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1. Introduction

Optimal control problems are frequently used in practical problems of physical, social, economic
processes, and other fields, and the numerical solution of optimal control problems is of great
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significance for better performance in these fields [30]. Consequently, it is particularly important to
need some effective numerical methods to approximate the solution of the optimal control problem.
As we all know, finite element method is one of the most commonly used numerical methods to solve
optimal control problems. Applying finite element methods, the emergence of errors has captured
the attention of scholars. One of the main sources of errors is the error caused by the discretisation
of the model, so a large number of researchers have analyzed it in all aspects by using the finite
element method. Bonifacius and Pieper, Lu and huang have studied the prior error estimates of the
nonlinear optimal control problem [29,30]. Also, Boulaaras has analysed the posteriori error estimates
of the finite element method for nonlinear optimal control problems [25, 26]. Boulaaras, Touati
Brahim, Bouzenada and et all used the Euler time scheme combined with Galerkin spatial method,
a posteriori error estimates for the generalized Schwartz method with Dirichlet boundary conditions
on the interfaces for advection-diffusion equation with second order boundary value problems are
proved [27]. And Boulaaras and Haiour dealed with the semi-implicit scheme with respect to the
t-variable combined with a finite element spatial approximation of evolutionary Hamilton-Jacobi-
Bellman equations with nonlinear source terms [28]. Simultaneously, the spectral method, the finite
volume method, the mixed finite element method and other numerical methods have also been applied
to the approximate solution of the optimal control problem [1, 5, 6, 8, 10, 13, 18, 19] and there are
references.

It is common knowledge that the hp spectral element method, which combines the advantages of
the spectral method and the hp finite element method, emphasizes the use of the hp-version adaptive
by simply applying the spectral method for each element, because the spectral accuracy provides very
accurate approximations when smoothing the solution, with relatively few unknowns. And the spectral
element method can solve complex problems, for example, a posteriori error estimates for parameter
identification problem, complex nonlinear optimal control problems and etc. A lot of literatures dealt
with the optimal control problem and many solutions are proposed, such as the finite element method,
mixed finite element method, spectral method and so on. For a brief introduction, there has been
an amount of work on constrained optimal control problems for numerically solving via the finite
element methods [14-17]. Also, the mixed finite element method for the optimal control problems
[2-4,7,23,24]. The hp spectral element method for optimal control problems seems to have not been
much studied. Therefore, it is of great significance to solve the parabolic optimal control problem
by using the hp spectral element method to solve the parabolic optimal control problem is of great
significance.

Let us to introduce the hp spectral element method into the parabolic optimal control problem,
which is due to the adaptation of hp-version, it can choose to segment an element (h-refinement)
or increase its approximate order (p-refinement). For instance, some authors have studied the hp
spectral element method for the optimal control problem controlled by elliptic equations. They have
derived the a posteriori error estimation of the hp spectral element approximation of the optimal control
problem, in which they used L*(€2)-norm to estimate the control approximation error and H'(£2)-norm
of the state and common state approximation error [8]. In order to emphasize the hp spectral element
method and its high precision, we study the hp spectral element method for optimal control problems
governed by parabolic equations comparing with [8]. First, we propose a fully discrete scheme, which
uses the backward Euler scheme in time, and then uses the hp spectral approximation in space. By
using the Scott-Zhang type quasi-interpolation operator, we obtain a posteriori error estimate for the
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approximate solution of hp spectral elements of both the state and the co-state in L*(0, T; H'(Q))-norm
or L*(0, T; L*(Q))-norm and the control in L*(0, T'; L*(€))-norm.

The remainder of this paper is organized as follows. In Section 2, We will use the spectral
approximation in space and the inverse Euler scheme in time to construct the spectral approximation
scheme for parabolic optimal control problems. In Section 3, a L*(H')— L*(L?) posteriori error estimate
is derived for the parabolic optimal control problem. In Section 4, by using two auxiliary equations,
we derive a L*(L?) — L*(L?) posteriori error estimates for parabolic optimal control problems. In the
last section, the conclusions and some possible future work are briefly given.

In our paper, the standard notation W™4(€2) for Sobolev spaces on Q with the norm || - |[ymaq)
and the semi-norm | - |ymeq) are adopted. We set W;"(Q) = {w € W™I(Q) : wlpo = 0}. We
denote W™2(Q) (W(')"’Z(Q)) by H™"(Q) (H{'(€2)). We denote by L*(0,T; W™4(Q)) the Banach space of

all L* integrable functions from (0, T') into W"4(€2) with norm ||v||s,7.wma(qy = ( fOT IIUII%m,q(Q)dt)i for
s € [0, o0) and the standard modification for s = co. Similarly, one define the spaces H'(0, T; W™4(Q))

and C/(0, T; W™4(Q)). The details can be found in [13].
2. hp spectral element approximation
In this section, the hp spectral element method and the backward Euler discretisation approximation

for distributed convex optimal control problems governed by parabolic equations is investigated as
follows:

T
ur(%le% {% fo (ly—=ya ”iz(g) + || u ||iz(g))dt} , 2.1)
y:—div(AVy) = f+Bu, x€Q, t€(0,T], (2.2)
Yoo =0, te[0,T], 2.3)
y(x,0) = yo(x), x€Q, (2.4)

where Q is bounded open subset in R? with a Lipschitz boundary dQ, and B is a linear continuous
operator from X to L*(0, T; Y’). Now K is a set defined by

T
K:{veX:ffvddeZO}.
0 Jo

Obviously f,y; € L*(0,T; H), y, € Hé(Q) and A(-) = (@i ;j(*))nxn € (C*(Q))™", such that there exists a
constant ¢ > 0 satisfying
FAE 2 cllél’,  E€R%

We shall take the state space W = L*(0,T;Y) with Y = H,(Q), the control space X = L*(0,T;U)
with U = L*(Q) to fixed the idea. Then there holds

a(y,w) = f(AVy) - Vwdx, Vy, wey,
Q

oo fo) = fg fibdx, V. hel,
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(u,v) = fuvdx, Yu, veU.
Q

On the basis of the assumptions on A, there exist constants ¢ > 0 and C > 0 such that
a(v,v) > clvlli la(v, w)| < Clv|1 alwliq, Yv,weY.

Then a weak formula of the convex optimal control problem reads:

1T ) ,
l%t%{i fo (Ily—yd||L2(9)+||u||L2(Q))dz}, (2.5)

where y € W, u € X, u(t) € K subject to

(%,w)+a(y,w):(f+3u,w), YweY, te0,T], (2.6)
y(x,0) = yo(x), x e Q. 2.7)

Apparently, the optimal control problem (2.5)—(2.7) has a unique solution (y, «), and a pair (y, u) is the
solution of (2.5)—(2.7) if and only if there is a co-state p € W such that the triplet (y, p, u) satisfies the
following optimality conditions [12]:

(%,w) + a(y,w) = (f + Bu, w), YweY, y0)=yo, (2.8)
dp

309" a(q,p) = —Ya, ), YgeY, pT)=0, (2.9)
T
(u+ B*p,v—u)dt >0, Yut)e K, ve X = L*(0,T;U), (2.10)

0

where B* is the adjoint operators of B.

Now, let’s consider the hp spectral element approximation of the parabolic optimal control
problem (2.5)—(2.7). As we all know, the spectral element method proposed by Patera combines
the advantages of Galerkin spectral method and finite element method by a simple application of the
spectral method per element [21]. Also, it is similar to the finite element method that the domain is
divided into N, non-overlapping subdomains elements 7;, 1 <i < N;:

N
a={Jm nf)m=0 i#j 1<ijsN.
i=1

Considering the hp spectral element approximation of (2.5)—(2.7), we set 7 = {t} be a local quasi-
uniform partitioning of Q into non-overlapping regular element 7. We denote by the # = (=1, 1)? the
reference element, and let E(7) denote all edges, and &y(7") denote all edges which do not lie on
the boundary 0Q. Each element 7 can be the image of the reference element 7 under an affine map
F.: 7 — 1. We write h, := diam 7. If we assume that the triangulation is yy-shape regular, we have

RNF + he(FD T < . (2.11)
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For y-shape regular meshes 7~ on the domain €2, we associate with each element r € 7~ a polynomial
degree p, € Ny. Moreover, these polynomial degrees {p.} are collected into the polynomial degree
vector p = {p,}. Therefore, we can define the spaces of hp spectral element approximation UP(7, Q),
SP(T,Q), S§(T, Q) as described below:

UP(T,Q) :={ueL*Q):ul,oF. P, (D)
SP(T,Q) :={ve H(Q) : V.0 F; € P, ()},

SH(T, Q) := ST, Q) ) Ho(€),

where P, () denotes the spaces of polynomials in 7 of degree < p, in each variable, respectively.
As to polynomial degree distribution p, similar to (2.11), we assume that the polynomial degrees of
neighboring elements are comparable. As a result, there exists a constant y > 0 such that

Y pet DSpr+1<y(pe+ 1), VrTeT, 7 )7 #0. (2.12)

Let K"P(77,Q) := K (" UP(7", Q) be the space of hp spectral element approximation for the control,
and S 6’ (7, Q) be the space of hp spectral element approximation for the state and co-state. Then the
semi-discrete hp spectral element approximation of (2.5)—(2.7) is as follows:

: 1 ! 2 2
uhp%l)l%n,p{i fo (lyap = Yall2q) + ||uhp||L2(Q))dt}, (2.13)
dy
( 61;p,wh,,) + aWps Wip) = (f + Butgp, wip), ¥ wy, € SH(T,Q), 1€ (0,T], (2.14)
Vip(x,0) =yl (x),  xeQ, 2.15)

where yj,, € H'(0,T; S§(7,Q)) and yg’p € SP(7°, Q) is a hp spectral element approximation of y,.

It follows that the optimal control problem (2.13)—(2.15) has a unique solution (yj,, u;,) and that a
pair (ypp, Unp) 1s the solution of (2.13)—(2.15) if and only if there is a co-state py, such that the triplet
(Ynp»> Pip» Unp) satisfies the following optimality conditions:

5)’;;
(a—t”, w,,,,) + a(ynp, Wip) = (f + Butgp, Wip), Y wy, € SE(T,Q), (2.16)
Vip(6,0) = P (x),  xeQ, 2.17)
aphp _ p
~\ 5 |t a(Gnps Prp) = Onp = Ya> qnp)» Y gnp € So(T,€Q), (2.18)
php(-x’ T) = O’ X € Qa (219)
(Unp + B Phps Unp — tip)y = 0, Yy, € K"P(T,Q). (2.20)

Now, we shall consider the fully discrete hp spectral element approximation for above semi-discrete
problem by using the backward Euler scheme in time. Let0 =) < t; < --- <ty <ty =T, k; =

ti—ti,i = 1,2,--- M, k = {Ila)zfz{ki}' Fori = 1,2,---, M, we construct the hp spectral element
<i<

approximation spaces S¥ (7, Q) c Hy(Q) (similar as S5(7,€)) on the i-th time step. Similarly, we
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construct the hp spectral element approximation spaces Kl.h’p (7,Q) C K (similar as K"P(7",Q)) on the
i-th time step. Then the fully discrete hp spectral element approximation scheme (2.21)—(2.23) is to
find (y;'lp, u;'lp) € SP(T, Q) x Kf””(‘i', Q),i=1,2,---, M, such that

| & . .
min = > ki(ll Y}, = vaCe, 1) 12 + N ut), 117 , (2.21)
u};per‘p (7.9 { 2 ; ( Yhp ~ Vd LX(Q) hp LZ(QU))
y;tp B yiz}?l i _ i
T, Whp + a(yhp, Whp) - (f(x’ ti) + Buhp’ Whp)’ (222)

Y wi, € SP(T,Q) c Hy(Q), i=1,2,---,M,
Yo, (1) = ypP(x), xeQ. (2.23)
It follows that the optimal control problem (2.21)—(2.23) has a unique solution (Yip, U;;p), i =

1,2,--+, M, and that a pair (Y} ,Uj ) € SH(T,Q) x K'P(T,Q), i = 1,2,---, M, is the solution of
(2.21)—(2.23) if and only if there is a co-state P;;f € SH(T.Q), i = 1,2,---, M, such that the triplet

(Y;;p’ P;;l, U,’;p) € SE(T, Q)xSH(T, Q)xKih’p(’/", Q),i=1,2,---, M, satisfies the following optimality
conditions:
Yfilp B Yiil;l i i
Ta Whp + a(th’ Whp) = (f(-x’ tl) + BU/’lp’ Whp)9 (2'24)
Vowp, € SR(T,Q) c Hy(Q), i=12,---,M,
X) = X), xe€Q, .
Yy, (x) = o (x) Q (2.25)
p-l_pi _ |
p P i—1 i
— % dw +a(qnp, P, ) = (Y, = ya(x, 1), Gap), (2.26)
Vg € SP(T,Q) C H)(Q), i=1,2,--,M,
Pi(x) =0, xeQ, (2.27)
(U,ip + B*P;;;l,vhp - U;lp) >0, Yup€ Kf’l’(r]', Q) cKk, i=12-,M (2.28)

Fori=1,2,---,M, let

Yiploorin = (G = DYy + (= 12)Y}) ki,
Piplai a0 = (6 = f)P;,;,l +( - ti—l)P;,p)/ki’
Uhl"(ti—lJi] = U;zp'

For any function w € C(O,T;Lé), let W(x, Olei 01 = WX, 1), W(X, Dlreqr, .7 = W(x, tiz1). Then the
optimality conditions (2.24)—(2.28) can be restated as :

Yy . A
ot sWip | + Cl(th, Whp) = (f + BUhp, Whp)’ (229)
YV wip € SE(T,Q) C HY(Q), 1€ (11,4, i = 1,2,--- , M,
th(X, 0) = ygp(X), X E Q, (230)
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OPy 7 o A
- 7» dnp | + a(tha Php) = (th — Vd» th)’ (231)
Y gy € SE(T, Q) € Hy(Q), t € (tiy, 1], i =M, ,2,1,
Py,(x,T) =0, xeQ, (2.32)
(Upp + B Prp,viy — Upp) 20, Uy, € KMP(T,Q) C K, (2.33)

Yoo, € KP(T,Q), et i=1,2,---,M.

In the follows, we introduce a lemma which generalize the well-known Clément-type interpolation
operators of [22] to the hp context.

Lemma 2.1. (Scott-Zhang type quasi-interpolation). Let T be a y-shape regular triangulation
(see (2.11)) of a domain Q € R? and p be a polynomial degree distribution which is comparable
(see (2.12)). Then there exists a linear operator I1 : H\(Q) — SP(7°,Q), and there exists a constant
C > 0, which depends only on vy, such that for every u € Hy(Q) and all elements T € T and all edges
e € &(1),

i = Dl + <V = Tl < €Vl (2.34)

. fh
[lee — Iuel| 20 < C j”VMHLZ(wE), (2.35)

where h, is the length of the edge e and p, = max(p,, p/), where 7,7 are elements sharing the edge
e, w;, W, are patches covering T and e with a few layers, respectively. See [20] for more details on w,
and w,.

3. A L*(H") — L*(L?) posteriori error estimates

In this section, we shall derive a L>(H') — L*(L?) posteriori error estimates for the hp spectral
approximation of the optimal control problem governed by parabolic equations. Set

1 r 2 2
J(I/l) = EL (”y _yd”LZ(Q) + ”u”LZ(Q)) dt’

1 T
D) =5 [ (W = ully + 1) .
0

According to [11], it can be shown that

(J'(w),v) = (u+ B*p,v), 3.1
(1, (Unp)sv) = (Upp + B* Py, v), (3.2)
(J/(Uhp)’ v) = (Uhp + B*p(Uhp)’ V), (3.3)

where p(Uy,,) is the solution of the auxiliary equations:

(ay(Uhp)
ot

, w) +a(y(Upp),w) = (f + BUpp,w), Vwe Hy(Q), (3.4)
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y(Uhp)(x’ O) = )’O(X), X € Q’ (35)
ap(Uhp) _ 1

|\ 4 a(q, p(Upp)) = OWpp) = Ya,q), ¥ q € Hy(Q), (3.6)

pUpp)(x, T) =0, x € Q. (3.7)

Theorem 3.1. Let (y,p,u) and (Y, Pyp, Upp) be the solutions of (2.8)—(2.10) and (2.29)—(2.33),
respectively. Then we have

2 2 D 2
”l/l - Uhp”LZ(O,T;LZ(Q)) < C771 + C“p(Uhp) - Php”LZ(O,T;LZ(Q))’ (38)

where p(Uy)) is defined by (3.4)—(3.7) and

M £
n=> [Z f Uy + B*Ph,,nizmdt].
ti-1

e \i=1

Proof. According to the definition of norm || - ||;2(0.7.12(q)) there are
T
CHM - Uhl’lli2(0,T;L2(Q)) = f (” - Uhp’ u-— Uhp)dt
T ° T
= f (u+ B*p,u—U,,)dt + f (Uyp + B* Py, Uy — w)dt (3.9)
0 0

T T
+ f (B'(Bay = p(Upp)s = Upp)dt + f (B (p(Usp) = p)ot = Upy )1,
0 0

From (2.8), (2.9) and (3.4)—(3.7), we obtain
T T
fo (B (p(Unp) = p)yu — Upp)dt = fo (p(Unp) = p, Bu — Uyp))dt

"o
= ‘fo‘ ((E‘(y - y(Uhp))’ p(Uhp) - p) + a(y - y(Uhp)’p(Uhp) — p)) dt

T 9 (3.10)
= f (— (y = Y(Unp), E(p(Uhp) - p)) +a(y = y(Unp), p(Upp) — p)) dt
0
T
= f O = yWUhp), y(Upp) — y)dt < 0.
0
Moreover, note that Uj, € K"P(T,Q) c K. It follows from (2.10) that
T
f (u+ B*p,u—Upydt <0. (3.11)
0
Combining (3.10) with (3.11) from (3.9), we obtain
T
C”u* - Uhp”iZ(o’T;LZ(Q)) Sf (Uhp + B*Php, Uhp - l/l)dl'
0
(3.12)

T
+ f (B" (P = p(Upp)), u = Uyp)dt
0

=1 + L.
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We first estimate /; here. It is clear that

T M !
L= f (Usp + B* Prp, Upp — w)dt = Z f (Usp + B Pop, Upy — u)dt

(3.13)
<a®§1§] |W@+BPMbdﬂ+6§m§Lfnmpummm)

€T el
S(/1(6)771 + 6”” - UhP”LZ(O,T;LZ(Q))’

for any sufficiently small positive number 6. Then for I, form (3.12), we obtain

T
I Zf (B*(Pyp — p(Upp)), u — Upy)dt

<C(6)Z(f |1B*(Py, — (Uh,,)||L2()dt)+5Z(f Uy — u”LZ()) (3.14)

€T €T
SCj”Php - p(Uhp)”LZ((),T;l;(Q)) + 6”” Uhp“LZ(O T:I2(Q))’

for any sufficiently small positive number 6. Thus, applying Eqs (3.12) and (3.14) gives the estimate

” Uhp”LZ(OTLZ(Q)) = C’h + C”p(Uhp) PhP”Lz(OTLZ(Q))
This proves (3.8). O

Theorem 3.2. Let (Y, Pyy, Upy) be the solution of (2.13)~(2.15) and (y(Uy,), p(Uyp)) be defined
by (3.4)—(3.7). Then

8

1Y = YU 20 7@y + 1Php = PU o iy < € D11 (3.15)
i=2
where
Z f f (th 6P:p)2 dxdt,
TeT
= Z f f |A*V(Py, — Pyp)fdxdt,
TeT

m = 9a — )’d“LZ(O,T;LZ(Q))’
2 _ & 2
15 = ¥np = Yupllr20.7.1200))

=) f f(f + BU,, + div(AV Y,

Tl

dxdt,

Y, \*
ot
777 =f- f||L2(0TL2(Q))’

8 - Zf flAV(th - th)|2dxdl‘

el
7 = D0(x) = Y5, Ol
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Proof. Lete? = p(Uy,)—Pypand e} = [le?, where IT be the Scott-Zhang type quasi-interpolator defined
as in Lemma 2.1. Note that (p(U;,) — Py,)(x, T) = 0, hence

T —
f _ (a(p(Uhp) Php),ep dt > 0.
0 ot

Then there holds the estimate:

T
iz(O,T;H](Q)) < fo a(ep,p(Uhp) — Php)dt

T T -
0 0

clle”|]

ot
T T _
— f (Ve?, A"V (p(Uyp) — Brp))dt — f (a(p(Uhgi P ’”’),ep)dt
0 0
T
+ f (Ve? ,A*V(P,, — Py,)dt (3.16)

0
T T —
- f (V(e” =€), A'V(p(Upy) — Pyp))dt — f (a(p i) = Piy) —ep)dt
0

0 ot !
_ fT (a(p(Uhp) - Php),ef) dt
; o1

T T
+ f (Vel, AV (p(Uy,) — Prp))dt + f (Ve?, A*V(Py, — P,))dt.
0 0

By using the Eqgs (2.16)—(2.20) and (3.4)—(3.7), note that ef = feP € Sf)’(‘]', Q), then the above
formula (3.16) can be written as

P2 <[ (v Giv(a' VP, + 22 o o)
C”e ||L2(0,T;H1(Q))_ 0 )’( hp)_yd+ IV( hp)+ ot ,€ — € t

T T
+ f (.Y(Uhp) - ?hp, e?)dt + f @d - yd,Ef)dl
0 0
T
+ f (Ve?, A*V(Py,, — Pyp))dt
0
(. _ P 17
= f (Yh,, — $g + div(A"VPy,) + —a;”’, e — ef) dt G.17)
0

T T
+ f (Y(Uhp) - ?hp7 ep)dt + f @d = Yd» ep)dt
0 0

T
+ f (Ve?,A*V(P,, — Py,))dt
0

=N+ + I3+ Ja

AIMS Mathematics Volume 7, Issue 4, 5220-5240.



5230

Employing Lemma 2.1, the first estimate J; becomes as

T
N . P 0Py,
Ji = Yip = Da + div(A*VPy,) + e — el dt
0

ot
" . 0P\
<C@) f - f (th ~ 9+ div(A'VP,) + ’”’) dxdt
Jo 2 ot (3.18)
T
+6) f le” 12,
re7 Y0
<C©O)1; + SNPWUnp) = PipllFao 710y
where ¢ is an arbitrary positive number, C(9) is a constant dependent on . Similarly,
T A
J = f (y(Uhp) — th, e”)dt
0
T A
<C©) )’ f f y(Unp) = PipPdxdt + 8llp(Usp) = Puplieaoramiony (3.19)
e Y0 T
S(:(5)“))((]/1‘1)) - th”iz(o,T;Hl(Q)) + C(é)”th - f]hp”iZ(O’T;LZ(Q))
+ 5||p(Uhp) - Phplliz(O,T;Hl(Q))'
And for J3 and J,, we obtain
T
Ji = — 34, el)dt
3 ‘fo (Va = Ja»€") (3.20)

TV 2
SC(é)”)’d - yd”LZ(O’T;LZ(Q)) + 6”p(Uhp) - Php”LZ(O,T;Hl(Q))’

and

T
Jy = f (Ve?,A*V(Py, — Py,))dt
0

<C() ) " (B, - PyPdsd > "o (3.21)
< hp wp)l"dxdt + 6 |VeP|“dxdt
0 T 0 T

€T €T
SC((S)Ug + 6||p(Uhp) - Phl’lliz(O,T;Hl(Q))'

Then, let 6 be small enough, from (3.16)—(3.21), we obtain
5
“p(Uhp) - PhP||i2(O,T;H1(Q)) < C(é) Z 7712 + C(6)||y(Uhp) - YhP||i2(0,T;L2(Q))' (322)
i=2

Similarly, let ¥ = y(Uyp) — Yip, €, = [1e?, where I1 be the Scott-Zhang type quasi-interpolator
defined as in Lemma 2.1. Note that

T (0(Unp) = Yip) T 00(Upp) = Yip)
fo( gt ”,ey)d;:Zfoo & gt P dtdx

TeT
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=>. f f &dV(Uy) = Yip)dx
7 J0

TET
=~ Z f (O(Unp) = Yap)(x, T)Ydx
TGT
-5 Z f (O(WUp) = Yip)(x, 0))2dlx
TET

=—Z f (W) = Yip)(x, T))dx

TE‘T

- E”)’o(x) ) [

TOOWUi) = Yip) [\, 1
f ( hg hp ,e>)dt + =llyo(x) = Yap(x, ())||22(Q) > 0.
0 t 2

Thus

And then we can derive

r (a(y(Uhp) - th) ey) dt

T
C”e ||L2(0 T:HY(Q)) = fo a(y(Uhp) - th’ ey)dt + f ot

0

1
+ S Iyo(x) = Yip(x, ][

(a(y(Uhp) - th) y) dt

T
- [ avows) - By vear s f
0 ot

0

T
N 1
+ f (AV(Y, = Vi), Ve )dt + EH)’O(X) =Y, (x, 0)||iz(9),
0

(3.23)

(3.24)

Similar as (3.17), by using the Eqs (3.4)—(3.7) and (2.16)—(2.20), for ef =ne’ €8 5(7", Q) and from

(3.24), we obtain

)
e 1oz < f (f + BUy, + div(AVT),) - —L, ¢ — e)dt

ot
—||y0(X)—th(X Ol g + f (f = fre)dt

+ f (AV(Yy, — Vi), Ve )dt

T 2
<C@) ). f f ( f + BU,, + div(AVY,,,) -

T€T”

) dxdt

+COS = Mo raay + €O f f AV (T, — i) Pdxdt

7T

+ 5”)’0(35) - th(x9 O)HiZ(Q) + é‘“y(l]/’lp) - Yh[’”iz(o,T;Hl(Q))

9
:C(é) Z 7712 + 6||y(Uhp) - YhPH%Z(O,T;LZ(Q))'
i=5

(3.25)
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Hence, there is
9
“y(Uhp) - thlliz(O,T;Hl(Q)) < C(é) Z 7712
i=5

Finally, we can obtain (3.15) from (3.22) and (3.26).

(3.26)

O

Theorem 3.3. Let (y, p,u) and (Y, Pyy, Uy,) be the solutions of (2.8)—(2.10) and (2.29)—(2.33),

respectively. Assume that all the conditions in Theorem 3.1 are valid. Then

9
2

2 2 2
”th - y”LZ(O,T;Hl(Q)) + ”Php - p”LZ(O’T;Hl(Q)) + ”Uhp - u||L2(O,T;L2(Q)) <C Z ;s
i=1
where 77,~2, i=1,---,9are defined in Theorems 3.1 and 3.2.

Proof. It follows from Theorem 3.1 and Theorem 3.2, we have

2 2 ' 2
”u - UhP”LZ(O,T;LZ(Q)) Scnl + C”Php - p(Uhp)||L2(0’T;L2(Q))
2 > 2 2
SC”] + C”Php - PhP”LZ(O,T;LZ(Q)) + C”Php - p(Uhp)”LZ(O,T;LZ(Q))

9
2 D 2
<C Z n; + C”Php - PhP”Lz(O,T;LZ(Q))'
i=1

Note that A is positive definite and it follows from the Poincaré inequality that

T
1Phy = Pipllaorsiay <C f f IA*V(By, — Pyp)Pdxdt = Crp.
re7 VYO0 T

Then, it follows from (3.28) and (3.29) that

9

2 2

”u - UhPHLZ(O,T;L2(Q)) <C Z ;.
i=1

Note that
2 2 2
”th - y”LZ(O’T;HI(Q)) < ”th - y(Uh[J)”LZ(O’T;HI(Q)) + ”y(Uhp) - y”LZ(O’T;HI(Q))’

2 2 2
”Php - p”LZ(O’T;Hl(Q)) S ”Php - p(Uhp)”LZ(O,T;Hl(Q)) + ”p(Uhp) - p”LZ(O’T;Hl(Q))’

and

2 2
”y(Uhp) - )7||Lz(0’T;H1(Q)) < C”u - Uhp”LZ(O,T;LZ(Q))’

2 2 2
”p(Uhp) - p”LZ(O,T;Hl(Q)) < ”y(Uhp) - y”LZ(O’T;LZ(Q)) < C”I/t - Uhp||L2(0,T;L2(Q))'

From (3.30), (3.31), (3.33), and Theorem 3.2, we derive

2 2 2
”th - )’||L2(0’T;H1(Q)) S”th - y(Uhp)”LZ(O,T;Hl(Q)) + C”u - Uhp”LZ(O’T;LZ(Q))
9

SCZ ;.

i=1

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
(3.32)

(3.33)
(3.34)

(3.35)
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Similarly, from (3.30), (3.32), (3.34), and Theorem 3.2, there is

2
”Php - p”LZ(O,T;Hl(Q)) —”Php p(Uhp)”LZ(O T;H'(Q)) + C”I/l Uhp”LZ(O T;L2(Q))

SCZ n.
i=1

Therefore, we obtain (3.27) follows from (3.30), (3.35) and (3.36). O

(3.36)

4. A [*(L?) — L*(L?) posteriori error estimates

In this section, we shall derive a L>(L?) — L*(L?) posteriori error estimate for the hp spectral element
approximation of the optimal control problem governed by parabolic equations. In order to estimate
the errors ||Y},, — y(Uhp)IILz(0 T-I2(Q) and ||Py, - p(Uhp)Hiz(O,T;LZ(Q))’ we shall use two auxiliary equations.

We set the following dual auxiliary equations:

—div(AVé) = F, xeQ,te(0,T],

Elaa = 0, te€[0,T], 4.1)
&(x,0) =0, x € Q.
———dlv(AV{)—F, xeQ,te(0,T],
§|6£2 - ’ re [07 T]7 (42)
{(x,T) =0, x € Q.

The following well known stability results are presented in [13].

Lemma 4.1. Assume that Q is a convex domain. Let & and { be the solutions of (3.28) and (3.29),
respectively. Then, forv =§& orv =,

[l =0.7:2)) < CIFllz200,7:02(2))» (4.3)
IVUll20.7:120)) < CIIF|lz200,7:02(02))5 4.4)
2
1DVl 207212020 < CINFll200.7:02(2))» 4.5)
150 s, < I, (4.6)
2 _ v ..
where D*v = PR 1<i,j<n.

Theorem 4.1. Let (Yy,, Py, Uyp) be the solution of (2.13)—(2.15) and let (y(Upp), p(Uyp)) be defined
by (3.4)—(3.7). Then

9

”th - y(Uhp)”iZ(O’T;I](Q)) + ||Php - p(Uhp)”iZ(O’T;LZ(Q)) <C Z 7712’ (47)
i=2

where

2
B=> f f ( Py, + div(A*VP,,) + ¥, — yd) dxdt,

7€l
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B=> f f A*V(Py, — Py,)Pdxdt,

7€
A2 ~
774 - ||J’d - yd”LZ(O’T;[}(g))»
A _nv 2
ns = ”th - th”Lz(OTLZ(Q))’

2
72 = Z f f (‘9 i — div(AVY),) - f - BUhp) dxdt,

7T

A = |f - f”LZ(OTLZ(Q))’

2 = Z f f IAV(Y,,, — ¥, dxdt,

el
f]9 = ||th(X; 0) - )’O(X)”Lz(g)-

Proof. Let & be the solution of (4.1) with F' = P, — p(U;,). Let & = [1¢, where I1 be the Scott-Zhang
type quasi-interpolator defined as in Lemma 2.1. Then it follows from (3.4)—(3.7) and (2.14) that

1Py = PUD 20 721200
T
:f (Php - p(Uhp), F)dt
OT 5
ZL (— (a(Php - p(Uhp)),f) +a(g, Py - p(UhP))) dt
T o ~
:L (— (E(Php = p(Unp)), € — fl) +a(§ —&r, Py - P(Uhp))) dt
T a - T ~
+ f (— (E(Php - P(Uhp)),fl) +alér, Pry — p(Uhp))) dt + f a(&, Py, — Ppp)dt (4.8)
0 0
T a » . T ~
:f (_EPhp - le(A*VPhp) - (th - )A/d),f - f[) dt + f (th - th?f)dt
0 0

T T T
+ f Y = Y(Uny), Ot + f (= 9as E)dt + f alé, Py — Byt
0 0 0
=K1+ K, + K3 + K4 + Ks.

It follows from Lemma 2.1 and Lemma 4.1 that
T a B ~
K, =f (_a_Php — div(A"VPy,) = (Ynp = Sa), & — §1) dt
0

2
<C©) ) f f ( Py, +div(A*VD,,) + ¥, — yd)) dxdt wo)

TE’T

<C(o)R? +5||Php p(UhP)”iZ(O,T;LZ(Q))'
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Similarly, here is
T A
Ky = f (Fip = Vi E1dt
0

T T
<C©) Y f f 1%y = Yap)Pdxdr +8 ) f 12, dt
0 T 0

T€T TeT
SC((S)ﬁ% + 5||Php - P(Uhp)”iZ(O,T;LZ(Q))'

And for K3, K4, and K5, we derive

T
K; =f Ynp — y(Upp), &)dt
0

SC’w(é)”th - y(Uhp)HiZ(O’T;LZ(Q» + 6||§||§,2(0,T;L2(Q))
SCj(é)”th - y(Uhp)HiZ(()’T;LZ(Q)) + 6||Php - p(Uhp)”iZ(O,T;LZ(Q))’

and
T
Ki= [ 0a- st
0
SC‘(é)”yd - yd”iZ(O’T;l}(Q)) + 5”5”%2(0]‘1}(9))
Sc(é)ﬁi + 5||Php - p(U/’lp)”[zJZ(O’T;LZ(Q))a
and

T
K; =f a(¢, Py, — Py,)dt
0

T T
<C©) ) f f AV (Py, = Py,)Pdxdt +8 ) f f IVEldxdr
0 T 0 T

T€T €T
<C©O)1; + Pup = PUnI720 712000

Then, let 6 be small enough, from (4.9)—(4.13), we obtain

5
”p(Uhp) - Php”%Z(o’T;LZ(Q)) S C(é) ,;2 ﬁlz + C(é)”y(Uh[J) - YhPllI%Z(O,T;Lz(Q))'

Similarly, let { be the solution of (4.2) with F' = Y}, — y(U,,), there is
||th - y( Uhp)ll]%l(o’T;L2(Q))

T
:f(; (th_y(Uhp)’F)

T
0
:j(: ((E(th —y(Upp)), ¢+ a(Yyy — y(Upp), 0) | dt

+ ((Yip = y(Unp))(x, 0), {(x, 0))

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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TR (Vs . e A 2
<C©) ) fo o f o0~ div AV, — f ~ BU,, | dxdi

T€T

T
+ C(é)“f - f”iz(O,T;LZ(Q)) + C(é) Z L flAV(th - )’}hp)ldedt

T€T
+ CONYip(x,0) = Yoy

T
+6) f 102y + O1E (X, O
0

el

9
<C@) )" i+ 6l¥ip = YU 72000
5

Hence, let 6 be small enough, we have

9
1Y = YU e g2y < € D |2 (4.15)
5

Then, (4.7) follows from (4.14) and (4.15). O
From Theorem 3.1 and Lemma 4.1, we have the following a L>(L?)—L*(L?) posteriori error estimate.

Theorem 4.2. Let (y, p,u) and (Y,, Pyy, Uyy) be the solutions of (2.8)—(2.10) and (2.29)—(2.33),
respectively. Assume that all the conditions in Theorem 3.1 are valid. Then

9
2 2 2 )
”th - )’”Lz(o,T;Lz(Q)) + ”Php - p”LZ(O’T;LZ(Q)) + ”Uhp - u”LZ(O,T;LZ(Q)) < C771 +C Z ;5 (416)
i=2

where n% and ﬁl.z, i=2,---,9are defined in Theorem 3.1 and Theorem 4.1.
Proof. Applying Theorem 3.1 and Theorem 4.1, we derive
”M - Uhp||i2(0’T;L2(Q)) SCTI? + C”Php - p(Uhp)HEZ(O’T;LZ(Q))
SCTI? + C”Php - PhP”iZ(O,T;U(Q))
+ C”Php - p(Uhp)”iZ(O’T;LZ(Q)) (417)

9
<Cp+C Z 7+ CllPry = PiplZao 72000
i=2
Note that A is positive definite, it follows from the Poincaré inequality that

T
1Psp = Pipllr20. 7120 < C Z f f |A*V(Py, — Pp,)I*dxdt = C#;. (4.18)
0 T

7T

Employing representation (4.17) and (4.18), it turns out that

9
Il — Uhp”iz(o’T;Lz(Q)) <Cni+C Z 7. (4.19)
p=s)
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Note that
1Yy = a0 rzzan < 1w = YU rrziay + 10U = 30200 (4.20)
1Py = PIPao r2) < WPhp = PUBIE20 12y + 1PWUip) = Pl rs2ic0y: (4.21)
and
IYUnp) = Yo g2 < Clltt = Unplaio roszicoy: (4.22)
1) = P12 a2y < WU = ¥a0r02y < Clt = Unplaiorsziony- (4.23)

From (4.19), (4.20), (4.22), and Theorem 4.1, we derive

2 2 2
”th - y”LZ(O’T;LZ(Q)) S”th - y(Uhp)||L2(0,T;L2(Q)) + C”l/l - Uhp”LZ((),T;LZ(Q))

<CpP +C Zgl 7>, (29
i=2
Similarly, from (4.19), (4.21), (4.23), and Theorem 4.1, we derive
1Pap = PP rzziay SIPi = PU o 12y + Clit = UnolPaorizcan)
<Cmi+C Zg" 2. *22
i=2
Therefore, we obtain (4.16) follows from (4.19), (4.24) and (4.25). O

5. Conclusions

In this paper, a completely discrete scheme is proposed, which uses the inverse Euler scheme
in time and the hp spectral element approximation in space to solve the parabolic optimal control
problem (2.5)—(2.7). By using the Scott-Zhang type quasi-interpolation operator, we obtain a
L*(H") — L*(L?) posteriori error estimates of the hp spectral element approximated solutions for both
the state variables and the control variable. And two auxiliary equations are introduced, we derive a
L*(L?*) — L*(L?) posteriori error estimates for parabolic optimal control problems.

A fully discrete scheme is proposed for improve the accuracy and construct an adaptive finite
element algorithm in this paper, which uses the inverse Euler scheme in time and the hp spectral
element approximation in space to solve the parabolic optimal control problem (2.5)—(2.7). Our main
results as follows: (1) We extend the elliptic optimal control problem to the parabolic optimal control
problem, by using the Scott-Zhang type quasi-interpolation operator and get two kind of posteriori
error estimates for parabolic optimal control problems. (2) For the general elliptic problem, only a
L*(H") — L*(L?) posteriori error estimate of the elliptic optimal control problem is deduced, however,
we derive a L>(H") — L>(L?) and L*(L?*)— L*(L?) posteriori error estimates for parabolic optimal control
problem. (3) The two kinds of error estimates we obtained are very useful for us to construct adaptive
finite element approximation.

These results and the techniques used can be generalized to optimal control problems with more
general objective functions. Furthermore, we well consider the hp spectral element approximation for
a posteriori error estimates of nonlinear optimal control problems, nonlinear parabolic optimal control
problems and hyperbolic optimal control problems and etc.
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