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1. Introduction

The Fibonacci sequence (F ), is given by the recurrence relation F,, = F,_; + F,_, for n > 3 with
the initial values F; = F, = 1. Foreachm > 1 and 1 < k < m, the Fibonomial coefficient (’Z)F is
defined by

(m) _ FiFy)F5---Fy _ Pt Enia - Fn
klp (F1FF3-- F)(F FoF3- - Fopy) FiFyFs--- Fy

As usual, if m = k, then the empty product F F; - - - F,,_ is defined to be 1, and similar to the binomial
coeflicients, we let (’,’:) =1ifk=0and (’Z) = 0 if k > m. Then it is well known that ('Z) is always
i F F F
an integer for every m > 1 and k > 0.
There has been some interest in the study of certain generalizations of binomial coefficients such
as the Fibonomial or Lucasnomial coefficients. For instance, Marques and Trojovsky [9] determined
the integers n > 1 such that (?’n”)F is divisible by 3. Then Ballot [1] largely extended Marques and
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Trojovsky’s results by characterizing all integers n > 1 such that (”n")u is divisible by p for any

nondegenerate fundamental Lucas sequence U and p = 2,3 and for p = 5,7 in the case U = F.
Ballot [1] also proved that E3(x) = O(log x) and E(x) = O ((log x)3). Here and throughout this article,

E,(x) denotes the number of positive integers n less than or equal to x such that (”n ”)F is not divisible
by p. In other words,
E(x)= > 1L

1<n<x

M(T)F
In particular, we [13, 14] have recently provided an explicit formula for the p-adic valuation of certain
Fibonomial coefficients, and have used it in the investigation of the integers n > 1 such that (p:")F is
divisible by p for any prime p = +2 (mod 5) and any integer a > 1, and also for primes p = +1
(mod 5) and a = 1 in terms of the sum of digit function.

In this article, we give characterizations for the integers n > 1 such that (’;”)F is divisible by p for
any prime p # 2,5 in terms of the digital representation of n. Then we use it in the calculation for
asymptotic formulas of E,(x) for all primes p. This extends many results in the literature which focus
only on small primes p < 7.

We organize this article as follows. In Section 2, we recall some definitions and useful results. In
Section 3, we prove our main theorems and give some examples. For more information on Fibonacci
numbers, Fibonomial coefficients, and generalizations, we refer the reader to some recent articles
by Ballot [2-4], Chu and Kili¢ [5], Kilic and Akkus [7], Kili¢ and Prodinger [8], Onphaeng and
Pongsriiam [10-12], and Pongsriiam [15, 16].

2. Preliminaries and lemmas

Throughout this article, unless stated otherwise, x is a positive real number, p is a prime,
a,b,k,m,n,q,r are integers, m,n > 1, g > 2, | x] is the largest integer less than or equal to x, {x}
is the fractional part of x given by {x} = x — | x], @ mod m is the least nonnegative residue of a modulo
m, and log x is the natural logarithm of x. The p-adic valuation of n, denoted by v,(n), is the exponent
of p in the prime factorization of n. In addition, the order (or the rank) of appearance of n in the
Fibonacci sequence, denoted by z(n), is the smallest positive integer m such that n | F,,. Furthermore,
we define s,(n) to be the sum of digits of n when n is written in base g, that is, if

n = (aa; ...ap), = aqu + ak_lqk_l +---+ap where 0 < q; < g forevery i,

then s,(n) = ax + a;-y + -+ - + ao. Next, we recall some well known and useful results for the reader’s
convenience.

Lemma 1. The following statements hold.

(1) n| F,, if and only if z(n) | m.

(1) z(p) | p+ lifand only if p = £2 (mod 5).
(i) z(p) | p— 1l ifand only if p = =1 (mod 5).
(iv) If p # 5, then gcd(z(p), p) = 1.

Proof. These are well known. See, for example, in [13, Lemma 1] for more details. m]
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We will deal with a lot of calculations involving the floor function. So it is useful to recall the
following results, which will be applied throughout this article without further reference.

Lemma 2. For k € Z and x € R, the following statements hold.

1) k+x]=k+[x],
(i) {k +x} = {x},

_ _1’ l.‘fx ¢ Z;

(i) x|+ [—x] = 0 ifx ez

iv) 0 < {x} < land{x lfandonlyzfer
Lx] + LyJ, iflxy+{yp <1y

lx]+ ]+ 1, if{x +{y>1
(vi) [L"JJ [Jfork>1

Proof. These are well known and can be proved easily. For more details, see in [6, Chapter 3]. We also
refer the reader to [11] for a nice application of these properties. O

V) Lx+y] ={

The next three lemmas are important tools for obtaining the characterizations of the integers n such
that (*") _is divisible by p.
nJF

Lemma 3. [14, Corollary 13] Suppose that p #+ 2,5 and a, n are positive integers. Ifn = 0 (mod z(p)),
then p | (pZ")F.

Lemma 4. [14, Corollary 14] Let p # 2,5, p = £2 (mod 5), a,n € N, r = p’nmod z(p), s =

n mod z(p), A = [p’i([f(’:);:;)J, andn £ 0 (mod z(p)). Then the following statements hold.

(i) Assume that a is odd and p {1 n. If r < s, then p | (";")F. If r > s, then p | (”Z")F if and only if
sp(A) > “(p - 1).

(i1) Assume that a is odd and p | n. If r # s, then p | (p:")F. If r = s, then p | (p;")F if and only if
sp(A) > ZL(p - 1).

Lemma 5. [14, Corollary 15] Let p # 2,5, p = +1 (mod 5), and A = pﬁgﬁ;zl(;). Then p | (';”)F if and
only if s,(A) > p — 1.

Lemma6. Letk>0,g>2, 1<a<qg-1,and0<b<q—1. Then

sq(alq — l)qk + bqk) > b.

Proof. When b = 0, the result is obvious. So we assume that b > 1. If a = 1, then we write
alg— Dg* +bg" = ¢ + (b - 1)¢". Ifa > 2 and b < a — 1, then we write a(g — 1)¢* + bg" =
(a— Dg"' +(q—a+b)g*. If a>2and b > a, then we write a(g — 1)g* + bg* = ag™' + (b — a)g*. In
each case, s (a(qg — D)g* + bg") is equal to, respectively, | +b—1=b,a—1+g-a+b=q+b—1,
and a + b —a = b. In any case, it is at least b. O

Lemma 7. Letp >3, p=+2 (mod 5),0<a< and 1 <k <22 Thenaz(p)+k =0 (mod p) if
and only if a = =, z(p) is even, and k = £ ). In partlcular, ifa< p—l, then az(p) + k # 0 (mod p).
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Proof. From the assumption, we have

zp) _ pp)

2 2

p—1
2

O<az(p)+ks( )z(p)+

Suppose that az(p) + k = 0 (mod p). Then az(p) + k = np for some 1 < n < Z(Z—”) Since p = £2
(mod 5), we obtain by Lemma 1 that p = —1 (mod z(p)). Then k = az(p) + k = np = —n (mod z(p)).
So there exists m € N such that k = mz(p) — n. Therefore

z(p) Ap) _ «p)
— 2 >k= -n> _— = —,
- 2k=mzp)—nzzxp)-— >
This implies that k& = Z(z—p), zZ(p)iseven,m = 1, and n = %‘D). Since az(p) + kK = np, we also obtain
a= ”T_l The converse can be verified easily. This completes the proof. O

We introduce the following notation for convenience.

Definition 8. Let g and i be integers such that g > 2 and 0 <i < g — 1. We define
H(q,i) = {(am@m-1---ap)g | m € NU{0}, ar < ay_; forall 1 <k <m, and ay = i}.

In other words, H(g, i) is the set of nonnegative integers n such that the g-adic representation of n is
increasing (from the left to the right), and the last digit (the rightmost digit) is equal to i.

For example, if ¢ = 10 and i = 3, then 111122233 and 11111333 are in H(10, 3) but 213 and 1234
are not in H(10, 3).

Definition 9. For positive integers k and ¢, we define

k(q - 1)|_

k) =
H4.%) { 2(q)

The next lemma is usually called stars and bars problem. Recall that if a set A has exactly n distinct
elements, then the number of all possible ways in choosing m elements from A with repetitions allowed
is (’”Z‘l). We have the following lemma.

Lemma 10. Letk>1,qg > 2, and 1 <t < q— 1 be integers. Then

k+t—1)

#H(akax-1 -+~ a)y € UH(q,i) | Clkio}:( I
i=1

Proof. This is stars and bars problem. The set A is {1, 2, 3,...,1}. We would like to choose k elements

from A with repetitions allowed. So the number of ways, as recalled above, is (’ ”;(_1), which proves this

lemma. O

Lemma 11. Let g > 2 and 1 <t < q — 1 be integers. Then

r+t
PIREY

melJi_, H(q.i)
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Consequently,

,,.t
1:7+mwu
0<m<q" &
melJi_, H(g.i)

where the implied constant depends at most on t.
Proof. The conditions 0 < m < ¢" and m € |J!_, H(g,i) mean that m = (a,a,_ - ~ay)gand 0 < a, <
a,_; <--- < ay <t. So this is also stars and bars problem. The set A is {0, 1,2, ..., t}. We would like to

choose r elements from A with repetitions allowed. Therefore the number of ways is (l “J;’_l) = (’:’),
which proves the first part. Next,

(r+t)_ r+pr+@E-1)---(+1)

+ P(r),

r t! t!

where P(r) is a polynomial in r of degree t — 1 with the coefficients depending only on ¢. Therefore
P(ry=0 (rt‘l) and the implied constant depends at most on ¢. This completes the proof. O

3. Main results

In this section, we begin with a property of the sum of digit function. Then we use it in the study
of the divisibility p | (pn ”)F in terms of the digital representation of n. After that, we determine an
asymptotic formula for E,(x).

Theorem 12. Letm >0, g > 2, and 1 <k < z(q) — 1. Then

1(q.k)
sq((g—1m+1(q,k)) <q—1ifand onlyifm € U H(q,1).
i=0

Proof. Let H = Uﬁ(fdk) H(q,i) and t = #(q,k). Since k < z(g), we see that t < g — 1. If m = 0, then
m € H(q,0) € H and s,((q — D)m +1t) = 5,(t) =t < g — 1, so we are done. From this point on, we
assume that m > 1. To prove this theorem, we first show that

iftm¢H,thens,((g—1)m+1)>qg—1. (3.1

We prove (3.1) by induction on r where r is the number of digits in the g-adic expansion of m. For
r=1,weletm=a,1 <a<qg-1,a¢ H, and write

g-1m+t=@-1)g+(@—-a+1).

Observe that i € H(q,i) € H foreach O < i < t. Since a ¢ H, we see that a > t which implies
0<g-a+t<qg-1. Therefore s,((g—1)m+1t)=a-1+qg—a+t>qg—1. Nextletr>1and
suppose that (3.1) holds for any m € N such that the number of digits of m in its g-adic expansion is
less than or equal to r. Assume that m = (a,1a,---a1)g, a1 # 0,0 < a; < gforalli,and m ¢ H. Let

my = (a,a,_ -~ 'Cll)q-
Casel. my € H. If r = 1,letmy = Oand if r > 2, we let my = (a,-1a,—>---a;),. Then we write
(g—Dm+tas (g —1)a1q" + aq~" +my) + t, which is equal to

r+1

(a1 — DG + (@ = a1 +a)q —a,q" + (g — Dmy +1. (3.2)
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Sincem; € H,a, <a; <tforall 1 <i<r. Sowehave

qr—]_l
m2S1(1+q+q2+---+q’_2):t( ),

qrfl_l
mzZar(1+q+q2+...+qr—2):ar( )

Therefore
(g-Dmy+t<tg'and(g-—Dm+t>aq ' +(t—-a)>aq "

Thus
0<—-a,q ' +(g-Dm+t<(t-a) ' <q. (3.3)

Since m ¢ H and my € H, a,;1 > a,. Thus 0 < g — a,,1 + a, < g. From this and from (3.2) and (3.3),
we obtain that s, (g — 1)m + 1) is equal to

sq((ar+1 - 1)qr+1 + (CI —qry1 t ar)qr) + Sq(_arqr_1 + (CI - 1)m2 + l)
= Sq((ar+l - 1)qr+1 + ((] —qry1 t ar)qr)
=@wnw—-1D+@-an+a)=q—-1+a,>qg-1.

Case2.m; ¢ H. Since (g— D)m;+t<(q—1)g"+qg—1 < g*', we write (g — D)m; +t = (b1 b, - - - by),
where b, may be zero. Since the number of digits in the g-adic representation of m; is less than or
equal to r, we can apply the induction hypothesis on m; to obtain

r+1

g 1< 5,((q = my +10) = 5,(brarby b)) = D b (3.4)
i=1

Next we write
(g—Dm+1t=(q-Daq +m)+1t=(q—-Dang + brib---br),
= (¢ = Darq +broag + (e by),.
By the above equation, Lemma 6, and (3.4), we obtain s, (¢ — Dm + 1) =
Sq((q - 1)ar+]qr + br+lqr) + Sq((brbr—l to bl)q) 2 br+l + Z bi 2 q-— 1.
i=1

This proves (3.1). To prove the converse, assume that m € H and let a = m mod ¢ be the least
nonnegative residue of m modulo ¢. Then a is the last digit of m in its g-adic expansion. Since m > 1
and m € H, we see that 1 < a < tand m € H(q,a). So the possible digits in the g-adic representation

of m with nonzero leading digit are 1,2, 3,. .., a. Therefore we can write m as
ng na+na_1 na+nu_1 +l’la_2 na+na_1 +--+n
Z aq' + Z (a—1Dq' + Z (a-2)q¢ +---+ Z q, 3.5)
i=0 i=ng+1 i=ng+n,_1+1 i=ng+-+np+1
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where ny, ny, ..., n, are nonnegative integers and the empty sum is defined to be zero. So, for instance,
if a — 1 does not appear as a digit in the g-adic representation of m, then we let n,_; = 0 and the second
sum in (3.5)is 0. For 0 <i < a— 1,letd; = (¥11<jc,;) + 1. By (3.5), m s equal to

ng ng-1—1 ng—o—1 n—1
Z aqj + Z (a— l)qda—1+j + Z (a— 2)qda—2+j 4ot Z qd1+.i
J=0 J=0 Jj=0 Jj=0
ng a—1 ni—1
DX NITE
=0 i=1 j=0
ng a—1 ni—1
=a) ¢+ (Z {iqd' q )
=0 i=1 =0

5]

Then (g— Dm+t = Y% q%" —a+t Sinced; > 1 foralliand 0 < t—a < g — 1, we see that
5q((g— 1)m + 1) is equal to

a-1
sq(qu"]+sq(t—a):a+t—a<q—1.

i=0
This completes the proof. O
Recall that we [14] previously gave a characterization for the divisibility p | (’; ”)F in terms of the

sum of digits function. We are now ready to characterize it in terms of a digital representation. We first
prove it for the prime p = +2 (mod 5) in the next theorem.

Theorem 13. Let p be an odd prime, p = +2 (mod 5), and n a positive integer. Then p | (’; ”)F if and
only if n is not of the form

1(p.k)
zZ(p)m +k where 1 <k < sz) and m € U H(p,i). 3.6)
i=0

Proof. We first assume that p 1 (’; ")F. To show that n can be written as in (3.6), let kK = n mod z(p),
t = t(p,k), and H = Ji_y H(p, i).
Case 1. p | n. We write n = p*f where a,{ € N and p 1 ¢{. By Lemma 3, we obtain n # 0 (mod z(p)).
Then by Lemma 4(ii), we have

) <p-1

-1 p-1
pn=n (mod z(p)) and s, = (V@—)D =5 q (=1
AIMS Mathematics Volume 7, Issue 4, 5314-5327.
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By Lemma 1, we know that p = —1 (mod z(p)), and son = pn = —n (mod z(p)). Therefore z(p) | 2n
and z(p) 1 n. This implies

z(p) is even and n mod z(p) = % = ¢ mod z(p).

Then k = X, ¢ = &%, ¢ = z(pymy + k for some my > 0, and |“L=L| = (p — l)ymy + . Since

s, ((p—1)m; +1) < p—1, we obtain by Theorem 12 that m; € H. In addition, we obtain that

n={p"= (Z(p)m1 + %p))p“ = z(p)m + k, where
“— )k “_1
m=mlpa+u=m1pa+p =mp* +t(p* + pr o+ 1)
z(p) 2

Since m; € H, so is m. Hence n is of the form (3.6).
Case 2. p 1 n. This case is similar to Case 1. By Lemmas 3 and 4(i), we obtain

1 <nmod z(p) < pn mod z(p) and s, (V(f(;)l)D <p-1

Since p = —1 (mod z(p)), pn = —n (mod z(p)). Therefore n mod z(p) < (—n) mod z(p) = z(p) —
(n mod z(p)). Then n mod z(p) < 2. Then

n(p—1)
z2(p)

“p)
)

1 <k< n =z(p)m+ k for some m >0, and { |:(p—1)m+t.

Since s, (["(Z’(’;)I)J) < p—1, we obtain by Theorem 12 that m € H. Therefore n is of the form (3.6). This
proves the converse of this theorem.
For the other direction, assume that n is of the form (3.6). We still let + = #(p,k) and H =
\Ui—o H(p, i), and separate the consideration into two cases.
Case 3. k < % Then 0 <r < ’%3 Letm = (a,a,-; - - - ap), be the p-adic expansion of m. Since m € H
and 0 <7 < p—f, we see that 0 < a; < pT_3. So we obtain by Lemma 7 that
n=z(pm+k=a;z(p)+k£0 (mod p). 3.7

Applying the fact that p = —1 (mod z(p)), n mod z(p) = k,and 1 <k < Lf), we obtain

np mod z(p) = (—n) mod z(p) = (k) mod z(p) = z(p) — k > k = n mod z(p). (3.8)

Since m € H and [MJ = (p — 1)m + ¢, we obtain by Theorem 12 that

zp)
n(p-1) _
Sp ({ ) |) <p-1 3.9

By (3.7), (3.8), (3.9), and Lemma 4(i), we obtain p { (’;")

P
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Cased. k = L;). Similar to Case 1, we have

n mod z(p) = % =np mod z(p) and s, (V(f(;)l)D <p-1

If p 1 n, then we obtain by Lemma 4(i) that p ¢ (‘; ")F. So suppose that p | n and let a = m mod p.

Since m € H, we see thata < t = ”7_1. In addition, az(p) + k = mz(p) + k = n = 0 (mod p), so we
-3

obtain by Lemma 7 that a = ’%1. Since m € H(p, a), there are r > 0 and m, € U;:TO H(p, 1) such that

r+l_1

2

m=mp ™ +alp"+p "+ + D) =mp Tt +

So we have

r+1

= (z2(p)my + k)p™.

pH - 1) L Ap)

_ r+1

p-3

Since m, € | J,2, H(p,i) € H, we obtain by Theorem 12 that

S ({(z(p)mz +k)(p—1)
P z(p)

|) =s,(p—-Dmy+1)<p-1

In addition, if m, mod p = a,, then 0 < a, < % and we obtain by Lemma 7 that
2(p)my +k = axz(p) +k#0  (mod p).

Since n = (z(p)m, + k)p™*! and z(p)m, + k £ 0 (mod p), we obtain r + 1 = v,(n). In addition,

np mod z(p) = n mod z(p) and s, ({MD <p-1
pr"z(p)

Therefore p (’;”)F, by Lemma 4(ii). This completes the proof. O
By Theorem 13, we immediately obtain the following corollary.

Corollary 14. If p > 2, p = +2 (mod 5), and n mod z(p) > *2, then p | (pnn)F'
If n mod z(p) < @, then we may still have p | (’; ”)F as shown in the next corollary.
Corollary 15. Let p be an odd prime, p = +2 (mod 5), p | n, and n mod z(p) # %. Then p | (pn”)F

Proof. Suppose for a contradiction that p 1 (’; ”)F. Then we obtain by Theorem 13 that n = z(p)m + k,
1 <k < andm e H where H = %" H(p, i). Since n mod z(p) # “2, k < “2. This implies that
t(p,k) < ’%3 Letm = (a,a,-; - - - a;), be the p-adic representation of m. Since m € H and t(p, k) < ’%3,
we see that 0 < gy < ”7_3. By Lemma 7, we obtain a,z(p) + k # 0 (mod p). Therefore

n=z(pm+k=az(p)+k=0 (mod p),

which contradicts the assumption that p | n. Hence the proof is complete. O
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Next, we give a characterization for the divisibility p | (’;")F when p = 1 (mod 5).

Theorem 16. Let p be an odd prime such that p = +£1 (mod 5) and let n be a positive integer. Then
pl (’Z’)F if and only if n is not of the form

1(p.k)
2p)ym+k wherel <k <z(p)—landm € U H(p,i). (3.10)
i=0

Proof. Let A = “pD)_ - Similar to the proof of Theorem 13, we first assume that p + (?") and let
prz(p) nJF

vp(n)

k = nmod z(p). Then n = z(p)m + k for some m > 0, and by Lemma 3,k #0. So1 <k <z(p)-1.1f
remains to show that m € UE(:’Z)"{) H(p,i). Since p = £1 (mod 5), we obtain by Lemma 1 that z(p) | p—1.

k(p—1)

) By Lemma 5, we have

This implies t(p, k) =

n(p-1)
2p)

p—1>s,4)=s,(p""A) = s,,( ) = 5,((p — Dm + t(p, k)).

By Lemma 12, m € U’(” P H( p, i), as required. Next, if n is of the form (3.10), then we apply Theorem
12 to obtain

sp(A) = 5, (p"™A) = 5,((p = Dm + 1(p,K)) < p— 1,
and then use Lemma 5 to conclude that p ¢ (’; ”)F. This completes the proof. |
Next we apply Theorems 13 and 16 to determine an asymptotic formula for E,(x).

Theorem 17. Let p be an odd prime, p = +2 (mod 5), and t = t(p [Z(p )J) Then uniformly for x > 2,

(log )

B0 = tog py

O ((logx)™),

and consequently,

(log x)’ -
> I:x—t!(%g);)t+0((logx) .

1<n<x
pn
e

where the implied constants depend at most on p.

Proof. In this proof, the implied constants in each estimate depend at most on p. By Theorem 13, we

obtain
1<n<x zp) 1<n<x B 0 ek
2GR ISkST imd(pime+k 1<k<= <’(”p1§) Em)
meU Hp.i) mel 150 H(p.i)

Foreach 1 <k < Z(” ) let ry be the number of digits in the p-adic expansion of [(—kJ and let r = UEL

Th
" log| £ | )
= |—22+1 forall 1 <k <=2
log p 2
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By (3.11) and Lemma 11,

(k)
E,(x) < Z Z 1= _t(r;”k)! + O(r,i(”"‘)’l)].

1<k< «p) 0<m<p'k 1<k< «p)
2 H(p.k) .
melJ. =y H(p.i)

In addition,

Ep(X) > Z Z 1 (rk_—l)t(m + 0((’7( _ l)t(p,k)—l))

1<k<¥ Osm<p't”! <k 20
.k .
melJ " Hip.i)

) P ot
= )] (’" k )
1<k<¥ ’
Therefore )
£ _ k +0 t(p,k)—1 . 3.12
»(X) Z [t(p, 0! (’”k ) (3.12)

z(p)

Recall that 7 = f(p, [%J) Since p = +2 (mod 5), we obtain by Lemma 1 that z(p) = p + 1 or
2(p) < B If z(p) = p+ 1, then z(p) is even and for | <k < 22 — |,

z2(p) -1 -1 -1
t(p,k)St(p,Tp—l):{pz —Z(p)|:p2 =1
If z(p) < 2! thenfor 1 <k < %2 — 1,
@( -1 -
Z p S s—(p-1
b <ifp |22 i) LD 5o
()
<[%J@—1>—S+{<z<p>—1>—<p—1) o
- z(p) z(p) -
wheres:[Z(T”)J(p—l)modz(p). Inanycase,t(p,k)St—lforlsks%—I.Inaddition,
logx—‘k
rk:M+0(1):k’ﬂ+0(1) for 1 <k < 42
log p log p 2

Therefore "

P < ' < (logx)~! forany 1 <k < @ — 1. Therefore

(p:k)
2 (t(rf:k)z +0(r") | = 0((tog /™).
1

z(p)

Thus (3.12) implies that

_ (logx)' -1
Ep()C) = W + 0((10g)€) )
The rest is now obvious. So the proof is completes. O
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Theorem 18. Let p be an odd prime, p = 1 (mod 5), and t = t(p,z(p) — 1). Then uniformly for
x>2,

_ (logx)'
~ 11(log p)'

(log x)’ -
l=x—-—"""—+0((logx)""),
I;x t'(lOg P)t ( )

pn
pl n/F

E,(x) +0((logx)™).

and consequently,

where the implied constants depend at most on p.

Proof. The proof is similar to that of Theorem 17, so we omit some details, and the implied constants
in the following estimates depend at most on p. We obtain by Theorem 16 that

E)= ) >oa= ) > (3.13)

1<k<z(p)-1 1<n<x 1<k<z(p)-1 O<m< 2=k
n=z(p)m+k :(pk_)Z(f’)
meU% H(p meU%

For each 1 < k < z(p) — 1, let r; be the number of digits in the p-adic expansion of [;‘(—;’;J and let

r =ryp-1. Thenry = [logp [;‘(—;’;JJ + 1forall 1 <k <z(p)— 1. Similar to the proof of Theorem 17, we

apply Lemma 11 to obtain

1(p.k)

o o(r,@w»k)—l)). (3.14)

E (X) = (
’ ISk;(zz)_l t(p,k)'

Recall that

z2(p) z2(p)

Since p = +1 (mod 5), we obtain by Lemma 1 that z(p) = p — 1 or z(p) < ’%1. If z(p) = p — 1, then
for 1 <k <z(p) — 2, we have

~D(p-1 ~1
t:t(p,z(p)_l):{(z(p) )(p )|:p_1+{_p |

@p)-2(p-1)
z2(p)

t(p,k)st(p,Z(p)—Z):{ |:p—3=t—1.

If z(p) < pT_l, then we obtain by Lemma 2(v) that for 1 < k < z(p) - 2,

_2(p—1)| p-1 p-1

14— - |
=P ﬂ z(p)H z<p>|+

<t-1

1(p,k)<t(p,z(p)-2)=p-1+ {
z(p)

In any case, t(p,k) <t —1forall 1 <k < z(p) — 2. In addition,

re = log, ({%{D +0(1) =log, x + O(1) for I <k <z(p)-1.

1(p.k) -1

Therefore """ < '~ < (log x)~! forany 1 < k < z(p) — 2. From (3.14) and this observation, we
obtain the desired results. O
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We give an example to show an application of our results. Also see [1,9,14] for the characterization
of the divisibility p | (?") when p =2,3,5,7.

Example 19. Letn € N. Then 11 1 (') _if and only if

k
n=10m+k wherelsks9andmeUH(11,i).
i=0

In addition, 13 1 (') _if and only if

2k—1
n=Tm+k wherel <k<3me UH(l3,i).
i=0

Furthermore,

(log x)°
5!(log 13)°

(log x)°

Ent) = §iiog 117

+0((log»)*) and Ej3(x) = + 0 ((log x)").
Proof. We have z(11) = 10, z(13) = 7, 1(11,k) = kfor 1 < k < 9, t(13,k) = 2k — 1 for 1 < k < 3.

Applying Theorems 13, 16, 17, and 18, we immediately obtain the desired results. O

4. Conclusions and a future project

p # 2,5 in terms of the digital representation of n. We also obtain asymptotic formulas of E,(x) for
all primes p, extending many results in the literature which focus only on small primes p < 7. For a
future project, we may be able to extend the results to (‘; ”)U for any nondegenerate fundamental Lucas
sequences U and any prime p.

We give characterizations for the integers n > 1 such that (’;”)F is divisible by p for any prime
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