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1. Introduction

The Banach Contraction Principle [7] for ordered metric spaces was given by Ran and Reuring [39].
Subsequently, Nieto and Rodriguez-Lopez [34], O Regan and Petrusel [40] and Agarwal et al. [1]
extended this work. Popa [36] introduced an implicit relation and proved a fixed-point theorem for the
self-mappings on the complete metric spaces. Altun and Simsek [2] presented a generalization of the
results in [1,34,36,39] by using implicit relation in ordered metric space as follow:

Theorem 1.1. [2] Let (X, d, <) be a partially ordered metric space. Suppose S : X — X is a non-
decreasing mapping such that for all x,y € X with x <y

T (d(Sx,Sy),d(x,y),d(x,Sx),d(y,Sy),d(x,Sy),dy,Sx)) <0, (1.1)

where 7 : [0, 00)® — (—c0, 0). Also suppose that either S is continuous or (X, d, <) is regular, if there
exists an element xy € X with xo < S (xp), then § admits a fixed point.
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We can obtain several contractive conditions from (1.1), for example, defining 7 : [0, ) —
(—OO, OO) by

1
T (x1, X2, X3, X4, X5, X6) = X1 — (max {xz, X3, X4, E(Xs + X6)}) ,
we have the main result presented in [1]. Similarly, if we choose
T (x1, X2, X3, X4, X5, X6) = X1 — kxp; k € [0,1)

in (1.1), we have the main result presented in [39]. Thus, different definitions of
7 : [0,00)% — (—00, 00) produce different contractive conditions. Moreover, the investigation of fixed
points of implicit contractions was done by Popa [37,38], Beg et al. [8,9], Berinde etal. [11,12] and
Sedghi [43].

The graphical metric spaces [20], partial metric spaces [31], dualistic partial metric spaces [32],
b-metric spaces, multivalued contractions [27, 33], @ — y-contractions [42], F-contractions [25],
(¥, ¢)-contractions [35] are extensively being used in metric fixed point theory. Motivated by the
above discoveries, Huang and Zhang [16] presented the idea of cone metric by replacing the set of
positive real numbers with ordered Banach space, and utilized this idea to universalize Banach
contraction principle. Huang and Zhang [16] worked with the concept of normal cone, however,
Rezapour et al. [41] neglected normality of the cone and improved the various theorems presented by
Huang. The idea of cone b-metric space [17] was directly influenced by b-metric space [14]. Huang
and Xu [18] applied the cone b-metric axioms to prove some fixed point theorems. For detail readings
about cone metric, b-metric and cone b-metric, we suggest [3,13,14,21-23,26,29].

We observe that the implicit relation defined in Popa [37,38], can be generalized to vector spaces.
So, in this research paper, motivated by Beg et al. [8, 9], Berinde et al. [11, 12] and Sedghi [43],
we define an ordered implicit relation in a cone b-metric space and contribute a fixed point problem.
We answer the proposed problem subject to monotone mappings satisfying an implicit contraction.
We solve an homotopy problem and show existence of solution to a Urysohn Integral Equation as
applications of the obtained fixed point theorem. The obtained fixed point theorems are independent of
the observations presented by Ercan [15]. These observations apply on linear contractions and in this
paper, we considered nonlinear contractions (implicit relation involving the contraction mappings). So,
the obtained results are real generalizations and could not be followed from known ones in literature.

2. Preliminaries

In this section, we recall cone, cone metric space and some related properties. Let & represent the
real Banach space.

Definition 2.1. [19] The set N C & is called a cone if and only if the following axioms hold:

(1) Nis closed, non empty and N # {0g};
(2) av+pBw e N, for all v,w € N and @, B € R such that , 8 > 0;
(3) NN (=K) = {0g}.

The partial order < with respect to N is defined as follows:

viwew-veN forallv,w e &E.
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v <wserves as v < wbut v # w, and v < w represents that w — v € KX°(interior of N).

Definition 2.2. [19] The cone 8 C & is normal if for all v, w € N, there exists S > 0 such that,
0s < v <wimplies [[v]| < Sl||w]l.

Let R be a partial order in any ordinary set X and < be a partial order in cone X C &. If X C & then
R and < would be considered as identical.

Definition 2.3. [19] Let X # ¢ be a set, and the mapping d. : X X X +— & satisfies the following
axioms:

(dcl) d.(x,y) = 0g, for all x,y € X and d.(x,y) = Og if and only if x = y;
(dc2) dc(x,y) = dc(y, x);
(de3) dc(x, &) = dc(x,y) + dc(y,§), forall x,y,& € X.

Then d. is known as a cone metric on X, and (X, d,) is called a cone metric space.

Example 2.4. [6] Let X = R, & = R?, and N = {(x,y) € & : x,y > 0} C R?. Define the mapping
d. : XxX—> Eby

de(x,y)=(x-ylalx-yl,
where @ > 0 is to be taken as a constant. Then d, defines a cone metric on X.

Proposition 2.5. [6] Suppose that (X, d,) is a cone metric space, with cone &X. Then for w,{,¢ € &,
we have

(1) If w<pBwand g € [0, 1), then w = Og.
(2) If 0g < w < ¢ for each Og < £, then w = Og.
B) Ifw=<and{ < &, thenw < &.

Definition 2.6. [19] Let X be a non-empty set and x, y,v € X. The mapping ¢ : X X X — & satisfying
the following axioms:

(cbl) O0g < c(x,y) and c(x,y) = Og if and only if x = y;
(cb2) c(x,y) = c(y, x);
(cb3) c(x,v) < sle(x, &) + c(é,v)] for s > 1,

is known as a b-cone metric on X, and (X, ¢) is called a cone b-metric space.

Example 2.7. [6]LetE = R, N = {(x,y) € E: x,y > 0} € R?, X = {1,2,3,4}. Define the mapping
c:XxX — Eby

_ (= yhle =y ifx#y
C(-x’y)_{ 08 lf)C:y,

and the partial order on & by
v<wifandonlyifv—we N forallv,w e &.

Then (X, c) is a cone b-metric space for s = g We note that ¢(1,2) > ¢(1,4) + c(4, 2), this shows that ¢
is not a cone metric.
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Remark 2.8. Every cone metric space is a cone b-metric space, but converse is not true in general as
seen in Example 2.7.

Definition 2.9. [10] Let & be a real Banach space and (X, ¢) be a cone b-metric space. Then for every
€ € & with 0g < €, we have the following information.

(1) A sequence {x,} is said to be a Cauchy sequence, if there exists a natural number K € N so that
c(x,, x,) < eforalln,m > K.

(2) A sequence {x,} is said to be a convergent sequence (converging to x € X), if there exists K € N
so that c(x,, x) < eforall n > K.

(3) A cone b-metric space (X, c¢) is complete if each Cauchy sequence converges in X.

3. Ordered implicit relations

Let (&, |.|]) be a real Banach space and B(&E, &) be a space of all bounded linear operators § : & —» &
such that [|S||; < 1 and ||.||, is taken as usual norm in B(&, &).

Following the implicit relations presented in [4, 5, 8,9, 11, 12], we define a new ordered implicit
relation as follows:

Definition 3.1. Let (&, ||.||) be a real Banach space. The relation £ : & — & is said to be an ordered
implicit relation, if it is continuous on &°® and satisfies the following axioms:
(L)) vi 2 vy, vs 2 us and v < vg
implies L(v1, v2, V3, V4, Us, Ug) < L(V1, V2,3, V4, Vs, V)
(Lo) if L(vi, v, va,vi,alvy +12],08) < 0g
or,
if L(vi,v2,v1,v2,0g, a[vi + v2]) < Og, then there exists S € B(E, &) such that v; < §(v,) (for all
vi,, € E)and a > 1;
(L3) Llav,0g,0s,v,av,0g) > 05 whenever ||v|]| > 0 and a > 1.

Let G = (L : &° — &|L satisfies conditions £, Ly, L3}).
Example 3.2. Let < be a partial order with respect to cone N as defined in Section 2 and (&, ||.||), be a
real Banach space. For v; € E(i = 1t0 6), @ > 2 and y > 1, we define the relation £ : E° — & by
L(vi,v2,V3,V4,V5,V6) = avi — {vs + yvel.

Then L € G. Indeed
(L) : Let vy < 7, vs < ys and v¢ < 7y, then y5 — vs € N and y5 — v¢ € N, we show that
L(Vvi,v2,V3,V4,V5,V6) — L(¥1,V2, V3, V4, Y5, Y6) € N. Consider,

L(vi,v2,v3,v4,V5,V6) = L(Y1,V2, V3, V4, V5, ¥6)
= ayr —{vs + yve} —ay1 + {ys + yye}
= ys—vs+y(ys —ve) €EN.
Thus, L(y1,v2, 3, V4, ¥5,¥6) < L(V1, V2,3, V4, V5, V6).
(Ly) : Letvi,vy,v3 € &be such that 0g < v, 05 < vo. If L(vy, V2, V2, V1, S[v] + 2], 0g) < 0g then, we
have —av| + s{v; + v»} € N.
So, sv, — (@ — s)v; € N. implies (3.1
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(@—s)

v €N. (3.2)

Vy —

If vi = 0Og, then v, € N (by (3.1)). Thus, there exists T : & — & defined by T'(v,) = nv, (where
n = s)such that || T ||= s > 1 (not possible). Now if v; # Og, then, (3.2) implies v, < ﬁvl. So for
5> s 21, thereexists T : & — & defined by T(v2) = nv2 (7 = (afs) is a scalar) such that v; < T'(v,),
for a > 2.

(L3) : Let v € & be such that ||v|| > 0 and consider, 0g < L(sv,0g, 0g, v, sv,0g) then (s — 1)v € N,
which hold whenever ||v|| > O.

Example 3.3. Let £, £,, L3 : &% — & be defined by

(1) Li(vi,v2,V3,V4,V5,V6) = vy — Vo;a < 1.
(ii) Lo(vi, V2,3, V4, V5, V6) = vz —afvs + v} — (1 —a)Bvs;a < L, B € R.
2
(iii) L3(vi,Vv2,V3,V4,V5,V6) = Vi + Vs —a{vs + va}sa > %

Then £; defines an ordered implicit relation for each i = 1, 2, 3.

In the next section, we employ this implicit relation in association with a few other conditions to
construct an iterative sequence and hence to answer the following fixed-point problem:
“find p € (X, c) such that f(p) = p” where T € B(E,8), [ : & — & an identity operator , L € G and
[ X — X satisfies (3.3), for all comparable x,y € X and s > 1.

(I = T)(c(x, f(x))) < sc(x,y) implies

L(c(f(x), ), c(x, ), c(x, f(x)), ¢, fO), e(x, f (), e, f(2))) =< 0. (3.3)

The following assertion is essential in the sequel.

Remark 3.4. If S € B(E, &), then Neumann series [ + S + S2+--- + S" + --- converges whenever
IIS|l; < 1 and diverge if ||S||; > 1. Also for ||S||; < 1 there exists u > 0 so that ||S||; < x < 1 and
ISl <p" < L.

4. The new results

Popa [36] applied implicit type contractive conditions on a self-mapping to establish some fixed
point results. Altun and Simsek [2] extended the research work in [36] to partially ordered metric
spaces. Nazam et al. [30] have further generalized the results given in [2] by using the concept of
the cone metric space [19]. In this section, we shall address the proposed fixed-point problem that
generalizes the results in [2,30, 36]. For that purpose, we have the following theorem.

Theorem 4.1. Let (X, c) be a complete cone b-metric space with 8 C & as a cone and f : X — X.
If T € B(E,E), I : & — & is an identity operator and L € G such that, for all comparable elements
x,y€ Xand s > 1, we have

(I = T)(c(x, f(x))) < sc(x,y) implies
L(c(f(x), f()), c(x, ), c(x, f(x)), c(v, f)), e(x, f (1)), ¢y, f(x))) = Og. 4.1)
If,
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(1) There exists xy € X, so that xoR f(xo);
(2) Forall x,y € X, xRy implies f(x)Rf(y);
(3) The sequence {x,} satisfies x,_1Rx, and x,, — p, then x,Rp for all n € N,

Then, there exists a point p € X such that p = f(p).

Proof. Suppose that x, € X be an arbitrary point such that xy*R f(x,). We construct a sequence {x,} by
f(x,_1) = x, taking x, as an initial guess. Since, xoR x;, by assumption (2) we have x;Rx,, x;Rxz -
Xa-1Rx,. Since, xoRx;, by (4.1) we have

(I = T)(c(x0, f(x0))) = (I = T)(c(x0, x1)) = sc(xo, x1) implies

L (c(f(x0), f(x1), c(xo, x1), c(x0, f(x0)), c(x1, f(x1)), (X0, f(x1)), 0g) < O,

that is,
L (c(x1, x2), c(x0, x1), (X0, X1), c(x1, X2), (X0, X2), 0g) < Og. 4.2)

By triangle property of the cone b-metric, we have
c(xo, X2) < sle(xo, x1) + c(x1, x2)].
Rewriting (4.2) and using condition (£;), we get:
L (c(x1, x2), c(x0, x1), c(x0, X1), €(x1, X2), s[c(x0, X1) + ¢(x1, X2)], 0g) < Og.
By using (£,), there exists K € B(E, &) with ||K]||; < 1 such that
c(xr, x2) < K(c(xo, x1)).
Again since, x;Rx,, by (4.1) we obtain
(I = T)(c(x1, f(x1)) = (I = T)(c(x1, x2)) < sc(xy, x2) implies

L(c(f(x1), f(x2), c(xr, x2), c(xr, f(x1), (x2, f(X2)), (X1, f(x2)), €(x2, f(x1))) < O,

that is,
L (c(x2, x3), c(x1, x2), (X1, X2), c(x2, X3), c(x1, x3), 0g) < Og.

By (cb3), we have
c(x1, x3) = sle(xy, x2) + c(x2, x3)]

using (L) we get
L (c(x2, x3), c(x1, X2), (X1, X2), (X2, X3), s[c(x1, X2) + ¢(x2, %3)], 0g) < O¢.
By (£,) there exists K € B(&E, &) with ||K]||; < 1 such that
c(x2, x3) < K(c(x1, %)) < K*(c(x0, X1)).

Now keeping in view the above pattern and with the relation x,Rx,,; n > 1, we can construct a
sequence {x,} so that x,,; = f(x,) and

(I = T)(c(Xp-1, f(xn-1))) = (I = T)(c(Xp-1, Xn)) = SC(Xp1, Xp)
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implies
C(xn’ xn+l) =< K(C(xn—la xn)) < K2(C(xn—2’ xn—l)) <---= Kn(C(XO, Xl))'

For #i,n € N and s > 1, consider

c(xn+h» xn) < S[c(xn+h, xn+h—l) + c(xn+h—l’ -xn)]
2
< SC(Xpns X1 + ST[C(Xpan—t5 Xpan-2) + C(Xnin-2, Xu)]
2 -1
< SC(.X,'”+h, xn+h—]) +s C(-xn+h—la -xn+h—2) +.... + S( )C(xn+] » -xn)
< K™ (c(xp, x1)) + SSK™2(e(xg, X1)) A+ oo + s VK (c(x0, x1))
SKn+h((SK—1)h—1 _ 1) -
= (c(x0, x1)) + ¢ )K"(c(xo, x1))
s—K
hprn+1
s'K -1
=< (c(x0, x1)) + s" VK" (c(x0, X1)).

s—K

Since ||K]||; < 1, so, K" — 0g as n — oo (Remark 3.4). Hence, lim,_,, c(x,, x,,) = 0g, this shows that
{x,} is a Cauchy sequence in X. Since, (X, c¢) is a complete cone b-metric space, so there exists p € X

so that x, — p for large n, alternately, for a given 0 < ¢, there is a natural number N, so that

c(x,, p) < eforalln > N;.

Now since x,_1Rx, and x, — p, by the assumption (3), we have x,R p for all n € N. We claim that,

(I = T)(c(Xn, f(xn))) = 5¢(Xn, P).
Suppose on the contrary that
(I = T)(c(x, f(x2))) > sc(x, p) and

(I = T)(c(xps15 f(Xn41))) > s¢(Xn41, p) forn € N.
By (cb3) and (4.1), we get

(Xns f (X))

IA

s[e(xn, p) + c(p, Xn41)]
1 1
s[;(l = T)(c(Xn, f(x))) + ;(1 = T)c(Xnt1s f(Xnr1)))]
[( = T)(c(xn, f(x0)) + (U = T)T (c(xp, f(x0)))]
(I = TYU + T)(c(xn, f(x4)))
(I = T (c(Xns f(x0))).

A A A A

Thus,
T*(c(xn, f(x2))) < Og,

which leads to a contradiction. So, for eachn > 1 and s > 1, we get
(I = T)(c(xp, f(x0)) < 5C(Xn, P)s
thus, by (4.1), we have

C(f(xn)’ f(P)), C(xn,p), C(-xna f(xn))’ C(p, f(p)), ) <0
c(xn, f(P)), c(p, f(X1)) = Ue.

4.3)
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We need to show that ||c(p, f(p)I|l = 0. If |lc(p, f(p))l| > O, then we have the following information.

IA

c(f(xn), f(p)) sle(f(xa), p) + c(p, f(P)]
,}ii?o c(f(xn), f(p) = s’}ig [c(Xns1, P) + c(p, f(P))]
sc(p, f(p)), and

c(xp, f(p)) = sle(x,, p) +c(p, f(p)]
’}1_{{)10 c(x,, f(p) =< S}i_{g[c(xm p) +c(p, f(p))]
,}L‘?o c(x,, f(p)) < sc(p, f(p)).

In view of the condition (£;) and (4.3), we have

L (S(C(p, f(p)))’ 08a 087 C(pa f(p)), S(C(p’ f(p))), 08) < 08'
This contradicts the condition (£3). Thus, ||lc(p, f(p)l| = 0. So, c(p, f(p)) = 0g, and hence p =
f(p). O
Remark 4.2. If the operator £ : &% — & is defined by

1
L(x1, X2, X3, X4, X5, X6) = X| — Y (max {x2, X3, X4, E(xs + xé)}) , forall x; € &

where, ¥ : & — & is a non-decreasing operator satisfying lim, ., ¥"(v) = 0g. Then Theorem (4.1),
generalizes the corresponding result in [1]. If we define £ : E° — & by

L(xy1, x2, X3, X4, X5, X6) = X] — kxp; k €[0,1)

in Theorem (4.1), we obtain a generalization of the corresponding result in [39]. Thus, different
definitions of £ : & — & produce different ordered contractive conditions. Moreover, Theorem (4.1)
generalizes the results in Popa [37,38], Beg et al. [8,9], Berinde et al. [11, 12].

The following theorem is for decreasing self-mappings.

Theorem 4.3. Let (X, ¢) be a complete cone b-metric space with X C & as a cone and f : X — X. Let
T € B(&,8), I : & — & be an identity operator, L € G so that, for all comparable elements x,y € X
and s > 1

(I = T)(c(x, f(x))) =< sc(x,y) implies
L(c(f(x), f()), c(x, ), c(x, f(x)), ey, f)), c(x, f()), ek, f(x))) < 0. (4.4)
If,

(1) There exists xy € X, so that f(xy)Rxo;
(2) Forall x,y € X, xRy implies f(y)R f(x);
(3) The sequence {x,} satisfies x,_1 Rx, and x, — x*, then x,Rx* for all n € N.

Then, there exists a point x* € X such that x* = f(x").

AIMS Mathematics Volume 7, Issue 4, 5199-5219.
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Proof. Let xy € X be arbitrary satisfying assumption (1). We define a sequence {x,} by x, = f(x,-1)
for all n. As x; = f(x9)Rxy and by condition (2) x; = f(x0)R f(x;) = x, and repeated implementation
of hypothesis (2) leads to have x,Rx,_;. Since, x = x; Rxo, by (4.4), we get

(I = T)(c(f(x0), x0) = (I = T)(c(x1, x0)) = sc(xq, Xp) implies
L (c(f(x1), f(x0)), c(x1, X0), c(x1, f(x1)), c(X0, f(x0)), c(x1, f(x0)), c(x0, f(x1))) = Og
= L(c(x1, X2), c(x0, X1), c(x1, X2), ¢(Xo, X1), 0, c(x0, X2)) < Og.

By (cb3), we have
c(x0, X2) = s[c(xo, x1) + c(x1, x2)]

and then using £, we obtain
L(c(x1, x2), c(x0, x1), c(x1, X2), (X, X1), Og, s[c(xo, x1) + c(x1, X2)] < 0.
By (£,), there exists K € B(&E, &) with ||K]|; < 1 such that
c(xr, x2) < K(c(xg, x1)).
Again since, x = x;Rx,, by (4.4)
(I = T)(c(xy, f(x1)) = U = T)(c(x1, x2)) < sc(x1, xp) implies
L(c(f(x1), f(x2)), c(x1, X2), ¢(x1, f(x1)), ¢(x2, f(x2)), (X1, f(x2)), (X2, f(x1))) < Og

= L(c(x2, x3), c(x1, X2), €(x1, X2), ¢(x2, X3), €(x1, x3), 0g) < Og.

By (cb3), (£;) and (L), we get
c(x2, X3) < T(c(x1, x2)) < T*(e(x0, x1)).
By following same steps, we can construct a sequence {x,} such that
(X Xp41) = K(c(Xmt, X)) < K22, %0-1)) <+ < K" (X0, 1),

Hence copying the arguments for the proof of Theorem 4.1, we get x* = f(x"). O

The following theorem encapsulate the statements of Theorem 4.1 and Theorem 4.3.

Theorem 4.4. Let (X, c) be a complete cone b-metric space with 8 C & as a cone and f : X — X be
monotone mapping. Let T € B(&E,E), I : & — & be an identity operator. If there exists L € G so that,
for all comparable x,y € X and s > 1

(I = T)(c(x, f(x))) < sc(x,y) implies
L(c(f(x), f(), c(x, ), e(x, f(x)), ey, ), e(x, f (1)), c(k, f(x))) < 0g, 4.5)
and,

(1) There exists xo € X, so that xoR f(xo) or f(x0)Rxo,
(2) The sequence {x,} satisfies x,_1Rx, and x,, — a*, then x,'Ra* for all n € N.

Then, there exists a point a* € X such that a* = f(a*).

Proof. Proof is obvious. O

Remark 4.5. We can get a unique fixed point in Theorem 4.1, Theorem 4.3 and Theorem 4.4 by taking
an additional condition, “for each pair x,y € X, we have either an upper bound or lower bound.” (2).
The cone is assumed as non-normal.
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5. Examples and consequences

We illustrate above theorems with the help of the following examples.

Example 5.1. Let & = C}Q[O, 1], and ||| = |I{]le + IIZIIOO, N={e&: Lt >0,te]0,1]}. For each
K > 1,take ¢ = x and y = x*X. By definition ||¢]| = 1 and ||y|| = 2k + 1. Clearly ¢ <y, and K||Z]| < |Iyll.
Hence N is a non-normal cone. Define the operator T : & — & by

1 !
(TOH)(r) = > f {(s)ds. Thus, T is linear and bounded as shown below.
0

1 t ! b !
(T(al + by))(t) = 5 fo (al + by)(s)ds = gj(; L(s)ds + Efo y(s)ds, and

17" < w for eachn > 1.
=2+ 1) =
So
T £ ——.
(Tl D)
s lZ11"
IT"EY Nl < A5 S 1

20! < m for n

forn>1

n _ n n ~\/ 1 1
ITDI = T Dlles + WTD e < 507757+ 505,

I(T"¢)|| = 0 when n > n; for n; € N.

Hence T € B(E,8). Let X = {1,2,3} and f : X — X defined by f(1) = f(2) = 1 and f(3) = 2, then f
is increasing with respect to usual order. Define the mapping ¢ by

0 ifx=x

c(xi,x) =4 % ifx,xne{l,2s(€
% otherwise.

s { ¢

=c(1,2) > c(1,3) +c(3,2) = = + =,
3 = c1.2)>c.3)+c(3.2) = o+
since triangular inequality does not hold, so ¢ is not a cone metric space, but one can check that c is a
cone b-metric space for s = %. Now, forx =1 and y = 2 (x < y), we have

¢
3
c(x, f(x)) = 0g = c(f(x), f() = c(x, f)).

c(x,y) = 2 = ey, f(x0) = ¢, f())

Forx=2andy =3
o) = &, el f) = § = e, F))

c(x, f) = Og, (v, f(x) = 2 = O, f)).

00 |
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Fora >2andy > 1?6, define

s ( c(f(x), fO)), c(x, y), e(x, f(x)), ey, f(V)),
c(x, f(), ey, f(x))

Clearly

) = ac(f(x), f() = [c(x, f() + ye@y, f(0)].

(I = T)c(x, f(x)) < sc(x,y) implies
ac(f(x), f() = c(x, f) + ye(y, f(2).
Thus, by Theorem 4.1, f has a fixed point which is given by f(1) = 1.

Remark 5.2. Since, c is not a cone metric, this shows that Theorem 4.1 does not hold in a cone metric
space. The Example 5.1 also endorses the choice of cone b-metric space for this paper.

In the following, we have some consequences of the main results given above.

Corollary 5.3. Let (X, ¢) be a complete cone b-metric space with 8 C Eas a coneand f : X — X. If
T € B(E,6), I : & — & an identity operator and there exist L € G so that, for all comparable elements
x,yeEXands>1

(I = T)(c(x, f(x))) = sc(x,y) implies

c(f(x), f() = T(c(x,y)), (5.1

and,

(1) x € X so that xoR f(xo) or f(xo)Rxo;
(2) Forall x,y € X, xRy implies f(x)Rf(y) or f)Rf(x),
(3) The sequence {x,} satisfies x,_1Rx, and x, — b*, then x,Rb* for all n € N.

Then, there exists a point b* € X such that b* = f(b*).

Proof. Define L as in Example 3.3 (i), and the operator T : & — E by T(v) = av for all v € € and
0 <a<1,then T € B(E,E and application of Theorem 4.4 provide the proof. O

Corollary 5.4. Let (X, c) be a complete cone b-metric space with 8 C Eas a coneand f : X — X. If
T € B(&,8), I : & — & an identity operator and there exist L € G so that, for any comparable x,y € X
and s > 1

(I — T)(c(x, f(x))) =< sc(x,y) implies

1
c(f(x), f(y) < ;T(C(x, ), (5.2)
and,

(1) x € X so that xoR f(xo) or f(xo)Rxo;
(2) Forall x,y € X, xRy implies f(x)Rf(y) or f()Rf(x),
(3) The sequence {x,} satisfies x,_1Rx, and x, — r*, then x,Rr* for all n € N.

Then, there exists a point r* € X such that r* = f(r").
Proof. Define the operator 7 : & — & by T(v) = v for all v € & and following the proof of

Corollary 5.3, we receive the result. m]
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The following examples illustrates Corollary 5.3 and Corollary 5.4.

Example 5.5. Let & = (R, || - ||) be a real Banach space. Define 8§ = {x € R : x > 0}, then, it is a cone
in&. Let X = {1,2%,3,2}, define f : X - X sothat, f(3) = f(3) = £ and f(3) = f(2) = 1, then [ is
deceasing with respect to usual order. Let T € B(E, &) be defined by T'(x) = 5. Define the mapping ¢

by

0.3 if (x1,x0) = (3. 2)
0.1 if (x1, x10) = (3. %)
c(x1,X%2) =4 0.01 if (x, x0) = (4.3)
0.8 if (x1,x2) = E%, %), (x1,%2) = (%, %) or (X1, Xp) = (%, ‘5‘)
| x; —xo| otherwise.

Observe that:
0.8 = c(2 3) > c(2 1) + c(l 3) =0.3+0.01 =0.31

34 32 2’4
34 31 14
08_C(Z’E)ZC(Z’§)+C(E,§)_OOI+01_011

So (cb3) holds for s = 10, and c¢ is a cone b-metric, but not a cone metric, as (dc3) does not hold.
Consider x = % and y = % Then

¢ (f(), f() = c(x, f() = 0.1, c(x, f(x)) =0

c(x,y) = c(y, f(x) =03, @y, f(») =08
(I = T)e(x, f(x)) = 0.
2

Now take x = % and y = 3. Then

c(f(x), f()) =0, c(x,y) = c(x, f(x) =0.8
(I —T)c(x, f(x)) =04, sc(x, f(x)) =10(0.8) = 8.
3

Forx = 3andy = ‘5‘. Then

c(f(x), f(») =0.1, c(x,y) =c(x, f(x)) =0.8
(I = T)c(x, f(x)) =04, sc(x, f(x)) =10(0.8) = 8.
Thus, for all x,y € X such that x < y, we have
(I = T)(c(x, f(x))) < sc(x,y) implies c(f(x), f(y)) < T(c(x,y)).

Hence, Corollary 5.3 holds for all comparable x,y € X. Notice that % is a fixed point of f.

Remark 5.6. Since, c is not a cone metric, this shows that Corollary 5.3 does not hold in a cone metric
space. The Example 5.5 also endorses the choice of cone b-metric space for this paper.
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Example 5.7. Consider & = (R, || - ||) be a real Banach space. Define N = {x € R : x > 0}, then, itis a
cone in & Take X ={0,1,2},and f : X — X, f(0) = f(2) =0, f(1) = 2. Define the mapping ¢ by

0 if x; = x,

3 ifxl,xze{l,Z}
LX) =0 10 i € {0.1)

0.5 otherwise .

Notice that:
10=c(0,1)>c(0,2)+c(2,1) =0.5+3 =3.5.

X

For s = 3, ¢ is a cone b-metric space, but not cone metric space, as (dc3) does not hold. Define T'(x) = 3
Consider x =0, y = 1. Then

c(x,y) = 10, c(f(x), f(») = 0.5, clx, f(x)) =0

10 T 5
Tc(x,y) = 5 = 5, ?c(x,y) =3 = 1.6667.

Take x = 1,y = 2. Then

c(x,y) =3, c(f(x), f() = 0.5, clx, f(x)) =3

3 T 1.5
Tc(x,y) = 3= 1.5, ;c(x,y) =3 = 0.5

(I =T)e(x, f(x)) = 0.25.

Clearly for all x,y € X,
(I = Te(x, f(x) = scx, y)
implies
(00, ) % T (el ),
So for all values of x,y € X, the Corollary 5.4 holds. Here O is a fixed point of f.

6. A homotopy result

This section consists of a homotopy theorem as an application of Corollary 5.4.

Theorem 6.1. Let (&, ||.||) be a real Banach space with 8 C & taken as a cone and (X, ¢) be a complete
cone b-metric space with open set U C X. Suppose that T € B(E, €) such that ||T||; < 1 with T(N) CN.
If the mapping h : U X [0, 1] — X admits conditions of Corollary 5.4 in the first variable and

(1) x # h(x,0) for each x € QU (0U represents the boundary of U in X);
(2) There exists M > 0 so that

lleChCx, p1), h(x, )l < Mipy — po

for some x € U and u,, > € [0, 1];
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(3) For any x € U there is y € X such that ||c(x,y)|| < r, then xRy, here r represents radius of U.
Then, whenever h(-,0) possesses a fixed point in U, h(-, 1) also possesses a fixed point in U.

Proof. Let
B={te[0,1]] x = h(x,t); forx € U}.

Define the partial order <in Eby u < v & ||| < ||| for all u,v € &. Clearly 0 € B, since h(.,0)
possesses a fixed point in U. So B # ¢, In consideration of c(x, h(x, 8)) = c(x,y), (I —T)(c(x, h(x, 6))) <
sc(x,y) for all xRy and s > 1, by Corollary 5.4, we get

1
c(h(x, ), h(y,0)) < ET(C(X’ ¥)).

Firstly, we prove that 8 is closed in [0, 1]. For this, let {6,}7, € Bwith 6, — 6 € [0,1] asn — oo. Itis

necessary to prove that § € 8. Since, 6, € B for n € N, there exists x,, € U with x,, = h(x,,6,). Since,
h(-, 0) is monotone, so, for n,m € N, we have x,,Rx,.. Since for s > 1

(I - T)(C(Xn, h(xmv Hm))) = - T)(C(-xn, -xm)) < SC(Xn, xm)a

we have )
C(h(-xn’ Hm)’ h(-xm’ Hm)) =< ;T(C(-xnxm))v
and
C(Xny Xpy) = C(h(xn’ 6,), h(xm’ On))
< sle(h(xn, 6,), M(Xn, 0)) + c(M(Xn, O, B(X5 O2))]
leCon )l < M6, = 6, + = IT (i x|
sM
”C()Cn, -xm)” < 1 — ”TH [len - eml]

As {6,}7 | is a Cauchy sequence in [0, 1], we have

lim c(x,, x,) = Os.

n,m— 0o

So {x,} is a Cauchy sequence in X. As X is a complete cone b-metric space, so we have x € U such
that lim,, . c(x,, x) < €. Hence x,R x for all n € N. By triangle property, we have

c(x,h(x,0) =< slcx, x,) + c(x,, h(x,0))]
< sc(x, x,) + s [c(x,, h(x,, 8)) + c(h(x,, 0), h(x,0))]
< sc(x, x,) + s [c(h(x,,6,), h(x,,0)) + c(h(x,, 6), h(x, 0))]
2
lleCe, (x| < llsc(x, x)Il + s* M6, — 6] + S? 17" (c(xn, X)) -

Thus, c(x, h(x,60)) = 0 asn — oo. So 8 € B, hence B is closed in [0, 1]. Now we show that B is open
in [0, 1]. Let 8; € B, so, there exists x; € U such that h(6;, x;) = x;. As U is open, we have r > 0 so
that B(x;,r) € U. Consider

I'=1lc(xr, dU)|| = inffflc(x;, Ol = & € OUY.
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Then r = [ > 0. Given € > 0 such that w < %ﬂgu)z fors > 1. Letd € (0; — w,0; + w). Then
x € B(x1,r) ={x e X :|lcx, x)Il <r}, sothat xRx;.
Consider

C(h(xa 9)7 xl)

c(h(x,0), h(x,0;)

s[c(h(x, 8), h(x, 8,) + c(h(x, 6,), h(x;,0;)]
sMI6y = 0]+ ~ [T (cCxr, )

sMw + [Tl = sMw + |IT|| 1 < L.

IA

llc(h(x, 6), x|

IA

IA

Thus, for each 6 € (6 — w,0, + w), h(-,0) : B(x,r) — B(x,r) has a fixed point in U by applying
Corollary 5.4. Hence 8 € B for any 6 € (6, — w, 8, + w) and so B is open in [0, 1]. Thus, B is open as
well as closed in [0, 1] and by connectedness, 8 = [0, 1]. Hence A(-, 1) has a fixed point in U. |

7. Application of homotopy to human aging process

In this section, we use the homotopy to describe the process of aging of human body. The aging
process is considered by choosing suitable values for the time parameters ¢ of the homotopy a(?, x). The
values of the parameters ¢ and x in the function a(z, x) are adjusted to control the process of the aging.
For example, if t € [0, 1], and there is a homotopy a(t, x) from f(x) to g(x) such that a(0, x) = f(x)
and a(1,x) = g(x) then the body is only one year old. Thus, if # € [[,n], where n > [, and there
is a continuous function a(t, x) called homotopy from one function from f(x) to w(x) satisfying the
condition a(/,x) = f(x) and a(n,x) = w(x), then the body is described as being n years old. It is
observed that for the interval ¢ € [/,n], the supremum a(n,x) = y(x) is the actual age of the body.
Topologically the infant is equal to the adult since the infant continuously grows into the adult. The
study found an algebraic way of relating homotopy to the process of aging of human body. The
compact connected human body with boundary is assumed to be topologically equivalent to a cylinder
X =8 x I, where S is acircle and I = [0, @]. The initial state of the body X = § X I is the topological
shape of the infant. The aging process, called homotopy, is the family of continuous functions a(#, x) on
the interval / = [0, ]. It is an increasing sequence of the function a(¢, x) of the body X. The homotopy
relates the topological shape of the infant to the topological shape of the adult. For the human body X,
let x € X and ¢ € I define the growth of the body and the age of the body respectively. Since the final
age of the human body is not known let r = oo represent the final age of the body such that # € [6, o]
denotes the age interval of the body from ¢ = 6 to t = co. The time ¢ = oo is the age threshold value
of the human body. The aging process for all ¢ € [0, co] is the family or the sequence of the functions
a(t, x) such that a(0, x) = f(x) and a(oo, x) = y(x).

Theorem 7.1. Let X = S X I be a cylinder. Let a(t, x) be a homotopy related to the process of aging of
human body. Then, whenever a(0, x) possesses a fixed point in X, Then, a(co, x) also possesses a fixed
point in X.

Proof. Since, the human body is compact connected and bounded, so, human body is topologically
equivalent to a cylinder X = § X [. It is known that continuous reshaping of a cylinder possesses many
invariant points. Thus, whenever a(0, x) possesses a fixed point in X, Then, a(co, x) possesses a fixed
point in X. O
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8. The existence of the solution to Urysohn Integral Equation (UIE)

In this section, we will apply Theorem 4.1 for the existence of the unique solution to UIE:

th) = f(h) + le(h, s, 0(s))ds. 8.1)

IR

This integral equation encapsulates both Volterra Integral Equation (VIE) and Fredholm Integral
Equation (FIE), depending upon the region of integration (IR). If IR = (a, x) where a is fixed, then
UIE is VIE and for IR = (a, b) where a, b are fixed, UIE is FIE. In the literature, one can find many
approaches to find a unique solution to UIE (see [24,28,44] and references therein). We are interested
to use a fixed-point technique for this purpose. The fixed-point technique is simple and elegant to
show the existence of a unique solution to further mathematical models.

Let IR be a set of finite measure and L3, = {f | fIR [€(s)[*ds < oo}. Define the norm ||.|| : L%, — [0, o)

by
lell, = ,/ f |t(s)Pds, forall £, j € Li.
IR

An equivalent norm can be defined as follows:

L., = \/sup{e—me M”f’ff |6(s)2ds}, forall £ € L, v > 1.
IR

Then & = (L3, |IIl,,) is a Banach space. Let A = {€ € L& : €(s) > 0 for almost every s} be a cone

in & The cone b-metric ¢, associated to norm ||.||,, is given by ¢, (£, ) = €||€ - J||§’V for all ¢, j € A.
Define a partial order < on & by

a < v if and only if a(s)v(s) > v(s), for all a,v € &.
Then (&, <, ¢,) 1s a complete cone b-metric space. Let
(A1) The kernel K; : IR X IR X R — R satisfies Carathéodory conditions and
K\ (1, 5, £(5))| < w(h, s) + e(R, 5) |€(s5)|; w,e € L2(IR x IR), e(%, s) > 0.

A2) The function f : IR — [1, o) is continuous and bounded on IR.
(A3) There exists a positive constant C such that

helR

supflKl(h, s)lds < C.
IR

(A4) For any ¢, € ‘EIZR’ there is £; = R(£p) such that £; < £y or {5 < {;.
(A4’) The sequence {¢,} satisfies {,_; < ¢, and {,, = p, then ¢, < p foralln € N.
(AS) There exists a non-negative and measurable function g : IR X IR — R such that

a(h) := f q*(h, s)dss%

IR

and integrable over IR with
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|K1 (7, 5,£(s5)) — K (T, s, j(s)] < q(7, )|E(s) — j(s)l
forall,s e IRand ¢, j € Ewith € < .

Theorem 8.1. Suppose that the mappings f and K, mentioned above satisfy the conditions (A1)—(AS),
then the UIE (8.1) has a unique solution.

Proof. Define the mapping R : & — &, in accordance with the above-mentioned notations, by

(RO (7)) = f(h) + f K, s, €(s))ds.
IR

The operator R is <-preserving:
Let ¢, j € &with € < J, then £(s) j(s) > j(s). Since, for almost every 7 € IR,

RO = f) + | Ki(h, s, 0(s))ds > 1,
IR
this implies that (R€) () (R)) () > (R)) (). Thus, (RC) < (R)).

Self-operator:

The conditions (A1) and (A3) imply that R is continuous and compact mapping from A to A
(see [24, Lemma 3]).

By (A4), for any ¢y € A there is {; = R({y) such that {; < {; or {; < {; and using the fact that R
is <-preserving, we have ¢, = R"({y)) with £, < €, or {,,; < {, for all n > 0. We will check the
contractive condition of Theorem 4.1 in the next lines. By (AS5) and Holder inequality, we have

2

CIROM) = R

4 le(h,s,f(s))ds—le(h,s,](s))ds

IR IR

2
< ¢ fIKl(h, s, €(s)) — K (h, s, j(s))| ds]

IR

IA
)

2
fq(h’ SIE(s) — ](S)lds]

IR

ffqz(h, s)ds-f|€(s)—](s)|2ds
IR

IR

IA

~ lath) f 6Gs) - )P ds.
IR

This implies, by integrating with respect to 7,
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IA

¢ f (ROM) - RYWE dh < ¢ [ ot f w(s)—J(s)Pds) dh
IR IR

= {

!
/

IA

[ ”5 - .]”%’y fa’(h)evfm a(s)ds dh

IR

1
£ 16 =l € e,

IA

Thus, we have
1
e hr (s f I(RO®) — R dh < £~ |6 — I3, .
. :
IR

This implies that
1
CIRE = Rl < €11 = JI5,

That is,
1
o, (RC,R)) < —c¢,(¢, ).
y

Thus, defining £ : &% — E by
L(x1, %2, X3, X4, X5, X6) = X1 — kxa; k € [0,1),

we have

L(c(RE,R)), c(L, 1), c(€,RE), (), R)), c(€, R)), (), RE)) < 0.

a(f)e” hn @O . g7 g s f [£(s) = J(o)I ds] dh
IR

Hence, by Theorem 4.1, the operator R has a unique fixed point. This means that the UIE (8.1) has a

unique solution.

9. Conclusions

O

The ordered implicit relation in relation with implicit contraction is useful to obtain fixed point
theorems that unify many corresponding fixed point theorems. These results can be applied to show
the existence of the solutions to DE’s and FDE’s. The ordered implicit relation can be generalized to
orthogonal implicit relation. The study of fixed point theorems is valid in cone metric spaces and hence

in the cone b-metric spaces for the nonlinear contractions.
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