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Abstract: This paper deals with a class of supercritical quasilinear Schrodinger equations

u
—Au+ V(x)u + kA(V1 + u?)——— = Af(u), x e RY,
2V1 + u?
where k > 2, N > 3, A > 0. We suppose that the nonlinearity f(z) : R — R is continuous and only
superlinear in a neighbourhood of # = 0. By using a change of variable and the variational methods,
we obtain the existence of positive solutions for the above problem.
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1. Introduction

It is well-known that the generalized quasilinear Schrédinger equations of the form
i0iz = =Nz + W(x)z = A2z + k[Ap(2) o’ (12)z, x € RY, (1.1)

serves as models for several physical phenomena corresponding to various forms of the given potential
W(x) and the given nonlinearity p, where z : RY x R — C and W, [, p are real functions, «, A are real
constants. For example, the case p(s) = s was studied in [1] for the superfluid film equations in plasma
physics. The Eq (1.1) is also related to the condensed matter theory, see [2].

In this paper, we consider the case p(s) = (1 + s)% which could be used to describe the self-
channeling of a high-power ultrashort laser in matter, cf. e.g., [3,4]. Let z(t,x) = exp(—iEt)u(x)
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in (1.1), where E € R and u is a real function. Then we know that z satisfies (1.1) if and only if the
function u solves the following equation

u
— Au+ V(x)u + kA(V1 + u?)——— = Af(u), x e R", (1.2)
2V1 + u?
where V(x) = W(x) — E and f : R — R given by f(¢) := I(|t|*)t is a new nonlinear term. We shall
give the precise hypotheses on V and f latter.
In recent years, the Eq (1.2) with k < 0 has already been investigated extensively, for example, [5-7].
But the results for « > 0 is rarely studied, see [8§—11]. In [8], when x = 2, N = 2, Colin studied the

existence of ground state solutions for the Eq (1.2) with V(x) = 2w, f(s) = s —

, where w is a
2

fixed positive parameter. In [9], with well defined V(x) and improved (AR) COIlditiOI-il_, sShen and Wang
got the better results which obtained the existence of solutions for (1.2) when « < 2. In that paper, a
change of variable was used to reduce the quasilinear problem to a semilinear one and the mountain
pass theorem, the concentration compactness theorem were used to get the main existence results.

To sum up, in the past, researches of the (1.2) have mostly focused on x < 2. Now, different from the
above mentioned results, a natural question for us to pose is how about the existence of solutions for
the case k > 2 and N > 3. We would like to mention that the work [12] which obtained the existence
of positive solutions for the supercritical quasilinear Schrodinger equations. In [12], Huang and Jia
studied the following quasilinear Schrodinger equation

—Au+ V()u + AP = Af(u), x € RY,

where N > 3, f(¥) : R — Ris continuous and only superlinear in a neighborhood of ¢ = 0, by using the
truncation methods and modifying the functional. Meanwhile, in the literatures [12—14], the authors
have studied the asymptotically periodic quasilinear Schrodinger equations. So motivated by above
discussions, we study the Eq (1.2) for the periodic and asymptotically periodic potentials when « > 2,
A>0and N > 3.

Hereafter, we give the conditions of V(x) and f(¢).

Hypothesis 1.1. Suppose that the potential V(x) satisfies assumptions (vy) and (v;)
(vo): V(x) € CRM,R), V(x) > V, > 0 for all x € RY;
v): V(x) = V(x+y), VxRN, yeZV,

Hypothesis 1.2. Suppose that the potential V(x) satisfies the following assumption
(»): V(x) = Vi(x) — m(x) > my > 0, Yx € RY, where V,(x) satisfies Hypothesis 1.1 and m(x) € F
with m(x) > 0,
F :={b(x): Ve >0, |}1,|i_r£o meas{x € B;(y) : |b(x)| > &} = O}. (1.3)

Here, we assume the inequality m(x) > 0 is strict on a subset of positive measures in R,

We call the V(x) is periodic if it satisfies Hypothesis 1.1 and is the asymptotically periodic at infinity
if it satisfies the Hypothesis 1.2. In particular, if m(x) = 0, the asymptotically periodic problem is
reduced to its corresponding periodic problem. Because the periodic potentials and the asymptotically
periodic potentials are both bounded, we set V; = max{V(x)}.
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Hypothesis 1.3. For the nonlinearity f, we suppose that it is continuous and satisfies the following
conditions which give its behavior only in a neighborhood of the origin:
(f1):f() =0, fort < 0 and there exists a € (2,2") such that

t
lim sup % < 400;

t—0+

(f>):there exists 8 € (2,2") with 8 > a such that
F(1)

hm inf —= > 0;
S0t B

(f3): for t > 0 small, there exists 8 € (2,2%) such that 0 < 6F(t) < tf(¢),
t
where F(¢) = f f(s)ds.
0
Remark 1.1. An example of the nonlinearity satisfying Hypothesis 1.3 can be taken as
Cot* '+ Ci7!, ift> 0,
f@ = .
0, ifr <0,

with2 <a<2"<gq,2" =

and Cy, C,; are positive constants.

N-2
Obviously, (1.2) is the Euler-Lagrange equation associated with the natural energy functional
H () 1f1 w |V|2d+1fV()2d /lfF()d (1.4)
u)= - - ——— ||Vuldx + = X)u“dx — u)dx, .
1 2 Jon 2(1 + u2) 2 Jon N

which is not well defined in H'(R"). From the variational point of view, the first difficulty is to

Kl/t2
) > 0. And then, the change

2(1 + u?)
of variable applied in [9] loses its meaning when k > 2. Besides these, since there are no conditions

guarantee the positiveness of the principal part, that is, (1 -

imposed on f at infinity, the term f F(u)dx may not be well-defined in H'(R"). Due to these facts,

we can’t employ the usual variational methods directly. To overcome these difficulties, we use some
variational methods to solve (1.2).
We conclude the main features of this paper as follows.

e We study the Eq (1.2) for the periodic and asymptotically periodic potentials when x > 2, 1 > 0
and N > 3.

e We will first establish the existence of positive solutions for a modified quasilinear Schrédinger
equation which will be given more precisely in (2.3).

e Using Moser iteration we get an L*-estimate for the weak solutions, which depends on the
parameter A. And for A large enough, the solutions obtained of the modified problem are solutions
of the original Eq (1.2).

Now, we turn to the statement of our results.
Theorem 1.1. Under Hypothesis 1.1 and Hypothesis 1.3, when k > 2 the problem (1.2) has at least

one positive solution u € H'(R") for A sufficiently large.
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Theorem 1.2. Assume that k > 2, under Hypothesis 1.2 and Hypothesis 1.3, the problem (1.2) has at
least one positive solution u € H'(RN) for A sufficiently large.

The paper is organized as follows. In Section 2, we give a modified problem and the variational
setting of the problem. In Section 3, we complete the proof of Theorem 1.1. And the proof of
Theorem 1.2 is given in Section 4.

Notation

B,(x0) denotes a ball centered at xy with radius o > 0;

0,(1) denotes 0,(1) — 0 as n — oo;

the strong (respectively weak) convergence is denoted by — (respectively—);
C, Cy, ..., denote suitable positive constants;

The notation |u|, denotes the usual L? (RM) norm of the function u;

1

2
The working space is H'(R") endowed with the norm ||u|| = ( f w? + IVulz)dx) )
RN

2. Variational setting and preliminaries results

First, we give some discussions on the nonlinearity f(¢). Note that from (f;) there exist two positive

1
constants 6 € (0, E)’ C, such that
F(t) < Cyt?, for0 <t < 26. 2.1

For the fixed 6 > 0 in the above, we consider a cut-off function a(¢) € C'(R, R) satisfying

1, ifr<o,
a(t) = .
0, ift> 26,

2
la’ ()] < 5 and 0 < a(?) < 1 for ¢t € R. Define

F(1) = aF (1) + (1 = a())F(), f(1) = F'(0), 2.2)

where

P < Cot?, ift >0,
() = 0, ift <0.

By Hypothesis 1.3 and the definition of a(f), it is easy to see that f(¢) has the following properties
(see [15]).

Lemma 2.1. Let f(t) and F(f) be defined in (2.2). Assume that Hypothesis 1.3 hold, then we have
(1) () € CR,R), f(t) = 0 forall t <0 and f(t) > Oast — 0.
f@

(2) lim 22 = +oo;

t—+c0  f

(3) there exists C > 0 such that f(t) < Ct*!, forall t > 0;
A 0<6F@ < tf(t)for all t > 0, where 8" = min{a, 6}.
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Inspired by [12], we first consider the following modified quasilinear Schrédinger equation
— div(g*(u)Vu) + gw)g’ W)|Vul* + V(x)u = 1f(u), x € RY, (2.3)

instead of the Eq (1.2). Here g(¢) : [0, +00) — R in (2.3) is given by

K12
11— — ifo<t
20+ S Vo

g(n) =
Vi — 1 1
ifr> \/
2kt \/_ 2k
for k > 2. Setting g(f) = g(~1) for all ¢+ < 0, we know that g € C!(R, (— 1]) and g is decreasing

V2k
in [0, 00).

!
Now, defining a function G(f) = f g(s)ds, we get that G() is an odd function, the inverse function
0
G~!(¢) exists and the following properties about G~!(7) hold.
Lemma 2.2. For k > 2, the function G~ () satisfies the following properties:

-1
(1) lim G0

t—0+ t

-1
@) lim & t(t) - V2x:

t—+00

(3)t <G (1) < V2, forall t > 0;

1 t
@ -1+-<—g'®<0,forallt>0.
k80

Proof. By the definition of g(7), we get

Gl 1
lim =lim ———
G 0 g(G1(1)
and |
.Gy . 1 B
Jim == Jim ey = Ve
which show (1) and (2).
Since g is decreasing in [0, o), the inequality —t < g(Ht < G(t) < t holds for all + > 0.

V2K
Consequently, by replacing ¢ with G~'(f) we gain the conclusion (3).
By a direct calculation, one obtains

- o if0 <1<
vo) ZrEmorra-or TS 1
(l) V-1
Y ifr>
-1+t K=
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t 1 t
Since —g’(¢) reaches the minimum value —1 + — at 7 = and —g'(¢) < 0, the conclusion (4)
hold g(®) K k—1 8()
olds. O

For « > 2, we observe that the Eq (2.3) is the Euler-Lagrange equation associated with the natural
energy functional

Iﬁ(u):l f gz(u)qulzd)H-% f V(xX)lul*dx — A f F(u)dx.

2 R R R

In what follows, taking the change of variable
v =G(u), (2.4)

we know that the functional 7,(«) can be reformulated in the following way

Jﬂ(v):% f |Vv|2dx+% f V)G (W)Pdx - A f F(G™'(v))dx. (2.5)
RN RN RN

From Lemma 2.1 and Lemma 2.2, we obtain that the functional J,(v) is well-defined in H'(R") and
J,(v) € CY(H'(RV),R). Additionally, for all ¢ € H'(R") we have

-1 -1
G [ Len,, 06
R

o= [ wvgdsr [ v Dsgdx-a [ L2,

Lemma 2.3. Ifv € H'(RY) is a critical point of J,(v), then u = G~'(v) € H'(R") and meanwhile u is
a critical point for 1,(u).

Proof. Suppose that v is a critical point of J,. According to Lemma 2.1 and Lemma 2.2, we have
u=G"'v) e H'(R") and

G '(v) B f(G_l(V)) _ 1N
fRN VvWoedx + LN V(x)—g(G_](v))godx ﬂfRN —g(G‘l(v))godx =0, YVpe HR").

Choosing ¢ = g(u)y with ¢ € CT(RY), we obtain
fR VvVug (uypdx + fR VVygudx + fR Vupdx - 2 L Jydx =0,
which can be rearranged as
fR ) (—div(g*u)Vue) + gu)g' )| Vul® + V(x)u — A f(u)) wdx = 0.

Thus, we complete the proof. O
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3. Proof of Theorem 1.1

In this section, we will verify the mountain pass geometry of J, and the boundedness of its (PS)
sequences. Furthermore, we will give the proof of Theorem 1.1.

Lemma 3.1. If Hypothesis 1.1 and Hypothesis 1.3 hold, then for k > 2 there exist p, o > 0 and
e € H'(RY) \ {0} such that

(a) Ja(v) > o, for |Vl = p,

(b) Ja(e) <0, for |lell > p.

Proof. Combining Lemma 2.1, Lemma 2.2 and the Sobolev embedding theorem, we find

JA(v):% |Vv|2dx+% f V)G W)Pdx - A f F(G™'(v))dx
RN RN ]RN

1 1
> | [VPdx+ 5 f V(@)lvldx - CA f G~ (v)|"dx
2 2 Juw "

RN R R

1
zmin{l,vo}E f (Vv + vP)dx = CA | |v|%dx
RN

RN

. 1 .
> min{l, Vol [P = CAII".

Thus, due to the fact 2 < @ < 2%, we conclude that there exists oo > 0 such that (a) holds for p = ||v||
sufficiently small .

In addition, Lemma 2.1 implies F(r) > Ct¥ for all t > &y > 0. For a fixed w € C(R"), we suppose
that supp w = Qand w > 1in Q ¢ Q with |Q| > 0. Then it turns out that

2

J/l(ta)):% f |Vw|2dx+% f V)IG (tw))Pdx — A f F(G ' (tw))dx
RN RN RN

2 . .
< — f Vo’ dx + k*¢ f VylwlPdx — CcAf? f lwl? dx.
2 RN RN Q

Since 6* > 2, it follows that J,(tw) — —oo as t — oo. Then we will prove the result () if we take
e = tw with ¢t large enough. O

In consequence of Lemma 3.1, we can apply the mountain pass theorem without the (PS) condition
(see [16]) to get a (PS),, sequence {v,} of J,, where d, is the mountain pass level associated with J,,
1.e.,

Javy) = dy, Ji(v,) > 0asn — oo.

Lemma 3.2. Under the assumptions of Hypothesis 1.1 and Hypothesis 1.3, the (PS) sequence {v,} of
Jy is bounded.

Proof. Let {v,} ¢ H'(RV) be a (PS) sequence of the functional J;. By means of (2.5) and (2.6) we
know that

(v, = % f Vv, |*dx + % f V)G (vy)lPdx — 2 f F(G™'(vy)dx = d;y + 0,(1) (3.1)
RN RN RN
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and for $n = G_l(vn)g(G_l(Vn)) € HI(RN)’ <J//1(Vn)7 Qon) = On(l)llson”’ that is

f W, V(G (1)g(G™ (va))dx + f VIG™ (vy)lPdx

R R

-4 fRN FGT )G (v)dx = 0,(DIG™ w)g(GT W))II.

From Lemma 2.2 we find that

G™'(va)

PRI RA

1+

V(G (v)g(G™'(v))] <

[Vval <[Vl

and
IG™ ()G vl < V2iiv,l.

Hence, by (3.3) and (3.4), we get
IGT' (WG Il < V2klv,ll.

Additionally, (3.3) and the fact (J/(v,), G™'(v,)g(G™' ()} = 0,(D)|Iv,|| imply

_ G '(v,) Py 2
on(DIvall = fRN (1 + mg (G (Vn))) [Vv,|"dx

+ f VIG™ (v)Pdx - 2 f fGT )G (v)dx
RN RN

< f IVv,|2dx + f V)G (v,)Pdx = A f (G )G (vy)dx.
RN RN RN

Then, from (3.1), (3.2), (3.5) and Lemma 2.1 we derive
0°d, + 0,(1) + 0u(DIvall =6" T2 (va) = (J5(v), G~ (v)g(G™' (V)

2

9*
> min{1, Vo}llvall*,

which indicates ||v,|| < oo.

o -2 g -2

> f Vv, |dx + f V()IG™' (v,)Pdx
2 RN RN
-2

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

O

Remark 3.1. Indeed, in Lemma 3.1 and Lemma 3.2, for the potential V(x) we essentially just need it
to be bounded. And there holds m < V(x) < V), both in the periodic case and asymptotically periodic
case. So if we replace Hypothesis 1.1 with Hypothesis 1.2, the conclusions similar to Lemma 3.1 and

Lemma 3.2 still hold, which are about the asymptotically periodic case.

Lemma 3.3. Assume that Hypothesis 1.1 and Hypothesis 1.3 hold. Then J, has a positive critical

point.

Proof. With the help of Lemma 3.1 and Lemma 3.2, we get that J, possesses a bounded (PS) sequence

{v,} € H'(RY). Then, there exists v € H'(R") such that

v, — vin H'([RY),

AIMS Mathematics Volume 7, Issue 4, 6565-6582.
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. 1P (RN
v, = vin L, (RY),
v, = vae. in R,

where p € [2,27).

We claim that v is a critical point of J,, that is, J/(v) = 0. To prove this claim, we only need to show
that (J}(v),¢) = 0 for all ¢ € C3(R") owing to the fact that C’(RY) is dense in H'(R"). Note that
from (2.6), one has

(1) = L0, @)

) Glv) G
- fRN(V"” ~ Ve fR Ve (g(G—lwn)) } g(G-l(v))) w (3.7)
2 f (f(G-1<vn>> . f(G”(V”)ga "
o\ G gGv)

We will argue that the right side of (3.7) converges to zero in the following as n — oco. Considering for
the (PS) sequence {v,}, we have

Vu(x) = v(x) a.e. in K, := supp ¢,
Va(X)] < Iwy(x)| a.e. in K,
where w, € L?(K,). Hence,

G '(vy) . G '(v)
2 G’ T gGv)

U P ()
8(G™'(vn) g(G~1(v))
From the condition (v), we get

¢ a.e. in RY,

¢ a.e. in RV,

G™'(va)

—————¢| < CVylvllpl < CV, , X € K,.

‘V(x)
Then the Lebesgue Dominated Convergence theorem gives the result
G~'(v) G')
lim V(X)——————pdx = f V(xX)—————dx. (3.8)
=00 Jry 8(G'(vn)) RN 8(G'(v)
Meanwhile, applying Lemma 2.1, we know that

f(G'v)

o < CIGT I gl < Clval™ gl < Clw, ",
(G ? 4 4 Pl 19

Making use of the Lebesgue Dominated Convergence theorem again, we deduce that

fGlow [ fG'oy
RN

e 2 G

3.9
o Jon g(G ) T 59
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Thus, (3.8), (3.9) and v, — v yield {((J;(vx) — J3(v)),¢) — 0 immediately. This limit together with
J,(vs) — 0 shows that J'(v) = 0. Therefore, v is a critical point of J,.

If v # 0, we can get a nontrivial critical point of J,. For the case v = 0, similar as in [12], since {v,}
is bounded in H'(RY), we can use a standard argument due to Lions ( [16], Lemma 1.21) to prove that
there exist a sequence {y,} € R and r, o > 0 such that |y,| — oo as n — oo and

n—oo

lim inff vul?dx > o > 0. (3.10)
B (yn)

Without loss of generality, we can assume that {y,} C ZV. Let us consider the translation v,(x) =
va(x+y,), n € N. In this sense, ||V,(x)|| = |[v,(x)|| and {V,} is still a bounded (PS) sequence of J, in view
of the assumption of (v;). Thus, taking a subsequence if necessary, we have a weak limit ¥ € H'(R")
satisfying

v, = v in H'(RY),

v, = v in L; (RY),
v, > v a.e. in RY.

By using (3.10) we get the fact

0<o< f v, |?dx = f 9,,[?dx — f [9]%d x, (3.11)
By (yn) B.(0) B.(0)

Le., v # 0. Moreover, by the argument used above, we deduce a further conclusion J/(v)¢ = 0 for
each ¢ € H'(RY). Therefore, we have proved that the functional J, has a nontrivial critical point.
Now, assume that v is a nontrivial critical point of J;. Considering (J(v), v") = 0, we obtain

G (v
f Vv |2 dx + f V(x)#v‘dx =0,
RV RN g(G='(v7))
where v-=max{-v, 0}. By using (vy) and the definition of g(¢) we get v~ = 0, i.e., v > 0, which implies
that v is positive through the strong maximum principle. Thus, J, has a positive critical point. O
Certainly, now we can’t conclude that the origin Eq (1.2) has a positive solution. However, we

[ 1
note that the weak solution of (2.3) whose L*-norm is not bigger than min{ T o} is also a weak
K —

solution of (1.2) for k > 2. So in the following we will show the L*-estimates for the critical point v
of J/l-

Lemma 3.4. If (vo), (f1), (f3) hold and v € H'(R") is a positive critical point of J,, then v € L*(R").
Moreover,
1 2%-2
V] < CAT=||y||7, (3.12)

where C > 0 only depends on a, N.

Proof. Letv € H'(R") be a positive critical point of J,. From (2.6) there holds

' fG'oy L RN
LN VvwWoedx + LN V(x)—g(G_l(V))tpdx A » g(G‘l(v))QDdx =0, Voe H(R"). (3.13)
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On the one hand, for T > 0, we define

v, ifO0<v<T,
Vr = .
T, ifv>T.

Then there has 0 < v, < v. By taking ¢ = v’ v with y > 1 in (3.13), one obtains

_ N G'(v) 2y-1)
Vo2 Dy + 20y — 1)[ [VyPoy2~D 1dx+f V(xX)————v;." vdx
r T o gGw) T

RN
f(G™! _
=1 f(—l(v))vi(y Dydx.
ry 8(G7H(V))
Since the second and the third terms in the above equation are nonnegative, using Lemma 2.1 we can
achieve

_ F(GHV)) o
w20 Vg < 1 [ L1 201,
fRN' WS ) aeTon' T Y

G~ (vt 2y-1)
ooy T
ry 8(G71(v))

SCﬂf V“vi(y_l)dx.
RN

On the other hand, the Sobolev inequality implies

=
( f (w;‘l)z*dx) <C f Vv Pdx
RN RN

<C | 192 Vdx+ Ciy - 1) f VP2 Vel
RN RN

<CAa vdx (3.14)

< Cy? IVvlzvi(y_l)dx.
RN
Therefore, using the above inequality, (3.14), the Holder inequality and Sobolev embedding theorem

we deduce ,

5
( f (vv?l)2 dx) < CAy? f v"_zvzvi(y_l)dx.
RN RN

a2 2*—a+2
i « 2%
S C/lyz (f Vz* d.x) ( (VV;:_I) 2*2—za+2 d-X)
RN RN

2% —a+2

5 2%
< CHAIVI2 ( f v2323+zdx)
RN

22
T—ar2’

From the above inequality, setting { = we have

2

3
( N(vv’;1 ) dx) < C/172||V||a_2|v|i?
. :

Then, by the Fatou’s lemma, it follows that

Vo < (CHPIVIT) 7 Ve (3.15)
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2°+2 -«

Define y,,1{ = 2"y, withn = 0,1,2, ..., and yy = >

. As a consequence of (3.15), we derive
the following result
1
V2o < (CAYTIVIT) 7 V]aey,

1,1 L L
< (CAWIT2) 2 20y 0y ] vl

h (M G+ v 1
< (CAy T 0, 1—» vl
0

1< *
L (i) 7GFEFD 2% 1
= (CAVI) 70y (?)7' V-

Furthermore, by using the Moser iteration, we obtain

1 ogn (L Aoyn Ly 2% dgn Ly
V2 < (CAW2) 70 20 ()30 Zi ) (Zysg 2o Gy,

¢

2 - = :
?aa/ and Z i(%)‘ is convergent, we finally get

- 2+
Hence, from the facts that Z(é)‘ =
i=0 i=0

Wl < CAZ5 |v]|2.

O
Lemma 3.5. Suppose that (vy), (f1) and (f3) hold. Let v be a positive critical point of J, with J,(v) =
d,. Then there exists C > 0 independent of A such that
IVI* < Cd.
Proof. By Lemma 2.2, the inequality (3.3), we get the following result
0°dy =6"J,(v) = (J3(v), G~ (g(G™ (W)
0 o ~
=— | |Wwfdx+ = f V()IG™' (v)|*dx — 26" f F(G'(v)dx
2 RN 2 RN RN
- f VWY (G (1)8(G™'(v))) dx - f V()G (v)Pdx
RN RN
+1 | AG'v)G ' (vdx
RN
0 -2 0 -2
> IVv|*dx + f V()G (v)|*dx
RN RN
>———min{1, Vo}l[vI".
Thus, from the fact #* = min{a, 8} > 2, we get |v||> < Cd,. o
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Proof of Theorem 1.1 By Lemma 3.3, there exists a positive critical point v of J, with J,(v) = d,.
And it follows from Lemma 2.1, Lemma 2.2 and (f,) that

d; < max J,(te)
t€[0,1]

2 .
< max (— f (IVel> + 2*Viyle)dx — A f F(G‘l(te))dx)
2 RN RN

te[0,1]

(3.16)

2 . .
< max (— (IVel* + 2*Vyle)dx — CAf° f o dx)
€011\ 2 Jgw o

< CAzF,
where e is fixed in Lemma 3.1 and G™'(te) > &) in Q c R". Then, by Lemma 3.4, Lemma 3.5

and (3.16) we have
Ve < CAT=157

Since 2 < 0" < a < 2%, from Lemma 2.2 there exists 4o > 0 such that for all 2 > Ay,

lUleo =G (V)leo < V2k[V]eo < min{ —0l,
where ¢ is fixed in (2.1). This means that for 4 > A the original Eq (1.2) possesses a positive solution
u=G"'®). o
4. Proof of Theorem 1.2

Different from the preceding section, for the case of asymptotically periodic potential we find that
the inequality (3.11) is not valid. In order to overcome this difficulty, in this section, we will achieve
the Lemma 4.2 which is a key point to complete the proof of Theorem 1.2. And for convenience, in this
section, we give a sign J;(v) for the functional of the asymptotically periodic case, while we use J,(v)
to represent the functional of the corresponding periodic case. Then, there has

J;(v):% |Vv|2dx+% f VOIG )Pdx - A f F(G'(v))dx
RN RN RN

_1 IVvlPdx + % f (V1(x) = m(x)) |G (v)]Pdx — A f F(G™'(v))dx 4.1)
RN RN

2 Jen
= JA(V)—l f m(x)|G™' (v)Pdx.
2 RN

Now, we first give the following two necessary lemmas.

Lemma 4.1. Assume that Hypothesis 1.2 and Hypothesis 1.3 hold. If {v,} is bounded and
v, = 0in H'(RY), then

f m(x)lG_l(vn)Izdx = On(l)~
RN

Proof. Firstly, we claim that for any & > 0 there exists R, > 0 such that

f v|2dx < Cs f Wdx + Cae¥ ||, Yu € H'(RY), (4.2)
{m(x)=&} Bgr.+1(0)
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where C3, C4 are positive constants and independent on &.
Clearly, by (1.3), for any € > 0, there exists R, > 0 such that

meas{x € B|(y) : Im(x)| > &} < &, Y|y| 2 R,.

Now, covering RY by balls B|(y;), i € N, y; € R, in such a way each point of R is contained in at most
N + 1 balls. Without loss of generality, we suppose that |y;| < R, fori = 1,2,...,n, and |y;| > R,, for
i =ng+1,n.+2,...,+00. Then we get that |[Q2;| < g, for all |y;| > R, where Q; = {x € B|(y;) : |[m(x)| > &}.
Observe that from the Holder and Sobolev inequalities one has

+00
f |v|2dxsz f v[2dx
{m(x)=>¢} i—1 Y
ne +00
:Z f V[dx + Z f v[2dx
-1 Y i=ng+1 Y

+00
<(N+1) vPdx+ > |Q,-|ﬁ( f |v|2*dx)
Q;

Bre+1(0) Pt

N-2

2
< Cs f v[2dx + Cue¥ |V
Brg+1(0)

Therefore, our claim (4.2) is right.
Next, from Lemma 2.1, the boundedness of {v,} and v, — 0in L] (R")for all p € [2,2%), we arrive

at
f m(x)|G~'(v,)Pdx < C f m(x)|v,|*dx
RN RN
< f m(x)v,*dx + f m(x)|v,*dx
{m(x)2¢} {m(x)<e} 4.3)
< CVy (c3 f v, |2dx + C4812V||vn||2) +e f v, Pdx
Bgr.+1(0) RN

= 0,,(1) + Cset + Cge — 0,

as &€ — 0 and n — oo. Thus, we complete our proof. O

Lemma 4.2. Assume that Hypothesis 1.2 and Hypothesis 1.3 all hold. Let {v,} be a bounded (PS)
sequence of J, satisfying v, — 0 in H'(RY), as n — oo. Then {v,} is also a (PS) sequence for its
corresponding periodic case J,.

Proof. Since the above Lemma 4.1 guarantees

_ 1
a0vn) = Tl = 5 f m(x)|G™' (v,)dx — 0,
RN
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we have J,(v,) — d,. Taking ¢ € H'(R") with ||¢|| < 1, by Holder inequality and Lemma 4.1, we get
G™'(vy)
m(x)————qdx
fRN RN

< c( f m(x)|G—1(vn)|2dx)2
RN
= oa(1),

which implies J(v,) = 0,(1). Hence, we know that {v,} is also a (PS) sequence of J,. O

(0 = Tyom). 9] =

Proof of Theorem 1.2 Firstly, notice that from the Remark 3.1 we can verify the mountain pass
geometry of J, and the boundedness of its (PS) sequence {v,} analogously as in Lemma 3.1 and
Lemma 3.2. Thus we can get a bounded (PS);, sequence {v,} of J,, where d, is the mountain pass
level of J,, i.e.,

J,(v,) = dy, Jy(vy) > 0asn — co.

We suppose that v € H'(R") is the weak limit for the (PS) sequence {v,}. Then, arguing exactly like
in Lemma 3.3, we could get that v is the critical point of J,. However, in the case of asymptotically
periodic potential, we can’t ensure that v is nontrivial directly. So, the task now is to prove that v # 0.
We suppose, by contradiction, v = 0. From Lemma 4.2 we know that the (PS) sequence {v,} of J, is
also a (PS) sequence of J,, where J, is the corresponding periodic case of J,. Then we can define the
translation v,(x) = v,(x + y,) for J, analogously in Lemma 3.2. Furthermore, there exists a v # 0 such
that 9, — v in H'(R") and J/(¥) = 0.
G g G
g(G71(»)
that Q(x,v,Vv) > 0. Moreover, we have Q(x, v, Vv) is convex in Vv and f O(x,v, Vv)dx is lower

RN
semi-continuous with respect to v by Theorem 1.6 in [17]. Then, from the lower semi-continuity

Set O(x,v,Vv) = IVv>. Since g’(v) < 0 for all v > 0, it is easy to see

of O(x,v,Vv)dx, Lemma 2.1, Lemma 4.1 and Fatou’s Lemma we have
RN

2d, = lim |21,(5,) ~ (J3(7), G (3)8(G™ ) |

f G '(7.)g' (G~ (7))
v 8(GTI(W)

— lim A f (2F‘(G‘1(v,,))— f(G‘l(vn))G‘l(vn))dx
RN

=— lim V5, dx

n—oo

B f G'(1g'(G™' (M)
v g(GTI(P))
-1 f (2F(G™'3) - AG' )G () dx
RN
=2J,(%) — (J1), G (M)g(G™ ("))

(4.4)
Vo[> dx

Consequently, ¥ # 0 is a critical point of J, satisfying J,(¥) < d,. Setting

[:={y € C([0, 1], H'(RY)) : y(0) = 0, Ja(y(1)) < 0, y(1) # 0},
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= {y € C([0, 11, H'(RY)) : y(0) = 0, Ju(y(1)) < 0, y(1) # 0},

dy = lyrg max Ja(y(@)),

d, = inf max J,(y(1)),
yel 1€[0,1]

and using the similar arguments in [18], we get a specific path y : [0, 1] — H'(R") satisfying
¥(0) =0, Ja(y(1)) <0, v ey(0,1]),
y(0)(x) >0, YxeRY, 1€ (0,1], (4.5)
max J,(y(1)) = Ja(v).
te[0,1]

Then for the path given by (4.5), there holds y € I'  T. Since m(x) > 0 is strict on a subset of positive
measures in RY and G~!(¢) is an odd function, we can arrive at

d, < max Li(y(@®) = L(y(D) < J,(y(D)) < max L(y(0) = W) < d,,

which is a contradiction. Therefore, the above arguments show that the critical point v of J, is
nontrivial.

Furthermore, we repeat the same arguments used in Section 3 to verify the L*-estimates of v. Then,
under the assumptions of Theorem 1.2 and the change of variable (2.4), we obtain a positive solution
of the original Eq (1.2) for A sufficiently large. O

5. Conclusions

In this paper, we investigated a class of quasilinear Schrodinger equations with supercritical growth
on the nonlinearity f(#). The nonlinearity f(¢) is continuous and only superlinear in a neighborhood
of t = 0. We supposed the potentials V(x) are periodic and asymptotically periodic. By using
variational methods, truncation techniques and Moser iteration, we have shown that the Eq (1.2) has at
least one positive solution for the periodic and asymptotically periodic potentials.
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