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1. Introduction

In this note, we consider the following multi-linear system
Ax" = b, (1.1)

where A = (aj,i,.i,) 1s an order m dimension 7 tensor, X and b are n dimensional vectors, and the
tensor-vector product Ax"! is defined as [1]

n

(ﬂx"’_l)i — Z Qjiyiy Xiy ** * Xi s I = 1, 2, cee,n, (12)

B2, s im=1

where x; denotes the i-th component of x. The multi-linear system (1.1) arises from a number of
scientific computing and engineering applications [1, 2, 6], such as data analysis [10], the sparsest
solutions to tensor complementarity problems [11], and so on.
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One of the applications of the multi-linear system (1.1) is the numerical solution of the partial
differential equation with Dirichlet’s boundary condition

m-2 [ [
{u(x) Au(x) = —f(x) in L, (m=34,--) (1.3)

u(x) =gx) on 0Q,

where A = ZZZI 0% and Q = [0, 1]%. When f(-) is a constant function, this PDE is a nonlinear Klein-
k

Gordon equation (see [9,13,14]). Just as authors studied in [13,14], u — u’- Au can also be discretized
into an mth-order nonsingular M-tensor

Lo = ZI@ ®IL,RI® -1,

d-k-1
which satisfies
(L") = ul' - (Lyw);

fori=1,2,---,n, where L}, is an mth-order tensor M-tensor with

(Lip-a = (Lh)n,n;u,n = %,

(‘Eh)ll i = 112’

(Li)ii-vii = Liii—10 =+ = (Liiio-i-1 = hz(m ol = 2,3, -1,

(Ln)iittici = Ligivt-i = = (Lpiigo- vt = hz(m_l),l =23, ,n—1,
The PDE in (1.3) is discretized into an M-equation £§ld)u’"“ = f. This class of multi-linear equations

can be regarded as a higher-order generalization of the one discussed in [9, 15, 16].

To solve the multi-linear system (1.1), Ng, Qi and Zhou [12] proposed an algorithm for b = 0.
When A is a strong M-tensor, Ding and Wei [9] generalized the Jacobi method, the Gauss-Seidel
method and the Newton algorithm. Liu et al. [3] discussed the tensor splitting A = & — F, and then
proposed a general tensor splitting iterative method for solving the multi-linear system (1.1) as follows:

X = [M@E)'FX + M@E) bl k=1,2, -, (1.4)

where X, is a given initial vector and the tensor 7~ = M(E)™'F is called the iterative tensor of the
splitting method (see [3, 4]). They discussed the convergence rate for the tensor splitting iterative
method and showed that the spectral radius p(M(E)~'F) can be seen as an approximate convergence
rate of the iteration (1.4).

For matrix splitting iterative methods, it is well known that the preconditioning technique is very
important, which can be used to improve the rate of convergence of the iterative method when a suitable
preconditioner is chosen [4,5,7]. In [3], Liu et al. explored preconditioning techniques for tensor
splitting methods and discussed the preconditioned Gauss-Seidel type and SOR type iterative methods,
and proved that the Guass-Seidel type method demonstrates faster convergence than the Jacobi method,
that is to say, the spectral radius of the iterative matrix of the Guass-Seidel method is not larger than the
one of the Jacobi method. Recently, Cui et al. [5] proposed a new preconditioner for solving M-tensor
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systems and gave some comparison theorems of the preconditioned Gauss-Seidel type method. The
preconditioned iterative method is to transform the original system into the preconditioned form

PAX"' = Pb, (1.5)

where the matrix P is a nonsingular preconditioner. Let PA = Ep — Fp be a splitting of PA. Then the
corresponding preconditioned tensor splitting iterative method is given as follows:

= [M@Ep)” ' Foxp! + M(Ep) ' PbIT k= 1,2, . (1.6)

The rest of this paper is organized as follows. In Section 2 we introduce some definitions and some
related lemmas which will be used in the sequel. In Section 3, we first present a counter-example
for existing research results and then propose a new special preconditioner. Meanwhile, we give the
comparison theorems for the preconditioned Gauss-Seidel type iterative methods. The final section is
the concluding remark.

2. Preliminaries

Let 0, O and O denote a zero vector, a zero matrix and a zero tensor, respectively. Let A and B be
two tensors with the same sizes. The order A > B(> B) means that each entry of A is no less than
(larger than) corresponding one of 5.

For a positive integer n, let (n) = {1,2,--- ,n}. A tensor A consists of n; X --- X n,, entries in the
real field R:

A = (ail,-z...,-m),aill-z...,-m e R, ij S <I’lj>,j =1,---,m.

Ifny =--- = n, = n, Ais called an order m dimension n tensor. We denote the set of all order m
dimension n tensors by R, When m = 1, R!' is simplified as R", which is the set of all n-dimension
real vectors. When m = 2, R[> denotes the set of all n X n real matrices. Similarly, the above notions
can be generalized to the complex number field C. Let R, be the nonnegative real field. If each
entry of A is nonnegative, we call A a nonnegative tensor, and the set of all the order m dimension n
nonnegative tensors is denoted by R,

Let A € R>" and B € R, The matrix-tensor product C = AB € R is defined by

n
Cjiyeiy = E ajjybjsin i (2.1)
jo=1

The formular (2.1) can be written as follows (see [3]):
Cay = (AB)q) = AB), (2.2)

where C 1y and By, are the matrices obtained from C and 8 flattened along the first index (see [3]), For
example, if B = (b;3) € CP, then

blll blnl bllZ ban blln blnn

b211 e ban b212 e b2n2 e b21n e bZnn
By = ) : : ) : : : ) :

bnll e bnnl bn12 e bnn2 e bnln e bnnn

Next we recall some definitions and lemmas for the completeness our presentation.
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Definition 2.1. ([1]) Let A € R"™". A pair (1,x) € Cx (C\ 0) is called an eigenvalue-eigenvector (or
simply eigenpair) of A if they satisfy the equation

Ax™! = axm Y, (2.3)

where X1 = (x7=1 ... X" We call (A, x) an H-eigenpair if both A and X are real.

Let p(A) = max{|4] : 1 € o(A)} be the spectral radius of A, where o-(A) is the set of all eigenvalue
of A. We use I = (9;,..;,) to denote a unit tensor with its entries given by:

Lip=--=1,
6i1"'ik =
0, else.

Definition 2.2. ( [6]) Let A € R, A is called a Z-tensor if its off-diagonal entries are non-positive.
A is called an M-tensor if there exist a nonnegative tensor B and a positive real number n > p(8B)
such that

A=nl,-8B.
Ifn > p(B), then A is called a strong M-tensor.

Definition 2.3. ( [2]) Let A € C"™". Then the majorization matrix M(A) of A is the n X n matrix with
the entries

M(ﬂ)l} = djj...j, l,] = 1’ LN,

Lemma 2.1. ( /4, 8]) For A € R"™", the following inequalities hold:
ux™ 1 < (QAx" ! x > 0,x £ 0, implies u < (<)p(A),

and
Ax" 1 < yx"U x> 0, implies p(A) < v.

Lemma 2.2. ([6]) Let A be a Z-tensor, then A is a strong M-tensor if and only if A is a semi-positive;
that is, there exists X > 0 with Ax"~' > 0.

3. Comparison theorems

The preconditioner P, was introduced in [4] as follows:

Py, =1+S,,
where
0 —@1d12..2 0 ce 0
0 0 —@d73..3 " 0
Se =] : : : : (3.1
0 0 0 ot —Up-1Ap-1 0,0
0 0 0 e 0
and / is an identity matrix, @ = (@;) and «; is a parameter, i = 1,--- ,n — 1.
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In [5], Cui et al. considered the preconditioner with P,,,, = I + S ., Where S .., Was given by

—aiki...ki,i = l,' e ,n— 1,/(,' > i,

S max = (873,) = { (3.2)

0, otherwise,
where
k; = min {]| max |a;;..;|,i <n, j > i}.
J
Some results in [4, 5] were given below.

Lemma 3.1. ( [4]) Let A be a strong M-tensor. If « = («;) and «; € [0,1],i = 1,2,---,n — 1,
A, = PoA = E, — Fo and (pg, X, is Perron eigenpair of To = M(E,) ' Fq, then Ax™1 > 0.

Lemma 3.2. ( [4]) Let A€ R"™ and A =T, - L—-F,F > O, where L = LI,, —L is the strictly
lower part of M(A). If A is a strong M-tensor, then for all a; € [0,1],i=1,--- ,n—1, [+ S,)Aisa
strong M-tensor.

Lemma 3.3. ( [5]) Let A € R If A is a strong M-tensor and A = I,, — L — F, where £ = LT,
—L is the strictly lower triangle part of M(A), then Aoy = (I + S pax) A is a strong M-tensor.

Lemma 3.4. ( [5], Lemma 3) Let A € R"™™ be a strong M-tensor. For Aax = Emax — Fmax We have
the following inequality holds if

0< QiQj i1 i1iv ] jo j S iy Ao j < Lki>1i,j<i
MEpar)™ = ME) ™" (3.3)
Theorem 3.1. ( [5], Theorem 4) Let A € R"™™ be a strong M-tensor. For
Ay =U+S)A=8E, - T,

and
Amax = (I + Smax)ﬂ = Smax - Tmax,

under the conditions made in Lemma 3.4, there exists a positive vector X such that 0 < Axm1
ApaxX""L, then we have the following inequality holds

P(Tnax) < p(T ), (34)
where Tmax = M(Smax)_lqjmax and ‘7,;01 = M(S\a)_lq_ﬁa'

We first consider a counter-example for Theorem 3.1.

IA

Example 3.1. We consider a tensor A € RBP4, where

1 -0.04 -0.04 -0.04 -0.04 -0.04 -0.04 -0.04
-0.04 -0.04 -0.04 -0.04 -0.04 1 -0.04 -0.04
ﬂ(:’ :’ 1) = ’ﬂ(:’ :’2) = b
-0.04 -0.04 -0.04 -0.04 -0.04 -0.04 -0.04 -0.04
-0.04 -0.04 -004 -0.04 -0.04 -0.04 -0.04 -0.04
-0.04 -0.04 -0.1 -0.04 -0.04 -0.04 -0.04 -0.04
-0.04 -0.04 -0.04 -0.04 -0.04 1 -0.04 -0.1
A, 3) = JAG, L 4) =
-0.04 -0.04 1 -0.04 -0.04 -0.04 -0.04 -0.1
-0.04 -0.04 -0.04 -0.04 -0.04 -0.04 -0.04 1
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It is easy to show that A is a strong M-tensor and

1.0016 0 0 0
4 0.0417 1.0016 0 0
-1 _
M@y~ = 0.0461 0.0442 1.004 0 |’
0.0436 0.0418 0.0402 1
1.004 0 0 0
0.0444 1.004 0 0
-1 _
MEnax)™ = 0.0463 0.0444 1.004 O
0.0438 0.0419 0.0402 1

From the above computation we can see that M(E,,.,)"! > M (81)‘1 > 0. That is, the tensor A satisfies
the condition of the Lemma 3.4. But by computation, we have p(7,,.,) = 0.5896 > 0.5877 = p(‘f' o)
This contradicts the conclusion of the Theorem 3.1 in [5].

We next propose a new preconditioner P = I + S, where

0 —ap.» 0 Ce —Aigy e ... 0
0 0 —y3.3 - e Oty 0

§ = : :
0 0 0 Gy g
0 0 0 0

where
ki = min { j| max|ay..l.i <n, j > i+ 1},
J

Without loss of generality, we assume that each diagonal entry of the tensor Ais 1. Let
A=PA=E-F=D-I-,

where D = DI,,, L = LT,, and D, —L are the diagonal part, the strictly lower triangular part of M(A).
If @ijs1 i1Qist o i + Qikk Qi # 1, then M(D - £)7! exists, we get the Gauss-Seidel type iteration
tensor 7 can be defined by M D-L)'U.

Lemma 3.5. Let A € R pe a strong M-tensor, then A = PA = (I + S)A is a strong M-tensor.
Proof. We first show that A is a Z-tensor. Since
Qjjyciyy, = A 1o i1 Qi Ly, iy — Qikyooks Bl L = 1000 0 — 2,

Qiiyeipy = \ An—Ligeo iy — On—1,it1 e i1 Qi Ligoe s L = 1= 1, (3.5)
aniZ'“im’j =n,
for (i,ip, -+ , i) # (i,i, - ,i), we have d;,.,, <0, thatis, A is a Z-tensor.
As A is a strong M-tensor, from Lemma 2.2, there exists a positive vector x such that Ax"~' > 0.

Thus, Ax"! = (I + §)Ax"! > 0. That is to say, there exists a positive vector x such that Ax"~! > 0,
Then from Lemma 2.2 again, we know that (A is a strong M-tensor. m|
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Lemma 3.6. Let A € R be a strong M-tensor, let
Ar=U+S)A=E -,

Amax = (I + Smax)~ﬂ = amax - 7:max»

and 3
A=U+S)A=E-7F,
then
ME)™" > M(Epa)™ = M(E)

Proof. Let Apayx = (a} ., ) and A = (@;,..;,,), we have

= {aiigmim = itk Ay L = 1, ym— 1,

iy — .
aniz'"im’ ] - n9

and a;,..;, is defined by (3.5). Since A is a strong M-tensor, from Lemma 3.3 and Lemma 3.5, we know
that A,,,, and A are strong M-tensors. Thus we have M(&E,,,,) and M (S) are nonsingular M-matrices.
Since

Qiiyoriyy = At 1o it 1 it Lin, oo iy — ik Akiinig. < Qiigoig — Aikgeook; Ui iy

fori =1,---,n—2and &,.;, = @i, fori=n—1,n, then we get M(E)™' > M(E,.x)~". The later
inequality can be obtained from Lemma 3.4. O

Theorem 3.2. Le{ﬂ be a strong M-tensor. For A= -Frand A=E—-F, let Ty = ME) '
and T = M(E)"'F, then we have
o(T) < p(T1). (3.6)

Proof. From Lemma 3.1, we know there exists a positive Perron vector x of 77 such that Ax"~' > 0.
Thus we have A;x"! = (I + S1)Ax™! > 0. Notice that

A" - A" = (A - AP = (S - S)AX™! > 0.

This means that Ax"! > A;x"! > 0. From Lemma 3.6, we have M(§)™' > M(E;)"' > O. Hence,
we have

ME) A" — M(E) T Arx™!
= ME) (A - A" + ME)" - MENHAX" > 0.

Since
ME'A=T1,-ME'F,ME) Ay =1,-ME)'F.

Then, we obtain
ME)'Fx" ! < ME) 'Fx"! = Tx" ! = o(M(E) ™ Fp)xm 1,

By Lemma 2.1, we have p(M(E)™'F) < p(M(E) ' F1), i.e. p(T) < p(‘]tl). |
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Remark 3.1. We consider the Example 3.1, it is easy to show that

1.0056 0 0 0

~ 0.0461 1.0056 0 0
-1 _
M@ = 0.0465 0.0444 1.004 0
1

0.0439 0.0420 0.0402

That is, M(E)™" > M(E,)™", by computation, we have p(71) = 0.5877, and its corresponding Perron

vector
X = (x1, X2, X3, x4)7 = (1,0.9124,0.9496,0.9557)" .

Hence, according to Theorem 3.2, we have p((i') = 0.5816 < 0.5877 = p((f'l).
Theorem 3.3. Let A be a strong M-tensor. For Aux = Emax — Fnax and A=E-F, let

7-max =M (Smax) ! T;nax

and
F = M@)'F.

If there exists a positive Perron vector X of Tpax Such as Ax"' > 0. then we have

PT) < (T a).
Proof. The proof is similar to those in Theorem 3.2, here we omit it.

Example 3.2. We consider the tensor A € R in [5], where

1 -0.12 -0.13
AG,., D)= -0.12 -0.03 -0.06 |,
-0.13 -0.02 -0.1

-0.04 -0.02 -0.03
A, 2) =] -0.01 1 -0.02 |,
-0.03 -0.04 -0.02

-0.03 -0.02 -0.04
A, L 3) =] -0.02 -0.06 -0.03
-0.02  -0.1 1

We can show that A is a strong M-tensor. Let @ = (a1, a2) = (1, 1), we get:

1.0024 0 0
ME)™ =] 00125 1.0012 0 |,
0.0136 004 1

1.0052 0 0
MEpe) ' =] 0.01247 1.0012 0 |,
0.01357 0.04 1

(3.7
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1.0077 0 0
0.0136  0.04 1

M(S)I:[o.om 1.0012 0

From the above we can see that
ME)™" > MEpar)™ > 0,ME)"' > MED' > 0.
By computation, we have

p(’f’) = 0.3346 < 0.3386 = o(T jux) < 0.3451 = p(’f]).
4. Conclusions

In this paper, we present a new preconditioner / + § for solving multi-linear sysyems and give new
comparison results between two different preconditioned tensor splitting iterative methods.
Comparison theorems show that the spectral radius of the proposed preconditioner is less than those
of the preconditioners in [5]. We present two numerical experiments to validate the effectiveness of
the proposed preconditioner.
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