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Abstract: This paper analyzes the coupled system of nonlinear fractional differential equations
involving the caputo fractional derivatives of order @ € (1,2) on the interval (0,T). Our method of
analysis is based on the reduction of the given system to an equivalent system of integral equations, then
the resulting equation is discretized by using a spectral method based on the Legendre polynomials.
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1. Introduction

Fractional-order derivatives arise in many applied fields, because the nonlocality for fractional
calculus operator is very suitable for describing materials with memory and genetic properties. Such
as control theory in power system [1,2], viscoelastic materials [3—5], information theory [6], electrical
properties of materialsand [7], abnormal diffusion of ions in nerve cells [8—10], the modeling and
analysis of various problems in bio-mathematical sciences [11, 12], and etc.

Inspired by the great popularity of the subject, many researchers turned to the further development
of this branch of mathematical analysis. Coupled boundary conditions arise in the study of
reaction-diffusion equations, Sturm-Liouville problems, mathematical biology [13—15] and so on;
Many scholars have analyzed the existence of solutions of boundary value problems for coupled
systems of nonlinear fractional differential equations [16-22], many of these are discussions of
fractional @ € (1, 2), but there are few numerical solutions.

In general, there exists no method that yields an exact solution for the coupled system of nonlinear
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fractional differential equations. Only approximate solutions can be derived using linearization or
perturbation methods. Z. Odibat et al. [23] presented He’s homotopy perturbation method; H. Jafari
et al. [24] employed Adomians decomposition method to give approximate solutions; S. Momani
et al. [25] implemented variation iteration method to obtain approximate solutions; Zhou et al. [26]
constructed a high order schemes for the numerical solution.

These methods Most of the existing methods are discussed on @ € (0, 1) and rarely on a € (1,2).
Moreover, Either these methods are based on local operations, and the effect of these methods is not
good for nonlocality and weak singularity problems, or the convergence region of the corresponding
results is rather small. Therefore, we construct a numerical method to solve them For the coupled
fractional differential equations of @ € (1,2), this method converges rapidly when the solution is
smooth, and still has good convergence when the solution is weakly singular.

A general technique to construct legendre spectral collocation method for the numerical solution
of the nonlinear fractional boundary value problems has been presented in [27]. In this paper we will
extend this legendre spectral collocation method that is mentioned to the coupled system of nonlinear
fractional differential equations. Due to the influence of coupling system and nonlinear term, the
convergence analysis of spectral collocation method becomes very difficult. For this purpose, we
use two kinds of polynomial interpolation, namely Legendre-Gauss interpolation and Jacobian-Gauss
interpolation.

The outline of the paper is as follows: In Sect. 2, We introduce some definitions and lemmas that
will be used later. In Sect. 3, we transform the Eq (3.1) into an equivalent Volterra Fredholm integral
equations, and replace the equations with a variable to get an equations defined on the interval (-1, 1).
Then, we obtain a numerical scheme for problem (3.6) by using Legendre spectral collocation method.
In Sect. 4, we derive the error analysis of the numerical scheme (3.9). In Sect. 5, some numerical
experiments are provided to support the theoretical statement. Finally, some concluding remarks are
given in the final section.

2. Preliminaries

Definition 2.1. (cf. p. 70 [28]) Let ¢ € (0, 1), the left-sided Caputo derivative of order o, n—1 < @ < n,
n € N*, are defined as:

I ! :

Definition 2.2. (cf. [29]) Let J,, s (x), x € A be the standard Jacobi polynomial of degree n. The set of
Jacobi polynomials is a complete Lia s(A)-orthogonal system, i.e.

1
[ T 0w ods = 1y .
-1
where 6,,, 1s the Kronecker function, and
w™P(x) = (1 = x)*(1 + x, for a,B > —1.
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20+ (g + DT(B + 1)

b :0,
o _ Ta+8+2) "
1a 204641 Tn+a+ D+ B+ 1)
>
Cn+a+p+1) nTn+a+B+1) =

Specially,

> o8 1 1
Jo" () =1L J7(0) = S(@+B+2Dx+ 5(a—p).

Definition 2 3. (cf. [27]) For any of the Gauss-type quadratures defined above with the points and
weights {xn , Wy }HNZO(N > (), we can define a discrete inner product in interval A :

N
f PP (dx = Y G’ (22)
A n=0

Lemma 2.1. (cf. [29]) Let Py be the space of all polynomials of degree at most N, which is exact for
any ¢(x) € Poyy1. Particularly,

Zj“ﬁ(xaﬁ)j“ﬁ(xaﬁ)w“ﬁ = Y6, VO p+q < 2N + 1. 2.3)

Lemma 2.2. (Lemma 2.1. [27]) For boundary value problem OCD?y(t) = f(t,y(t)), t € (0,T) with
y(0) = y(T) = 0, Let 1 < @ < 2. Assume that y(7) is a function with an absolutely continuous first
derivative, and f : [0,7] X R — R is continuous. Then we have that y € C'[0, T] is a solution of the
problem if and only if it is a solution of the Fredholm integral equation:

(== f -1 f(z, (T))dT—— f (T — 1) f(z, y(r))dr.

y @) y TT@ [y

3. A Kkinds of numerical schemes for the coupled system of nonlinear fractional differential
equations

3.1. Reformulation of the coupled system

We consider the coupled system of nonlinear fractional differential equations:

EDMy (1) = fit, y1(2), y2(D)),
EDPyy(t) = folt,y1(2), ya(t)), t€(0,7), 3.1)
y1(0) = y1(T) = 0,y2(0) = yo(T) = 0

where fi, f> : [0,T] xR — R is continuous, and CD;“, gDC’Z is the left-sided Caputo derivative of order
ay,ar € (1,2).

By Lemma 2.2, it has been proved easily that the problem (3.1) is equivalent to the following
Fredholm integral equations when «;, y;(?), f; satisfy the condition of Lemma 2.2:

Vilt) = —— [t =0 fi(r,y1 (1), ya(1))dr — T =0 fimy @), y()dr, (3.2)

l“()

TF(ai)
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forte[0,T],i =1,2.
Lemma 3.1. Let «;, y;(?), f; satisfy the condition of Lemma 2.2. Futhermore, let f; satisfy a Lipschitz
INa+1) I'(e+1) [(a+1) T(ap + 1)

. = max

condition with the Lipschitz constant L < = max( ,
4T« T T T

). Then the

system (3.1) has a unique solution.
Proof. Let y(t) = (y1(¢), y2(t)), define the operator Ay(t) = (A,y(t), A,y(t)). where

t
TI“(oz,-)

1 t T
Ay = — f (6 = i y(O)dr - f (T = " fi(r, y(0))dr.
() 0 0

Similar to Lemma 2.3 of [27], we have the following formula
T(l/,'

iy — ,'At S ——y— 0 .
|Aiy (1) = Aiy (@) 1ﬂ(aﬂrl)lly V=)

Let |ly = Ylzeo.ry = max(lly; = yill, [[y2 = y2ll), we get

T(l/

[Ayi(t) = Ayi()] <

T+ 1)“)’ _/ﬂlL“’(O,T)-

We know C'[0, T] c L*(0, T), this means that A; and A is contraction. Then, by Banach’s fixed point
theorem, we know A is a unique fixed point. O

1
Let A = [—1, 1], then use the change of variable = ET(X + 1), x € A. We transfer the problem (3.2)
to an equivalent problem defined in A, then arrive at the following schema:

1 1 1T(x+1) 1 -
)’i(ET(X +1)) = mfo (ET(X + 1) =) filr, yi1(1), y2(7))dT

x+1
" 20(ay)

T
fo (T = D" [, 31(3), (1)), (3.3)

1 1 1
where T = ET(f +1)and 7 = ET(/I + 1). Furthermore, transfer the interval (O, ET(X +1))to (-1, x) and
0,T)to (-1,1).
For the convenience, let

1
Yi(x) = yi(GT(x+ 1),
1 1 1
Fi@. Y1(©). 1a(9) = fGTE + Doy (GTE+ D).y (STE + D))

Using the abbreviation, (3.3) can be read to

TlYi X
_ _ s\l
T f (= O™ FE (), Yo
M+ D 11 4“1 F(A, Y1(2), Ya(2)d 3.4
v f A= D" FQ @, V(D) (34)
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Finally, under the linear transformation

x+1 x—1

E=E&(x,0):= > 6 + 5 , 0€eA. 3.5)
In summary, we obtain
T%(x .
Yi(x) = T()f (1 =) Fi(&(x,0),Y(E(x,0)), Y2(4(x, 0)))do
o+ D 1 = D)% TF(A, Y1(Q), Ya(2)dA 3.6
—W—mL(w (A4, Y1 (), Va()dA (3.6)

In the following, we will give a Legendre spectral collocation method for solving the system (3.6).

3.2. The Legendre spectral collocation scheme
For Vv € C(A), we denote the Jacobi-Gauss interpolation operator in the x-direction: 1 jﬁ :C(A) —
Py, such that
Ii’Nv(xZ’ﬂ) =v(x*), 0<n<N. (3.7)

Obviously

N
O v(x) = Zv BT (x), where v ﬁZv(x,,)j"B(xn)w"ﬂ (3.8)
e

p=0

When a = g = 0, the J acobi polynomial is equivalent to the Legendre polynomial L;(x). Moreover, we
read x, = x?,o,wn = a)n % and TN = I?C:ZO\,.

Then we construct the schema for the next steps. We want to derive U;(x) € Py(A) with N > 1,
such that

T% 1

Ui® = faytenle+ D f (1 = )~ T3 OFi&(x, 0), U (E(x, 6)), Ua(&(x, 6,)))d6;]
Tal(x + 1) ai—1 7a;i—1,0
"2 (a) f (1 =)™ I,y Fildi, Ur(Ay), Un(A:))d A, (3.9)

where x = x%0,9; = g719 1, = 14710,
The above formula is an implicit format. (3.9) has unique solution if F; satisfies the Lipschitz
[a+1)

3

condition with the Lipschitz constant L <

Remark 1. The proof are similar to Appendix in [27] (reference therein), it is easy to the proof, so
we omit the details.
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Next, we want to derive an approximation of scheme (3.9). We set

N

Ui(x) = >t pLy(0),
p=0

I Ia, 10((X+ l)aLF(é:(x 9) Ul(f(_x 9) UZ(é‘:(x 9)))

—ZZd,p,,L T 0.

p=0 p'=

Using (3.10) and (2.1), we arrive at the following schema:

4‘“F(al)
= TY sz L (x)f(1—6-)“"‘1j"f‘1’0(6~)d0~
4o (a;) £ L Lpp’=p O ! P SO
T

= Nd;, 0L, ),
20T (a; + 1); poly()

where

Qp+1) Y
dpo = SIS IS e 07,

2l+a,
m=0 n=0

Ur(ECm, 6,1, Ua(€Cim, 65 O Lp(xim)wey ™.

Futhermore, by (2.2) we obtain
1
f (1- ﬂi)ai_lfii,_]vl’oFi(ﬁi, U1(A), Uz(A:))dA;
-1

N
= Z Fl‘(/lzf_l,o’ U, (ﬂzi_l,O)’ U2(/12i_1’0))a)zi_1’0,
n=0

To summarize, that is by combining (3.9)-(3.13), we arrive at the following overall schema

; T(z,(

N
DLy = mzdzpoLp(x) 2 e Z)ZF(/W ™

p=0

U157, Ua(Ay a0

The coefficients of (3.14) yields are expanded and compared, we have

r d e F. /la 10
e = e (e + 1) 0 27 T (@) i Z A
U (/l(l, 10) U (/1(2, 10)) aj— 0’ fOI"p — O’ 1,
T
= ————, 2<p<N.
up T + 1)dl,p,0 for2<p<N

f (1= 6)" " T N Ty ((x + DFAE(, 6), Ur(E(x, 6)), U(€(x, 6,)))d6;

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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Remark 2. For the sake of economy of exposition, we focus on the coupled system
ng"y,-(t) = fi(t,y1(1), y2(1)),t € (0,T) with y;(0) = y;(T) = 0 in which i = 1,2. In fact, Similar to the
provied method in this paper, we can easily get the numerical scheme and error analysis of the system

Dlyi(t) = fit,y1(8), y2(2), - -+ ,y.(2),t € (0,T) with y;(0) = y(T) = 0 in whichi = 1,2,---,z. In
Example 5.3, we also give the numerical experiment when z = 3.

Remark 3. If y;(0) # 0,y,(T) # 0, That is, the initial value problem, with the initial value is
not zero.

EDMy (1) = fi(t,y1(2), y2(0)),
SD;IZ)’Z(I) = fZ(t’yl(t)ayZ(t))’ re (O’ T)’ (316)
YO0) = ¢, yP(0) = ¢k

By Volterra integral equations the problem (3.16) is equivalent to the following Fredholm integral
equations

Vi) = g1(0) + —— [t = D7 fi(m. (D), y2(D))d,

F( ) (3.17)

»(t) =g+ — r( 5 fO( — )" fo(1,1(1), yo (1)),
tk
where g;(t) = Z cl o i=1,2,.
Similarly, we can get
T T
Up —c +C,§+ Wdi,p,()a for p=0,
T T
ip=Cl=+ * i e =1, (3.18)
“ip =5 pala o TP
T

[} 2<p<N.
Uir = Sal(a v D0 Jor2sp

In the next sections, we will give a error analysis for the above schema under the space L*(A) and
L*(A), respectively.

4. Error analysis

We introduce the Jacobi-weighted Sobolev space and the norm and semi-norm.

H.,,(A) = 1{v: Ml < ook, 120,

1
1
5 k
WMl | = <; M )% Ml = 105Vllmissns,

where || - || ,0s 1S the weighted Liaﬁ(A)—norm. Especially, L*(A) = HS}O,O(A), Il -1l = Il llz2a) and

I lloo =11 - llzeoca)-
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Now, we analyze the errors of numerical scheme (3.9). Let ¢;(x) = Yi(x) — Ui(x), (i = 1,2) and using

7 to represent identity operator. Observely,
lleill < 1Y; = ZonYill + 1L nY: = Uill.
Moreover, let e(x) = Y(x) — U(x). where Y(x) = (Y;(x), Y»(x)), U(x) = (U,(x), Us(x)).

Lemma 4.1. For N > 1, We can get the following inequality

5
ledl < D Byl fori=1,2,
n=1

where
Bii(x) = Yix)—-TI, nYi(x),
TOti X
Bix(x) = W(_)fx,Nf(x—fi)ai_l(f IQ’NIO)F@[,Y(&))C[&,
T4
Bi,3(-x) = ZQF fo (X fl)(l; : -Z—al (F (é‘:sz(fl)) F(fl?U(fl)))dé‘:l’
(@)
TY%(x+1) L ror—1,0
Bis(x) = 2 (@) J. (1—/11‘)“' L)y (Fi, U) — Fi(4:, Y(4)))d A,
B _ Mt 1= )" T = DF i, Y (A))dA
is(x) = 2"+1F(a)f( i) VFi(2:, Y (A:)dA;.

Proof. Similar to Lemma 4.3 of [27], we can easily prove it. O
Lemma 4.2. Assume the hypothesis of Lemma 4.1. We have the following inequality

5 5
lell < " IB1All+ ) 1Bl
n=1 n=1
Proof. For e(x) = Y(x) — U(x). we have
e(x) = Y&x) -U)

(Y1(x), Y2(x) — (U1 (x), Uz(x))
Y1(x) = Ui(x), Ya(x) = Uy(x))
(e1(x), e2(x)).

Then, combination with Lemma 4.1

llter, el = Vllell* + lleall* < llesll + llexll
5 5

D B+ D 1Bl

n=1 n=1

llell

IA

O

4.1

AIMS Mathematics Volume 7, Issue 4, 5670-5689.
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We set the Nemytskii operator
F:H (AN —>H . (MIeEN,T<ISN+]1).
Let Y(x) as the solution of system (3.6) and U(x) as the solution of system (3.9). We define that

F(Y)(x) := F(x, Y(x)),
10 Y lls = max (10, Y1l 16, Yalli),

18 FC Y Dllgerrs = max (@ F i Yoo, 10 F 2 YO gasi-1)-

Now we prove the convergence of the spectral collocation method in the space L*(A).
Lemma 4.3. Suppose that ; € (1,2), Y; € Hi) L(A),i=1,2, F; fulfills the Lipschitz condition with the
[Na+1)
4T

Lipschitz constant L < . Then we can obtain

1¥; = Uill < NI Y llops + 10F €, Y (Dlgier-10).
Proof. Similar to Lemma 4.4 of [27], we can easily get

IBiall = 11Y: = LonYill < eNN8 Yillu,
IBiall < eNTNOLF (-, Yl

1 i
1Biall SN NGY s + | 555 lel
1 a; _
1Biall < S Talell+ N DYl ),
IBisll < N0 Fi(-, Y| oisir. (4.2)

Then by Lemma 4.1, we get

IA

lle:ll cN7NGYill i + N~ II0§F i YOl gai-1
a;

3 x 2@

1 i
+3(4 /%llell + NNOLY || orero1)

+eNTOLF (s Y o1
N7 (10 Yl + 10 F -, Y ()l i)

1 a; a;
+§(\/ 3w ze Tl (4.3)
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Then, by (4.3) and Lemma 4.2, we have

IY =UlIl < eNT(U0 Y s + 10 F C Y ()llgt10)

1 a a 1 (023 (0%}
+§(\/ 3 % 2o + \/E)Ilell + E(\/ 3 % 2% + \/E)”e”-
a; a;
1,3X2(li+1,5<1, Va/,-e(l,Z).

Y = U]

Clearly,

Then, we easily get

IA

N0 Y Nlops + 10LFC, Y gori10). (4.4)
Thus

IY; = Uill

IA

N Y s + 10-F (YDl opi10):

]
Let u;(¢) .= U, i(z% —1)(i = 1,2) be the approximate solution obtained by using the Legendre spectral
collocation method with ¢ € (0, T), y*#(t) := (T —1)*# is defined as a weighting function. Furthermore,
define the Nemytskii operator

K:H,(0,T)— H)’((,ﬁ,_l,,(o, TYIeN,1<I<N+1).

Let y(r) = (y1(¥), y2(2)) as the exact solution to the system (3.1), and u(¢) = (u(t), u»(¢)) be the
approximate solution. We define that

K@) = fit, y1(0), y2(0)),i = 1,2,

! ! !
||8zy||L2”(O,T) = maX(||3z)’1||L2”(o,T), ||a;)’2||L2”(o,T)),
X X X"

9G¥, , o) = maxUOLACYONEs, |, o ACYOE, o)

Then, according to the above Lemma, we can get the following theorem.
Theorem 4.1. Suppose that a; € (1,2), y; € H)l( ,(0,T). Moreover, f; fulfills the Lipschitz condition

T(a; + 1)

with the Lipschitz constant L < AT

. Then we get
~11 4l !

i = wll < NNz 00 + WL YOz, o)
Next, we estimate the error in function space L*(A).
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Lemma 4.4. Suppose that a; € (1,2), ¥; € L*(A) () H'(A), F; fulfills the Lipschitz condition with the

[Na+1)
Lipschitz constant L < a7 Then we get

1Y; = Ul < N3N0 s + N NOLFC YO lyeionan i = 1,2,
Proof. Similarly, we get that

5
lledleo < 1Y = ZinYillo + 1L xnYi = Uilleo < Z | Binllco- (4.5)

n=1

Then, similar to Lemma 4.5 of [27], we can easily get
I1Billeo < N0V,
IBi2lleo < C‘N%_l”aéFi("Y('))“wdi”-l»’,

1 1_ 1
1Bislles < SN0,V llyeisi1s + eN2lel]),

Buake < 3 Gllells + NV,
IBisleo < cNINGLFIC, YDl yarer-ia- (4.6)
By (4.6) and Lemma 4.2, we have
IY = Ul < (NiTN18,311) + (N30 Yal))
H(eNTNOLE L Cy YO llyors-12) + (N3 NOLF S YO yorei-10)

1 1
+ECN%—I||3§Y||W,,1,, + ECN%-I||3§CY||MH,, +cN?lel|

1 1 1
+5 llells + 5cz\z-l||6§CY||u,al+,,l,, + ECN—’||3§Y||WI,1,,
+cNNOLF (¢ Yl yorsi-10 + N0 F o (-, Y| o1

1
< eNiTNOLY| + eNTOLF (-, Y()llooriors + N2 lel] + Slell-

Then, combination with (4.4) we can obtain

IY - Ulle < NI+ cNNOFC, YOl oot

Thus

IY; = Ull < eNiN0LYI + cNNOLF A, Y losia.

Then, according to the Lemma 4.5, we can get the following theorem.
Theorem 4.2. Suppose that o; € (1,2), y; € L=(0,T) () H'(0, T). Futhermore, f; fulfills the Lipschitz

L S [ +1)
condition with the Lipschitz constant L < —aTe Then we have

3 ql Lopql
lyi = uillz=0,r) < c¢N* ”aty”LZ(O,T) + N0, f Gyl 2 01

P
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5. Numerical experiments

In this section, we carry out some numerical experiments to verify the theoretical results of the
previous method.
Example 5.1. We consider the coupled system of nonlinear problems with weakly singular solutions
as follows:

ED 'y (1) = y3(0) + ya(0) + gi(D),
EDPyy(t) = yA(t) — yA(1) + &2(D), t€(0,1),
y1(0) = y1(1) = 0,,(0) = y2(1) = 0,

re+%2) .,
tl—— _ l_t1+a1 2+ t_t1+— 2.
raomy )+ (-1

It can be verified that the exact solution is y;(£) = t — ', y,(t) = t — 1*7, which is weakly singular
at the endpoint t = 0.
When N = 2, by (3.10) we have

where g (f) = -T2 +a))t— (t — 1) — (1 = 11+ 72, go(r) = —

Ui(x) = ujoLo(x) + u; 1 L1(x) + u;pLr(x), (5.1)

where Ly(x), Li(x), Ly(x) known, u; 0, u; 1, u;» by (3.15) we can obtain

Uip = Ldioo L S FiA510, 1,257, Uy(Ae 9w,
T 2ul(a+ 1) T 29 T(@y) a0
T T® N
i1 = 10— 7 %, FAy 0 Ui ), Un (T O)w
Ui 20 (a; + 1) 1.0 201 (@) nzz:o ( 1( ), Ua( )W
r

d;i 0 1s given in (3.12). Substitute the above results into (5.1) to obtain U;(x), by (3.2), (3.3), (3.6),
(3.7), (3.9), we know

1
Uix) = Yi(x) = yi(GT(x + D) = 3i(0).

In Table 1, we show The value of u; , when a; = a, = 5/4, N = 2. In Table 2, we show substitute
the results of tab1 into (5.1) to obtain numerical solution and the exact solution. In Table 3, we show
the error of yy, y, varies with N when a| = a, = 5/4. Moreover, In Figures 1 and 2, we show the error
between the approximate solution and the exact solution in L*(A) and L*(A) space, respectively. It is
observed that for all @ € (1,2), the method has good convergence even though the solution is weakly
singular.
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Table 1. The value of u; , when a; = a, =5/4, N = 2.

i Ui Ui Ui
1 0.1923 0.0115 -0.1951
2 0.1201 -0.0129 -0.1145

Table 2. Numerical solution and exact solution when a; =

a =5/4, N = 2.

X Ui(x)' Ux(x)? r y1(?) »2(2)
-1.0000 -0.0144 0.0186 0 0 0
-0.9195 0.0318 0.0441 0.0402 0.0395 0.0348
-0.7388 0.1216 0.0932 0.1306 0.1204 0.0940
-0.4779 0.2175 0.1443 0.2610 0.2123 0.1483
-0.1653 0.2800 0.1748 0.4174 0.2774 0.1756
0.1653 0.2838 0.1706 0.5826 0.2861 0.1669
04779 0.2285 0.1320 0.7390 0.2327 0.1273
0.7388 0.1387 0.0741 0.8694 0.1395 0.0728
0.9195 0.0530 0.0203 0.9598 0.0480 0.0243
1.0000 0.0087 -0.0073 1.0000 0 0

2
Note: ' Uj(x) = 3

p=0

2 1
up pLp(x). 2U,(x) = Zo up pLp(x). 3= 5T(x+ 1).
=

Table 3. Numerical solution and exact solution when a; = a, = 5/4, N = 2.

N L* —errorof y,

L? — error of y

L* —error of y,

L? —error of y,

2
4

10
12
14
16
18
20

1.4362e-02
7.9055e-04
1.6147e-04
5.1592e-05
2.1007e-05
9.9849¢-06
5.2881e-06
3.0344e-06
1.8525e-06
1.1881e-06

4.3702e-03
4.5786e-04
1.3548e-04
6.0834e-05
3.3689¢-05
2.1058e-05
1.4235e-05
1.0160e-05
7.5343e-06
5.7290e-06

1.8581e-02
3.0695¢e-03
1.0241e-03
4.5738e-04
2.4107e-04
1.4155e-04
8.9695e-05
6.0167e-05
4.2182e-05
3.0635e-05

4.3702e-03
4.5786e-04
1.3548e-04
6.0834e-05
3.3689¢-05
2.1058e-05
1.4235e-05
1.0160e-05
7.5343e-06
5.7290e-06

AIMS Mathematics

Volume 7, Issue 4, 5670-5689.



5683

—B—el(a1=a2=5/4)
—#—el(al=02=3/2)

el(a1=a2=7/4)| 1

—B—el(a1=02=5/4)
—#—el(al=02=3/2)

el(a1=a2=7/4)| 1

Iogm(L‘-errors)
A
2

Iogw(L -errors)

0.2 0.4 0.6 0.8 1 12 1.4 0.2 0.4 0.6 0.8 1 12 1.4
log, ;N log, N

Figure 1. L™ — errors and L? — errors of y, for Expample 5.1.
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Figure 2. L™ — errors and L? — errors of y, for Expample 5.1.

Example 5.2. We consider the coupled system of nonlinear problems with smooth solutions as follows:

EDMy (1) = Y2(O) + YA + g1(D),
EDPys(1) = Y2() — yA(0) + g2(D),
v1(0) = y1(1) = 0,y2(0) = yo(1) = 0,

te(0,1),

I'(17/4) I'(19/4)
"T(17/4 - ay) I(19/4 — ay)
1342 4 (t — 115/%)2_ 1t can be verified that the exact solution is y(f) = ¢ — £, y»(f) = ¢ — t'%, which is
smooth on the interval [0,1].

In Figures 3 and 4, we show the error between the approximate solution and the exact solution in
L*(A) and L*(A) space, respectively. It is observed that for all @ € (1,2), the method converges rapidly
when the exact solution is very smooth.

where ¢,(1) = Bl (p = (32— (1 = 1Y, (1) = - R (=

AIMS Mathematics Volume 7, Issue 4, 5670-5689.



5684

-5.5 T T T T T T T T T -6
—B—el(a1=a2=5/4) —B—el(a1=02=5/4)
6 ? —¥—el(a1=a2=3/2)| | B5F —#k—el(a1=a2=3/2)|
* el(a1=a2=7/4) -E:\_ el(a1=a2=7/4)
B I
651 \
o N =5
§ = g
5 Y 5
5 %
e 75t o =
g ", g
b
8 &.\\
_
N
85 !B\
. \m\
S
9 . . . . . . . . . 10 . . . . . . . . .
1 106 11 115 1.2 125 13 135 14 145 15 1 105 11 115 12 125 13 135 14 145 15
Iong Iong
. ) 2
Figure 3. L™ — errors and L* — errors of y; for Expample 5.2.
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Figure 4. L* — errors and L* — errors of y, for Expample 5.2.

Example 5.3. We consider the system of nonlinear problems as follows:

SD{yi () = yi(t) + y3(0) + y3(0) + g1 (D),

SDPya(t) = yi(1) — y3(0) + y3(0) + g2(0),

§DPys(t) = yi(0) + y3() — y3(0) + g3(0), te(0,1),
y1(0) = yi(1) = 0,32(0) = y2(1) = 0,y3(0) = y3(1) = 0,

« re+2) . .
where g1(1) = -T2+ a)t— (1 — 1742 — (1 =145V — (1 = 51, g2(1) = —m—_i)’l‘% — (=) +
2
« I'(17/4) «
([ _ t1+7)2 _ (t _ t5/4)2, g3(t) — _WtB‘M—ag _ (t _ tl+al )2 _ ([ _ t1+7)2 + (l _ t13/4)2. It can be

verified that the exact solution is y;(£) = £ — 117, yo(f) = 1 — 1177, y3(f) = t — 113/4,
In Figures 5-7, we show the error between the approximate solution and the exact solution in L*(A)
and L>(A) space, respectively. The results show that this method still has good convergence when z = 3.
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Figure 5. L* — errors and L* — errors of y, for Expample 5.3.
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Figure 6. L* — errors and L* — errors of y, for Expample 5.3.
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Example 5.4. We consider the coupled system of nonlinear problems with initial value is not zero as
follows:

EDIyi (1) = y2(t) + yA() + &1(D),
EDy (1) = y2(1) — y2(t) + ga(r), 1€ (0,1),
WO = e 35(0) = &,

T(17/4)
where g;(t) = T2+ a))t — (1749 =3t +2)2 = (1134 = 5t + 2)?, go(f) = ——————113/4 2 _(f1ter _ 3¢ 4
I'(17/4 — ay)

2)? +(¢'3/*—5¢+2)2. It can be verified that the exact solution is y;(£) = " =3¢+2, y»(f) = t'3/* = 5¢+2.
y1(0) = 2,y1(0) = =3, y1(1) = 0,32(0) = 2,y,(0) = =5, y>(1) = -2.

In Figures 8 and 9, we show the error between the approximate solution and the exact solution in
L>(A) and L*(A) space, respectively, where y;(0) # 0. The results show that this method still has good
convergence when the initial value is not zero.

4.5 5.5
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<] ~ [}
2 \*\\ £
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751 & -85
8 . . . . . . 9 . L . . . .
1 106 11 115 1.2 125 13 135 14 145 15 1 1.05 11 115 12 125 13 135 14 145 15
log, ;N log, N
. %) 2
Figure 8. L™ — errors and L* — errors of y, for Expample 5.4.
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Figure 9. L* — errors and L* — errors of y, for Expample 5.2.

AIMS Mathematics Volume 7, Issue 4, 5670-5689.



5687

6. Conclusions

We presented a Legendre spectral collocation method for the system of nonlinear fractional
differential equations. We established an error estimate for the numerical solution, and showing that
the proposed schema is converges. The carried out numerical tests confirmed the theoretical
prediction.
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