¢ vJa iz j=o
It is well known following inequality which is expressed in [29]:
< b—-a
s = il Prni(s) < . 8
ZO: 2m

According to ¢; j(s,1) = P,,(s).P,;(#) and considering the i1y P,i(s) = 1, Y|P, ;(t) = 1, and
inequality (3.3), we obtain:

(b a)(d —c)
) D[(FR)f(FR)f f(s, dsdt, 1)(n+1)®ZZf Sint) )

i=0 j=0
- (Ll(b_a)z(d_c) N Lz(b—a)(d—c)z)
- 2+\m 2+/n '

4. Two dimensional fuzzy integral equations

€ [a,b], me€N. (3.3)

Here, we consider the two dimensional nonlinear fuzzy Fredholm integral Eq. (1.1), where
H(x,y,s, t) is a crisp kernel function over ([a, b] X [c,d])?, f, F are continuous fuzzy-number-valued
functions and G : E — E is a continuous fuzzy function. We assume that H is continuous
and therefore it is uniformly continuous with respect to (s,7) and there exists My > 0, such that
My = max |H(x,y,s,1)|.

a<x,s<b, c<y,t<d

Let Q = {f : [a,b] X [c,d] — E; f is continuous} be the space of the two-dimensional fuzzy
continuous functions with the metric D*(f,g) = sup  D(f(s,1),g(s,1)), for f,g € Q. In the

a<s<b, c<t<d
following theorem, sufficient conditions for the existence of an unique solution of Eq (1.1) are given.

Theorem 4.1. (See [41].) Let H(x, Yy, s, t) be continuous and positive fora < x,s < b, ¢ < y,t < d and
f :la,b] X [c,d] — E be continuous on [a, b] X [c, d]. Moreover assume that there exists L > 0, such
that

D(G(F](S, l))’ G(FZ(S, l))) < L.D(F](S, l)a FZ(S, l))’ V(S, l) € [a7 b] X [C’ d]7 Fla F2 € Q.
If B= MyL(b - a)(d — c) < 1, then the iterative procedure for k € N
FO(x’y) = f(-x9y),

b 4.1
Fi(x,y) = f(x,y)® (FR) fd(FR)f H(x,y,s,t) ©G(Fy_1(s,1)dsdt,¥(x,y) € [a,b] X [c,d]. 1)
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converges to the solution of F of (1.1). In addition, the following error bound holds:

Bk
D*(F,F;) < I

BD*(Fl, Fy), Yk eN. 4.2)
where Q is the set of fuzzy continuous functions on I = [a, b] X [c, d].

Remark 4.1. If F, = f the error estimate (4.2), becomes:

k+1

D*(F, Fy) < L(I——B) (LIIfllF + Mp), Vk €N, 4.3)

where M, = sup GOl
(x.y)el
Proof. It is observed that

d b
D*(Fo, Fy) = sup D(f(x.y), f(x.y) ® (FR) f (FR) f H(x,y, s.t) ® G(Fo(s, 1))dsdt)

(x.y)el

d b
< sup f f D(0. H(x.y. 5.t) © G(f(s, 1) )dsdt

(x,y)el Je

d b
< f f sup sup |H(x,y, s,t)lD(O,G(f(s,t)))dsdt

(x,y)el (s,0)el

< My f f sup | D(0,G(0)) + D(G(0). G(f(s. 1)) |dsdt

(s,n)el

B
< My(b - a)(d - c)[(su)p[HG(O)nF +LD'(0. /)] < +(Mo + LIflp).

and hence, it obtains the inequality (4.3). O

Now, we introduce the numerical method to find the approximate solution of the two dimensional
nonlinear fuzzy Fredholm integral equation (1.1). In this way, we consider the following uniform
partitions of the region [a, b] X [c, d]:

Di=a=s51<$H<..<Sp1<Su=b, Dy=c=t1 <t <.<t, 1 <t,=d “4.4)

with s; = a + ’(b 9 ti=c+ @ , 0<i<m, 0<j<n Then according to (3.2), the following
iterative procedure gives the approximate solution of Eq (1.1) in the point (x,y) € [a, b] X [a, b] using

two dimensional fuzzy Bernstein-type polynomials:

Z()(X,)’) = f(x’y)»
—a)d-c¢) X
( +D(n+1)

i=0 j=

(4.5)

alny) = fy) @ 2— D=9 H(x.y.5.1;) © G (21 (sin1)))
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5. Error analysis

In this section, we investigate the convergence of the iterative proposed method to the solution of
Eq (1.1) under the following conditions:

(1) f :[a,b] X [c,d] — E is fuzzy continuous;
(ii) H : ([a,b] X [c,d])> = R* is continuous;
(iii) There exist a, 8 > 0 such that

D(f(sl’tl)’f(sll,t/l))Sa|sl_sl/|+ﬁ|t/_tll|,

for any ', s” € [a,b],t, 1" € [c,d];
(iv) There exists L > 0 such that

D(G(F(s,1)), G(Fa(s,1))) < L.D(F(s,1), Fo(s,1)), Y(s,t) € [a,b] X [c,d],

where F1, F, : [a,b] X [c,d] — E;
(v) B = MyL(b — a)(d — c¢) < 1, where L is as given in the above item and My > 0 is such that
MH = max H(X,y, S, t)a

a<x,s<b, c<y,t<d

(vi) There exist u, A > 0 such that

|H (x,y,8,¢)—H(x,y,5",t")

S/JlS’—S”|+/l|t,—t”|,

for any x, ', s” € [a,b], and y, V', 1" € [c,d];
(vi1) There exist y,n > 0 such that

|H (s',7,s,t)—H(s",t",s, t)| <vyls' =s"|+nlt -1,
for any s, s', s € [a,b],t,t', 1" € [c,d];
Firstly, we prove that functions z; (s, ) for all k are Lipschitzian.
Lemma 5.1. Consider the iterative procedure (4.5). Under the conditions (i)—(vii) then functions z;

for all £ > 0 are Lipschitzian.
Proof. Using the properties of the distance between fuzzy numbers stated in Lemma 2.1 we obtain

Dz (s, ),z (s, 1) < D(f (s, 1), f (s, ")) +

(b—-a)d-c)
D((m+ci)(n+cl) ZH st st @G(Zk 1(5,, )),

(b-a)d-o) o g
MZZH Sl, @G(Zk 1(Sl,t')))

< D(f(S',t') f(S” 1)) +
(b—a)d—

—(m oD ZIH(S {,sit) = H(S" ", 5 t)ID(G(zior (5::1)). 0).

i=0 j=0
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Consequently, using conditions (iii) and (vii), we obtain:

D(z (s, ), 2 (s", 1) < als’ — s"| + It — ']+

’ 77 ’ 74 * A (5.1)
+(b—a)d—o)yls' = 5"+l =1"))D"(G(z1), 0)
By applying the properties of the norm function ||.||r in Remark 1, we obtain
D (G (u(s.1).0) < D(G (zu(s.1).G (0)) + D(G (0).,0)
~ ~ ~ 5.2
< LD (z(s.0,0) + sup IGO)IIr = LD (z(s.1),0) + M. (5-2)
0<s,1<1
By using again the properties of the norm function ||.||r in Remark 1, we have
D (z(5.1).0) = llza(s. )lle < D(f (5.),0)+
(b—a)d-c) o N ~
-_— D(H(s,t, si,t;) © G(Z-1(5i, 17)), 0).
T D) 2 ; (H(s,1, 51,1;) © G(zi1 (51, 1)), 0)
By applying the inequality (5.2) into the above inequality, we have:
llzeCs, flle < [1fCs, Dlle+
(b-a)d-c) o\ ~
—_— H(s, t, s;, t )I{ LD(z-1(s:, 1), 0) + M,
(m+1)(n+ 1) & ;' (51,55 I ED (i1 (51,1, 0) + Mo)
< £ (s, Ol + Mu(b - a)(d — c)(LD" (zx1,0) + Mo).
Taking supremum from the above inequality for (s, ¢) € [a, b] X [c, d], it follows that
B
lzelle < [1flle + Mu(b — a)(d — ¢) (Lllzk-1llr + Mo) = |l fllF + Bllze-1llF + ZMO-
By successive substitutions on the above inequality, we obtain
1 — B! 1-B* B
< . + - —M,. 53
ledlle < ——%= - Mlle + 77— - 7Mo (5.3)
Since, 11%113: < L, for all k € N, we obtain:
Lilflle + BMy
< —. 54
llzellr < L(1-B) (5.4)
Taking supremum from the inequality (5.2), it follows that
D*(G(zx-1),0) = IG@k-1lIF < Lllzillr + Mo
Now, by taking into account the inequality (5.4), from the above inequality we get:
‘ = Ll fll- + BM, Lilflle + M
D*(G(zi1),0) = GGl < % + My = % (5.5)
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Finally, by considering the above inequality, from (5.1) we obtain:

D (Zk (SI, t/) 2k (S”, t//)) <

a+yw_mu_@5%%%%gmuﬂq+@+nw_@w_)umvB v

By supposing L; = a + y(b — a)(d — ¢) === Ll|f”F+M° and L, = B8+ n(b — a)(d — ¢)=L==0 Ll|f”F+MO , we have:
D(zi(s', 1), z(s”, 1)) < Li|s" = s”| + Ly|t" — 17|

Thus, the functions z;(s, ) for all k are Lipschitzian. O

Now, we prove an interesting result about the satisfying functions H (x,y,s,t) © G (z(s,t)) in
Lipschitz condition which is used in the proof of the main result.

Lemma 5.2. Consider the iterative procedure (4.5). Under the conditions (i)—(vii) and supposing
functions z; are Lipschitzian then the functions ¢ (s, 1) = H (x,y, s,1) © G (z (s, 1)) are Lipschitzian.
Proof. Using fuzzy Distance, we have:

D(gi(s', 1), (s, ")) = D(H (x,y,5,1) ©G(z (s', 1)), H (x,y,5",1") © G(z (s, 1"))) <
<D(H(x,y,5,1')0Gz (s,1)), H(x,y,5,1) 0 Gz (s”,1")))+
+D (H (x,y,s",1") 0 Gz (s”,1")), H (x,y,5",1") © G(z (s, 1))
Using part (2) of Lemma 2.1, Lemma 2.2 and condition (iii), we obtain:
D(pi(s', ), pu(s”, 1) < |H (x,y, 8", ) ILD (zi (5", 1), zic (57, 7)) +
+H (x,y,s",')—H(x,y,s",t")|D (G (z(s”, 1)), (~))
According to Lemma 5.1 and using condition (vi), we get:
D(gi(s', 1), oi(s”, 1)) < MyL(Ly|s' =" |+ |t —t"|)+(u|s" — s”|+A|t —¢") D (G (z(s”, 1)), ()) (5.6)
By applying the inequality (5.5) from the proof of Lemma 5.1, we obtain

7 N * N L” || + M,
D@@m,mstDmmM»ﬂmeS—%%gi
Now, by taking into account the above inequality, from (5.6) we get:

D(gi(s", 1) spr(s”, 1)) <

ML NlF + Mo)

MyLL, +
(Hl 1_B

A(L + M
)|s' — s+ (MHLL2 + M) i =1

1-B
By assuming L| = (MHLLI + ‘W) and L, = (MHLL2 + W) we have:
D(pi(s', 1), (87, 17)) < Li|s" = 8| + Lylt" — 1.
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Hence, the functions ¢ (s, f) for all k are Lipschitzian. O

Theorem 5.1. Under the conditions (i)—(vii) the iterative procedure Eq (4.5) converges to the
unique solution of Eq (1.1), F, and its error estimate is as follows:

k+1

) B 1
D*(F,z) < L(l—_B)(LHf”F+M0)+ ] —B(

Li(b-a*d-c) Lyb-a)d- c)z)

+
2+m 2+n
where My = sup [|[F(0)|r.
0<x,y<1
Proof. Let ¢i(s,1) = H(x,y, s,1) © G(Fi(s,1) and Y (s, 1) = H(x,y, s, 1) © G(z(s, 1)) for all k € N,
Since

d b
Fi(x,y) = f(x,y)® (FR) f (FR) f H(x,y,s,t) © G(Fy(s, )dsdt,

we have
D(Fl(x’y)’ Zl(x’y)) = D(f(X,)’)’f(xa}’))'*'

b—a)d -
+D[(FR) fd (FR) f ols, Ddsdr, ( ‘;))(( 5 Zt//o(s,,t)]

i=0 j=0

d b b
SD((FR)f(FR)f cpds,t)dsdt,(FR)f(FR)f !//O(s,t)dsdt)+

d ’ b-a)d-o)
D|(FR) f (FR) f os, Ddsdt, 0= ) OJZ(;%(S“ .

Regarding to part (2) of Lemma 2.1, Theorem 3.1 and condition (iii), we have:

D(Fl(x’ y)’ Zl(-x7 )’)) < f f |H(-x’ Y, S, t)lLD (FO(S7 t))’ ZO(S7 t)) dsdt+

d b
(b-a)d -
D|(FR) f (FR) f (s, Hdsdt, —————— " CERIE 1) 3 JZ;%(S,,;))

Applying Lemma 5.1 and Theorem 3.1 for second part of above expression, we obtain:

d b
D(F(x,y),z1(x,y)) < f f |H(x,y, s, DILD (Fo(s, 1)), zo(s, 1)) dsdt
(L’l(b —a)*(d -c) N Ly(b—a)d - c)z)
2Vm 2+4n '

Taking supremum from the above inequality for (x,y) € [a,b] X [c,d], and according to
D (Fy(s, 1)), 20(s, 1)) = 0, we deduce:

Li(b—a)*(d - c) , L —ad- 0)2))
2\m 2+/n '
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Now, since .
Fr(x,y) = f(x,y)®(FR) fd(FR) f H(x,y,s,t) © G(Fi(s,t))dsdt,

we conclude that
D(F>(x,y),z22(x,y)) = D(f (x, ), f(x, y))+

d— n
+D[(FR) fd (FR) f 010, t)dsdt ‘;))((HCI)) Z;wl(s,-,tj)]

b
SD((FR> f (FR) f #1(5,0), (FR) fd (FR) f w1<s,r)dsdt)+
1 1 a)(d
+D((FR) fo (FR) fo w1<s,r)dsdr o H)Zzgmm,r)]

0 j=0
Using again part (2) of Lemma 2.1, Theorem 3.1, condition (iii) and Lemma 5.1, we obtain:

Lib-aid-c) Lyb-a)d- c)z)
2m 2+/n '

D(F5(x,y),z2(x,y)) < BD*(Fy,z1) + (

Then, we have:

Li(b-ald=c) Lyb-a)d- 6)2)

D(Fy(x,y), 22(x,y)) < (1 + B)( 2 \m * 2+n

By induction, for k > 3, we obtain:

’ 2 _ ’ _ 2
D(Fk(X,Y),zk(X,y))§(1+B+...+B"‘1)(L‘(b G C)+L2(b G c)).

2 Vi 2V

Therefore, we have:

1 Bk) (L; (b-a’d=0) Lyb-ad- 0)2)

D(Fk,Zk)S(l_B 2 Vi

Since B < 1, we conclude that

. 1 (Li(b-ad-c) Lyb-a)d- c)z)
D(Fk,Zk)S 1—B( ZM + 2\/ﬁ . (57)
Using Eqgs (4.3) and (5.7), we obtain:
k+1
D*(F,z) < D*(F, Fi) + D" (Fy, zi) SL(I——B) (LI f1lF + Mo)
.\ 1 (L; (b—-a)*(d-c) .\ Ly(b - a)d - c)z) -
1-B 2\m 2+/n '

Remark 5.1. Since B < 1, it is easy to show that
lim D*(F,z) =0

k—ocom—oon— oo

this result shows that the proposed method is convergent.
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6. Numerical stability analysis

For the iterative numerical method, it is more suitable investigating the stability of the obtained
numerical solution with respect to the choice of the first iteration. So, in order to study the numerical
stability of the iterative method (4.5) with respect to small changes in the starting approximation,
we consider an another initial iteration term F, € Q such that there exists € > 0 for which
D(Fy(x,y), Fo(x, y) < €, for all (x,y) € [a,b] X [c,d]. So, we have the new sequence of successive
approximations as:

d b
Fk(x,)’) :f(X,)’)@(FR)f (FR)f H(x’y, S,t)@G(ﬁk_l(S,t))det, (xay) € [a’b] X [C9d]~ (61)
Using the same iterative method, the terms of produced sequence are:
2(x,y) = f(x,y),
—a)d-rc)

2k(x,)’):f(x,y>€9( Do D) - OJZ(;H X, Y, it @G(zk 1(s,, ))

(6.2)

Definition 6.1. We say that the method of successive approximations applied to solve Eq. (1.1) is
numerically stable with respect to the choice of the first iteration iff there exist positive numbers p, ¢
and constants ki, k», k3 > 0 which are independent by step-sizes h; = =% and h, = d < respectively,
such that

D(zi(x, y), 2k(x, y)) < Kje+ thl; + K}hg (63)

Theorem 6.1. Under the conditions of Theorem 5.1, the iterative method (6.2) is numerically stable
with respect to the choice of the first iteration.
Proof. Clearly, we observe that:

D(z(x, ), 2(x,y)) < D(zi(x, ), Fi(x, ) + D(Fi(x, ), Fi(x, ) + D(Fi(x,), 2(x, ). (6.4)

Using Eq (5.7), we obtain:

1 (Li(b-a*d-c) Lyb-a)d-c)
D), Fil ) € —— ( o, S ) . ©5)
Also, by similar reasoning we have:
A 1 (LYb-a)(d-c)  Lyj(b-a)d- 0)2)
D(Fi(x,y), z(x,y)) < T ( T + i ) (6.6)

In order to obtain the upper bound of D(F(x,y), Fi(x, y)), we observe that
D(Fy(x,y), Fo(x,y)) <€, V(x,y) € [a,b] X [c,d],

and thus
d b
D(F\(x,y), F1(x,y)) = D(f(x,y), f(x,y)) + D((F R) f (FR) f H(x,y,s,t) © G(Fo(s, 1))dsdt,
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d b
.(FR) f (FR) f H(x,y, 5,t) © (G(Fo(s, 1))dsdt)
b
<e+ f f |H(x, . 5, 0D (G(f(5,1)), G(f(s.1)) dsdt

d b
<e+ My f f D (G(f(s,1),G(f(s.1))) dsdt
< €+ LMy(b - a)(d - o)D" (f. f).

Therefor, we obtain:
D(Fi(x,y), F1(x,y)) < € + Be.

By induction for k£ > 2, we get:
D(Fi(x,y), Fi(x,y))<e+B-e+B* e+.+B' e+ B¢

l_Bk+1
<e- -5 Vx,y € la,bl X[c,d], ke€N.

According to B < 1, this inequality becomes:

D(Fi(x,y), Fi(x,y)) <

€
— 5 Vx,y € la,b] X [c,d], keN.

Then, from eq-stabl, we get:

D(zi(x,y), Zi(x, y)) <
__€ (b—a)*(d-c) Ly +L)\/( 1 (b—a)d—c)(Ly+ L))\ ( 1 (6.7)
_l—B+( 20-B) )(«/%)Jr( 2(1-B) )(W)

By comparing inequalities (6.3) and (6.7), we deduce that

1 (b—a)*(d-c)(L|+ L)) (b —a)d - c)*(L, + L) 1
K] = . 2= , 3 = s p = q = —,
1-ML 2(1 - B) 2(1 - B) 2
So, the proof is complete. O

7. Numerical experiments
In this section, we present numerical results obtained by applying the proposed algorithm on two
examples in order to demonstrate the validity and accuracy of the method. The approximate solution

is calculated for different values of k, m and n.
Example 1. Consider

1 1
F(x,y) = f(x,y) @ (FR) f (FR) f H(x,y, s, 1) © (F(s,))*dsdt, (x,y) € [0, 1] (7.1)
0 0

where st
H(x,y,s,t) = yT’ s, t,x,y€[0,1]
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_ 1
feoyn) =Q=nxy -2 - )Xy,

32

The above fuzzy equation has the exact solution

The results of the proposed iterative algorithm in given points are shown in terms of errors in Tables 1

and 2.

1
—rxy,

s,t,r €[0,1]

(E(X, v, 1), F(x,, r)) = (rxy, 2 - r)xy).

s,t,r€[0,1].

Table 1. The accuracy on the level sets for Example 1 in (x,y) = (0.5,0.5).

k=10, m=10, n=10

k=15, m=30, n=30

r-level |F -y | IF" = il IE -yl |F" = il

0 0.0000E+0 7.7426E-3  0.0000E+0 2.4452E-3
0.25 1.0452E-4 5.7966E-3 3.3656E-5 1.8366E-3
0.50  4.2630E-4 4.1667E-3 1.3695E-4 1.3242E-3
0.75 9.7850E-4 2.8324E-3 3.1356E-4 9.0278E-4
1 1.7754E-3 1.7754E-3 5.6742E-4 5.6742E-4

Table 2. The accuracy on the level sets for Example 1 in (x,y) = (0.8,0.8).

k=10, m=10, n=10

k=15, m=30, n=30

rlevel [F -y F-5 IF-y] IF =5

0 0.0000E+0 8.0781E-3 0.0000E+0 4.7666E-3
0.25 2.3896E-4 6.9781E-3 8.5789E-5 3.8241E-3
0.50 8.6241E-4 5.4650E-3 3.4468E-4 2.9150E-3
0.75 1.7319E-3 3.6661E-3 7.7281E-4 2.0815E-3
1 2.77111E-3 2.7111E-3 1.3583E-3 1.3583E-3

This method well performs for linear two dimensional fuzzy integral equation.
Example 2. Consider

1 1
F(x,y)=f(x,y)® (FR)f (FR) f H(x,y,s,t)0 F(s,t)dsdt, (x,y) € [0, 17
0 0

where R
H(x,y,s,t) = IOy , s, t,x,y €[0,1]
A ) : ! t,re0,1]
X, V,F) = rxXxy — —rx — —ry, S, 1, r s
JInY Y750 T 60"
fey,r) =2 S S t,rel0,1]
X, Y, 1) =2Xy —Frxy — —x — — —rx+ —ry, s, t,r ,1].
Y YT TR IY T S Te0™
AIMS Mathematics Volume 7, Issue 4, 7234-7256.
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The above fuzzy equation has the exact solution

(E(X, v, 1), F(x,y, r)) = (rxy, - r)xy).

The results of the proposed iterative algorithm in given points are shown in terms of errors in Tables 3

and 4.

Table 3. The accuracy on the level sets for Example 2 in (x,y) = (0.5,0.5).

k=10, m=10, n=10 k=10, m=30, n=30
r-level |F -y | |F" = il IE -yl |F" = il
0 0.0000E+0 1.7731E-3  0.0000E+0 5.9032E-4
0.25 2.2163E-4 1.5514E-3 7.3790E-5 5.1653E-4
0.50  4.4326E-4 1.3298E-3 1.4758E-4 4.4274E-4
0.75 6.6489E-4 1.1082E-3 2.2137E-4 3.6895E-4
1 8.8652E-4 8.8652E-4 2.9516E-4 2.9516E-4

Table 4. The accuracy on the level sets for Example 2 in (x,y) = (0.8,0.8).

k=10, m=10, n=10 k=10, m=30, n=30
rlevel [F -y F-5 IF-y] F =5
0 0.0000E+0 2.6347E-3  0.0000E+0 7.5628E-4
0.25 3.2933E-4 2.3053E-3 9.4535E-5 6.6174E-4
0.50 6.5867E-4 1.9760E-3 1.8907E-4 5.6721E-4
0.75 9.8800E-4 1.6467E-3 2.8361E-4 4.7268E-4
1 1.3173E-3 1.3173E-3 3.7814E-4 3.7814E-4

8. Conclusions

In this paper, we have developed an numerical iterative method for the solution of two dimensional
fuzzy Fredholm integral equations of the second kind. The method presented in this work was applied
Picard iterations and numerical approximation to evaluate the iterated integral based on bivariate
Bernstein polynomials. Moreover, we have considered the conditions to prove the sequence of
approximations of the solution at given point converge to the exact solution. The concept of numerical
stability is defined based on the choice of the first iteration and then the numerical stability of the
proposed iterative algorithm is proven. Finally, some numerical examples are included to examine the

accuracy and the convergence of the proposed method.
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