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Abstract: An associative Artinian ring with an identity is a chain ring if its lattice of left (right)
ideals forms a unique chain. In this article, we first prove that for every chain ring, there exists a
certain finite commutative chain subring which characterizes it. Using this fact, we classify chain rings
with invariants p, n, r, k,k’, m up to isomorphism by finite commutative chain rings (k" = 1). Thus the
classification of chain rings is reduced to that of finite commutative chain rings.
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1. Introduction

We consider only associative Artinian rings with identity. A chain ring is a ring whose left (right)
ideals form a unique chain under inclusion. It turned out that a ring is a chain ring if and only if
it is a principal local ring. Finite chain rings arise naturally in at least four different places: in
algebraic number theory [17]; in commutative algebra [10]; in geometry [15]; in coding theory [11,19].
One remarkable class that nicely exemplifies this applicability is the class of the commutative rings
Zy[x]/(g(x)), where g(x) is a monic polynomial of degree r over Z, irreducible modulo p. Such rings
are uniquely determined by p, n, r and their groups of automorphisms are cyclic of order r. Moreover,
these rings have a lot in common with Galois fields, and thus they are called Galois rings and denoted
by GR(p", r) (see Krull [16]).

For a general review of chain rings, we refer to [2,4,5,7,9, 10, 16,20]. Let R denote a finite chain
ring of characteristic p” with nonzero (Jacobson) radical J(R) of nilpotency index m, i.e., | R |= p™"
and R/J(R) is a field of order p". R contains a subring (coefficient subring) R, of the form R, =
GR(p",r) = Zylal, where a is an element of R, of multiplicative order p” — 1. Additionally, there
exist 1 € J(R) \ J*(R) and o € Aut R, such that J(R) = nR and mu = o(u)n, for each u € R,. The
automorphism o is uniquely determined by R and Ry, and it is called the associated automorphism of
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R with respect to Ro. If k is the greatest integer i, i < m, such that p € J'(R), then R is expressed as:
R = & Ro'

(as Ry—module). It follows that 7* = p Zf.:ol u;m', where u; € Ry and ug is a unit. This means, 7 is a
root of an Eisenstein polynomial over R, of the form g(x) = x* — p Zf;ol wx'. If n > 1, then o* = Id
and k' | k, where k’ is the order of 0. Furthermore, m = (n — 1)k + t for some ¢, 1 < t < k. The integers
p,n,r,k, k', m are called the invariants of R. The case when kK’ = 1, R is commutative.

Clark and Liang [8] determined the enumeration of finite chain rings with given invariants when
k' =1 and p 1 k. This enumeration was generalized by Alkhamees [5] to finite chain rings with k" > 1
and p 1 k. Moreover, Hou [13] classified finite pure chain rings up to isomorphism in case of k¥’ = 1,
p—14kandp| k(p|kbut p? f k). Recently, Alabiad and Alkhamees [1] investigated generally the
number of isomorphism classes of finite commutative chain rings with the same invariants, and gave
their number in case (p — 1) 1 k. That motivates us to classify chain rings with invariants p,n, r, k, k', m
up to isomorphism. We first demonstrate that there exists a certain finite commutative chain subring
of any finite chain ring which characterizes it. Using this, we determine the number of isomorphism
classes of finite chain rings with fixed invariants p, n, r, k, k', m. Furthermore, we give a classification
of chain rings in which their residue fields are absolutely algebraic.

2. Preliminaries

In this section, we state some facts and introduce notations used in the subsequent discussions. In
the sequel, R is a finite chain ring with invariants p,n, r, k, k', m. Let R, be the centralizer of R in R,
then from [5],

k=1 ik
Ry =&, Ron", 2.1

where k| = kﬁ and m; = [#] + 1. By (2.1), the radical of Ry, J(R,) = ¥ R,. However, it turned out
that R, is a commutative chain ring with invariants p, n, r, k;, m;. In addition, R, is the only maximal
commutative subring of R containing R, and it is unique up to inner automorphisms of R.

Denote Z(R) the center of R, then

ZR) = a&l)'s7" + Q, (2.2)

where § = R{ is the fixed subring by o, Q = JMYR)) = J"YR) if k' | (m — 1) and Q = 0 otherwise.
It is clear that S = GR(p",s) = Z,»[b], b is an element of < a > of multiplicative order p* — 1 and
s = r/k’ (cf. [5]).
Let
R, = &'S7"". (2.3)

It is easy to check that R, = Z(R) when k' ¥ (m — 1), and consequently Z(R) is a commutative chain
ring with invariants p, n, s, k;, m;. The case when k' | (m — 1), Z(R) = R, + Q which is not a chain
subring of R. However, Z(R)/€) is a commutative chain ring with invariants p, n, s, k;, m; — 1.

Note that 7 € Z(R), i.e., 7* can be written as:

ki—1
k _ ki m—1 _ h m—1 24
= W+ Uy 0 = pPihy + Uy, (2.4)
i=0
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where B €< b >, by = 1+ Y77 wlad®l, pul = B ui, u; € S for0 < i <k — 1 and u,_; €< a > [4]. If
there exists 7 in R such that 7% = pBh for €< a >and h € 1 + pRy, R is called a pure chain ring, and
it is called very pure it h = 1.

The following statements are related to commutative chain rings (k" = 1) [12, 14, 18]. These rings
are known to have close connections to the p-adic fields as factor-rings of the rings of integers of finite
extensions of Q, (the field of p-adic numbers). Indeed, the classification of finite extensions over Q,
is essentially equivalent to that of finite commutative chain rings. Moreover, if U(R) represents the
group of units of R, then U(R) =< a > ®H, where H = 1 + J(R) is the p-Sylow subgroup of U(R). Let
H =1+J(R),i€P,=1{1,2,...,m} and consider

H=H >H,>H;>--->H, =<1 >, (2.5)

joined with the function j defined by:

i) = {min(pi, m), i<k, 06

min(i + k,m), 1> ko,

where ko = L[%lj. We refer to the series (2.5) when we mention j-diagram. We call R an incomplete
chain ring if H has an incomplete j-diagram, and R is called complete if H acquires a complete j-
diagram in the sense that given by Ayoub [6].

All symbols shall retain their meanings throughout the article as stated above, in addition, for a
given finite chain ring R, we denote T all pairs (R, ) which fulfill the above conditions.

3. Classification of finite chain rings

It is already known from [5] that the number of non-isomorphic classes of finite chain rings of
characteristic p (n = 1) is r. Thus, from now onwards, we assume that n > 1.

Proposition 3.1. Let R be a finite chain ring with invariants p,n,r,k,k’,m. Then,
7" = pBh, (3.1)
pe<a>h=1, ifm—1=k,
Be<b>h=h +amn™ ", otherwise,
where hy € R, N H(R,) and ay € Ry.

Proof. First,if m—1 =k,i.e., n=2and ¢t = 1. Since p"~ 'z’ = 0, then pr = 0 and
fi-1
pBihy = ppi(1 + Z un"") = ppi.
i=1

This means, by (2.4), 7 = pB; + u,_;7* and hence, (1 — u,,_|)7* = pB;. Thus, 7 = pB, where
B =pBi(1 —u,_1)"' €< a >. On the other hand, if m — 1 > k, we consider two cases. The case when
k' ¥ (m — 1), the result can easily be proved since Z(R) = R,. Now, assume that k¥’ | (m — 1), then
k'|(t—1)becausem —1=(n—-1)k+t—1.Lett—1 =tk for some # positive integer. Then,

um—lﬂ'm_l — I/lm_lﬂ'(n_l)kﬂ'tlk
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—1I\n—1_tkK

= U1 (pB1h1 + Uy 7! e
1 pn=1pn—1\_t:1k'
:um—l(pn ﬁrll h? )ﬂ-tl

_ n—1pn—1_nk'
=Upp Py T,

where 8, €< b >. Now, since #; < k,

k _ n—1pon—1_1k'
= pPihy + uy p" P

= pB(hy + p" 2t BB ) (n > 2)
= pph,

where 8 = 1, h = hy + apn™ ! and ag = u,,_ "', O
Remark 3.1. By the proof of the previous proposition, we can write
Z(R) = Ry + p" 'Ryn"¥ . (3.2)

Remark 3.2. Note that if k # m — 1, then by the proof of Proposition 3.1,

h=1+ Z un® (3.3)

where u; € S if i # t and u,, € Ry. However, ifk =m -1, (n =2 and t = 1), in this case, take u,, = p.
Let S be the extension of S = Z,:[b] by the element u,,, and let e be its degree over S. Then, for some
c€S80, So=2Zylcl =GR(p",r) and r = se. Let

Ry =@ 'Son". (3.4)
It is clear that n*
p.n,ri, ki, my.

€ Rs, and then R; is a finite commutative chain subring of R, with invariants

Proposition 3.2. The following statements are equivalent:
(i) R, is a subring.
(ii) o can be extended to an automorphism of R fixing n* .
(iii) B and h can be chosen in R;.

Proof. 1t is enough to prove that (i) and (ii) are equivalent. First, assume that R, is a subring of R.
Then, it is clear that 7* € R,. Consider the correspondence a.,, defined by:

k—1 k—1
ag(z un') = Z o (u)r'. (3.5)
i=0 i=0

It is obvious that @, is an automorphism of R with @y (¥ =¥ Conversely, if there is an extension of
o to an automorphism i of R fixing 7, then

pBh = 1* = y(7*) = poB)w(h). (3.6)

This means, o/(8) = 8 and Y(h) = h mod 7" *. Now, if m — 1 = k, then h = 1. Also if m — 1 > k, then
from (3.3), Y(u,,) = o(u,,) = u,,. Therefore, in either case, we have n* € R,, and hence R, is a subring
of R. |
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Corollary 3.1. «, € Aut R if and only if R, is a subring of R.
The proof of the following lemma is easy.
Lemma 3.1. R; = R; if and only if r; = s.

Definition 3.1. Let G be a group of automorphisms of a commutative ring E. A function f : G — U(E)
is called a crossed homomorphism if f(nt) = f(pn(f (1)), where n,7 € G.

Lemma 3.2. Assume that E, is a commutative chain ring which is Galois extension over a commutative
chain ring E,. If f is a crossed function from G, the Galois group, into U(E,). Then, for every T € G,
there is § € U(E)) such that f(t) = 1(6)6".

Proof. First, we prove that if Y. a;; = 0, then all a; = 0 for distinct 7; € G. Assume that there is
minimal e such that )7, a;;; = 0 with all g; # 0. Note that e > 1 since a; # 0. Now, since 1; # 7,, then
there is u € E; such that n,(u) # n.(u). Let x be an arbitrary in E, then

D amiwo = > amini(v) = ) ami(x) = 0. (3.7)
i=1 i=1 i=1
Hence,
e e—1
D ailniw) = n@mix) = > i) = 1o w@)mix) = 0. (3.8)

i=1 i=1
This contradicts the fact that e is minimal because a;(n,(#) — n.(#)) # 0. To prove the lemma, we
now assume f is a crossed homomorphism. Since . f(m)n # 0, then if we reduce this sum to
E, = E,/J(E,), we obtain 2nec J(pn # 0 since G = Autg; E,. This means, there is { € U(E)) such
that
> fom@) =« (3.9)

neG
Then, for t € G,

7(e) = (> fam(0)

neG

= > Ty

neG
= > Ty

neG
= @ ) (Famym)

neG
= f(0)'e.
Therefore, f(1) = 7(6)0~!, where 6 = €. o

Definition 3.2. Let E| be a commutative chain ring which is cyclic Galois over a commutative chain
ring E>. Let G =< x > be the group of all E;—automorphisms of E,. Define N,(y) : U(E,) — U(E,)
as:

NG) = | | o), (3.10)

neG
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N, is called the norm function.

Proposition 3.3. Let E| be a commutative chain ring which is cyclic Galois over a commutative chain
ring E,. Let G =< y > be the Galois group of order k’. Then,

ker N, = {x(6)6~" : 6 € U(E))}. (3.11)

Proof. 1f { € ker N,, then N,(0) = 1. Let f(x') = Ni() = & () ... x'"'({), then clearly f is a crossed
homomorphism. By Lemma 3.2, there exists § € U(E;) such that f(y) = ¢ = y(6)6~!. Note that

N(Q) = Np-1(0). o
Corollary 3.2. With the same hypothesis of Proposition 3.3, ker N, = U(E,)/U(E>).

Proof. Consider the map ¢ : U(E,) — ker N, defined by: y(w) = x(w)w™! It is easy to check that ¢
is a surjective homomorphism and ker ¢ = U(E>). O

Lemma 3.3. Let R be a finite chain ring. Then, the homomorphism ¢ defined from U(E;) into U(E,)
by: ¢(w) = N,(w) is surjective, where E; = R, /J™ Y (R,) and E, = Z(R)/Q.

Proof. Proposition 3.3 and its corollary give | U(E;)/U(E,) |=| ker N, |. Thus,
| UCEy)/ker Ny |=| U(E>) | (3.12)
This implies N, is surjective. O

Proposition 3.4. A finite chain ring R is very pure if and only if its R is very pure.

Proof. Let R3 be very pure, and let (R, 7r;) be an element of Tk, such that ﬂ'fl = pB, where § €< ¢ >.
As (m)) = (7F) = J¥(R), then 7, = 8,67~ , for B; €< b > and § € H(R3) N Z(R). By Lemma 3.3, there
are B, €< a > and { € H(Ry) such that 8; = N,(8,) and 6 = N,({). Now, let 6 = 5,{r, then it is easy to
verify that (R, 0) is an element of Tk. Therefore, R is very pure. The converse is obvious. O

Remark 3.3. If m — 1 > k and R is very pure, then R, = R;.

Proposition 3.5. Let R and T be two finite chain rings with invariants p,n,r,k,k’,m. Then, R = T if
and only if o = tand Ry = T;.

Proof. Assume that o = 7 and ¢ is an isomorphism from R; into T3. Thus, ¢(7¥) = psZ6~, where
§ €< ¢ > and ¢ € H(T3). Moreover, ¢(7¥') € Z(T), and then by using Lemma 3.3, there exist € €< a >
and & € H(T;) mod J™~'(T}) such that N,(e) = 6 and N,(£) = £. Now, let 57 be the restriction of ¢ to
So,and ¥ : R — T defined by:

k—1 k—1
p( um) = ) pu) (o),
i=0 i=0

where p is an extension of i to Ry which exists since S is Galois subring of Ry. Then, it is easy to see
that ¢ is an isomorphism. The other direction is trivial. O

Corollary 3.3. With the same assumption as in Proposition 3.5, Ry = T, if and only if Ry = T;.

AIMS Mathematics Volume 7, Issue 4, 5106-5116.
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Theorem 3.1. If N is the number of non-isomorphic classes of finite chain rings with invariants
p,n, 1k, k',m. Then,
N = ¢(k')N., (3.13)

where ¢ is the Euler function and N. is the number of finite commutative chain rings with invariants
p>n, ri, ki, my.

Proof. Since we have ¢(k’) automorphisms in Aut R, generate < o >, i.e., of order £, then the result
follows immediately from Proposition 3.5. O

Remark 3.4. Let N(r,k) be the number of Q,-isomorphic of finite extensions of Q, with residue
degree ry and ramification index k. Then from [1],

1
N(ri, ki) = MN, (3.14)

where N is the number of non-isomorphic classes of finite chain rings with invariants p,n, r,k,k’,m.
Next, set d = (p"" — 1,k;) and k; = p'k,, where [ > 0 and (p, k,) = 1.
Corollary 3.4 (Theorem 1, [5]). Assume that (p,k;) = 1, then

N =) @) (3.15)

& @)

where 1(2) is the order of p in the group of units of Z,.

If (p,k;) # 1, the classification of finite commutative chain rings with invariants p, n,ry, ky, m;
depends strongly on the structure of their groups of units [1].

Definition 3.3. Let R be a finite chain ring, then we call R complete (incomplete) if its R3 is complete
(incomplete).

The following Corollaries 3.5-3.7 depend on results from [1].

Remark 3.5. Let U; be the subgroup of H generated by 1 + a.n', 1 < z < r, where {a.}1<.<, is a

representatives system in R for a basis of the residue field over Z,. If R is complete, then [6],
H(R3) = ®j¢r(j)Ui.

Moreover, for each i, U; is a homogeneous group of rank r and of order p*®, where v(i) is the least
positive integer satisfying j*?(i) = m.

Corollary 3.5. The number N of isomophrism classes of complete chain rings with invariants

p,n,rk,k',mis
ri—1

1 . .
N =900 ) (¢ = 1.dp, (3.16)

i=0

where t = ¥ i4pj) li and I; = min{v(i), I}.
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Remark 3.6. If R is an incomplete chain ring, the structure of H(R3) can be written [3] as:
H(RR;) =®'U;®G,

where G is a subgroup of H(R3) and i} = ]1‘7‘} We call R an almost complete chain ring if there exists
nt € R such that i* = pBh, where h € ®§‘:_1] U..

Corollary 3.6. Let N be the number of non-isomorphic classes of almost complete chain rings with
invariants p,n, r,k, k', m. Then,

ri—1

N =00 ) (= L) (3.17)
i=0

Corollary 3.7. If N is the number of isomophrism classes of incomplete chain rings with invariants
p,n,r,k, k', m. Then,

¢<k'>’j—: < N < g®K)(p"" — 1ypm—=hn, (3.18)

4. The classification of chain rings whose residue fields are absolutely algebraic

Let R be a chain ring of characteristic p" with absolutely algebraic residue field. Then [4], R has a
commutative chain subring Ry as its coefficient subring. Actually, R, is a union of ascending chain of
Galois subrings of R of characteristic p”, its maximal ideal generated by p, and Aut Ry = Aut (Ry/pRy).
Thus, in this case, we call R, a generalized Galois ring.

Remark 4.1. We refer to [4], for the following facts concerning R. Let m be the index of nilpotency
of J(R). There exists a pair (n, o) such that J(R) = Rn and nu = o(u)r for each u in Ry, where 7 is
an element of J(R) and o € Aut Ry. Also o is uniquely determined by R and Ry. Thus, we call o the
associated automorphism of R with respect to Ry. Moreover, o = Idg, if n > 1; thus, if k' is the order
o then k' divides k. In this case, R = eaf;(}ROn" (as Ry-module). This implies, t = pi.‘:‘()luiﬂi, where
u; € Ry and uy is a unit, i.e., 7 is a root of Eisenstein polynomial g(x) = x* — pZi.‘:‘Ol u;x' over Ry. Assume
R’ is the subring of R generated by Z,» and n. Then it is easy to check that R’ is a finite chain subring
of R with invariants p,n, r,k, k', m where R, = GR(p", r) = Z,:[a] is a coefficient subring of R" and a is
an element of R, of multiplicative order p" — 1. We call R’ the associated finite chain ring of R and the
integers p,n, r,k,k',m are called invariants of R. Now, as in the finite case, i = ph, where €< a >
and h € H(R)), R) is the centralizer of R in R'.

Proposition 4.1. ( [5]) Let R be a finite local ring. Then, R is a chain ring if and only if J(R) has the
maximal index of nilpotency.

Lemma 4.1. Let R be a finite local ring. Then, R is a chain ring if and only if there exists an element
in J(R) which has the maximal index of nilpotency.

Proof. Let R be a chain ring. Then J(R) = Rr has the maximal index of nilpotency, and thus 7 is the
required element. Conversely, let  be an element of J(R) which has the maximal index of nilpotency,
say m, and let J = {X7' ;' 1 @; €< a > U{0}}, then J = J(R) and | J |=| J(R) |= p™ ", and
subsequently J = J(R) = Rr. Thus, by Proposition 4.1, R is a chain ring. O
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Proposition 4.2. Let R be an Artinian local ring of characteristic p" in which its residue field is
absolutely algebraic. Then the followings are equivalent:

(i) R is a chain ring.

(ii) J(R) has the maximal index of nilpotency.

(iii) There exists an element in J(R) which has the maximal index of nilpotency.

Proof. By Remark 4.1, it follows that J(R) and J(R’) have the same generator. Now, the proof follows
from Proposition 4.1 and Lemma 4.1. O

By considering the last proposition, it is easy to check the following result.

Proposition 4.3. Let R and T be chain rings with the same invariants p,n,r,k, k',m with n > 1 and
in which their residue fields are absolutely algebraic. Also let R', T’ be their associated finite chain
subrings and K, K be their residue fields, respectively. Then, R = T if and only if R = T’ and K = K .

By Remark 4.1 and Proposition 4.3, one can easily prove the following theorem.

Theorem 4.1. The number of non-isomorphic chain rings with the same invariants p,n, r,k, k', m with
n > 1 and in which their residue fields are absolutely algebraic and isomorphic is the same as the
number of finite chain rings with the same invariants p,n, r,k, k', m .

Corollary 4.1. The number of non-isomorphic commutative chain rings with the same invariants
p,n,r,k,m with n > 1 and in which their residue fields are absolutely algebraic and isomorphic is
the same as the number of finite commutative chain rings with the same invariants p, n, r, k, m.

Remark 4.2. Let R be a chain ring with invariants p,n = 1,r,k,k’,m and its residue field F is
absolutely algebraic. Then [4],
R=F[x,0k']] < X" >.

Corollary 4.2. If R is a chain ring with invariants p,n = 1,r,k, k', m and in which its residue field is
absolutely algebraic. Then, R is uniquely determined by its invaraints and the residue field.

5. Conclusions

In this paper, the classification (up to isomorphism) of chain rings with same invariants is
investigated. Every chain ring is characterized by a certain finite commutative chain subring. Therefore
the classification of chain rings has been reduced to the classification of finite commutative chain rings.
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