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Abstract: It is well known that Navier-Stokes-Maxwell system can be derived from the Vlasov-
Maxwell-Boltzmann system. In this paper, the uniform regularity of strong solutions to the isentropic
compressible Navier-Stokes-Maxwell system are proved. Here our result is obtained by using the
bilinear commutator and product estimates.
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1. Introduction

In this paper, we consider the following isentropic compressible Navier-Stokes-Maxwell system
[1,2]:

A, + div (ou) = 0, in T x (0, ), (1.1)

A (ou) + div (pu @ u) + Vp — uAu — (A + )V +u = jx b, in T? x (0, ), (1.2)
€d,E —tothb+ j=0,j:=E+uxb, in T° x (0, ), (1.3)

d,b +1otE =0, in T° x (0, ), (1.4)

divb =0, in T° x (0, c0), (1.5)

(o, u, E, b)(-, 0) = (o, o, Eo, bo)(-), in T°. (1.6)

Here, p is the electron density, u is the velocity, E and b represent electronic and magnetic fields
respectively. The pressure is p := ap” with constants a > 0 and y > 1. j is the electric current
expressed by Ohm’s law. The force term j X B in the Navier-Stokes equations comes from Lorentz
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force under a quasi-neutrality assumption of the net charge carried by the fluid. The third equation
is the Ampere-Maxwell equation for an electric field E and the fourth equation is Faraday’s law. The
viscosity coeflicients p and A of the fluid satisfy g > 0 and 4 + %“ > 0. € is the dielectric constant.
The Navier-Stokes-Maxwell system is a plasma physical model that describes the motion of charged
particles in electromagnetic field, which can be derived from the Vlasov-Maxwell-Boltzmann system.
It includes many classical models. For example, when j = 0, (1.1) and (1.2) reduce to the well-known
isentropic compressible Navier-Stokes system, Gong-Li-Liu-Zhang [3] and Huang [4] showed the local
well-posedness of strong solutions.

When infp, > 0, the problem of Navier-Stokes-Maxwell system has attracted much attention.
Jiang-Li [5-7] studied the vanishing limit of dielectric constant €. Fan-Li-Nakamura [8-10]
considered the vanishing limits of dielectric constant €, or the Mach number ¢,. Chen-Li-Zhang [11]
and Mi-Gao [12] established the long-time asymptotic behavior of the smooth solutions.

Before stating our main results, we recall the local existence of smooth solutions to the problem
(1.1)—(1.6). Since the system (1.1)—(1.6) is a parabolic-hyperbolic one, the results in [13] imply that

1

Proposition 1.1. ( [13]). Let py,uy, Eo, by € H*> and o < po, for a positive constant Cy. Then the
0

problem (1.1)—(1.6) has a unique smooth solution (p, u, E, b) satisfying

1
p.E,b e C(0,T); H ), ue C(0,T); H ), =0, 1; c <P (1.7)

for some 0 < T < oo,

The aim of this paper is to prove uniform regularity estimates in (4, u,€). We will prove the
following

Theorem 1.1. Let 0 < u < 1,0 < A+u<1,0<e< 1,0 < Cio < po, po, o, Eg, by € H*(T?). Let
(o, u, E, b) be the unique local smooth solutions to the problem (1.1)—(1.6). Then

(o, u, VEE, b)Y, D)llgs < C and |EC,Dll2 + Ell 20,13 < C in [0,T1] (1.8)

hold true for some positive constants C and T (< T) independent of A, u and € > 0.

We define

M(): = 1+ sup {Il(p, u, VEE, b, p)(, Dllgs + 10, D2

0<r<t

1
+||E(',T)||L2 + H_(’ T)
P

} FIE N0, (1.9)
LOO

We can prove
Theorem 1.2. For any t € [0, 1], it holds that
M(t) < Co(My) exp(t%C(M)) (1.10)

for some nondecreasing continuous functions Cy(-) and C(-).
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It follows from (1.10) that
M(t) < C.

(1.11)

In the following proofs, we will use the bilinear commutator and product estimates due to Kato-

Ponce [14]:

ID*(f&) = fDgllr < CUV fller 1D gllar + llgllez 1D° flzsn),

ID*(fllr < CUlf o ID*gllzar + 1D fllr2 I8l 2e2),
1 1 1 1 1
withs>0and - = — + — = — + —.
P DPv 91 P2 4

We only need to show Theorem 1.2.
2. Proof of Theorem 1.2

First, multiplying (1.1) by p?~! and integrating the resulting equation yields
1d 1 . .
—— | pldx=|1-- pldivudx < ||divull;~ | p?dx,
q dr q

from which it follows that

d .
g Pllze < Nldiv ullzeflpllze.

thus, one can have

t
llollzs < lloollzs exp (f lldiv MlledT),
0

and
llollze < llpollz~ exp(tC(M)).

by taking g — +o0.

It follows from (1.1) that

1 1 1
0,—+u-V———divu = 0.
P p P

Multiplying (2.3) by (é)q_l, and integrating the resulting equation yields that

1d 1\? 1 1\ L\[1]¢
——f(—) dx = (1 + —)f(—) div udx < (1 + —) H— ||div u|z,
qgdrJ \p q P g)llplli
or equivalently,
d |14 e .
— =l =A+@|=| [divullr,
de lipllL Pl
from which it follows that
14 14 !
“— <|[—| exp ((1 +q)f ||divu||LoodT),
Pligg Pollra 0
AIMS Mathematics Volume 7, Issue 4,
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and

Bl <[z
—_ S _
Pl PollL

by taking ¢ — +oo. It follows from (2.2) and (2.4) that

exp(tC(M)) (2.4)

< Co(Mp) exp(tC(M)). (2.5)

1
1Pl + |
p

L®

It is easy to verify that

d
& flulzdx = 2fu6,udx < 2l|ullp2)|0sull2 < C(M),

which implies
llullz2 < Co(Mp) exp(tC(M)). (2.6)

Multiplying (1.3) by and E, (1.4) by b, integrating with respect to x respectively, and summing up
the results, then it follows that

1d
Sd f(e|E|2 + |bP)dx + f|E|2dx = f(b X w)Edx < |Jull=|1bll2|Ell: < C(M),

which implies
VElEC, Dllz2 + 1IbC, DIz < Co(Mo) exp(tC(M)). 2.7)

Applying D? to (1.3) and (1.4), multiplying by D?E and D?b, respectively, and summing up the
results, one can observe that

1d
R f (e|D’El* + |D*b[*)dx + f |D’E*dx = f D*(b x uyD’Edx
1
< ClbllpllullIDEll: < C(M) + 5||D3Elliz,
which yields
VEID EC, Dl + ID°b(C, D2 + IDEll20,:12) < Co(Mo) exp(tC(M)). (2.8)

Differentiating (1.3) and (1.4) with respect to t, multiplying by E; and b,, respectively, and summing
up the results, one can deduce that

1d
S dr f(flEtP +1b,P)dx + f|Ez|2dx = f@t(bx u) - E,dx
1
< (bl lllzs + WDl lellIEdzz < SIEG: + CODIBRG +C),

which implies
!
f (elE,” + |b,)>)dx + f f |E,[*dxdt < Co(My) exp(tC(M)). (2.9)
0
It is clear that

!
E:Eo+fEtds
0
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and hence
IEC, D2 < Co(My) exp( VIC(M)). (2.10)
It is obvious that
L3,p+ Lu-Vp+divu =0. (2.11)
Yp Yp

Similarly, applying D? to (2.11), multiplying the equation by D?p and integrating with respect to x,
then it follows from (2.11), (1.12) and (1.13) that

1d
2dt

1 1 1
= = f(D3p)2 [div (—) - —6,p] dx — f(D3 (—ﬁ,p) - —D38,p) D?pdx
2 yp) vyp? Yp Yp
—f(D3 (i : Vp) - VDSp)D3pdx
Yp Yp

(D3 p)dx + f D*pD?div udx

1
< CID*pl, ||div (1) - Lo
yp) v ||
1
+ClIopl- ||D? (—) IDpllz + € H D20, pll2 1D Pl
yp L2 >
3 U 3 u 3 2
+ClIVpll- ||D (—) 1D pllz + C HV— DI,
YP /2 YDl
< C(M) + CODIO,pli- + CODIDB,plsz
< CM)+CM)||lu-Vp+ypdivul|- + C(M)||D2(u -Vp + ypdiv u)||;2
< cm, 2.12)

where we have used the estimate [15]:

!
f f |0,ul*dxdt < tsup f 0,ul*dx < tC(M). (2.14)
0

1)3l < C(MID*pll;2 < C(M). (2.13)

12

It is obvious that

Applying D? to (1.2), multiplying the resulting equality by D*8,u and integrating with respect to x,
by (1.12)—(1.13) and some direct calculations, we obtain

f |D?u|*dx + f (D*div u)*dx + f p|lD*0,ul*dx

= - f D*Vp - D*9,udx — f D*(pu - Vu) - D*0,udx — f [D*(pd,u) — pD*d,ulD*,udx

+fD2(j><b)D2(91udx
< CIUD*pli2llD*,ully> + Clipllge llully 1D 6l 2
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+C(IVpll=1Ddull 2 + 1182l = 1Dl 2)ID? Byl 2 + 11D X DIl || DSl 2
CDID*dull > + CM)IDSull 2 + 110 ,ull=)ID*Ayull 2 + CM)ID?Ell 2| D* Sl 2

IA

IA

1 1 1 3
CODNIDd,ullzz + CODABUIID? Byl + Dyadlzz + 18,1l WD a3 DIDB 2
1 2
+COMD|IEN,IDEN I D*0,ul 2

1 3 2
CDID*dull 2 + CMYID? Bl + ID* 0l ID*Qyuall > + C(MOIID*EN L IID* Byl 2

IA

1 4
< 3 f pID*9,uPdx + C(M) + CMDIDEIL,,
which gives rises to
!
f f \D*0,ulfdxdr < Co(My) exp(t’ C(M)). (2.15)
0

Applying D? to (1.2), multiplying the resulting equation by D3u and integrating with respect to x,
and it follows from (1.1), (1.12) and (1.13) that

1d

% p|D3u|2dx +u f |D*ulPdx + (1 + ) f(D3diV u)*dx + fD3Vp - D’udx

= - f (D*(pd,u) — pD*0,u)D*udx — f (D*(pu - Vu) — pu - VD*u)D*udx

+ fD3(j X b)D*udx

CIVpll=IID*8ull 2 + 10l 1D pll2)IIDull 2

+C(IVull =D (pwlz2 + IV (o)l = 1D ull ID ull 2 + 11D (G X D)2 l|Dull 2

C(M) + C(M)(I1D*8,ull 2 + ||B,ull=) + C(M)|IDE]| 2

< C(M)+|ID*0ull}, + C(M)||DEl| 2. (2.16)

IA

IA

Summing (2.12) and (2.16) up, one can deduce that

%d% (%(03 P+ p|D3u|2) dx + p f ID*u)*dx + (1 + p) f (Ddiv u)*dx
+ f (D*pD*divu + D*Vp - D*u)dx
< C(M)+|ID*0,ull}, + C(M)||D’E|| 2. (2.17)
Noting that the last term of LHS of (2.17) is zero, it follows from (2.15) that

ID*pllz + 1D*ullz < Co(Mo) exp(r3 C(M)). (2.18)
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On the other hand, it follows from (1.2) that

1
l|0ull;2 = ”/—)(j X b+ puAu+ (A + w)Vdivu — Vp — pu - Vu)
12

Co(My) exp(t%C(M)). (2.19)

IA

By the aid of the following estimate [15]:

IDpll2 < CL +1Iplle=) Il fllwse | ID pli2 (2.20)

1

with p = f(p) := (g) and

1
Ie (CO(MO) exp(—tC(M)), Co(My) exp(tC(M)) |,

we have
ID*pll2 < Co(Mo) exp(rs C(M)). (2.21)
Combining (2.4)—(2.10), (2.18), (2.19) with (2.21), we conclude that (1.10) holds true.
This completes the proof. O
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