AIMS Mathematics, 7(4): 6807-6819.
DOI:10.3934/math.2022379
ATMS Mathematics Received: 25 December 2021
Revised: 18 January 2022

Accepted: 19 January 2022
http://www.aimspress.com/journal/Math Published: 26 January 2022

Research article

Infinite growth of solutions of second order complex differential equations
with meromorphic coefficients

Zheng Wang and Zhi Gang Huang*

School of Mathematical Sciences, Suzhou University of Science and Technology, Suzhou 215009,
China

* Correspondence: Email: alexehuang @sina.com.

Abstract: This paper is devoted to studying the growth of solutions of f” + A(z)f" + B(z)f = 0,
where A(z) and B(z) are meromorphic functions. With some additional conditions, we show that every
non-trivial solution f of the above equation has infinite order. In addition, we also obtain the lower
bound of measure of the angular domain, in which the radial order of f is infinite.

Keywords: meromorphic function; infinite growth; complex differential equation; radial order
Mathematics Subject Classification: 30D35, 34M 10, 37F10

1. Introduction and main results

Throughout this paper, we assume that the reader is familar with the fundamental results and the
standard notations of Nevanlinna’s value distribution theory (see [9, 14,28]). In addition, we use p(f)
and u(f) to denote the order and lower order of a meromorphic function f(z) respectively, which are

defined as oo T oot T
p() = timsup 2ELED ) liming 122 TS
00 1 r—co logr
The second order linear differential equation
[+ AQf +B@)f =0, (1.1)

where A(z) and B(z) are meromorphic functions, is the focus of this paper. To begin, we look for the
conditions of coeflicients that guarantee that every non-trivial meromorphic solution of Eq (1.1) has
infinite order. Every non-trivial solution of Eq (1.1) must be an entire function, if A(z) and B(z) are
entire functions, as is widely known. When A(z) and B(z) are entire functions, a lot of progress has
been made, see Gundersen [5], Hellerstein, Miles and Rossi [10], and Ozawa [19]. The following is a
summary of their work.
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Theorem A. Suppose that A(z) and B(z) are entire functions satisfying any one of the following
additional hypotheses:
(1) p(A) < p(B), see [5];
(2) A(z) 1s a polynomial and B(z) is transcendental, see [10];
(3) p(B) < p(A) < 1, see [19].
Then, every non-trivial solution f of Eq (1.1) is of infinite order.
One may ask a question based on Theorem A.
Question 1: If p(A) = p(B), or if p(A) > p(B) and p(A) > % is every non-trivial solution f of Eq (1.1)
is of infinite order ?
In general, the answer to Question 1 is negative.

Example 1.1. Let Q(z) be any non-constant polynomial, let B(z) # 0 be any entire function with p(B) <
deg(Q), let f be any antiderivative of e?® that satisfies p(f) = deg(Q), and set A(z) = —Q’ — B(z) fe™°.
Then p(B) < p(A) = deg(Q) = p(f), and f” + A(2)f" + B(z)f = 0. This shows that it is possible to
have a finite order non-trivial solution f of Eq (1.1) where p(B) < p(A) and p(A) may be any positive
integer.

Example 1.2. Let Q(z) be any non-constant polynomial, let A(z) # 0 be any entire function, and set
B(z) = —Q" - (Q')* — A(R)Q'. Then p(A) = p(B) and it can be verifies that f(z) = e%? satisfies the
equation " + A(2)f" + B(z)f = 0. This shows that it is possible to have a finite order non-trivial
solution f of Eq (1.1) where p(A) = p(B).

In some special cases, however, an entire solution of Eq (1.1) can have infinite order, see, for
example, [3,13,15,16,22,23]. Gundersen [8] took into account a special case in which the coeflicient
A(z) of Eq (1.1) is an exponential function.

Theorem B. [8] Let A(z) = e¢™* and B(z) is a transcendental entire function with order p(B) # 1. Then
every non-trivial solution f of Eq (1.1) has infinite order.

When p(B) = 1, the entire solution of Eq (1.1) may be finite order, according to Theorem B. What
conditions can guarantee that every non-trivial solution f of Eq (1.1) has infinite order if p(B) = 17?
Chen [3] considered this question and proved the following result.

Theorem C. [3] Suppose that A ;(z)(j = 0, 1) are entire functions with p(A;) < co, a and b are complex
constants with ab # 0 and a = cb(c > 1). Let A(z) = A|(2)e”, B(z) = Ax(2)e”. Then every non-trivial
solution f of Eq (1.1) has infinite order.

Remark 1.1. Because p(A) = 1 and p(B) # 1 in Theorem B, p(A) > p(B) and p(A) > % can occur,
whereas p(A) = p(B) = 1 in Theorem C. As a result, Theorems B and C partially answer Question 1 as

well.

Question 1 was recently studied by several scholars who assumed that A(z) is a nontrivial solution
of a second order differential equation. We have the following collection theorem.

Theorem D. Let A(z) be a nontrivial solution of w”’ + P(z)w = 0, where P(z) is a nonconstant
polynomials with deg(P) = n, and satisfying any one of the following additional hypotheses:
(1) p(B) < 3, see [24];

(2) B(z) is an entire function with Fabry gaps, see [16]; Here, an entire function f(z) = 3. a,z" is said
n=0
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to have Fabry gaps if 2 — oo asn — oo,
(3) T(r, B) ~ log M(r, B) as r — oo outside a set of finite logarithmic measure such that p(A) # p(B),
see [29]. Then every nontrivial solution of Eq (1.1) is of infinite order.

Remark 1.2. We know that p(A) = % based on Theorem D’s assumptions. Clearly, Theorem D
partially answers Question 1 because p(A) = p(B) or p(A) > p(B) with p(A) > % can occur if B(z)
meets one of the conditions (1)-(3) in Theorem D. We also find that the proof of three cases of Theorem
D is based on the observation that if A(z) is a nontrivial solution of w" + P(z)w = 0, then the whole
plane may be divided into n + 2 sectors S j(j =0,1,--- ,n+ 1) in which A(z) either blows up or decays
to zero exponentially.

We will continue to study Question 1 in this paper. We consider a more general case in which A(z)
in some angular domains either blows up or decays to zero rapidly. The coefficients of Eq (1.1) in
particular, are meromorphic rather than entire.

Theorem 1.1. Let {¢;} be a finite set of real numbers satisfying ¢; < ¢ < ... < P, < ¢ppy1 With
Oons1 = @1 + 21, and set

Vv = max — ).
1§k§2n(¢k+l ér)

Suppose that A(z) and B(z) are meromorphic functions such that for some constant « > 0 and a set
H c [0, 2r) of linear measure zero,

|A(2)| = O(lz*)
as z = oo in argz € (¢y-1,9)\H for k = 1,...,n, and where B(z) is transcendental with a deficient

value oo and
4 arcsin ,/@
u(B) < " .

Then every non-trivial meromorphic solution f of Eq (1.1) has infinite order.

Remark 1.3. We can use a specific example to illustrate our point. If A(z) = €@, where P(z) is a
polynomial with deg(P) = n, and B(z) is an entire function with u(B) < n, then the example meets
Theorem 1.1°s criteria.

Corollary 1.1. Suppose that A(z) = hi(z)e”'@ + hy(2)e”*@ + p3(z), where p3(z) is a polynomial, p;(z) =
a;7" +...(i = 1,2) are two non-constant polynomials of degree n with arga, —arg a, # +n, and h;(z)(i =
1,2) are meromorphic functions of order less than n. Let B(z) be given as Theorem 1.1. Then every
non-trivial solution f of Eq (1.1) has infinite order.

Remark 1.4. For p(z) and p»(z), from remark 2.1, there exist Qi(p,) and Qi(p,) such that when
k is odd, 6(p1,0) < 0if 0 € Qu(py) and 5(p,,60) < 0if 0 € (p,). Since arga, — arga, # =,
Qi(p1) N Q(p2) # 0. Then we can redivide the plane into 2n open angles S j(j = 0,1, ...,2n — 1) such
that for 0 € S ;, 6(p1,0) < 0 and 6(p,,6) < 0 if j is odd, while 5(p,,0) > 0 or 6(p,,6) > 0 if j is even.
Suppose that deg(ps) = m. By Lemma 2.3, we know |A(re”)| = OG™) in S j outside a set of linear
measure zero when j is odd. By Theorem 1.1, Corollary 1.1 holds.

Corollary 1.2. Suppose A(z) = hi(2)e”'@ + hy(z2)e”*@ + p5(z), where ps is a polynomial, pi(i = 1,2) are
two non-constant polynomials with deg(p,) # deg(p»), and hi(z)(i = 1,2) are meromorphic functions
of order less than deg(p;). Let B(z) be given as Theorem 1.1. Then every non-trivial solution f of Eq
(1.1) has infinite order.
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Remark 1.5. Let pi(z) = a,2" + ... + ap, p2(z) = b;Z" + ... + by. Similarly as remark 1.4, we also can
redivide the plane into 2s open angles S j(j = 0,1,...,2s — 1) where s may be different from n and t,
and depends on deg(p;)(i = 1,2), a, and b,, such that for 6 € S ;, 6(p1,0) < 0 and 6(p>,0) < 01if jis
odd; while jis even, 5(py,60) > 0 or 8(p,,60) > 0. Then Corollary 1.2 holds.

Next, we consider the lower bound estimate of the measure of the angular domain, in which the
radial order of every non-trivial solution of (1.1) is infinite. The following notations and notions are
provided to further illustrate our concerns.

Assuming 0 < @ < 8 < 27, we denote

Qa,B) ={ze€C:argz € (a,p)},
and use ﬁ(a, B) to denote the closure of Q(«a, 8). Similarly, we denote
Q(r,a,pB) ={z€ C:argz € (a,p), |z > r}.

Suppose that f(z) is an analytic function in ﬁ(a/, B), we use p, 3 to denote the order of growth of f on
Q(a, B), that is

) log*log™ M(r, Qa,B), f)
Pap(f) = limsup L 0 b f,
o0 ogr

where M(r, U@, B), [) = sup,cpp|f (re')|. Furthermore, we denote the radial order of f(z) by

log" log* M(r, Q0 — £,0 + &),
po(f) = limlim sup 2§ 108 M(n Q6 ~&.0+ ). /)
=0 ;00 logr

In recent years, some progress in the angular distribution of entire solutions of linear differential
equations have been obtained by several researchers, see [12,20,21,24-27]. In particular, Huang and
Wang [11] considered the following question. We know that for a transcendental entire function f(z)
of infinite order, at least one ray argz = 6 exists with the radial order py(f) = oo. However, for
any angular domain Q(e, ), p(f) = oo cannot ensure p,(f) = oo, f(2) = e, for example, satisfies
p(f) = oo, whereas p,23,2(f) = 0. Motivated by this fact, we raise an interesting question: how wide
are such Q(a, B) with p, g(f) = c0? Let

I(f) ={0 € [0,27) : po(f) = oo}.
Clearly, I(f) is closed and measurable. In 2015, Huang and Wang [11] proved the following result.

Theorem E. Suppose that A(z), B(z) are entire function with p(A) < u(B). If f(z) is a non-trivial
solution of Eq (1.1), then mesI(f) > min{2n, w/u(B)}.

Inspired by Theorem E, we consider the lower bound of measure of the set of infinite radial order
solutions of Eq (1.1). As a result, we have the following.

Theorem 1.2. Let A(z) be an entire function of finite order having a finite Borel exceptional value,
and B(z) be a transcendental entire function with u(B) < p(A). Then, every non-trivial solution
f of Eq (1.1) is of infinite order and satisfies mes(I(f)) > minlk,, ky}, where ky = n, k, =

[pA)/pB)] _n prp(A)7 -
{ 2 p(A)? l‘f[,u(B)] s even

n_ _ lp@)/pB]+l n erpA)q -
BT 2 Ay if [u_( B)] is odd.
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Remark 1.6. In Theorem 1.2, we use [x] to denote the largest integer not exceeding the real number
x, for example, [1.2] = 1.

Remark 1.7. Under the assumptions of Corollary 1.1, we know every non-trivial solution f of Eq (1.1)
is an entire function with infinite order. Hence, from the proof of Theorem 1.2, we obtain that

mes(I(f)) = ki if u(B) € [0, 3), while mes(I(f)) > ky if u(B) € [5,p(A)).
2. Preliminary lemmas

Lemma 2.1. [17] Let f be an entire function of finite order having a finite Borel exceptional value c.
Then

f(@) = h(2)e?® + ¢,
where h(z) is an entire function with p(h) < p(f), Q(z) is a polynomial of degree deg(Q) = p(f).

Lemma 2.2. [6] Let g(z) be a transcendental meromorphic function of order p(g) = p < oo. Then
there exists a set E C [0,2n) of linear measure zero such that, for any 6 € [0,2n)\E, there exists a
positive constant Ry = Ry(6) > 1 such that, for all 7 satisfying argz = 6 and |z| > Ry,

g ()

< |Z|k(/)(g)—l+8)’
8(2)

where k = 1,2 and ¢ is given positive real constant.

Remark 2.1. For the polynomial p(z) with degree n, set p(z) = (@ + i8)7" + p,-1(2) with a, B real, and
denote 5(p, ) := acosnf — Bcosnb. The rays

arctan £ + krr

argz = 6 = + k=0,1,2,...2n— 1

satisfying 6(p,0;) = 0 can split the complex domain into 2n equal angles. We denote these angle
domains as

arctan 3 - arctan 3 -
Q(p)=1{0: - +QRk-1)—<6<- +Q2k+1)=—},k=0,1,..,2n - 1.
n 2n n 2n

And we know that for 6 € Qi(p), 6(p,0) > 0 if k is even, while 5(p,6) < 0 if k is odd.
Lemma 2.3. [4, Lemma 1.20] Let p(z) be a polynomial of degree n > 1. Suppose that h(z) # 0

is a meromorphic function and p(h) < n. Consider the function g(z) := h(z)e"?, there exists a set
H, c [0,2nr) of linear measure zero, for every 6 € [0,2m)\(H, U H,) and r > ry(0) > 0, we have
(1) If6(p,0) > 0,
: 1
8(re)| > eXP{E(S(p-@)r"}
holds here;
(1) If 6(p,6) <0,
: 1
g(re”)| < CXP{E(S(P-@)F"}

holds here, where H, = {6 : 6(p,0) = 0,0 < 6 < 2x} is a finite set.

AIMS Mathematics Volume 7, Issue 4, 6807-6819.
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The following lemma due to Markushevich [18].

Lemma 2.4. [18] Suppose f(z) = e’', where P(2) is a polynomial of degree n:
P@) =b,Z" + b, '+ .. +by (b, #0,n>1).

We know that f(2) is a function of order n. Let b, = a,e", a, > 0, 8, € [0,2r) and z = re®®, we now
divide the plane into 2n equal open angles

7 b4 7] m
S-:{Q:——"+ 2j—1)— <0< -—L+(2j 1—},
j " (2] )Zn < +Q2j+ )2n
where j =0,1,2,...,2n — 1. We also introduce 2n closed angles
0, . £ 0, . T € )
Sj(g):{e:——+(2]—1)—+—ses——+(2]+1)———}, =012, 201,
n 2n n n 2n n

where 0 < & < /2 and S j(¢) C S;. Then there exists a positive number R = R(g) such that for
|zl =r >R,

|f(2)] > exp{a,(1 — &) sin(ne)r"}
ifargz € S j(g) when j is even; While

|f(2)] < exp{-an(l — &) sin(ne)r"}
ifargz € S j(g) when j is odd.

Remark 2.2. Clearly, for any argz € S j, we always find an &, € € (0,7/2) and a positive number
R = R(¢) such that arg z € S j(&), and for |z| = r > R,

|f(2)] > exp{a,(1 — &) sin(ne)r"}
if j is even; While
|f(2)] < exp{—a,(1 — &) sin(ne)r"}
if jis odd.
Lemma 2.5. [1] Suppose that g(2) is an entire function with u(g) € [0, 1). Then, for every a € (u(g), 1),

there exists a set E C [0, 00) such that logdensE > 1 — ‘%, where E = {r € [0,00) : m(r) >
M(r) cos ma}, m(r) = infy-, log|g(z)| and M(r) = sup,,_, log|g(2)!.

Lemma 2.6. [22] Suppose that f is an entire function and lower order u(f) € [%, +00). Then, there
exists an domain Q(a, 8), where a, 3 satisfy f — a > /%f) and 0 < a < B < 2n, such that
logl i
fim sup 2102 1F7¢")
PGS logr

> u(f)

forall y € (a, ).
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Lemma 2.7. [7] Let z = rexp(iY),ro+ 1 < rand a <y < B, where 0 < B — a < 2n. Suppose that
n(> 2) is an integer, and that g(2) is analytic in Q(ro, a, ) with p,p < 0. Choose a < a; < i < B.

Then, for every € € (0, A =

a’)(j =1,2,...,n— 1) outside a set of linear measure zero with

J—1 J-1
aj:a/+Zss and ,8]-:,8+Zss,j:2,3,...,n—1,
s=1 s=1

there exist K > 0 and M > 0 only depending g, €y, ..., &,_1 and Q(a,_1,B,-1), and not depend on z such

that )
'g—(Z) < KM (sink(y — @)™

8(2)
and

-2
) (7) . =
8g(5 < KM {sm k(Y — @) Lll sink; (l// - a/j)]

forall z € Xa,-1,Bn-1) outside an R-set D, where k = n/(f—a) and k,, = n/(B;—a,;(j = 1,2,...,n—1)).

Lemma 2.8. [2] Let f(2) be a transcendental meromorphic function of finite lower order u, and have
one deficient value a. Let A(r) be a positive function with A(r) = o(T(r, f)) as r — oo. Then for any
fixed sequence of Polya peaks {r,} of order u, we have

4 o(a,
lim inf mes Dy (r,, @) > min {27r, — arcsin (02 f)} ,
n—00 H

where DA(r, a) is defined by

D (r, 00) = {9 € [0.21) : |f (re") > eA<’>},

and for finite a,
Da(ra) = {9 € [0.2m): | (re”) - o] < e—A<’>} .

3. Proof of Theorem 1.1

Suppose on the contrary to the assertion that there exists a non-trivial solution f with p(f) < co. We
aim for a contradiction. Let {¢;} be a finite collection of real numbers satisfying ¢; < ¢, < ... < ¢y, <
Pon+1 with Pone1 = @1 + 2m, and set

v = max — ).
lngZn(¢k+l or)

Suppose that A(z) is a meromorphic function such that for some constant @ > 0 and a set H c [0, 2r)
of linear measure zero,

|A()l = O(lz]*) (3.1)
as z —» oo inargz € (Por—1, Pox)\H for k = 1, ..., n. From Eq (1.1), we get the following inequality
/'@ [S'@
B A(2)). 32
1B(z)| < 7@ + Q) |A(2)] (3.2)
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From Lemma 2.2, we can obtain that there exists a set E* C [0, 2r) of linear measure zero and a positive
constant Ry > 1 such that

f(re")
f(re?)

for any 6 € [0,27)\E* and r > R.
Let B(z) be a transcendental meromorphic function having a deficient value oo and u(B) <

4 arcsin 4/ @ /v. Then we have

f(re)

< '
f(re®)

—_ 2

< 0 (3.3)

4 . [6(c0, B)
——— arcsin >V
u(B) 2

(3.4)

Next, we define
A(r) = \/T(r,B)logr.

It is clear that A(r) = o(T(r,B)) and A(r)/logr — oo as r — oo since B(z) is a transcendental
meromorphic function. Applying Lemma 2.8 to B(z) gives the existence of the Polya peaks {r;} of
order u(B) such that for sufficiently large j,

4 5(co, B)
u(B) 2 |

mesD (rj, 00) > min {27‘(, —— arcsin

where Dy (7, o) is defined by
D(r, 00) = {9 € [0.21) : B (r,e")| > eA“ﬂ}.
From (3.4), there exists at least one sector (¢ox_1, ¢x) such that

mes(($ax-1, $ai) 0 Dy (rj, ) > 0,

where k =1, ..., n.
Let Fj := (¢pax—1, P2r) N D (r s oo). On the one hand, for any 6 € F; and sufficiently large j, we have

|B(rje")| > exp{A(r;)}.

Since A(r)/logr — oo as r — oo,
log |B(r;e")|
_ =

lim (3.5)
joe logr;

Substituting (3.1) and (3.3) into (3.2), for any 6 € F;\(E* U H) and sufficiently large j, we have
[B(rje")| < O™, (3.6)

where @ > 0 is a constant. Coupling (3.5)and (3.6) yields a contradiction. Thus, every non-trivial
solution f of Eq (1.1) is of infinite order.

AIMS Mathematics Volume 7, Issue 4, 6807-6819.
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4. Proof of Theorem 1.2

We assume the contrary to the assertion that m(I(f)) < k, where k = k; or k,. Then ¢ := k —
mes I(f) > 0. Our goal is to obtain a contradiction. Since I(f) is closed, H := (0, 2n)\I(f) is open.
So it consists of at most countably many open intervals. We can choose finitely many open intervals
I; = (a;, 5)(i = 1,2, ...,m) in H such that

mes(H\| ] 1) < %. .1
i=1

It easy to see that I; N I(f) = 0, and hence p,, 5,(f) < co foreachi = 1,2, ...,m. Apply Lemma 2.7 to f,
for sufficiently small & > 0, there exist two constants M > 0 and K > 0 such that

()
|%| <K (s=1,2) 4.2)

forall z € U Q(rj, a; + &,B; — &) outside an R-set D.
Suppose that A(z) is an entire function of finite order having a finite Borel exceptional value a. By
Lemma 2.1, we have
Az) = h(2)e?? +a,

where /(z) is an entire function with p(h) < p(A), Q(z) is a polynomial of degree deg(Q) = p(A). Let
02) = byz® + by 127! + ... + by, where d is a positive integer and b; = aye®, a; > 0 and 6, € [0, 27).
We now divide the plane into 2d equal open angles

04 . Vs 0, . s
S-:{H:—— 2i—-1D)—<b<-——+(2 1—},
J A Y I I AP ¥
where j =0,1,2,...,2d — 1. We also introduce 2d closed angles

0, 04
S :{ ——+2—1—+—39 ——+2+1———} 1=0,1,2,....2d — 1,
i© (2j )2d p p ( )Zd p J

where 0 < & < 7r/4 and S ;(¢) C S ;. According to Lemma 2.4, for z = re”, if § € S ;(¢) and j is odd,
there exists a positive number R(g), such that

€29 < exp{—a, (1 — g) sin(de)r}
for r > R(g). Then for any given ¢ € (0,7/4), p(h) < d = p(A) and 6 € § j(&)(j is odd), we have
|A(re') — a| < exp{—C(a)rd},

for all sufficiently large r, where C(g) is a positive only constant depending on a,, € and p(A).
Therefore, for any 6 € S ;(j is odd), we can find an £ and a positive constant C(g) such that 6 € S ()
and

|A(re'®)| < |A(re®) — al + la| < exp{—C(&)r’} + |al (4.3)
for all sufficiently large r. From Eq (1.1), we have
" (@) f’(z)
B 4.4
|(Z)|Sf f()l()l 4.4)
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In the following, we consider three cases.
Case 1. Suppose u(B) = 0. Then k = k;. Define

d
S = U S2i—1-
i=1

Clearly, mes S = x. Thus,
mes(S N H) = mes(S\(U(f)NS)) > mes(S)—mes(I(f)) > %t

Hence
3 t

mes((g 1)NS) = mes(S N H) — mes((H\ gl,-) ns)>7-2=5
Then we can conclude that exists at least one open interval Iy = (ay,Bp) such that
t
mes(S N (ao,Bo)) > 5— >0,
2m

and there exists at least one sector S ;(j is odd) such that

t
mes(Sj N (Q’o,ﬁo)) > % > 0.

We can find an € > 0 such that mes(S ;(€) N (o, Bo)) > 0. So D(g) := S (&) N (ap + &,60 — &) # 0,
where 0 < & < mes(S j(e) N (ao,B0))/4. Applying Lemma 2.5 to B(z), we can choose a = ‘—11 and there
is aset E C [0, co) such that logdensE = 1 such that, for all r € E,

. 2
log |B(re™)| > g log M(r, B), 0 € [0, 27) 4.5)

where M(r, B) = sup,,_, |B(z)|. By substituting (4.5), (4.3) and (4.2) into (4.4), for any 6 € D(¢) and
r € E outside an R-set D, we have

M(r,B)¥ < Kr'(1 + exp{—C()} + lal) (4.6)
for all sufficiently large r. Since B(z) is a transcendental entire function, we know that

liminf EMEB _
r—co logr

4.7)

From (4.6) and (4.7), we can deduce a contradiction. Therefore, mes(I(f)) > k;.

Case 2. Suppose 0 < u(B) < % So k = ky. Similarly as in Case 1, we have a sector D(¢) :=
Sie N(ay + &Py — &) # 0. According to Lemma 2.5, for any given @ € (u(B), %), there exists
a set E C [0, 0) such that logdensE > 1 — ’%, where £ = {r € [0,00) : m(r) > M(r)cosna},
m(r) = infy,-, log|B(z)| and M(r) = sup,,_, log|B(z)|. Thus, there exists a constant R; > 0 such that, for

arbitrarily small 7 > 0 and all r € E\[0, R],

'B (reia)' > exp{r“®"},6 € [0, 27). 4.8)

AIMS Mathematics Volume 7, Issue 4, 6807-6819.
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Taking (4.8), (4.3) and (4.2) into (4.4), for any 6 € D(¢) and r € E\[0, R;] outside an R-set D, we
deduce
exp{r“®1 < KrM(1 + exp{=Cr} + |a) (4.9)

for all sufficiently large r. This is a contradiction. Therefore, mes(1(f)) > k;.
Case 3. Suppose L < u(B) < p(A). Sok = k. By using Lemma 2.6 to B(z), we can get a sector Q(a, 5)

withf —a > ﬁ > [ﬁ = ’;;, which satisfies

log log | B(re'®
lim sup oglog|B(re"™)|

r—o0 1

> pu(B)
for all 6 € («,8). That is, there exist a sequence {r,} such that, for arbitrarily small > 0,

'B(rneie)‘ > exp{r“®1}, 6 € (a, ). (4.10)
Let

G:=S N (ap).

Clearly, mes(G) > k,. By using the similar method in Case 1, we have at least one open interval
I;y = (a1, ;) such that

t
mes(G N (ay,B1)) > — > 0.
2m

Then there exists at least one sector S (;j is odd) such that
mes(S ; N (@, Bo)) > ! >0
N (ap, — .
/ 0-170 2md

We can find an £ > 0 such that mes (S () N (@;,51)) > 0. So F(e) := Si(e) N (a1 + &6 =€) # 0.
Substituting (4.10), (4.3) and (4.2) into (4.4), for any argz = 6 € F(¢) and {r,} outside an R-set D, we
have

exp{r*® 1} < KrM(1 + exp{~Cr?} + |a]) (4.11)

for all sufficiently large n. A contradiction. Therefore, mes(I(f)) > k.
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