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1. Introduction

Conformal mapping is used in electromagnetic theory as well as in heat transfer theory. Univalent
functions have wide application in heat transfer problems (see [16]). Special functions contain a
very old branch of mathematics. In addition, in recent years, special functions and inequalities are
widely used for solving some problems in physics, integer-order differential equations and systems,
electromagnetizm, heat-transfer problems, mathematical models, etc [24]. Specially harmonic,
analytical functions and inequalities of coefficients are widely used in thermodynamics, electricity and
magnetism and quantum physics. In electricity, current and impedance equations can be expressed in
a complex plane, and basic electrical relations become complex functions. However, in this study, we
consider only upper coefficient bounds and some important inequalities for analytic and bi-univalent
functions family by using special functions.

Let’s denote by C which is the complex plane in the open unit disk ® = {z : z€ Cand|z| < 1}.
Additionaly, A denotes the family of functions s(z) which are analytic in the open unit disk and


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2022287

5147

normalized by s(0) = 5(0) — 1 = 0 and having the style:
5@ =2+ ) ad, (1.1)
k=2

Let S be a subfamily of A which is univalent in © (for details, see [11]). Furthermore,  be the
family of functions, formed:

p@) =1+ o (ze®D)
k=1

D and hold the necessity R(¢(z)) > 0 in D. By the Carathéodory’s Lemma (e.g., see [11]), we get
loi| < 2.
In accordance with the Koebe Theorem (e.g.,see [11]), each univalent function s(z) € A has an
inverse s~! fulfilling
s (s2) = z (zeD)

and

() =w [l <ne 0 2 5.

Actually, the inverse function s~! is denoted by

rw) = s~ (w) = w — aaw? + (2a§ —ay)w’® — (Sag — Saraz + agwt + -+ . (1.2)

If both s(z) and s~!(z) are univalent, we can say that, s € A is be bi-univalent in ©. All families of
bi-univalent functions in © with Taylor-Maclaurin series expansion (1.1) are presented by X.

For both of some knowledges and different examples for functions belong to X, see the following
references [9, 17, 18,22,23,25]. Also, see references by Ali et al. [5], Jahangiri and Hamidi [15], and
other studies such as [6,7,10, 13,21].

Definition 1. For analytic functions s and r, s is subordinate to r, presented by

5(2) < r(2), (1.3)
if there is an analytic function w such that
w(0) =0, [w(z)l <1 and s(z) = r (w(z)).

The following definition gives us the knowledge about fractional g-calculus operators (see, [22]).
Definition 2. [22] For g € (0, 1), the g-derivative of s € A is given by

_ s(gz) = 5(z)

9y5(2) = q-Tz " %0 (1.4)

and
d,5(0) = 5'(0).
Thus we have

9,5(2) =1+ Z [k, q] @i~ (1.5)

k=2
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where [k, g] is presented by

1-— k
lk.gl=7—- 10.q]=0 (1.6)
and define the g-fractional by
k
kg ={ Hlmal. kel (1.7)
1, k=0
Furthermore, Pochhammer symbol which is g—generalized for p > 0 is denoted by
k
gl = APrn=lal. keN (1.8)
1, k=0

In addition, as ¢ — 17, [k, g] — k, if we select r(z) = z, then we obtain

0,r(2) = 0,2 = [k, q]Z" =7 (2),

where 7’ is the ordinary derivative.
Recently, F! it 1(2), given with the following relation, was defined by Arif et al. (see [8])

qp+l(Z)*Fq/J+1(Z) 2045(2), (u>-1) (1.9)
where
Fpun (@ = Z[“*_llq;k Y (1.10)

Due to the fact that series given in (1.10) is convergent absolutely in z € D , by taking advantage of the
characterization of g-derivative via convolution, one can define the integral operator £ : ® — D by

£ys(@) = WH(Z)*S(Z) —Z+Z¢k 1z, (z€ D) (1.11)
where k.
»q1
= 1.12
¢k : [/.l + 1’ Q]k—l ( )
We note that
£05(2) = 2045(2), £,5(2) = 5(2) (1.13)
and
lim 275(2) = 2 + Z(ﬂ 1)k 1 2. (1.14)

Equation (1.14) means that the operator denoted by (1.11) reduces to the known Noor integral operator
by getting ¢ — 1, which is presented in (see [19,20] ). For further informations on the g-analogue of
differential-integral operators, see the study of Aldweby and Darus (see [4]).

This work was motivated by Akgiil and Sakar’s study [3]. The basic purpose of this study is to give
a new subfamily, which is in £ and provide general coefficient bound |a,| by using Faber polynomial
technics for this subfamily. Additionaly, we derive bounds of the |a,| and |a3| which are the first two
coefficients of this subfamily.
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2. The family Wy “(a, 7; ¢)

In this part, firstly we will introduce the class Wy (e, 7; ¢) and then give the knowledgements about
Faber polynomial expansions.
Definition 3. A function s € X is known in the class W’Z"q(a, 7; ¢) if the requirements given below hold:

u
(1- o) Z(Z) a0, (')~ 1] < ¢(2) (ze D), @.1)

1
I+ -
-

and

"
1+ % (1 - :EW) +ad (L r(w)) — 1| < @(w) (we D) (2.2)

where (u > -1,0<g<1,7>0,a > 0) and s = r'(w) is given by (1.2).

It is clear from Definition 3 that upon setting ¢ — 17, forr = 1, @ = 1 and u = 1, one can easily
see that s € X is in

Wil,1;9) = Hy(p)

if the conditions given below hold true:
5'(2) < ¢(2) (zeD),

and
r'(w) < ¢(w) (weD),

where r = 57! is given by (1.2) . The class H,(¢) was investigated by Ali et al. [5].

The Faber polynomials act effective role in several fields of mathematical sciences, specially, in
the Theory of Geometric Function [12]. Also, Grunsky [14] gave some sufficient conditions for the
univalency.

To obtain our main results, we need to following knowledgements owing to Airault and Bouali [1].

Using the Faber polynomial expansion of function s € A given in (1.1), s~' = g may be given as

1
r(w) = s_l(w) =w+ Z sz__kl(Clg,ag,, .. .)wk,
k=2

where
e (k! -
K = v Do 1 T ek DG =32 @
(=h)! k-4
k)= ay
(=k)! k-5

_ 2
+[2(—k+2)]!(k—5)!a2 [as + (=k + 2)a5]

(=k)! k6
T2k 5) k61"

[a6 + (—2k + 5)613614]
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+ Z (l];_jVj,
=7
symbolically such term (—k!) = I'(1 — k) := (=k)(=k = 1)(=k=2)---(k € Ny, N:={1,2,3,---})and V;
with 7 < j < kis a homologous polynomial in ay, as, . . . a;, [2]. Particularly, some initial terms of K’ fl
are

Kl_2 = —2a,,
K =3Qa; - a3),
K3_4 = —4(5a§ —Saras + ay).
Generally, for any p € N :={1,2,3.. .}, an expansion of K is given, [1],

p! 3 p! k

pip—1)
G- e

2
2 D; +

K, = pai +

where D} = D} (ay, as,as, . .., a), and by [26],

(o)

m! , :

m _ i ix

Di'(ai,ay,...ar) = E P l_k|a1 s ay for m<k
e RIRRRY 13

while a; = 1, and non-negative integers iy, . .., i; satisfying
h+bh+..+i,=m,

I +2i2+...+kik = k.

It is obvious that D{(ai, ay, ...ar) = at.
As aresult, for s € W‘Z"q(a/, T; ) given by (1.1) , we can write

£y s(2)

<

1 1<
1+ - (1-a + @0, (Ls(2) - 1] =1+ ;;[k, aqlér 1zt (2.3)

where
k-1

[k,aq]l =1+ Z aq'.
=1
Theorem 4. For @ > 1, > —1,0 < g < 1, 7 > 0, let the function given by (1.1) s € W (e, 1; ). If

a, =0for2 <m<k-1,then
2T
k-1

1+ Ei aql] Pr-1

|a| <

Proof. For analytic functions s given by (1.1), we get

k-1

1+ Z a/ql] b1 ! (2.4)

=1

Ly s(2)

<

1
I+-|(1-a
T

+a0,(¢s(2) - 1] SEE
T k=2
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and
1 é,pr(w) 1 oo k-1
14+ = [(1 = )2 + ad,(Lr(w)) - 1] =l+-> [1 +> aq’] i1 bw!
T w T k=2 =1
L& k-1 1
= 1+- > |1+ ad |1 x 1K (@, a5, )W'. (2.5)
T k
k=2 I=1
Moreover, the correlations (2.1) and (2.2) refer to the presence of Schwartz functions
u@ =Y ad and dw) = > diw* (2.6)
k=2 k=2
so that hs(2)
1 s(z
1+ . (1- a)gq +a@d, (&) s(2) — 1] = ¢ (u(2)) (2.7)
1 Zyr(w)
1+ - (1-a) " +ad (Lyr(w) — 1] = ¢ (Fw)) (2.8)
where .
p@) =1+ > > @Djcr, ..., ) (2.9)
k=1 n=1
ook
p@W) =1+ > > @Didr,d, .., dow". (2.10)

>~
Il

1 n=1

Thus, from (2.4), (2.6) and (2.9) we have

1 k-1 k
- 1+ Z aql] Gr1ax = Z enDi(ci,c0, ... 00), (kK>2). (2.11)
=1 n=1
Similarly, by using (2.5), (2.6) and (2.10) we find that
k-1 k
1 ) n
- I+ ) aq ] Gr-1by = Z%Dk(dl,dz, cosd), (k> 2). (2.12)
=1 n=1

Fora,=0 2<n<k-1), weget

bk = —day
and so
T
= 1+Za'ql dr—10r = P1Ck-1,
=
o)
- 1"‘2061[ Gr1ax = @1di-y.
=
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When we take the absolute values of either of the above two equalities and using |¢;| < 2, |cx—1| < 1
and |d;_;| < 1, we obtain

lpicial T _ lprdi| T < 27
k=1 - k-1 k-1

1+ a’ql] br-1 [1 + 2 a’ql] Pi-1 1+ 121 aq'| g
=1 =1 =

(273

which evidently completes the proof of theorem.

We have the Corollary 5, when we choose 7 = 1 in Theorem 4.
Corollary 5. Fora > 1, u > —-10 < g < 1, let s in the form (1.1) be in Wy (a;¢) . If a,, = O for
2<m<k-1,then

<
laxl < pu

I+ El aql] Gr-1

Comforting the coeefficient restricts produced in Theorem 4, we get coefficients given early of
s € Wy¥(, 75 ¢) given below.
Theorem 6. Let s € W %(a, 7;¢) and fora > 1, u>—-1,0< g < 1,7 > 0. Then

. . 27 241
< )
(@) la| < mln{(1 vah Jlragr aq2)¢2}
(i) las| < min{ 4 + 2/l b7 }
= (1+aqr¢? (I+ag+agh)e,’ (1+aq+ag’)p,

and
4T

(1 +aq+agh)p,
Proof. we obtain following equalities by replacing k by 2 and 3 in (2.11) and (2.12), respectively,

2
(€11))] |a3 - 2a2| <

1
;(1 +aq)pra; = ¢ic (2.13)
1
(1 +aq +aq")$aas = pic + goc] (2.14)
1
- ;(1 +aq)pia; = pid, (2.15)
1
;(1 +aq + aq ) (2a5 — a3) = ¢id> + ¢ad;. (2.16)
From (2.13) and (2.15), we obtain,
dl = —C]
and taking their absolute values,
d 2
] = lpreilr __leidilT T (2.17)

|1 +ag)dil |1 +ag)dil ~ (1+aq)¢;
Now, by adding (2.14) and (2.16), implies that
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2
~|(0+aq+ag)ta| @ = g2+ do) + (et + )
or equivalently, (by taking the square roots and using Caratheodary Lemma)

|la,| < 2V (2.18)

VA + ag + ag?)¢,
Next, in order to obtain the coeflicient estimate of |az|, we subtract (2.16) from (2.14). Thus we get

2
p [7] (a3 — @) = ¢1(c2 — do) + @a(ct — d})

or equivalently,
lp1(ca — do)lT
2|(1 + agq + ag*)¢|
By replacing |a§| from (2.17) and (2.18) into (2.19), we get,
472 27
(1+agP@ (1 +aq+agde,

las| < la3| + (2.19)

las| <
and
6t

(I +aq+agh)p,
Finally, from (2.16), we deduce that (by Caratheodary Lemma)

las| <

lp1ds + @odiiT < 4t
(1 + ag + ag®)¢sl ~ (1 +ag +ag?),

|a3 - 2a§| =

So, the proof is over.
By letting ¢ — 1~ in Theorem 6, we get the Corollary 7.
Corollary 7. Let s presented by (1.1) be in the family Wi (e, 7;¢) if a,, = 0 for 2 <m < k — 1, then

i) las < —F— _2VT
(I+o)¢1 1 +2a)¢,
i) Jas| < 472 27 67

(1+a28 " (1+20)p; (1+20)p,

and
4t

(1+2a)¢,
By letting 7 = 1 in Corrollary 7, we obtain Corollary 8.
Corollary 8. Let s indicated by (1.1) be in the family Wy (a; ¢) if a,, = 0 for 2 <m < k — 1, then

2
(iiD) |a3 - 2a2| <

() laal < 2 , 2
(I+o)¢1 A +2a)0,
(@) las| < A 2 6

1+ (A+20)¢ (+20)p

and
4

2
(lll) |a3 - 2(12| < m
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