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1. Introduction

Ever since the introduction of fixed point theorem in metric space, and in particular Banach
contraction principle [2], many theories have evolved in improvising, generalizing or extending its
concept in numerous ways. Some of the initial attempts were made to overcome the shortcomings
of Banach contraction principle, the most prevailing one being the self map in consideration has to
be a continuous map in the given complete metric space. With fairly new contraction condition,
Kannan in 1968 [14] made an attempt to overcome few of the shortcomings of Banach contraction
principle. The approach was followed by Meir and Keeler in 1969 [18], Reich in 1971 [23], Chatterjea
in 1972 [4], Zamfirescu in 1972 [26], Hardy and Rogers in 1973 [10], Ciri¢ in 1974 [5] amongst others
(see [3,8,11-13,16,25] and references cited therein).

Ma et al. in 2014 [20] introduced the concept of C*-algebra valued metric spaces and proved some
of the fixed point results subjected to a fairly new contractions as well as an expansion condition that,
over a period of time, has been generalized by many (see [6,9,21,24] and references cited therein).

Alam and Imdad in 2014 [1] came up with the idea of relational theoretic contraction principle and
proved some fixed point result. Recently, Khalehoghli et al. in 2020 [16] and Prasad in 2020 [22]
combined the idea of a binary relation together with some weaker contractive conditions in a metric
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space in order to prove some of the fixed point theorems in this setting. The idea of binary relation has
opened up an exceptionally bright research framework in the field of fixed point theory.

Derived by the work done in [1, 16, 20, 22], with the help of this manuscript, we introduce the
notions of C*-algebra valued R-metric space, C*-algebra valued R-contractive map and investigate
some of the related fixed point theorems with the help of relatively weaker condition for which only
related points in the space are subjected to hold the contractive conditions. The main results proved
further generalizes and integrates results present in the literature and the outcomes are well supported
by examples.

2. Preliminaries

We begin this section by discussing few of the basic concepts of C*-algebra valued metric
space followed by some definitions of relational theoretic. Readers should note that, throughout
the manuscript A denotes a unital C*-algebra with the unit /, # denotes the zero element of A,
A, ={a € A : 8 < o} and R denotes a non-empty relation on a non-empty set X. Apart from it,
certain basic notations such as real numbers (R), integers (Z) and natural numbers (IN) are used.

Definition 2.1. [20] For a non-empty set X, letd : X X X — A be a map satisfying:

(1) 6 <d(p,v);

(2) d(p,v) =0 ifand only if p = v;
(3) d(p,v) = d(v,p);

(4) d(p,v) =d(p,{) +d(,v),

forany p,v,{ € X. Then d is said to be a C*-algebra valued metric and (X, A, d) is called a C*-algebra
valued metric space.

Definition 2.2. [17] For a non-empty set X, a binary relation R on X is a subset of X X X.

Definition 2.3. [1] For a binary relation R defined on a non-empty set X, we say p and v in X are
R-comparative (denoted by [p,v] € R) if either (p,v) € Ror (v,p) € R.

Definition 2.4. [15] For a non-empty set X and a subset Y of X, a binary relation R on X is said to be
restricted to Y (denoted by R|y) when R = RN Y2,

Definition 2.5. [16] For a binary relation R defined on a non-empty set X, a sequence {p,}nen € X is
said to be a R-sequence if (0, Pns1) € R for all n € N.

Definition 2.6. [16] A metric space (X, d) together with a binary relation R is said to be a R-metric
space. It is usually written as (X, d, R).

Definition 2.7. [16] For a R-metric space (X,d,R), a self map g : X — X is said to be R-continuous
at p € X if for any R-sequence {p,}pen C X with lim,_, ., p, = p implies lim,_, ., gp, = gp. Also, g is
said to be R-continuous on X if it is R-continuous at each point of X.

Remark 2.1. [16] Every continuous map is R-continuous but not conversely.
Example 2.1. Consider X = (—o0, 0] with usual metric d. Define a binary relation R on X as (p,v) € R
if and only if p* = V2. Then (X, d,R) is a R-metric space.
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Define a self map g on X such that

g(p):{ O2 forp € XNZ;

-0 otherwise.

Then g is R-continuous map on X but it is discontinuous at every non-integer points of X.

Definition 2.8. [16] A R-metric space (X,d,R) is said to be R-complete if every R-Cauchy sequence
in X is convergent.

Definition 2.9. [16] For a R-metric space (X,d,R), a self map g : X — X is said to be R-preserving
if for every (p,v) € R implies (gp, gv) € R.

Definition 2.10. [/] For a R-metric space (X,d,R), a binary relation R is said to be d-self-closed
on X if for any R-sequence {p,}nen C X such that lim,,_,,., p, = p implies there exists a subsequence
{pnk }kEN Of {pn}nEN such that [pnk’p] € Rfor all k € N.

Lemma 2.1. /7, 19] If A is a unital C*-algebra with unit I:
(1) Ifa € A, with ||a|| < 1/2, then I — a is invertible and |la(I — a)™'|| < 1.

(2) Suppose that a,b € A with a,b > 6 and ab = ba, then ab > 6.
(3) Ifac A" and b,c € A whereb > c > @and I — a € A, is invertible operator; then

I-a)y'b>U-a)c,

where A, ={acA:a>0and A" ={ac A: ab = ba forall b € A).
3. Main results

In this section, we prove some of the fixed point results for mappings in C*-algebra valued
R-metric space endowed with different contraction conditions. The outcomes are supported by
illustrative examples.

Definition 3.1. For a non-empty set X together with a unital C*-algebra A and binary relation R,
defined : X XX — A. Then (X,A,d,R) is called C*-algebra valued R-metric space if following
are satisfied:

(1) (X,A,d)is a C*-algebra valued metric space;
(2) R is a binary relation on X.

Definition 3.2. For a C*-algebra valued R-metric space (X, A,d,R), a self map g : X — X is said to
be C*-algebra valued R-contractive map if for all p,v € X with (p,v) € R, there exists an a € A where
||| < 1 such that d(gp, gv) < a*d(p, v)a.

Example 3.1. Let X = R, A = M,(R) with involution on A defined as A* = A’ for all A € A,
where A' denotes the transpose of matrix A and zero element 6 = [8 8] =0 ForA = [a;jl, let
||A|| = MmaXj<j,j<2 |a,~j|. Deﬁne d: XxX—> Aas

_|le=vl 0
d(p’v)‘[ 0 |p—v|]'
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In such case, for A = [a;;], B = [b;;] € A we say A < B if and only if a;; < b;; forall i, j = 1,2. Then
(X, A,d) is C*-algebra valued metric space. Let R be a binary relation on X defined as (p,v) € R if
and only if p.v = 0 such that (X, A, d,R) is a C*-algebra valued R-metric space.

Define a self map g : X — X as

_ | 3/25 forp eN;
8p) = { 0 otherwise.

Now, for (p,v) € R, we must have either p or v or both to be zero. Consider v = 0, then we have
following cases:

Case(i) If p € X — N. Then we have gp = 0 and eventually d(gp, gv) = d(0,0) = 0. For any A € A with
A]l < 1, we have A*d(p, 0)A > 0 and thus d(gp, gv) < A*d(p, v)A.

Case(ii) If p € N. Then

B 325 0
and for A = [f i ], we have
\/g
Ad(p.)A = A'd(p, V)A = [p(/) > p(/)S} . 3.2)

Thus, from Eqs (3.1) and (3.2), we obtain d(gp, gv) < A*d(p,v)A for any p € N. The case when p = 0
can be proved in similar manner as above.
Hence, g is a C*-algebra valued R-contractive map.

Example 3.2. Let X = [0, 1], A = M,(C) with involution on A defined as A* = A" for all A € A, where
A" denotes the conjugate transpose of matrix A and zero element § = [§ ] = 0. For A = [q il, let
lA]l = max; j<» |a;j|. Defined : X x X — A as

lo = vl

d(p,v):[ 0 ],whereézl.

lo = vl
In such case, for A = [a;;],B = [b;j] € A, we say A < B if and only if |a;j| < |b;j| forall i,j = 1,2.
Then (X, A, d) is C*-algebra valued metric space. Let R be a binary relation on X defined as (p,v) € R
if and only if p.v = 0 such that (X, A, d,R) is a C*-algebra valued R-metric space. Define a self map
g: X—>Xas

_ | p/4 forpe XNQ;
8p) = { 0 otherwise.

Now, for (p,v) € R, we must have either p or v or both to be zero. Consider v = 0, then we have the
following cases:

Case(i) If p € X — Q. Then we have d(gp, gv) = d(0,0) = 0. For any A € A with ||A|| < 1, we have
0 < A*d(p, 0)A and thus d(gp, gv) < A*d(p, v)A.
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Case(ii) If p € XN Q. Then

4)¢
o =dprao = |07 ) (33
and for A = [? i ], we have
\/E
)
Ad(p, A = AMd(p, )A = [p 0/ p;)/ 2]. (3.4)

Thus, from Eqgs (3.3) and (3.4), we obtain d(gp, gv) < A*d(p,v)A for any p € X N Q. The case when
p = 0 can be proved in similar manner as above.
Hence, g is a C*-algebra valued R-contractive map.

Definition 3.3. For a C*-algebra valued R-metric space (X, A, d, R), a R-sequence {p,},en C X is said
to converge to p € X if for any € > 0, there exists ny € N such that ||d(p,, p)|| < € for all n > n.

Definition 3.4. For a C*-algebra valued R-metric space (X, A, d,R), a R-sequence {p,},en C X is said
to be R-Cauchy if for any € > 0, there exists ny € N such that ||d(0,, pm)|| < € for all n,m > ny.

Definition 3.5. A C*-algebra valued R-metric space (X, A,d,R) is said to be complete C*-algebra
valued R-metric space if every R-Cauchy sequence with respect to A is convergent.

Definition 3.6. For a C*-algebra valued R-metric space (X, A,d,R), a subset Y of X is said to be a
complete C*-algebra valued R-subspace if (Y, A, d, R) is a complete C*-algebra valued R-metric space.

Theorem 3.1. Let (X, A,d,R) be a C*-algebra valued R-metric space and let Y be a complete C*-
algebra valued R-subspace of X. If g : X — X is a self map on X such that:
(1) g(X)CY;
(Il) g is R-preserving;
(II1) There exists some py € X such that (py,v) € R for all v € g(X);
(1V) g is C*-algebra valued R-contractive map;
(V) Either g is R-continuous or R is d-self closed on Y.

Then g possesses a unique fixed point.

Proof. Define a sequence {0, },enujo; in X such that p; = gpo, pu+1 = &"po = gp, forall n € N. By
condition (III) for some py € X, (09, gro) € R, thatis (pg, p1) € R.

Since g is R-preserving, so we have (gpo, go1) = (01,02) € R. On continuous use of R-preserving
property of g, we get (0, pn+1) € R for all n € N U {0}. Thus, {0, },enuio) is @ R-sequence in X.

Next, by using condition (/V), we obtain

d(pns1,00) = d(8Pns 8Pn-1)

a*d(py, pr-1)

@ d(gpn-1, 8Pn-2)

(@)?d(pn-1, pr-2)’

. 2 (@)'d(py, po)a” = (a")"pa”, (3.5)

where 8 = d(p1,p0) and @ € A with ||| < 1.
Let n > m, for n,m € N U {0}, and using triangle inequality along with (3.5), we get

IA 1A

IA
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d(pn+l,pm) =< d(pn+l,pn) + ...+ d(pm+2’pm+l) + d(pm+]apm)
< ) (@)paf = ) (@yBp
E=m E=m
— Z(ﬁ]/zaf)*(ﬂl/za‘f) _ Z Iﬁl/zaglz
é=m é=m
< 1) 18P
E=m
n +00
< D UIBAPIAIT < IB"PIP D NPT
E=m E=m
[l
= 18P I -6 as m— +oo.
(1 = fla])

Thus, {0, = gou-1}en 18 R-Cauchy sequence in Y and since Y is a complete C*-algebra valued R-
subspace of X, so there exists p € Y C X such that lim, .. p, = p.

Case(i) Consider g be a R-continuous map. Since {0, },enujo; 1 R-sequence with lim,,_, ., p, = p. Then
p = lim p,,; = lim gp, = gp.
n—+oo n—+oo

Thus, g possesses a fixed point.

Case(ii) Consider R be d-self closed on Y. Since {0, },enuio; is R-sequence such that p, — pasn — +oo.
Then there exists a subsequence {p,, }xen Of {0 }nen such that [p,,, p] € Rly.
Now,

d(pn+1,8P) = d(gpn,> 8p) < @ d(pn,p)d — 6 as  k — +oo.

Therefore, p,, — gp as k — +oo and by uniqueness of limit, we have p = gp. Thus, g possesses a
fixed point.

For the uniqueness of the fixed point, let v be another fixed point of g in X, that is, gv = v infact
g"v = v. By condition (1II), there exists py € X such that (pg, v) = (0o, gv) € R. Since g is R-preserving,
s0 (gpo, gv) € R implies (g"po, g"v) € R. On using contractive condition of g, we have

d(p,,v) = d(g"po.g"v) < a’d(g" po.g" V)
< (@)d(g" po, 8" V)(@)’
< .. =2 (@)"d(po, v)(@)". (3.6)
Taking limit as n — +oc0 in (3.6), we get
d(p,v) = 6.
Hence, g possesses a unique fixed point. O

Corollary 3.1. Let (X, A, d, R) be a complete C*-algebra valued R-metric space. If g : X — X is a self
map on X such that:
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(I) g is R-preserving;
(II) There exists some py € X such that (py,v) € R for all v € g(X);
(I11) g is C*-algebra valued R-contractive map;
(IV) Either g is R-continuous or R is d-self closed.

Then g possesses a unique fixed point.
Proof. In Theorem 3.1 if we take Y = X, then the result follows. |

Example 3.3. Consider the C*-algebra valued R-metric space as discussed in Example 3.2, where
the defined self map g on X is a C*-algebra valued R-contractive map and (X, A, d,R) is a complete
C*-algebra valued R-metric space. Also, there exists py = 0 € X such that (0o, gpo) € R. Further, g is
R-preserving (since for any (p,v) € R implies p = 0 orjand v = 0 implies (gp, gv) € R) and for any
convergent R-sequence {p,},en we must have lim,_, .., p, = 0 and so is lim,_, .. go, = 0 = g0. Thus, g
is a R-continuous map. Therefore, by Corollary 3.1, g possesses a fixed point viz. p = 0.

The upcoming theorem proves an analogues result for the Kannan contractive condition [14]
endowed with a binary relation R under similar setting.

Theorem 3.2. Let (X, A,d,R) be a C*-algebra valued R-metric space and let Y be a complete C*-
algebra valued R-subspace of X. If g : X — X is a self map on X such that:

(1) gX)cY;
(Il) g is R-preserving;
(II1) There exists some py € X such that (py,v) € R for all v € g(X);
(1V) For all p,v € X with (p,v) € R, there exists an @ € A’,, where ||| < 1/2 such that

d(gp, gv) = a(d(gp,p) + d(gv,));
(V) Either g is R-continuous or R is d-self closed on Y.

Then g possesses a unique fixed point.

Proof. Working on the lines of Theorem 3.1, we obtain a R-sequence {p,},enuioy in X such that
(Ons Prs1) € Rforn € N,
Using condition (1V), we get

d(pn+l 7pn) = d(gpn’ gpn—l) =< a(d(gpn’ pn) + d(gpn—l » Pn-1 ))
= a(d(pn+l’pn) + d(pn’pn—l))’
therefore, (I — @)d(0us1,0,) = a@d(On, Pu-1)-

Now, @ € A’, and ||e|| < 1/2. Thus, by Lemma 2.1, (I — @) and a(I —a)~' € A", with ||a(I -a)7!|| < 1,
so we have

d(pn+l,pn) =< Q(I - a)_ld(pn,pn—l),
bd(pn’pn—l)
< .. 2b'd(p1,pp) = b"B, 3.7
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where b = a(I — @)™! and 8 = d(p1, p).
Let n > m, for n,m € N, and using triangle inequality along with (3.7), we get

d(pm,erl) =< d(pm,pm+l) + d(pm+l9pm+2) +...+ d(pmpml)
- Z KB = Z bE2pERgI2R1 2 = Z(bg/zﬁl/z)*(bg/zﬁuz)

E=m é=m &=m

n n
2 212 2 212
= DUIBPRE <Y P
&=m E=m

IA

+0o0
IB2IP > Iblf
E=m

b m
|L3‘/2||21”—||||b”1 — 0 as m— +oo.

Thus, {0, = 8Pu-1lnenuioy 1s @ R-Cauchy sequence in Y and since Y is complete C*-algebra valued
R-subspace of X so, there exists p € Y C X such that lim,_,, p,, = p.

Case(i) Consider g be a R-continuous map. Then
p = lim p,.,; = lim gp, = gp.
n—+00 n—+oo

Thus, g possesses a fixed point.

Case(ii) Consider R be d-self closed on Y. Since {p,},enujo; 18 @ R-sequence such that p, — p as
n — +oo. Then there exists a subsequence {p,, }ren Of {0,}nen such that [p,,, p] € R|y. Now,

d(Pn,+1,8P) = d(8Py,, 8P) = a(d(8Py,, Pn,) + d(gp, p)).

Taking norm on both sides, we get

lld(on+1> g < llelld(gon,. pull + ld(gp, PIID = llei(ld(Ony..,» ox Il + [ld (g, P)ID.

Taking limit as k — +oco0 on both sides, we get

(o, go)ll < lllllld(gp, PII-

For |la|| < 1/2, above holds only when ||d(gp, p)|| = 0. Thus, g possesses a fixed point.

Next, if v is another fixed point of g in X, that is, gv = v infact g"v = v. By condition (III), there
exists po € X such that (pg,v) = (0o,gv) € R. Since g is R-preserving, so (gpo,gv) € R implies
(g"po, &"v) € R for n € N. On using condition (IV), we have

d(p,.v) = d(g"po.g"v) = ald(g"po.8" ' po) +d(g"v. 8" V)
= ad(pp, pn-1) = ... 2 "d(p1, po). (3.8)

On taking limit as n — +o0 in (3.8), we get

d(p,v) = 6.

Hence, g possesses a unique fixed point. O
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Corollary 3.2. Let (X, A, d,R) be a complete C*-algebra valued R-metric space. If g : X — X is a self
map on X such that:

(I) g is R-preserving;
(Il) There exists some py € X such that (py,v) € R for all v € g(X);
(Ill) For all p,v € X with (p,v) € R, there exists an a € A’,, where ||a|| < 1/2 such that

d(gp, gv) = a(d(gp,p) + d(gv,));
(IV) Either g is R-continuous or R is d-self closed.
Then g possesses a unique fixed point.
Proof. In Theorem 3.2 if we take Y = X, then the result follows. O

In the next theorem, we establish the R analog of the Chatterjea contractive condition [4] for a
C*-algebra valued R-metric space.

Theorem 3.3. Let (X, A,d,R) be a C*-algebra valued R-metric space and let Y be a complete C*-
algebra valued R-subspace of X. If g : X — X is a self map on X such that:

(1) gX)cY;
(Il) g is R-preserving;
(II1) There exists some py € X such that (py,v) € R for all v € g(X);
(1V) For all p,v € X with (p,v) € R, there exists an @ € A’,, where ||| < 1/2 such that

d(gp,gv) = ald(gp,v) + d(gv, p));
(V) Either g is R-continuous or R is d-self closed on Y.
Then g possesses a unique fixed point.

Proof. Working on the lines of Theorem 3.1, we obtain a R-sequence {p,},enuioy in X such that
(On> Pu+1) € R for n € N. Using condition (IV), we get

d(Pns1,0n) = d(8Pn>8Pn-1)

< a(d(8pn, Pn-1) + d(8Pn-1,Pn)) = @d(8Pn, Pn-1)
= ad(8pn, 8Pn-2)
< a(d(8pn>8Pn-1) + d(8Pn-1, 80n-2))
< a(d(n+15Pn) + d(On; Pn-1)),
therefore, (I — @)d(0us1,0,) = @d(Pp, Pn-1).

Now, @ € A’, and ||| < 1/2. Thus, by Lemma 2.1, (I — @) and a(I —a)~' € A", with ||a(I -a)7!|| < 1,
so we have

IA

Q'(I - a’)_ld(pmpn—l)
bd(pn,pn—l) <..= bnd(pl’pO) = bnﬁa

d(Pn+1,Pn)
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where b = a(I — @)™! and 8 = d(p1, p).
By the working done in Theorem 3.2, we obtain that {p, = gp,—1}senuio 1 @ R-Cauchy sequence
in Y, and since Y is complete C*-algebra valued R-subspace of X, so there exists p € Y C X such that

lim, 0 0 = p.

Case(i) Consider g be a R-continuous map. Then
p = lim p,;; = lim gp, = gp.
n—+oo n—+oo

Thus, g possesses a fixed point.

Case(ii) Consider R be d-self closed on Y. Since {p,},enuo; 1s R-sequence such that p, — pasn — +oo.
Then there exists a subsequence {p,, }ren Of {pn}nery such that [p,,, o] € Rl|y. Now,

d(Pn+1,8P) = d(gpn,, gp) < a(d(gpn,, p) + d(gp, py,)).

Taking norm on both sides, we get

ld(on+15 80N < llll(ld(gpn, PN + ld(go, pu ) = lleilldCon,..» LI + [ld (g, puID)-

Taking limit as k — +oo on both sides, we get

(o, go)Il < llalllld(gp, p)II-

For |la|| < 1/2, above holds only when ||d(gp, p)|| = 0. Thus, g possesses a fixed point.

Next, if v is another fixed point of g in X, that is, gv = v infact g"v = v. By condition (1II), there
exists pp € X such that (py,v) = (09,gv) € R. Since g is R-preserving, so (goo,gv) € R implies
(g"po, &"v) € R for n € N. On using condition (IV), we have

a(d(g"po, & 'v) +d(g"v, g" ' po))
a(d(pn, v) +d(v, pp-1)),
a’d(V, pn—l)

a
(I _ a)d(v’pnfl)

.= a
T d-ar

d(pn,v) = d(g"po, 8"v)

TRV

IA

therefore, (I —a)d(p,,V)
d(pn,v)

IA

IA

d(v, po). (3.9)
Using Lemma 2.1 and taking limit as n — +o0 in (3.9), we get

d(p,v) = 6.
Hence, g possesses a unique fixed point. |

Corollary 3.3. Let (X, A, d,R) be a complete C*-algebra valued R-metric space. If g : X — X is a self
map on X such that:

(I) g is R-preserving;
(Il) There exists some py € X such that (py,v) € R for all v € g(X);
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(I11) For all p,v € X with (p,v) € R, there exists an @ € A, where ||a|| < 1/2 such that

d(gp, gv) < a(d(gp,v) + d(gv,p));
(IV) Either g is R-continuous or R is d-self closed.
Then g possesses a unique fixed point.

Proof. In Theorem 3.3 if we take Y = X, then the result follows. |

Example 3.4. Consider X = [0, 1) equipped with usual metric and let the unital C*-algebra valued
metric space A = (—o0o,+c0) together with ||| = |a|, for a,y € A a < y ifand only if « < y and
involution given by a* = «a. Define relation R on X as (p,v) € R ifand only if p.v € {p,v} and let
g : X — X be defined as

_J 0 Sfor p €[0,2/9];
8) ‘{ 19 forpe(2/9,1),

then X is a complete C*-algebra valued R-metric space (since every R-Cauchy sequence in X is
convergent). Next, for (p,v) € R then we have either p = 0 orjand v = 0. Let us consider v = 0
then following cases arise:

Case(i) If p € [0,2/9], then
d(gp,gv) =d0,0)=0 (3.10)

and
d(p,v) =d(p,0) = p. (3.11)

Then for any a € A with ||a|| < 1, from (3.10) and (3.11), we obtain
d(gp,gv) < a’d(p,v)a.
Case(ii) If p € (2/9, 1), then
1

and

d(p,v) =d(p,0) = p. (3.13)
Thus, for a = \/% and from (3.12) and (3.13), we obtain
d(gp, gv) = a’d(p,v)a.

Thus, g is C*-algebra valued R-contractive map. Also, g is R-preserving and R-continuous. Thus, by
Corollary 3.1, we conclude that g possesses a unique fixed point which in this case is p = 0.

Note that the metric space (X, d) considered in above example is an incomplete metric space and
thus violating the applicability of Theorem 2.1 of [20] and Banach contraction principle [2].
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Example 3.5. Let X = {0,

273’4} and A = MZ(R) with A* = A fOi" all A € A and
”AH = maXi<; j<2 |Cl,"j|. Let 6 8

1,
0=139] Defined: XxX — Aas

_ 0 forp=v;
dip,v) = { 1 otherwise,

where I denotes an identity matrix of order 2. Then (X, A,d) is a C*-algebra valued metric space.
Let R ={(0,0),(0,1),(1,1),(2,2),(2,4),(3,2),(3,4),(4,4)}, then (X, A,d,R) is a complete C*-algebra
valued R-metric space (since any R-Cauchy sequence {p,},cn is convergent in X).

Define a self map g : X — X as g(0) = 0 = g(1), g22) =1 = g(3) = g(4). Then g is a R-
preserving map (since for any (p,v) € R, (gp,gv) = (0,0) or (1,1)). Also, there is 0 € X such that
(0,gv) € R forall v € X and g is R-continuous as for any R-sequence {p,},eny With p, — p, we have
gp, converge to either O or 1. Next, for a given A € A with 0 < ||A|| < 1/2, we have

d(g0, g4) = d(0,1) = I > A(d(g0,0) + d(g4,4)) = A0 + I) = AL

Here, g satisfies all the conditions of Corollary 3.2 proved in this manuscript and hence, g possesses a
unique fixed point viz. p = 0.

However, the readers should note that the given self map does not satisfy Kannan contraction
condition given in [14].

Example 3.6. Consider X = [0,2) equipped with usual metric and let the unital C*-algebra valued
metric space A = (—oo, +00) together with ||a|| = |a|, for a,y € A, @ < vy ifand only if @ < y and
an involution given by o = a. Define relation R on X as (p,v) € R if and only if p.v € {0} and let
g : X — X be defined as

[N]

g(p):{P forp €0, 1);

3
0 otherwise.

Then (X, A, d,R) is a complete C*-algebra valued R-metric space. For (p,v) € R we have p = 0 orjand
v =0. Let v = 0, then we have following cases:

Case(i) If p € 10, 1), then

_al 0
d(gp, gv) = d( c ,0) = c (3.14)
and
o Qo
a(d(gp,v) +d(gv,p)) = CY(d(g,()) +d(0,p)) = a(g + ). (3.15)

Then for « = 1/3 and from (3.14) and (3.15), we obtain
d(gp, gv) < ald(gp,v) + d(gv, p).

Case(ii) If p € [1,2), then
d(gp,gv) =d0,0)=0 (3.16)
and
a(d(gp,v) + d(gv,p)) = a(d(0,0) + d(0, p)) = ap. (3.17)
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Then, from (3.16) and (3.17) and for any value of a € (0,1/2), we conclude that g satisfies the
contraction condition of Corollary 3.3. Moreover, g is R-continuous and R-preserving. Thus, by
Corollary 3.3, g possesses a unique fixed point which is p = 0.

Note that the metric space (X, d) considered in above example is an incomplete metric space and
thus violating the applicability of Theorem 2.3 of [20] and Chatterjea contraction theorem [4].

4. Conclusions

As discussed in the beginning, the key purpose of this manuscript is to generalize and unify some
of the well known results present in the literature. Following points give a visualization of deductions
made through the present manuscript.

(1) On considering binary relation R as a universal relation (that is, relation R on X such that
(p,v) € R forall p,v € X) in Corollary 3.1 of this manuscript, we obtain the Theorem 2.1
of [20].
(i1) If we consider A = R with ||a|| = |a| and @* = @ for all @ € A in Corollary 3.1, then we obtain an
analogue of Theorem 3.1 of [16].
(iii)) On combining the above two conditions (that is, taking R as a universal relation and considering
A = R with ||@|| = |a| and @ = @) in Corollary 3.1, we obtain the Banach contraction principle [2].
(iv) For A = R with ||e|| = || and " = « for all @ € A in Corollary 3.2 proved herein, we obtain an
analogue of Theorem 3.1 proved in [22].
(v) If we assume binary relation R = X X X along with A = R, then from Corollary 3.2 we obtain the
fixed point result due to Kannan given in [14].
(vi) If the binary relation R is considered to be a universal relation in Corollary 3.3 proved herein, we
obtain the Theorem 2.3 of [20].
(vii) For A = R with ||a|| = |a| and a@* = a for all @ € A in Corollary 3.3 of this manuscript, we obtain
an analogue of Theorem 3.5 proved in [22].
(viil) Under the condition A = R together with binary relation R as a universal relation in Corollary 3.3,
we derive the fixed point result due to Chatterjea in [4].

Howeyver, readers should note that from either of the results obtained in [2,4,14,16,20,22], we cannot
obtain the results proved in this manuscript and to further substantiate the utility Examples 3.4-3.6 were
considered.

Open problem

Is it possible to write the main results of this paper when the underlying C*-algebra is replaced by
a lattice?

Conflict of interest

The authors declare that they have no competing interests.

AIMS Mathematics Volume 7, Issue 4, 6550-6564.



6563

References

1.

10.

11.

12.

13.

14.

15.
16.

17.

18.

19.

A. Alam, M. Imdad, Relation-theoretic contraction principle, J. Fixed Point Theory Appl., 17
(2015), 693-702. https://doi.org/10.1007/s11784-015-0247-y

S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations
intégrales, Fund. Math., 3 (1922), 133-181. https://doi.org/10.4064/fm-3-1-133-181

V. Berinde, Approximating fixed points of weak contractions using the Picard iteration, Nonlinear
Anal. Forum, 9 (2004), 43-53.

S. K. Chatterjea, Fixed-point theorems, C. R. Acad. Bulgare Sci., 25 (1972), 727-730.

L. B. Cirié, A generalization of Banach’s contraction principle, Proc. Amer. Math. Soc., 45 (1974),
267-273. https://doi.org/10.1090/S0002-9939-1974-0356011-2

S. Chandok, D. Kumar, C. Park, C*-algebra-valued partial metric space and fixed point theorems,
Indian Acad. Sci. Math. Sci., 129 (2019), 37. https://doi.org/10.1007/s12044-019-0481-0

R. G. Douglas, Banach algebra techniques in operator theory, 2 Eds., New York: Springer-Verlag,
1998. https://doi.org/10.1007/978-1-4612-1656-8

D. J. Guo, V. Lakshmikantham, Coupled fixed points of nonlinear operators with applications,
Nonlinear Anal., 11 (1987), 623—632. https://doi.org/10.1016/0362-546X(87)90077-0

A. Ghanifard, H. P. Masiha, M. De La Sen, Approximation of fixed points of C*-algebra-multi-
valued contractive mappings by the Mann and Ishikawa processes in convex C*-algebra-valued
metric spaces, Mathematics, 8 (2020), 392. https://doi.org/10.3390/math8030392

G. E. Hardy, T. D. Rogers, A generalization of a fixed point theorem of Reich, Canad. Math. Bull.,
16 (1973), 201-206. https://doi.org/10.4153/CMB-1973-036-0

L. G. Huang, X. Zhang, Cone metric spaces and fixed point theorems of contractive mappings, J.
Math. Anal. Appl., 332 (2007), 1468—-1476. https://doi.org/10.1016/j.jmaa.2005.03.087

N. Hussain, J. Ahmad, New Suzuki-Berinde type fixed point results, Carpathian J. Math., 33
(2017), 59-72.

S. Hussain, Fixed point and common fixed point theorems on ordered cone b-
metric space over Banach algebra, J. Nonlinear Sci. Appl., 13 (2020), 22-33.
http://dx.doi.org/10.22436/jnsa.013.01.03

R. Kannan, Some results on fixed points, Bull. Cal. Math. Soc., 60 (1968), 71-76.
B. Kolman, R. C. Busby, S. C. Ross, Discrete mathematical structures, Prentice-Hall, 1996.

S. Khalehoghli, H. Rahimi, M. E. Gordji, Fixed point theorems in R-metric spaces with
applications, AIMS Math., 5 (2020), 3125-3137. https://doi.org/10.3934/math.2020201

S. Lipschutz, Schaum’s outline of theory and problems of set theory and related topics, New York:
McGraw-Hill, 1964.

A. Meir, E. Keeler, A theorem on contraction mappings, J. Math. Anal. Appl., 28 (1969), 326-329.
https://doi.org/10.1016/0022-247X(69)90031-6

G. J. Murphy, C*-algebras and operator theory, San Diego: Academic Press, 1990.
https://doi.org/10.1016/C2009-0-22289-6

AIMS Mathematics Volume 7, Issue 4, 6550-6564.


http://dx.doi.org/https://doi.org/10.1007/s11784-015-0247-y
http://dx.doi.org/https://doi.org/10.4064/fm-3-1-133-181
http://dx.doi.org/https://doi.org/10.1090/S0002-9939-1974-0356011-2
http://dx.doi.org/https://doi.org/10.1007/s12044-019-0481-0
http://dx.doi.org/https://doi.org/10.1007/978-1-4612-1656-8
http://dx.doi.org/https://doi.org/10.1016/0362-546X(87)90077-0
http://dx.doi.org/https://doi.org/10.3390/math8030392
http://dx.doi.org/https://doi.org/10.4153/CMB-1973-036-0
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2005.03.087
http://dx.doi.org/http://dx.doi.org/10.22436/jnsa.013.01.03
http://dx.doi.org/https://doi.org/10.3934/math.2020201
http://dx.doi.org/https://doi.org/10.1016/0022-247X(69)90031-6
http://dx.doi.org/https://doi.org/10.1016/C2009-0-22289-6

6564

20.

21.

22.

23.

24.

25.

26.

Z.H.Ma, L. N. Jiang, H. K. Sun, C*-algebra-valued metric spaces and related fixed point theorems,
Fixed Point Theory Appl., 2014 (2014), 206. https://doi.org/10.1186/1687-1812-2014-206

Z. H. Ma, L. N. Jiang, C*-algebra-valued b-metric spaces and related fixed point theorems, Fixed
Point Theory Appl., 2015 (2015), 222. https://doi.org/10.1186/s13663-015-0471-6

G. Prasad, Fixed points of Kannan contractive mappings in relational metric spaces, J. Anal., 29
(2021), 669-684. https://doi.org/10.1007/s41478-020-00273-7

S. Reich, Some remarks concerning contraction mappings, Canad. Math. Bull., 14 (1971), 121-
124. https://doi.org/10.4153/cmb-1971-024-9

C. C. Shen, L. N. Jiang, Z. H. Ma, C*-algebra-valued G-metric spaces and related fixed-point
theorems, J. Funct. Space., 2018 (2018), 3257189. https://doi.org/10.1155/2018/3257189

D. Wardowski, Fixed points of a new type of contractive mappings in complete metric spaces,
Fixed Point Theory Appl., 2012 (2012), 94. https://doi.org/10.1186/1687-1812-2012-94

T. Zamfirescu, Fix point theorems in metric spaces, Arch. Math., 23 (1972), 292-298.
https://doi.org/10.1007/BF01304884

©2022 the Author(s), licensee AIMS Press. This

@% AIMS Press

is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 7, Issue 4, 6550-6564.


http://dx.doi.org/https://doi.org/10.1186/1687-1812-2014-206
http://dx.doi.org/https://doi.org/10.1186/s13663-015-0471-6
http://dx.doi.org/https://doi.org/10.1007/s41478-020-00273-7
http://dx.doi.org/https://doi.org/10.4153/cmb-1971-024-9
http://dx.doi.org/https://doi.org/10.1155/2018/3257189
http://dx.doi.org/https://doi.org/10.1186/1687-1812-2012-94
http://dx.doi.org/https://doi.org/10.1007/BF01304884
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Main results
	Conclusions

