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Abstract: We are concerned with the following elliptic equations
K(2l (=D} 4z + V@I 22 = a()ld 2z + Af (x, 1Dz in RY,

where (-A); , is the fractional magnetic operator, K : R — R} is a Kirchhoff function, A : RY — R"
is a magnetic potential and V : R¥ — (0, c0) is continuous potential. The main purpose is to show the
existence of infinitely many large- or small- energy solutions to the problem above. The strategy of the
proof for these results is to approach the problem variationally by employing the variational methods,
namely, the fountain and the dual fountain theorem with Cerami condition.
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1. Introduction

This paper is devoted to the study of the existence of nontrivial solutions for the following
Schrédinger-Kirchhoff type problem involving the non-local fractional p-Laplacian with a magnetic
potential

K(21 )(=A), 4z + V@Il ?z = a(x) i 2+ Af(x, 2Dz in RY, (1.1)

where0 < s <1 <r<p<+oo

(my) A
» |z(x) — ¥ VA )Z(y)|p

|zl 4 = dxdy,
’ RV JRV |x — y|N+ps

and the fractional magnetic operator (—A);’ 4 1s defined along all functions z € C’ (RV,C) as

X+y

s A l2(x) — @A ()2 (z(x) — AT ()
(=A) ,z(x) = 2 lim dy
r 20" IR\, (o) |x — y[Ves



http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2022367

6584

for x € RN. Henceforward, B,(x) denotes a ball in R" centered at x € R and radius € > 0, K : R} — R}
is a Kirchhoff function, A : R — R¥ is a magnetic potential, V and a are suitable potential functions in
(0,0) and f : RV x R* — R satisfies a Carathéodory condition. The operator (—A)3 in the case p = 2,
is called a fractional magnetic operator. This nonlocal operator has been originally defined in [7] as a
fractional extension of the magnetic pseudo-relativistic operator introduced in [25]. The existence and
multiplicity of solutions to the fractional Schrodinger-Kirchhoff equation with an external magnetic
potential have been obtained by the paper [45]; see also [35] for equations of this type involving
the fractional p-Laplacian when A = 0. The main aim of this paper is to obtain the multiplicity
of solutions for the fractional magnetic Schrodinger-Kirchhoft type problem with concave-convex
nonlinearities when f has a weaker condition than that of [45]. For further applications and more
details on fractional magnetic operators we infer to [1,2,4,7,15,17,39,45] and to the references [24,25]
for the physical background. If A = 0, then (-A); , is consistent with the ordinary notion of the
fractional p-Laplacian. Elliptic problems involving the standard fractional Laplacian or more general
integro-differential operators have been a classical topic for a long time because they are applied
in various research fields, such as social sciences, fractional quantum mechanics, materials science,
continuum mechanics, phase transition phenomena, image process, game theory, and Levy process,
see [8,10, 14,22,38,47] and the references therein.

In order to consider the changes in the length of the strings during the vibrations, Kirchhoff in [29]
initially provided a model given by the equation

v o E (" ov *v
o~ (o | 1aP e =0

which extends the classical D’ Alembert’s wave equation. In this direction, the non-local problems of
Kirchhoft type have been studied in [12, 16, 19,20,28,41,44,46,48].

As mentioned before, this paper is concerned with the fractional magnetic equations by the case of
a combined effect of concave-convex nonlinearities. From a pure mathematical point of view, many
researchers have extensively studied about nonlinear elliptic equations involving the concave-convex
nonlinearities (see [9, 13,27,43,48]) since the celebrated paper [S] of Ambrosetti, Brezis and Cerami.
In particular, the multiplicity result of solutions to the concave-convex-type elliptic problems driven by
a nonlocal integro-differential operator has been proposed in [13]; see also [9,27,48].

It is commonly well known that the condition of Ambrosetti-Rabinowitz type in [6], that is, there
exists a constant § > p such that

0 < OF(x,7) < f(x,7)7%, forallT e R* and x e RY, where F(x,7)= f f(x, N dt,
0

is crucial to secure the boundedness of the Palais-Smale sequence of an energy functional. However,
because this condition is quite restrictive and removes several nonlinearities, during the last few
decades there were extensive studies which has been attempted to drop it by many researchers; see
[3,21,23,26,30-32,34]. In that sense, our main purpose is to discuss the existence of infinitely many
large- or small- energy solutions to our problem for the case of a combined effect of concave—convex
nonlinearities when the nonlinear growth f does not satisfy the condition of Ambrosetti-Rabinowitz
type. The strategy of the proof for these results is to approach the problem using the variational
methods, namely, the fountain theorem and the dual fountain theorem with Cerami condition. As
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far as we are aware, none have reported such multiplicity results for our problem with the external
magnetic field.

This paper is organized as follows. In Section 2, we present some basic results to deal with this
type equation with the fractional magnetic field and review well known facts for the fractional Sobolev
space. And under certain assumption on f, we establish the existence of infinitely many large- or
small- energy solutions by employing the variational methods.

2. Preliminaries and main results

In this section, we consider the existence of infinitely many solutions to problem (1,1). Firstly we
assume that V : RN — R* satisfies

(V) V e LL (RY), ess inf ez V(x) > 0 and limyy. V(x) = +oo.

Let LY (R") denote the real valued Lebesgue space with V(x)|zl” € L'(RY), equipped with the norm

2l = f V@)l dx.
RN

Then the fractional Sobolev space H,”(R") is defined as for s € (0, 1) and p € (1, +0)

?{‘?P(RN) — {Z c Lf/(RN) . f |Z()C) - Z(y)lp

dxd <+oo}.
gy Jrv |x — yINtPS Y

The space H,;”(R") is endowed with the norm

— 4
Izlﬁ,s,p(RN) = (Izlz,v+[z]f) with  [z]? := f f dedy-

gy Jpyv X — yNEPS

For further details on the fractional Sobolev spaces we refer the reader to [33] and the references
therein. We recall the embedding theorem; see e.g., [26,36].

Lemma 2.1. Let (V) hold and let p; be the fractional critical Sobolev exponent, that is p; := NA_”; > if

sp < N. Then, the embedding H;"(R") — L"(R") is continuous for any y € [p, p:] and moreover, the
embedding H,"(RN) << LY(R") is compact for any y € [p, p?).

Let LI (R", C) be the Lebesgue space of functions z : RY — C with V(x)|z|” € L'(R"). Let us define
H,(RY,C) as the closure of C*(R", C) with respect to the norm

27, = (2l + 1),

where the magnetic Gagliardo seminorm is given by

p |2(x) — AT ()P
|zl = . dxdy.
’ RN JRN |x — y|N*ps

In fact, arguing as in [7, Proposition 2.1], we can easily show that Wﬁi’;(RN ,C) is a reflexive and
separable Banach space as the similar arguments in [35, 36, Appendix]. In the same ways as in the
proof of [45, Lemma 3.4 and 3.5], the following Lemmas 2.2 and 2.3 can be proved if we consider the
general exponent p instead of p = 2.
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Lemma 2.2. Let (V) hold. If r € [p, p}], then the embedding
HyH RN, C) — L'(RY,C)
is continuous. Furthermore, for any compact subset S C RY and r € [1, p¥), the embedding
H W (RN, C) = H(S,C) —— L'(S,C)

is continuous and the latter is compact, where H;" (S, C) is endowed with the following norm:

I2ll?, = ( fs V()2 dx + fs dedy).

s lx—y[Ntes

Lemma 2.3. Under the assumption (V), for all bounded sequence {z,} in Wj’ﬁ’,(RN ,C) the sequence
{lz,|} admits a subsequence converging strongly to some z in L'(RN) for all r € [p, p?).

For our problem, we suppose that K : Rj — R satisfies the following conditions:

(K1) K € C(Ry) satisfies inf g+ K(7) > a > 0, where a > 0 is a constant.
(K2) There is a positive constant 6 € [1, _Lps) such that 8K (r) = 6 fOT K(m)dn > K(7)t for any 7 > 0.

A typical example for K is given by K(7) = by + by 7" withm > 0,by > 0, and b; > 0.

Let us denote F(x,7) = fOT f(x,0tdt for all x € RY and 7 € R*. We assume that for 1 < r < p <
pb < g < p;and p € (1, +00),

(A) 0 < ae L7 (RY) N L*RY) with meas{x € RV : a(x) # 0} > 0.
(F1) f:RY x R" — R satisfies the Carathéodory condition.
(F2) f € C(RY x R*,R), and there exists nonnegative function b € L'(R") N L*(R") such that

lf(x,7)] < b(x)t?2, forall (x,7) € RY xR", q € (pb, p;).
(F3) There are v > pf and 7 > 0 such that
fex, DT> = vF(x,7) > —ot’ —B(x) forall xeRY and 7>7,
where o > 0 and 8 € L'(RY) N L*(RY) with S(x) > 0.

We give a simple example satisfying conditions (F3) that does not hold the condition of Ambrosetti-
Rabinowitz type.

Example 2.4. Put 0 = 1. If the function f : RY x R — R is defined by

P {l;(x) (|T|P_2 + 2 sin ‘r) zf 7 #0,
2p(x) if =0,

where b(x) € L'(RY) N L*(RY) and 0 < inf gy b(x) < Sup, zv b(x) < 00, then

1 2 2
F(x,7) = b(x) (— [T — —cosT + —).
p p p
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If we set o := (v — 1) sup, v b(x) and B(x) := 4fb(x) with p < v for all x € RY, then

f(x, T)T2 —vF(x,7) = b(x) »

> b(x)

= b(x)

2 y v 2v
7|’ + —tsint — — |7|” + — cos T — —
| p p p P
[ 2 4
(1 - 3) [~ = el - —V]
" »p p p
[ -1 2 4
A -npp+ =D e 2 |r|] -
p p

> b(x)(1 —=v) |1 — 4?Vb(x)

> —oltl’ - B(x)

forall |t| > T, where T~ > 1 is chosen such that v(p — 1)T? — 27 > 0. Hence (F3) holds.

The Euler functional 7, : H}7(R",C) — R associated with the problem (1.1) is defined as follows:

1 1
T@) = =Kzl ) + L2l ) = = f a(x)|z]" dx -2 f F(x,|z]) dx.
p P r Jrvy RN

Then it is obvious that the functional 7, is Fréchet differentiable on WX’Q(RN ,©), and its derivative is

(T4@,v) = R(KCl )
R

N JRN

l2(x) = B(x, )z (2(x) = B(x, )z(y)) - [v(x) = E(x, y)v()] dxdy

|x — y|Vers

+ f V(x)|zlP % zvdx — f a(x) |z 2 zvdx — A f f(x,|z])zv dx)
RN RN RN

for any z,v € H}T(RY,C), where E(x,y) := ¢4 and 7 denotes complex conjugation of v € C.
Hereafter, (-,-) denotes the duality pairing between (H,%,(R",C))" and H, 1 (R",C). From [45], we
observe that the critical points of 7, are exactly the weak solutions of (1.1) and the functional . is
weakly lower semi-continuous in szﬁ’/(RN ,0).

To begin with we introduce the Cerami condition, which was initially provided by Cerami [11].

Definition 2.5. Let a functional ¥ be C' and c € R. If any sequence {z,} satisfying

Y(z,) = ¢ and (1+[zD¥' (@) —0 as n— oo,

possesses a convergent subsequence, then we say that Y fulfils Cerami condition ((C),-

condition in short) at the level c.

Definition 2.6. A function z € H,,(R",C) is called weak solution of problem (1.1) if z satisfies

l2(x) = B(x, )z (2(x) = E(x,»)z() - [¢(x) = E(x, )¢ ()] dxdy

|X _ y|N+ps

R(K (I ) A

N RN
o [ vorrpa) =w( [ awerddxea [ sosd)
RN RN RN
for all ¢ € H;T(RY,C).
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The following lemma plays a key role in establishing the existence of a nontrivial weak solution for
the given problem.

Lemma 2.7. Let s € (0,1), p € (1,+00) and N > ps. Suppose that (V), (K1)—-(K2), (F1)—(F3) hold.
Furthermore, assume that

(F4) lim;_e % = oo uniformly for almost all x € RY, where the number 0 is given in (K2).

Then the functional T, satisfies the (C).-condition for any A > 0.

Proof. For ¢ € R, let {z,} be a (C)-sequence in H,{,(R", C), that is,

Ji(z,) = ¢ and |j,/1(Zn)|(7{;’_PV(RN,C))/(1 + |zalsa) — 0 as n — oo,

which means

c=Jaz) +o(1) and  (J(zn),zn) = o(1), 2.1)

where o(1) — 0 as n — oo. If {z,} is bounded sequence in ﬂjz@(RN , C), then the analogous argument
as in the proof of Lemma 4.2 in [45] implies that {z,} converges strongly to z in H}7,(R", C). Hence,
it is enough to ensure that the sequence {z,} is bounded in 7, (R",C). We argue by contradiction.
Suppose to the contrary that the sequence {z,} 1s unbounded in sz@(RN ,C). So then we may assume
that

[z4]ls.4 = o0, as n — oo.

Due to the condition (2.1), we have that

¢ =Ja(z,) + o(1)
= l(7((|Zn|fA) +zalD ) = lf a(x) |z," dx - /lf F(x,|zal) dx + o(1). (2.2)
p ’ P r Jry RN

By Lemma 2.2, there is a constant C; > 0 such that |[v|ygy) < Ci|v|4 for any y with p <y < p} and
for any v € H",(RY, C). Since |z,l4 — o0 as n — oo, we assert by (2.2) that

1 1 c o(l)
P ) r
LN F(x,|z,l) dx > E(W(lz”hﬁ) +zal, ) — alalL%(RN)lznle(RN) “71t
1 . 1 » C . c o(l)
> ol min{l, a6 Y|zl , — J|G|L%(RN)|Z;1|S,A Tt o (2.3)

as n — 0. Define a sequence {w,} by w, = z/|zslsa. Then it is immediate that {w,} ¢ H$(RY,C)
and |w,|;4 = 1. Hence, up to a subsequence, still denoted by {w,}, we obtain w, — w in Wj:f,(RN ,O)
as n — oo, and according to Lemma 2.1

w, = wae.inRY  and |w,| = |w|in L'RY) as n— o (2.4)

for p < ¢ < p7. Notice that V(x) — +oo as |x| — oo, then

1 1
(—-3) f V@ ol dx - C; f (2l + b)) dx
po v/ Jpwn lzal<T
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1,1 1
> E(p_H - ;)lznliv - 70,

where C; and 7 are positive constants. Indeed we know that

1 1

(___) f V(x)|zal” dx - C, f (Izal” + D(x) |z,]7) dx

po v/ Jrn lzal<T
1,1 1 f 1,1 1

> 1= =) [ Vel dr+ o(— - = f V) ll? dx
2(p9 V) RN 2(P9 V) leal<1

-G [ e rbwindx-C [ dal bkl dx

lzal<1 1<|zn|<T

1,1 1 f 1,1 1

> -(—=-- V() |zal” dx + =(— — = f V(x) |zal” dx
2(p9 V) RN 2(199 V) lzal<1

— Co(1 + [ble) jal” dx — Co,

|znl<1

where C, > 0 is a constant. Since |{x € RV : |z,| > 1}] < oo, we know {x € R¥ : |z, > 1} = AUN
where A is bounded set and N is of measure zero. Without loss of generality, suppose that there exists
B. € R" such that {x € R" : |z,| > 1} € B,. Since V(x) — +o0 as |x| — oo, there is 7y > 0 such that
|x] > 79 > 7 implies V(x) > 2C5(1 + |b|w) ’iepve. Hence one has

%

1 1
(- _)f V(x) |z, dx — sz (Izal” + b(x) |z,") dx
po v/ Jgwy lzal<T
1,1 1 f 1,1 1
> —(— - - V(X) |zl dx + =(— — = f V(%) lzal” dx
2(p9 v) RN 2(199 V) {lzal<1)NBg,
1,1 1
_(_ _Z V(x) |zal” dx — Co(1 + |bls) |zl” dx
2 p@ 14 {lzal<1}NBx, {lza|<1}NB7,
— C2(1 + |b|oo) |Zn|p dx — 52
{lzal<1)NB,
1,1 1 f 111
> 3o 2) [ vk dxr (-0 [ vkl
2(p9 v) RN 2(1?9 V) (lzal<1INBS,
- Cy(1 +1ble) |zal” dx — T
{IZnISl}mBgO
1,1 1
> —=— - - Vv n Pdx - >
_2(p9 V)LN Wlal” dx=To

as claimed. This together with (K1)—(K2) and (F2)—(F3) yields

1
c+1>9(z,)— ; <j,/1(zn)a Zn)

1 1 1 1
> —K(zul” ) = =K(zal” Dlzul” , + (= = = V(x)|zal” d
> ~K(ll ) = SKE)EE (p V)fN () |zal” dx

S,
R

_(1_1) f ()l dx + A f (1f(x, eableal® = Fx, |zn|>) dx
rov)Jry RV \V
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1 1 1 1 1 1
> (p—@ - ;)K(IznlpA)Izn +(g5) fR VLl dx- (; - ;) fR AWl dx

1
+ ﬂf (—f(x, lzuD)Izal* = F(x, Iznl)) dx —C, f (Izal” + b(x) |z,|7) dx
lzal>7 \V lzal<T

1,1 1 1 1
2 5(g — ) minlallal (? - ;) lal, ;g Ly
-2 f (©laal” +B(0) dx - T
R

1,11 '
(= _ \mi Po_ 11 , -
> 2(p9 V)mln{l,a}knls,A C, (r v) |a|L#(RN)|Zn|s.A

_Ae

|Zn|z,, ®RNy ;WIL](RN) -~ 70,

which implies

Ao . Ao
1< — lim sup Iwnlip(RN) = |w|i!’(RN)' (2.5)
5(_ - ;) mln{l a} n—oo0 E(p_e — ;) mln{l,a}
Hence, it follows from (2.5) that w # 0. Set T = {x eRY : w(x) # 0} By (2.4), we deduce that
|Zn(x)| = |Wn(x)| IZnIS,A — 00 a8 n — o
for almost all x € . Then it follows from (K2) and (F4) that for all x € Z,
F ; ) F n
im ng ) > lim %, 2] (2.6)
n=e0 K(1zall 4) + lzal) 7m0 K11 + |zn|PA) + 2l
> lim F(x, |z,
e 27((1)Iznl + IZnI
F(x,lz,
> lim x, IZ D =
= QK(1) + 1)zl
F n
> fim L ORD
n=eo QK (1) + 1) |z,
= 00,

where the inequality K (&) < K(1)(1 + £%) is used for all £ € R, because if 0 < & < 1, then K(&) =

fo‘f K(s)ds < K(1), and if & > 1, then K (&) < K(1)&°. Thus we deduce that [X| = 0, where | - | is the
Lebesgue measure in R". In fact, suppose that || # 0. By virtue of (F4) we can choose 7y > 1 such
that F(x,7) > |7 for all x € RY and 7y < |7|. In accordance with (F1) and (F2), we derive that there
is M > 0 such that |F(x, )| < M for all (x,7) € RY x [-70, To]. Hence we find a real number M, such

that F(x, ) > M, for all (x,7) € R¥ X R, and thus

FOolad - My o
Kzal) 4) + lzal) '

AIMS Mathematics Volume 7, Issue 4, 6583-6599.
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for all x € RN and for all n € N. In addition,

1
Ta@) = = (7<<|zn|”A)+|zn| V)=~ f a(x)lz,| dx — A f F(x, |z]) dx

RN RN

(7<<|zn|f’A) +lll,) - fR kb

Then one has

(7<(|zn|”A) + Lzl ) 2 f F(x, lza)) dx + ¢ = o(1). (2.8)
RN

Since ‘K(Iznl‘; NE: |Zn|§,v — o0 as n — oo, taking (2.3), (2.6)—(2.8) and Fatou’s lemma into account, we
obtain that

v F(x,1za]) dx
1 = liminf fR
ne0 4 [ F(x, [zl dx + ¢ = o(1)
> lim inf P Ij,(x’ 2nl) .
n—eo s JRN 7((|Zn|S’A) + |Zn|p’v
F(x, |z, ,
= liminf P p(x [24l) dx — lim supf p
oo Js K|zl ) + 1zal) 00 K|zl A) + Iznl
o PF(x,|z,]) — Mo)
= liminf

oo Js Klzalg 0) + lzaly

fhm of PEC ) = My)
z

oo K(|zalf ) + |zl

PF(x,|z4) . PM 3
lim inf 5 dx— | limsup > dx = oo,
r "/o® 7<(|Zn| A) + |Zn| Y n—ooo 7((lznl A) + |Zn|

which is a contradiction. This yields w(x) = 0 for almost all x € R"Y. Thus, we can conclude a
contradiction. Therefore, {z,,} is bounded in ?{j:“’,(RN ,C). This completes the proof. O

We are in a position to prove our main results. By making use of the fountain theorem in [42,
Theorem 3.6], we demonstrate infinitely many weak solutions for problem (1.1). Let E be a real
reflexive and separable Banach space, then it is known (see [18]) that there exist {e,} € E and {f,} C E*
such that

E =spanfe, :n=1,2,---}, E* =span{f:n=1,2,---},

and
oy [1ifi=
<f"’ej>_{o if i+

Let us denote &, = span{e,}, Y, = 69/;:1 &y, and Z; = @:O:k &E,.. In order to obtain the existence
result, we apply the following Fountain theorem.

Lemma 2.8. ( [37,42]) Let E be a Banach space, I € C'(E,R) satisfies the (C).-condition for any
¢ > 0 and I is even. If for each sufficiently large k € N, there exist oy, oy with o > o > 0 such that
the following conditions hold:

AIMS Mathematics Volume 7, Issue 4, 6583-6599.



6592

(1) Br:=inf{I(z):z€ Zi,lzle =0} > 00 as k — oo;
(2) ap:=max{I(z):z€ Y, lzle =0} <0.

Then the functional I has an unbounded sequence of critical values, i.e., there exists a sequence
{z.} C E such that I'(z,) = 0 and 1(z,) — +c0 as n — +oo.

Theorem 2.9. Let s € (0,1), p € (1,+400) and N > ps. Assume that (V), (K1), (K2) and (F1)-(F4)
hold. Then for any A > 0, problem (1.1) possesses an unbounded sequence of nontrivial weak solutions
{z.) in sz{,(RN, C) such that J1(z,) = o asn — oo.

Proof. To apply Lemma 2.8, let us denote E := Wj:f,(RN ,C) and 7 := 7,. Obviously, [, is an even
functional and ensures the (C).-condition. It is enough to prove that there exist o, > o > 0 with the
conditions (1) and (2) in Lemma 2.8. Firstly we prove the condition (1). Let us denote

k= sup  |zlpawm).
lulga=1,2€Zx

Then, it is immediate to verify that ¢, — 0 as k — oo. For any z € Z;, suppose that |z];4 > 1. Invoking
(F2), one has

T = KAL)+ = 7 [ atlel dr=a [ Foxlix -
S Mklf - %I R LN Flnlehdx
S MM? _ l| | e r(RN)I ILP(RN) /”blL“’(RN)I IL‘I(RN)
ZE@%@jmf——Hmmumw%meﬁm@
= (M — APl s@msilz Z;{’)Izl’; - _l a2 f(RN)ldz’A’

1
2pMbl ooy, g |70
min{1,a6-!} 2k
we infer o — oo as k — oo. Hence, if z € Z; and |z];4 = 0, then we deduce by (2.9) that

where C; was given in (2.3). Choose o = .Sincel < p<gandg — 0ask — oo,

min{1, a6~} C
Ja(@) > ————0" — a| ,

> T(RN)O-/: — 00 as k — oo,
P r

which implies the condition (1).

Next we show condition (2). To do this, we claim that ;(z) — —co as |z];.q4 — oo forall z € Y. Let
us assume that this dose not hold for some k. Then we can find a positive constant M and a sequence
{za} in H 1 (RY, C) such that

Ians,A —ooasn > oo and J,(z,) = -—-M.

Let w, = z,/lzuls.a- Then it is clear that Jw,|;4 = 1. Since dim Y, < oo, there is w € Y, \ {0} such that
up to a subsequence,
lw, —w|lza — 0 and w,(x) = w(x)
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for almost all x € RY as n — oo. Thus the similar argument as in relation (2.6) implies that

1 M 1 :
2 : : > = Ja(z,)
P Kzl )+ 1zl

P Kzl )+ Ll

_, Fald ()|l
= > > X+ P »
e Klzal” ) + |zal?, 1 (Kzl? ) + )
F(x, |z,])

> 1 f 5 (2.10)
w20 QK1) + 1) z,l7,

By virtue of (2.7), (2.10), (F4) and Fatou’s lemma, one has

1 F(x,|z, . M
— > liminf f ol 1y tim sup f L dx
pA— n=e 200 QE(D) + 1) [ A n—eo Jiwoz00 QK1) + 1) |zl7,
F W) — M, .. F(x,|z,)) — M,
= liminff S Oe dx > f lim inf S 09
=0 Jw,208 QK1) + 1) |z,,|f’ A fwa=0) " 2K(1) + 1) Iznli A

_ i F(x, |z,]) . My
= imin - dx — lim sup p dx
w0} "2 QK1) + 1) |zal?, (0} neo K1) + 1) lzal

1 F n
> f 1iminf(&zel)|wn|f"’) dx = o,
2K + 1 Jip,z00 =\ |zl

where M, was given in the proof of Lemma 2.7. This is impossible. Thus, J,(z) = —oo as |z];4 — o
for all z € Y. Choose o, > o > 0 large sufficiently and let |z];4 = o, we conclude that

ar = max{J(z) : z€ Yy, lzlsa = 0k} <0,

and therefore the condition (2) are claimed. This completes the proof. O

Definition 2.10. Let E be a real reflexive and separable Banach space. We say that J satisfies the
(O):-condition (with respect to Y,) if any sequence {z,},e C E for which z, € Y, for any n € N,

I(zy) > ¢ and  |(Zly,) @)l (1 +|z4lg) = O as n — oo,

contains a subsequence converging to a critical point of 7.

Lemma 2.11. (Dual Fountain Theorem [23, Theorem 3.11]) Assume that E is a Banach space, I €
CY(E,R) is an even functional. If there is ky > 0 so that, for each k > ko, there are o, > o > 0 such
that

(A1) inf{I(z):z€ Z, lzde = o} 2 0;

(A2) Bi:=max{l(z):z€ Y|zl =04} <O;

(A3) y:=inf{I(2):z€ Zi,lzle <0k} = 0as k — oo;
(A4) I satisfies the (C)-condition for every c € [dy,,0).

Then I has a sequence of negative critical values c, < 0 satisfying ¢, — 0 as n — oco.
Lemma 2.12. Let s € (0,1), p € (1,+00) and N > ps. Assume that (V), (K1), (K2) and (F1)-(F4)
hold. Then the functional J, satisfies the (C).-condition.
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Proof. The proof is carried out by the analogous argument as in [40]. O

With the help of Lemmas 2.11 and 2.12 we are ready to demonstrate our second assertion.
Theorem 2.13. Assume that all conditions of Theorem 2.9 are satisfied. In addition we assume that
(F5) F(x,7) = o(|t|") as T — 0 for x € RY uniformly.

Then the problem (1.1) has a sequence of nontrivial weak solutions {z,} in Wjj@(RN ,C) such that
J1(z) = 0asn — oo forany A > 0.

Proof. Invoking Lemma 2.12 and the definition of 7, we know that J, is even and satisfies the (C);-
condition for all ¢ € R. Now it remains to show that conditions (A1), (A2) and (A3) of Lemma 2.11
are satisfied.

(A1): Let us denote

O = sup |zdpeyy, k= sup  |zliegy.
lzls.a=1,26Zx lzlsa=1,2€Zx

Then, it 1s clear to ensure that 6, ; — 0 and 6,; — 0 as k — oo. Set ¥, = max{6,, 6>x}. Then we have

mln{l ae_l} 1 /?.IblLoo(RN)
> s P _ r _ W™ )9
Ji(@) 2 D |Z|s,A , |a|LP4’(RN)IZ|u’(RN> q IZILq(RN)
min{l,a67'} IalL%(RN) ADlro@yy 4
2 Tldm - ; 01 lzlp — 0, 112l

min{l,a67"} IalL%(RN) AlD| oy
T

] AR N

for k large enough and |z[;4 > 1. Choose

1
2p lal s vy bl o, |
Ok = : — + ﬂk )
min{1, a6~} r q

Let z € Z; with |z];4 = ox > 1 for k large enough. Then, there exists ky € N such that

min{1, af"! lal 2. v Al
Tz DL Al e | A
: , ,
min{1,a6™'} ,
= " 0">0
2p O =
for all k£ € N with k > ko, by being
min{1,a67'} ,
=
kl—g}o 2p Ok

Consequently, we arrive that
inf{J(2) : z € Zy, ledsa = 01} 2 0.
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(A2): Observe that | - |p@®ny, | - [Lo@y) and | - |4 are equivalent on Y. Then there exist positive
constants ¢, and ¢, such that
[zl &y < S1ilzlsa and |zl a < 6o lzl oy
for any z € Y. From (F2)—(F4), for any M > 0 there are positive constants C3 and C4(M) such that
F(x,7) 2 M}y — C317 = C4(M)b(x)

for almost all (x,7) € RN x R*. Since K (1) < K(1)(1 + 1) for all n € R,, it follows that

1 1
Ja(z) = —((K(IZIfA) +2l) ) = ;f a(x) [z dx - ﬂf F(x, |z)dx

RN RN

< - (7((1)(1 + 2% + 1210 ) — AMT, f |zlP?dx + AC; f |zlPdx + AC4(M) f b(x)dx
RN RN
1
= (2K DIl + 1217) — AMSY f |2|"’dx + ACs Ile dx+Cs
1
<K+ 1) 217, — AMel, + AC367 12l” , + Cs

for any z € Y, with |z,4 > 1 and some constant Cs. Let h(r) = %(27((1) + 1)1 — AM? +
ﬂngf’kTP + Cs. If M is large thoroughly, then lim,_,, A(T) = —co, and thus we look for ¢ € (1, o)
such that i(1) < 0 for all T € [1y, ). Hence J,(z) < O for all z € Y with |z];4 = 7. Choosing o = 7
for all £ € N, one has

B :=max{J.(z) : z € Yy, lzlsa = 0%} <O.

If necessary, we can change k to a large value, so that g, > o > 0 for all k > k.
(A3): Because Y, N Z # ¢ and 0 < 0 < o, we have y;, < B, < O for all k > k. For any z € Z;
with |z];4 = 1 and 0 < T < g, one has

min{1, a6~ "} IalL%(RN) Dl
Ji(12) > —ITZP:,A - |TZ|2’(RN) - Iz Z‘I(RN)
p q
L e MWl ,
2 - I IL’(RN) - I ILq(]RN)
lal .

RV Ab @y
LP=(RN) rﬁk ( )Qqﬂq

for large enough k. Hence, it follows from the definition of g that

lal, . Alb
L7 (RN [D] o my
Yk = ——pr ( )ercﬁ/rc - ol
+2 = +(p=2q)r
el 2p lal, v, o Able=y |1 ﬁ'zﬁ'-izqz’”
r min{1, a6~} r q ‘

49
_ Al 2p lal, - g, N Al || ﬂ#
¢ |min{Lag 1y |~ - q £

AIMS Mathematics Volume 7, Issue 4, 6583-6599.



6596

Because r < p < g and 9, — 0 as k — oo, we derive that lim;_,, y; = 0.
Hence all conditions of Lemma 2.11 are required. Therefore, we conclude that problem (1.1) has

a sequence of nontrivial weak solutions {z,} in ﬂjzf,(RN ,C) such that J,(z,) — 0 as n — oo for any
1> 0. |

3. Conclusions

In this paper, we employ the variational methods to ensure the existence of nontrivial solutions
to nonlocal Schrodinger—Kirchhoff equations of convex—concave type with the external magnetic
field. As far as we can see, in these circumstances the present paper is the first attempt to study
the multiplicity of nontrivial weak solutions to this non-local problems for the case of a combined
effect of concave—convex nonlinearities when the nonlinear growth f does not satisfy the condition of
Ambrosetti-Rabinowitz type. We point out that with an analogous analysis our main consequences still
hold when (-A); ,zin (1.1) is replaced with any non-local integro-differential operator Lo defined as
follows:

Loz(x) =2 f lz(x) = E(x, y)z0)IP(z2(x) = E(x, y)z(y))®(x — y)dy for all x € R".
RN

where @ : RV \ {0} — (0, +o0) is a kernel function satisfying properties that

(K1) m® € L'(RY), where m(x) = min{|x|?, 1};
(K2) there exists u > 0 such that ®(x) > ulx|~™*P9 for all x € R \ {0};
(K3) O(x) = O(-x) for all x € RN \ {0},
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