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Abstract: In this paper, we are concerned with the following modified Schrédinger equation
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where k, ¢ > 0, 1, is a Riesz potential, @ € (0,2)and V € C(R%,R), F(t) = fol f(s)ds. Under appropriate
assumptions on f and V(x), by using the variational methods, we establish the existence of ground state
solutions of the above equation.
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1. Introduction

In this paper, we establish the existence of ground state solutions to the following modified Chern-
Simons-Schrodinger equation
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where k, ¢ > 0, @ € (0,2) and h(l) = fol ou*(o)do (I > 0), u is a radially symmetric function, I, is a
Riesz potential defined by

r&y A,
T(HM20|xP " [xPe’

I,(x) =

and I' is the Gamma function, F(¢) = fot f(s)ds, the potential V is supposed to satisfies:
(V1) V e CR*R);
(V,) V(|x]) = V(x) and there exists 8 > y > 0, such that 8 > V(|x]) > y for all x € R,
Moreover, we assume that the nonlinearity f : R — R verifies:

(fi) f € CR%R), f(1) = o(1);
(f>) There exist constant p € (2 + a, +00) and C > 0 such that

If(l < CA +1"™"), VieR;
(f3) There exists a constant ©# > 8 such that
0<dF(@t) <tf(r), VYteR.

As we all know, Eq (1.1) originates from seeking the standing waves of the following nonlinear
Chern-Simons-Schrodinger system

iDyp + (DD + D,D5)¢ + f(¢) =0,
doA1 — 01Ag = —Im(¢D1¢),

_ (1.2)
0oA; — 0,A¢ = —Im(¢pD ¢),
0142 — DA, = —%|¢|2,
where i denotes the imaginary unit, 8, = (%, 0, = a%’ 0r = 3% for (t,x1,x) € R'*2, ¢ : R'*2 —

C is the complex scalar field, A; : R'"*? — R is the gauge field, D; = d; + iA; is the covariant
derivative for j = 0, 1,2. The system was first proposed by Jackiw and Pi, consisting of Schrodinger
equation augmented by the gauge field. The two-dimensional Chern-Simons-Schrédinger system is a
non-relativistic quantum model describing the dynamics of a large number of particles in the plane, in
which these particles interact directly through the spontaneous magnetic field. Moreover, the important
applications of the system are also reflected in the study of the high temperature superconductors
and fractional quantum Hall effect and Aharovnov-Bohm scattering. For more physical backgrounds
of (1.2), we refer readers to [16, 17] and the references therein.

As far as we know, Byeon et al.’s [1] was the first article investigate the standing wave solutions of
this system by the variational method. They considered the standing waves of system (1.2) with power
type nonlinearity, that is, f(u) = A|u[’~'u, and obtained the existence and nonexistence results for (1.2)
of type

¢(t, x) = u(lxe™,  Ao(t, x) = k(|x]),
A3 = “Zh(a), As(e,x) = — 2L A, (-
|x] | x|
where w > 0 is a given frequency, 4 > 0 and p > 1, u, k, h are real valued functions depending
only on |x|. The ansatz (1.3) satisfies the Coulomb gauge condition 0,A; + 0,A, = 0. After then,
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many researchers began to pay attention to this field. see e.g. [2,3,5,7,11-13,15,20,21,29] and the
references therien. However, through the study of large number of literatures, it is found that there
are few papers studying the modified Chern-Simons-Schrodinger equation, except for [8,23,24]. To
best of our knowledge, there is no article to pay attention to general Choquard type nonlinearity for
modified Chern-Simons-Schrodinger equation. Motivated by the previously mentioned paper [26], we
shall study the existence of ground state solutions for Eq (1.1) using a change of variable and variational
argument.
The problem (1.1) is the Euler-Lagrange equation of the energy functional

1 u? Ix]
I(uw) =5 f (1 + 20 Vul* + Vixhu®) + 2 f |X(|)2C)( f s (s)ds)

u? B
fR 2 |X(|)ZC) f s (s)ds) - = f (I * F(u)F(u),

From the variational point of view, the main difficulty of this problem is the energy functional 7 can
not be well defined for u € H!(R?). To solve this problem, we intend to adopt the Liu and Wang’s [18]
approach, considering the change of variable g : R — R given by

¢() = ———— on [0,+00)

VI +282(1)

g(0) = 0 and g(—1) = —g(¢) on (—o0,0]. By the change of u = g(v) of variable, Eq (1.1) is transformed
into a semilinear problem

fl2
—Av + V(Ix)g(v)g' (v) + q%mm(l + kg (M))g(n)g' (v)

+q ( f| rw LEUC) P Kg2<v<s)>>g2<v<s>>ds) g () (14
o OGN
where " )
RLg(1x))] = ( fo s (v(s))ds) .
Furthermore, the functional 7 («) can be reduced to
J0) =3 fR N fR V(g + Lo "

1
+ kD) - 5 f (I * FGW)F(g(»)),
R2

where

2 ||
oo = [ ELED( [T s
R? |x] 0

4 | x|
)= [ EED( [T g o)’
R2 |x] 0
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Obviously, the energy functional J(u) is well defined in H!(R?). It is easy to see that v is a critical
point of 7,

iZZ
.= [ v [ vimgowowg [ (FEEP o) 00

R2 |JC|2

. f*"" hlg(v(s))]
)

[ox]

) fRﬂa * F(ENF80))E W,

2+ ng(V(S)))gZ(V(S))dS}g(V)g'(V)l//

for any ¢ € Hr1 (R?), then v is a weak solution of (1.4), that is u = g(v) solves (1.1). In particular, for
7 = 2 or 7 = 4, using the integrate by parts, one has

2o +00 T 7
f UG f ( f 8 <v<s>>’z[g<V<S>>]ds 2. (1.7)
R2 R2 x|

|x?

Note that by the Cauchy inequality, there exists a constant Cy > 0 such that

2
L] o= ( f E0D gy’ < Colaligl
By 4
Then for v € H!(R?), we have
Cev) < Colls MBI, (18)
D(g() < CollgWIL. (1.9)

Now, we give our result in the following.

Theorem 1.1. Under assumptions (Vy), (V,) and (fi)—(f;), problem (1.1) has a ground state
solution.

Notations. To facilitate expression, hereafter, we recall the following basic notes:
o H'(R2): = {u € L*(R?), Vu € LA(R?)) with the norm [v]] = ( £,02 + V)"
o H}(R?): = {v € H'(R?): v(x) = v(x])};
e L°(R?) denotes the Lebesgue space with the norm |[v||; = (fRZ |v|f)1/s, where 1 < s < +o0;
e The embedding H!(R?) — L*(R?) is continuous for 2 < 5 < +o0;
e The embedding H!(R?) < L’(R?) is compact for 2 < s < +00;
o H!(R?) — L% (R?)if and only if £ < v < +o0;
o fR2 & denotes fRZ adx;
e The weak convergence in H!(R?) is denoted by —, and the strong convergence by —;
e We use C, C denote various positive constants.

The remainder of the paper is organized as follows. In section 2, we present some preliminary
results. Section 3 devote to some required results and complete the proof details of Theorem 1.1.
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2. Preliminaries

In this section, we give some useful lemmas and proposition, which play an important role in the
proof of our result. Next, let us recall some properties of the variable g, which are proved in [6, 18,27].

Lemma 2.1. ( [6,18,27]) The function g(t) and its derivative satisfy the following properties:
(g1) lg®| < |t| for all t € R;
(82) lg(O] < 244'? for all t € R;
(g3) g(1)/2 <tg'(t) < g(t) forall t > O;
(g4) S2(1))2 < tg(D)g () < g*(t) forall t € R;
(g5) lg(g' (D) < 1/ V2 forall t € R;
(g6) There exists a constant C > 0 such that

Cld,  ifld <1,

=
sl {C|t|”2, il 1.

Next, the following inequality holds if and only if the functions in H!(R?).
Proposition 2.2. ( [1]) For v € H'(R?), there holds

[ <o Lo [t [ roasy
R2 B R2 R2 |x|? 0 '

In order to achieve our main result, we would like to recall the well-known Hardy-Littlewood-
Sobolev inequality in [19].

Lemma 2.3. ([19]) Letu, v> 1 and 0 < @ < N(N = 1,2...) be such that
1 1
_+_:1+ﬁ_
[T
Where { € I*(RY) and n € L'(RY), there exists a constant C, independent of {, n, such that
(On(y)
f f LOM0) v, N il
=V JRN X =)
Finally, for functional C(v), D(v), we give the following compactness lemma:

Lemma 2.4. ([8]) Suppose that a sequence {v,} converges weakly to a function v in H! (R?) asn — +oo.
Then for each € H! R?), C(v,), C' (v and C' (vy)v,, D(v,) and D' (v, D' (v,)v, converges up to
a subsequence to C(v), C'(v){y and C'(v)v, D(v) and D' ()i, D' (v)v, respectively, as n — +oo.

3. Proof of Theorem 1.1

In this section, we would like to complete the proof of Theorem 1.1.

Theorem 3.1. ([14]) Set (E, || - ||) be a Banach space, 1 C R" be a real interval. Consider a family ‘P,
of C'-functional on E
Y,v) = AW) — ABW), forall 1€l
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where B(v) is non-negative and when || v ||— +oo, either A(v) — +oo or B(v) — +oo. Assume that
there exist two points vy, v, holds

max {‘I’A(vl),‘l’,l(vz)} < inf n%élﬁ Y.y() =cy, foralldel,
te

yela >
where
Ty = {y € C10, 11, E) : %(0) = v1, ¢(1) = va}.
Then for a.e. A €1, there exist a sequence {v,} C E such that
(1) {v,,} is bounded in E;
(2) lim ¥(v,) = ¢y
n—+0o
(3) lim ¥(v,) = 0 in the dual space E™' of E.
n—+oo
Furthermore, the map A — c, is non-increasing and left continuous.
Letl = [%, 1], we define the following energy functional

1 A
Ta) = 5 fR (199 + V(g 0)) + LC(e0) + D (g - 5 fR Uy * FGOF(0).

where A € 1. Moreover, let

1
AW) = 5 fR (199 + V(D8 0)) + C(50) + FD(g)).

and

1
Bv) =7 jl; o F(gW)F(g(v)).

Setting || v ||— +oco, then A(v) — +oo. Furthermore, B(v) > 0.
Next, we prove that the functional 7 exhibits the mountain pass geometry.

Lemma 3.2. Under assumptions (V) and (V;), then there holds:
(i) There exists v € Hr1 RH\{0} such that J(v) < 0 forall 2 € 1;

(id) c1 = inf max J(y() > max (T200), T2} for all A € 1, where
vel', €10,

[y = {y € C(10, 11, H!(R?) : %(0) = 0,%(1) = v}.

Proof. (i) Let v € H!(R?)\{0} be fixed. For any A € I = [4, 1], we have
Jav) < J1(v)

! 1
) fR (9 + V(g ) + FC(s00) + kD) - fR Uy * FEOF ().

Arguing as in [4,9], we consider ¢ € Cg"(Rz) which satisfies 0 < &(x) < 1, &(x) = 0 for x| > 2 and
&(x) =1 for |x] < 1. By (g3), we can deduce that g(t£(x)) > g(t)é(x) for ¢+ > 0. According to Yang

et al. [25], from (f3) and (g4) that for ¢ > ”—{l_b” we have

" % i i 9 9
fg(l" F(g(t))F (g(18)) = L(Ia F(g(llfll)))F(g(llfll))t llE11°.
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Thus from (g;), one has

8

T <5 f (94F + Vv?) + Saceo + S aeniem)
R2

- Z o F(g(£))F(8(25))

8

% fR IV + V(lxp?) + - qC<g(v))+ JIKDE)

5/ (’“ ' F(g (@)))F( (léu)) “ler

for all t > 0. By ¢ > 8, we deduce that J,(t£) — —oo0 as t — +oo. Thus, there exists a #, > 0 such that
J1(t€) < 0. Then taking a function v = £,&, we have J,(v) <0 forall 1 € I.
(i1) By Chen et al. [4] and Fang et al. [10], there exists p” > 0 such that

CIVII* < f (Vv + V(1x))g* ()
R2

for all ||v|| < p’. From (g,), Lemma 2.3 and Sobolev imbedding inequality, for € > 0 sufficiently small,
one has

T 25 [ (19 + Vi) + Seon + Lepigon
1
-5 [ @ Feom )

_;L (|Vv| + V(lxDg (V))—E(f(slf(vﬂ +C |f(v)|P)2+n)

o1 [[ (oot < vag) -ca( [ )T -cex( [ i)

>C(IMIP = M7, forall [Iv]| < p'.

Since p > 2 + a, we get J,(v) > 0 if p’ is small enough. Hence, 7,(0) is strict local minimum, ¢, > 0.
By Theorem 3.1, it is easy to know that for any almost everywhere A € I, there exists a bounded
sequence {w,} C H}(R?) such that J;(w,) — 0 and J,(w,) — c,, which is called (PS) sequence.

2+n

V

Lemma 3.3. Assume that {w,} C H'(R?) is a sequence of obtain above. Then, for almost A € 1 there
exists w, € Hr1 (R?)\{0}, such that Jwy) =0and Ja(w,) = c,.

Proof. By Theorem 3.1 and Lemma 3.2, we know that {w,} C H} (R?) is bounded, then up to a
subsequence, there exists w; € H!(R?)\{0} such that w, — w, in H'(R?), w, — w, in L’(R?) (s > 2)
and w, — w, a.e. in R%. By the Lebesgue-dominated convergence theorem, it is easy to check that
Jy(wy) = 0. Similar to [9,10,22,28], we get

Cllw, = wall® < f 2 [IVOw, = w)P + V() (@wa)g (w,) = gw)g W) wa —w)|. (3.1
R
(f1) and (f>) imply that for each & > 0, there exists a constant C, > 0 such that

1£Cx, wo)l < glwy] + Colwn|P™! < elwy|? + Colw,/P™! for all w, € R. (3.2)
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Furthermore, using Lemma 2.3, the Holder inequality and (g,), (gs), one obtains
| [ o FgOu) fg0m)g 00w, = )|
RZ

< fRz(Ia * (elgwa)” + Colgw)l")(Elgwn)l + Celgwn)P~Dlg' wallwy = wil

ﬂij‘kwa+cmmﬂ*)T(f[ww wil+ Cowl Zhwa =l ™) 5 (33

2p 2+a
<C ( f|w|z+n " +C f|w|2+a )

2+(Y 21(1
X (8( |Wn — W/l|2+a) ) + C (f |W | 2+<r |W —_ W/1|2+0)
R2

R2

2 (p=2) 5
22\ 2p
sccg« [l 7 ) (Jn|wn—wuvw)
RZ

R2

v

2+a

;

118

2 \5
scca( w, —WAIM) 0.
RZ

In the same way, we can prove that

‘LﬂﬁF@wmﬂWMMMMw—wﬂﬁﬁ (3.4)
Thus, it follows from (1.7), (3.1)—(3.4) and Lemma 2.4 that
0 —(THwa) = T 5002, Wy = w2)
=ijW—mW+wm&wmww—mmﬂme—mﬂ

+g@@wm—U@w»w—wﬂgmﬂ@wm—D@MMMwwv

-4 fR 2 | (T + F(g0w)) £ (g(wa))g' (wn)
= o+ F@w)) LW w) [(w — W)

> Clw, — wyll* + 0,(1),

then, we deduce that w,, — w, in H,1 (R?). Thus, w, is a nontrivial critical point of J, with J,(w;) = c,.
This completes the proof.

Proof of Theorem 1.1. At first, by Theorem 3.1, for a.e. A € I, there exists w; € H!(R?) such that

w, = wy # 0in HX(R?), J;(w,) — 0 and J3(w,) — c;. By Lemma 3.3, one obtains J(w,) = 0,

Ja(w,y) = cy. Then, take {1,} C I such that lim 4, = 1, w, € H'(R?) and T, wa,) =0, Ja,(wa,) =
n—+00

c,,- Next, we claim that ||lw, [ < C. From (f3), (1.6), (1.7) and Lemma 3.2 and [, ,(w,,) < ¢,
J;n (w,,) = 0, it follows that

1
%zjmm%—%ﬂWMMwMﬂw»

11 1+4g%wy) 2
2720 1+282my, ))f IVOua)F + 5 - %)f ViixDgmtn)

(3.5)
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1

+ (5~ 2 G800 + (5~ 2 )axDlsOn,)

1 1
+5( fR Uy * FgOm))( 55002, )g0r,) = Fgw,,))

([ (9w +g0m).

(3.5) infer that fRz IVw,,|* < C. From (g) and (gs), it holds

2 2 2 4 2
= [ waf [ e [ e [ lgoup)
R? Wi, [>1 I, <1 R? R

Then by (1.8), Proposition 2.2 and (3.5), we deduce that fRZ |w/1n|2 < C. Hence, there is a constant
C > 0 independent of n such that [|w,| = fR2(|VWn|2 + wﬁ) < C. Next, we can suppose that the
limit of 7, (w,,) exists. By Theorem 3.1, we have c,, — c¢; is continuous from the left. So, we get
0< nlirfio Jr,wa,) = ¢;, < ci. Thus, using the fact that

"
Tw) = T (wi) +

-1
> ) fRz(Ia * F(gwa)DF(g(w,,)) = c,, +o(1) = ¢y,

and for any € H'(R?)\{0}, there holds

(T W28y = (T3, W), ) + (4, — 1) f (Lo * F(@wa, NS (8Wa, )8 (Wa, W = o(1).
R2

Then, up to a subsequence, {w,,} is a bounded (PS )., sequence of J. Preceding the same method as
Lemma 3.3, we get that the existence of a nontrivial solution vy € H!(R?) for J satisfying J (vo) = c1,
J'(v) = 0.

To seek the ground state solutions, we need to define my := inf{J(vy) : vo # 0,9 (vo) = 0}.
From (3.5), we have m, > 0. Set {v/} be a sequence satisfies J'(v,) = 0, J(v;) — my. Similar to the
discussed above, one obtains {v;} is a bounded (PS),,, sequence of J. Arguing as in Lemma 3.3, one
obtains there exists a vy € H!(R?) such that J”(vy) = 0, J (Vo) = my, which implies that iiy = g(¥y) is a
ground state solution of (1.1). This completes the proof.

4. Conclusions

In this paper, we have considered the modified Chern-Simons-Schrodinger equation involving
radially symmetric variable potential V and general Choquard type nonlinearity. By using a change of
variable and variational argument, we obtain the existence of ground state solutions. It is hoped that
the results obtained in this paper may be a new starting point for further research in this field.
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