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Abstract: In this paper, we propose an efficient method for some special solutions of the quaternion
matrix equation AXB + CYD = E. By integrating real representation of a quaternion matrix with
‘H-representation, we investigate the minimal norm least squares solution of the previous quaternion
matrix equation over different constrained matrices and obtain their expressions. In this way, we first
apply H-representation to solve quaternion matrix equation with special structure, which not only
broadens the application scope of H-representation, but further expands the research idea of solving
quaternion matrix equation. The algorithms only include real operations. Consequently, it is very
simple and convenient, and it can be applied to all kinds of quaternion matrix equation with similar
problems. The numerical example is provided to illustrate the feasibility of our algorithms.
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1. Introduction

In this paper, we adopt the following notations. R represents the real number field; R” stands for the
set of all real column vectors with order n; R™" stands for the set of all mxn real matrices. C represents
the complex number field; C" stands for the set of all complex column vectors with order n; C™"
stands for the set of all m X n complex matrices. The sets U,,, U_,, V,, W, represent the set of all nx n
tridiagonal symmetric matrices, tridiagonal skew-symmetric matrices, Brownian matrices, Generalized
Rotation matrices, respectively. Q stands for the quaternion skew-field; Q" stands for the set of all
quaternion column vectors with order n; Q™" represents the set of all m X n quaternion matrices;
HTQ™", AHTQ™", BQ™", MQ™" represent the set of all n X n quaternion tridiagonal Hermitian
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matrices, quaternion tridiagonal anti-Hermitian matrices, quaternion Brownian matrices, quaternion
Generalized Rotation matrices, respectively. [, represents the unit matrix with order n. For matrix
A, AT, A", AT stand for the transpose, the conjugate transpose, Moore-Penrose inverse of matrix A,

respectively. ® represents the Kronecker product of matrices. ||-|| represents the Frobenius norm of
a matrix or Euclidean norm of a vector. For C = (cy,¢a,...,¢,) € R™", vec(C) means the vector
operator, i.e., vec(C) = (c],c},...,¢))".

Matrix equations can be encountered in many areas, such as system theory, control theory, stability
analysis, some fields of pure and applied mathematics and so on [1-3]. With the rapid development
of these fields, more and more scholars are interested in matrix equations and have obtained many
valuable results [4—6]. Now, we turn our attention to quaternion matrix equation. Quaternion matrix
equations and their least squares solutions are widely applied in many fields, such as computer science,
quantum mechanics, control theory, field theory and so on [7-9]. Therefore, many people are engaged
in studying theoretical properties and numerical computations of quaternion matrix equations. By
means of complex representation, Jiang et al. studied algebraic algorithm for quaternion least squares
problem [10] and quaternion eigenvalue problem [11]; Yuan et al. studied the quaternion least squares
problems for the quaternion matrix equations AXB + CXD = E [12], X — AXB = C [13]. By applying
the real representation of quaternion matrices, Wang et al. proposed an iterative method for solving the
quaternion least squares problem [14].

Consider the generalized Sylvester matrix equation

AXB+CYD =E, (1.1)

If B and C are identity matrices, then the matrix Eq (1.1) reduces to the well-known Sylvester
matrix Eq [15]. If C and D are identity matrices, then the matrix Eq (1.1) reduces to the well-
known Stein matrix equation. It has extensive application value in robust control, feedback control,
pole assignment design, neural network and so on [16—18]. There are many important results about
their solutions, for example, [19] and [20] considered the solvability condition for the complex and
real matrix Eq (1.1), respectively. For the quaternion matrix Eq (1.1), [21] derived necessary and
sufficient conditions for the existence of a solution or a unique solution using the method of complex
representation of quaternion matrices; [12,22] studied n-Hermitian and n-anti-Hermitian solutions to
the quaternion matrix equations AXB + CXD = E, AXB + CYD = E, respectively; [23] obtained the
expression of solutions of a system of quaternion matrix equations including n-Hermicity. Also, it is
worth noting that a number of important results on Sylvester operators have been obtained in recent
years. For instance, [24] studied some features of slice semi-regular functions SEM(€2) on a circular
domain € and verified the equivalence of slice semi-regular functions via Sylvester operators; [25]
applied the existing results to establish some outcomes of the study of the behaviour of a class
of linear operators, which include the Sylvester ones, acting on slice semi-regular functions. The
name of Sylvester operator is due to the fact that, when dealing with matrices, equation S ;,(y) = b
is usually called Sylvester equation. In the most common use, Sylvester equations are special
matrices equations, introduced by Sylvester himself [26], which are used in several subjects, including
similarity, commutativity, control theory and differential equation [27]. In the quaternionic setting,
such equations were studied with different purposes. In this paper, we consider the least squares
problem with different constrains for quaternion matrix Eq (1.1) based on the real representation of
quaternion matrices together with the H-representation method, which is able to transform a matrix-
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valued equation into a standard vector-valued equation with independent coordinates. The related
problems are described as follows.
Problem 1. Let A € Q™”, Be QP", C € Q™4, D € Q¥ E € Q™" and

Tp = {(X, Y)|X € HTQ”?, Y € AHTQ?, ||AXB + CYD — E|| = min}.
Find out (Xy, Y4) € Ty such that

I ¥a)ll = min J[X. V)]

The solution (X, Y4) in Problem 1 is called the minimal norm least squares tridiagonal mixed solution.
Problem 2. Let A € Q™”, Be QP", C € Q"™4, D € Q¥", E € Q™" and

By = {(X,Y)|X € BQ”?, Y € BQ™, ||AXB + CYD — E|| = min}.
Find out (X, Y3) € By, such that

I(X5, Yp)ll = min [|[(X, Y)I|.
(X,Y)eBr,

The solution (X3, Y) in Problem 2 is called the minimal norm least squares Brownian solution.
Problem 3. Let A € Q™7, Be QP", C € Q™Y, D e Q7" E € Q™", and

My = {(X, Y)|X € MQ”*, Y € MQ?, ||AXB + CYD — E|| = min}.
Find out (X;;, Y)r) € My, such that

1(Xoa, Yan)ll = mmin, {|(X, VI

min
X.Y)eM
The solution (X}, Y),) in Problem 3 is called the minimal norm least squares Rotation solution.

The remaining content of this paper is organized as follows. In Section 2, we study and recall some
preliminary results with regard to the real representation of a quaternion matrix, and then introduce
some matrix sets with special structures. In Section 3, we give the concept of H-representation and
subsequently study its properties. In Section 4, on the basis of the real representation matrix of a
quaternion matrix and /H-representation of matrices with special structures, operational properties, the
properties of Frobenius norm and Moore-Penrose generalized inverse, we can convert Problems 1-3
into the corresponding problems of the real matrix equation over free variables, and then the unique
solution (X, Y) and expressions for special solution are established. In addition, the necessary and
sufficient conditions for the quaternion matrix equation to have solution with special structure are
included as corollaries. In Section 5, we provide numerical algorithms for solving Problems 1-3 by
the results obtained in Section 4, and afterwards we present a numerical example to verify the feasibility
of our proposed method. Finally, in Section 6, we put some conclusions.

2. Basic definitions
We start by recalling the usual Kronecker product.
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Definition 2.1. For any two matrices A = (a;;) € R™", B € RP*Y, the Kronecker product of A and B is

defined as
ayB apB - ayB
a B azzB s aan
A ® B = 1 ] : c Rmpan.
a B apB --- a.,.,B

We now turn to recall the standard representation of a quaternion.

Definition 2.2. A quaternion q € Q is represented as
q=q1+ @i+ g+ qk,
where q1, 42, q3, q4 € R, and three imaginary units i, j, Kk satisfy
==K =ijk=-1,ij=k, jk=iandki =j.

Definition 2.3. A quaternion matrix A € Q™" is represented as

A=A + Ajl + Azj + A4k,
where Ay, Ay, A3, Ay € R™P. The conjugate matrix of A is defined as

A=A —Ai—Asj — Ak

We recall a standard norm in this setting.

Definition 2.4. [28] The Frobenius norm of A = A| + Axi + Asj + A4K is defined as

1Al = \/||A1||2 + [|Aal? + 1A]1> + 1Al

Definition 2.5. [28] For A = A| + Aji + Azj + Ask € Q™P, its real representation matrixz) is defined
as follows:
A A, —A; —Ay
= _| A A Ay Aj amxap
A= Ay A, A A, eR .

A4 —A3 A2 A]

) ) ) .=

According to the matrix blocks of the real representation matrix A, if we know a column block of
- - . - -
A, we know A. For the sake of convenience, we use A to represent the first column block of A, i.e.,

—
A, =

. . . — . . .
Next, we investigate some properties of A ., which will be used in the sequel.
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Lemma 2.1. /28] Suppose A, B € Q™", C € Q™?, t € R, then we have

(JA=Bo A=BoA,=B,:
—_— S s 5 =
(DA+B=A+B.1A=iA, AC = AC;
e

GiDA+ B, = A.+ B,, 1A, = (A, AC. = AC.;

i = 5 A = A

Proof. We only provide detailed proof of AC = AC, AC. = AC, and the rest are similarly verifiable.
Suppose A = A + Asi + Azj + Auk € Q™" C = C; + Ci + G5 + C4k € Q™7 then

AC = (A1C| — AyCy — A3C5; — AyCy) + (A1C2 + A,Ci + A3Cy — A4C3)i
+ (A1C3 - A2C4 + A3C1 + A4C2)j + (A1C4 + A2C3 - A3C2 + A4C1)k

According to the Definition 2.5, we have

A -A, A3 Ay C, -G, -C3 —-C4 C

X _ Az A1 —A4 A3 ZZ _ C2 C1 —C4 C3 E) C2
Ay Ay AL AT T |Gy Gy G -Gl TG
Ay A3 A, A c, -C; C C Cy

and

’A]C]—A2C2—A3C3—A4C4 —A|C2—A2C]—A3C4+A4C3 —A1C3+A2C4—A3C]—A4C2 —A]C4—A2C3+A3C2—A4C1

AC _ A1C2+A2C1+A3C4—A4C3 A]C]—A2C2—A3C3—A4C4 —A1C4—A2C3+A3C2—A4C1 A1C3—A2C4+A3C1+A4C2
- A1C3—A2C4+A3C|+A4C2 A1C4+A2C3—A3C2+A4C1 A]CI—A2C2—A3C3—A4C4 —A1C2—A2C1—A3C4+A4C3

_A1C4+A2C3—A3C2+A4C1 —A|C3+A2C4—A3C1—A4C2 A1C2+A2C1+A3C4—A4C3 A1C1—A2C2—A3C3—A4C4

(A A, —-As; -A4|[C, -C, -C53 —C4

A, A Ay A3 |G, Cp —Cy G

Az Ay A “A|CGs Gy Cp -Gy

Ay —As Ay A [ICy -C3 Gy ()
—
=AC,

A1C) — AyCy — A3C5 — ACy Al —Ay —A;z —A4]C
A—d, _ A1C, + ACr + A3C4 - A4C3 _ A, A —Ay A3 C, _ ij)
< A1C3 - A2C4 + A3C1 + A4C2 B A3 A4 Al —A2 C3 B .

A1C4 + A2C3 - A3C2 + A4C1 A4 —A3 A2 A] C4

O

We now recall a couple of algebraic results about the structure of quaternion matrices and their real
representation.

Lemma 2.2. [14] Suppose X € QP*P, then vec(?) = Jvec(?c), where

diag(14,,, ey I4[,)
diag(F,,...,F,)
diag(H,,...,H,) |’
diag(S ,,...,S,)
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and
0O -1, 0 O 0 0 -1, O 0 0 0 -I,
11, 0 0O O 10 0 0 -, 10 0 I, O
Fp= 0 O 0 1, > Hp = I, 0 0 0 > Sp = 0 -1, 0 O
0o 0 -1, O 0 1, O 0 I, 0 0 0
Lemma 2.3. [14] Suppose X = X; + Xoi + Xzj + X4k € QP*P, then
vec(X7)
=\ vec(X5)
vec(X.) =K vee(Xs)
vec(Xy)
where
[ 1, O 0 0 O 0 0 O 0O 0 O 0 ]
0 O 0 71, O 0 0 O 0O 0 O 0
0 O 0 0 O 0 I, O 0O 0 O 0
0 O 0 0 O 0 0 O 0 1, O 0
0 I, 0 0 O 0O 0 O 0O 0 O 0
0 O 0 0 I, 0 0 O 0O 0 O 0
K=|0 0 0 0 O 0 0 I, 0 0 O 0 | eqQir™er,
0 O 0 0 O 0 0 O 0 0 I, 0
0 O I, 0 0 0 0 O 0O 0 O 0
0 O 0O 0 O I, 0 0O 0O 0 O 0
0 O 0 0 O 0 0 O I, 0 0 0
0 O 0 0 O 0 0 O 0O 0 O I, |

Remark 2.1. Either the J in Lemma 2.2 or the K in Lemma 2.3 is just a bridge connecting the left
and right sides of its equation. By the structure of real representation of quaternion matrix and its first
column block, we only need to figure out the relationship between the left and right sides of its equation
to express J or K.

We will now present four special matrix sets. We refer to [29] for all the concepts involved in this
paper.

Definition 2.6. A tridiagonal symmetric matrix P € U, is an n X n matrix with the following form

X111 X12 ce 0
X12 X222

xn—l,n
0 o Xp—1n Xnn
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Definition 2.7. A tridiagonal skew-symmetric matrix P € U_, is an n X n matrix with the following

form
0 xp e 0
—X12 0 :
: t Xn-1,n
0 - —Xpin 0

Definition 2.8. A matrix P € V,, is called the Brownian matrix, if
biji1 = bij, j>1,
iLhj=1,...,n—1.

bisj=Dbij, j<li,

Specifically, the form is as follows:

[ bl bn+] bn+l e bn+l bn+1 ]
b2n b2 bn+2 e bn+2 bn+2
bZn b2n+1 b3 e bn+3 bn+3
b2n b2n+1 b2n+2 bn—l b2n—1

i b2n b2n+l b2n+2 b3n—2 bn

Definition 2.9. A Generalized Rotation matrix P € W, is an n X n matrix with the following form

€o €1 2 e Cpet |
acCp-1 Co 1 Cn-2
acy,—2 ac,-1 Co

(4]
acy acy, -+ AC,—1  Co

3. H-Representation and its properties

In this section, we will briefly introduce the notion of H-representation and the related properties.
Besides, we will also analyze the structure of four special matrix sets mentioned above by means of
H-representation and present their #{-representation matrices.

Definition 3.1. [30] Consider a p-dimensional complex matrix subspace X C C™" over the field C.
Assume that ey, ey, . .., e, form a basis of X, and define H = [vec(e;) vec(es) ... vec(e,)]. If for each
X € X, we express y(X) = vec(X) in the form of

W(X) = vee(X) = HX

with a p X 1 vector X, then HX is called an H -representation of Y(X), and H is called an H-
representation matrix of Y(X).
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Remark 3.1. 1) The H-representation of W(X) for X € X is not unique because of the fact that the
matrix H may be different owing to the basis choices of X. Apparently, when the basis of X is fixed, the
H-representation matrix H, as well as X, is uniquely determined; 2) s is used here only as a function
name for the convenience of defining its inverse in the sequel.

In what follows, based on the special matrix sets defined in Section 2, we present some simple
examples to elucidate Definition 3.1.

Example 3.1. Let X = Uz, X = (x;;)3x3, then dim(X) = 5. If we select the following basis of X

1 00
ee=|100 0

0 00

It is then easy to compute

Example 3.2. Let X = V3, then dim(X

1 0
00
00

e =

, €2 =

010
100,63:

0 00

00O 00O 00O
01 O0,ea=]0 0 1{,es=]10 0 0].

000 010 0 01

Y(X) = vec(X) = [x11 x12 0 X512 X220 Xx23 0 X23 X33]T,

(1 0 0 0 0]
01000
00O0O0O
01000

H=]10 01 0 O . y = [)C]] X12 X220 X23 )C33]T.
00O0T1PO0
00O0O0O
00010
00 O0O0 1]
) = 1. If we select the following basis of X

0 00O 011 00O
O],ezz 100],@2[000],&1:[010],
0 1 00 0 00 0 00
0 00 0 00 000

e5:l000},66:l00 l},@:[OOO}
010 00O 0 01

Then it is easy to compute

AIMS Mathematics

W(X) = vec(X) = [by bg bs by by by by bs b3]T,
0 0 1

=)

, X = [by bg by by by bs b3]".

SO, OO~ O OO

ecleNeoBoleoNololel
S OO = OO OO
S —, OO OO o oo
i eloelelelolelaele)

SO OO OO = =
SO oo~ O OO

Volume 7, Issue 4, 5029-5048.
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Example 3.3. Let X = W3, then dim(X) = 3. If we select the following basis of X

1 00 0 0 1 010
e1r={0 1 0],ea=la 0 O0f,es=]0 0 1
0 01 0 aa O a 0 0

Then we can obtian

W(X) = vec(X) = [co acs ac ¢ ¢ acs ¢z ¢1 6,

[1 0 O ]
0O a O
0 0 «a
0 0 1

H=|1 0 0 ,i:[coczcl]T.

0O a O
010
0 0 1

(1 0 0]

In this paper, we are interested in the H-representation for X = U,/U_,/V,/W,. For X = U,, we
select a standard basis throughout this paper as

{Evi, Evi, Ex  Expy oo By pets Enm1, Eny) = {Eij 0 1 < j<i<nj,
where E;; = (ex)nxn With e;; = e;; = 1 and the other entries are zeros. Clearly, for the above given
bases, if X = U, then for any X,, = (x;j).x» € X, we have
Xn = (-xlb X215 X225 X325 - -+ xn—l,n—la xn,n—b xnn)T~ (31)

For X =U_,, we select a standard basis throughout this paper as

> “nn—1

{E5 By, By} =H{E; 1< j<i<nl,
where E}; = (e )uxn With €}, = —1, ¢/, = 1 and the other entries are all zeros. For the above given
bases, if X = U_,, then for any X_, = (x] j)an € X, we have
X = (X X, ) (3.2)

For the convenience of description, the following Z and W both represent X.
Similarly, for Z = V,,, we select a standard basis as

{Fi1, Fo1, Fro, Foo, F3o, Fozy ooy Fst ety Frpets Frcins Fup) = {Fij, Fji 0 1 <0< j<nj,

where Fi; = (fi)uxn With f; = 1, and Fy;, Fj; are n X n matrices with f;; = 1, f;; = 1 for Vj > i,
respectively, and the other entries are zeros. Based on above bases, for any Z, = (2;j),x. € Z, we have

= T
Zn = (Zlb 321581258225 33258235 « « « s Zn—1n—1s Zn,n—15 n—1,ns Zn,n) . (33)
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Likewise, for W = W,,, we select a standard basis as

{Dy1,D31,....,Dy} ={Djy : 1 <i<n},

I_
mmDn:hmﬂDﬂ:[ ’ILZSiSn
al,_ix

Based on above bases, if W = W, then for any W, = (W;j)uxn € W, we have
Wﬂ = (W()’ Wn—la Wn—27 ey WI)T' (3‘4)

As soon as a standard basis is given, X,, X_,, Z,, and W, are uniquely determined by X,, X_,, Z, and
W, respectively. Thus, we can state the following definition:

Definition 3.2. We define oy : X, = (Xij)pxn € U, = X,, where X, is defined in (3.1), o> : X_, =
(X} Jnxn € Uy X_,, where X_, is defined in (3.2), T : Z, = (2ij)uxn € Vi > Z,, where Z, is defined
in(3.3), and ¢ : W, = (Wij)xn € W), W, where W, is defined in (3.4).

Remark 3.2. ¥, o, 03, T and ¢ are obviously invertible in the sense that for any (v, vy, Va2, V3, V4) €
C" X C2=1 x €1 x C32 x C", we have (W~ (v), o (1), 05 (1), T (v3), ¢~ (na)) € P x U, X U, X
V,, X W,,. It should be noted that y, o, 0>, T and ¢ are defined on different domains.

Note that /(X)) is a column vector formed by all elements of X,, while o(X,), 02(X_,), 7(Z,),
¢(W,) are column vectors formed by different nonzero elements of X,,, X_,, Z,, W, respectively. For
clarity, we denote the H-matrix in #{-representation corresponding to X = U, by H!, the H-matrix in
H-representation corresponding to X = U_, by H! | the H-matrix in H{-representation corresponding
to X =V, by H?, the H-matrix in H-representation corresponding to X = W, by H>.

The following corollary is obvious from Definitions 3.1 and 3.2.

Corollary 3.1. For a n®> x 1 vector u,, if ¥ '(u;) € U, then there exists a (2n — 1) X 1 vector v,, such
that uy = Hlvy. For an® X 1 vector p, if ¥~ '(u) € U_,, then there exists a (n — 1) X 1 vector v,, such
that o = H! v,. For an®> X 1 vector ps, if ¥~'(u3) € V,, then there exists a (3n —2) x 1 vector vs, such
that uz = H?v;. For a n® X 1 vector uy, if Y~ (us) € W, then there exists a n X 1 vector v,, such that
M4 = HSV4.

4. The solutions for Problems 1-3

In this section, we solve Problems 1-3 via the real representation of quaternion matrices and H-
representation. We first convert above least squares problems into corresponding problems of real
matrix equation by using the real representation, then in order to reduce the size of original problems,
we remove the redundancy and extract effective elements through H-representation. Finally, we obtain
the solutions of Problems 1-3.

Lemma 4.1. [31] The least squares solutions of the linear system of equations Ax = b, with A € R"™"
and b € R™ can be represented as

x=A"b+ (I -ATA)y,

where, y € R" is an arbitrary vector. The minimal norm least squares solution of the linear system of
equations Ax = b is ATh.
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Lemma 4.2. [31] The linear system of equations Ax = b, with A € R™" and b € R" has a solution
x € R" if and only if
AATb = b.

When Ax = b is compatible, the general solution can be represented as
x=Ab+(I-ATA)y,
where, y € R" is an arbitrary vector. Ax = b has a unique solution if and only if
rank(A) = n.

In this case, the unique solution is x = A'b.

Theorem 4.3. Suppose A € Q™P, B e QP", C € Q™4, D € Q?", E € Q™" be given. Hence the set
Ty of Problem I can be expressed as

X — _
T, = {(X, Y)‘ (Y) = H\Glvec(E.) + H\(Isps74-s — GIG))y, Yy € R4 8}, 4.1)
And then, the minimal norm least squares solution (Xy, Y1) of Problem 1 satisfies
X :
(_H — G vee(By). 42)
Yy
771
H,
Hlp
vec(Xy) vec(Y)) Hlp
o |vec(Xy)| o |vec(Y>) B Hlp
where X = vec(X3)|’ r= vec(Y3)|’ Hi = qu ’
vec(Xy) vec(Yy) H;
1
H, 1
H, |
—=r = =r =2,
G, = ((BC ® A)JK, (D! ® C)JI'K )Hl. 4.3)

Proof. For X = X| + Xoi + X3j + Xuk € HTQ”?, Y = Y, + Ysi + Y3j + Y4k € AHTQ?, according to
Lemmas 2.1-2.3, we have

IAXB + CYD — E||

AIMS Mathematics

AXB+CYD - E,

o o D
= |lvec(AXB.,+CYD.— E,)

—_— — =
- HAXBC +CYD, - E.

= s — = = — —
= (|[(B, ® A)vec(X) + (D, ® C)vec(Y) — vec(E )

=r = — =2 = — —
= ||(B, ® A)Jvec(X.) + (D, ® C)J'vec(Y.) — vec(E,)
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s N N —
- H(BC ® A)JKX + (D' ® C)J'K'Y - vec(E.)

- s

Y

((7;’5 ® A)JK, (D ®?:’)J'K') (X) —vee(EL)

where J’, K’ have the same structure with the J, K, respectively. Since X; € U,, X, € U_,, ¥, €
U_,, Y, € Uyt =2,3,4), in light of Corollary 3.1, we can derive

vec(X))| [w(XD] |H, X1
vec(X2)|  |w(Xa) H', X5
vec(X3)|  |¥(X3) H! X3
vec(Xy)| _ |¥(Xa)| _ H! Xy
vec(Y) | || H!, Y '
vec(Y2)|  [¢(Y2) H, Y,
vec(Ys) Y(Y3) H, Y;
vec(Ys)| lu(Ys)| | H,l|Y,]
For the convenience of what follows, let us denote
[ 171
Hp 1
H—P —_ —_
Hlp X Y;
H! N ') R 7
H] = P 1 s X = ~2 s Y = ~2 s
H_, X3 Y;
H! X, Y,
1
H, 1
H, |

_)T = _>T = ’
G, = ((BC ® A)JK, (D! @ C)J'K )Hl.
Then we can obtain

H((TB’Z ® A)JK, (D ®Z”)J'K') (}Y() —vee(BL)

= = S N X —
- ((Bc ® A)JK, (D! ®C)JK)H1 7| - vee(®o)

Thus [|JAXB + CYD — E|| assume its minimum value

X —
G, (?) —vec(E.)

I[AXB + CYD - E|| = min,

if and only if does.

G ()é) - vec(fc)

For the real matrix equation

X —
G (?) = vec(E.),
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by Lemma 4.1, its least squares solution can be represented as

X — _
(Y) = GIvec(Ec) + (Isp+74-8 — GIGl)y, y € RPH7478, 4.4)

Moreover, (4.1) is derived by multiplying both sides of (4.4) by the matrix H,. Meanwhile, (4.2) can
be derived. O

By virtue of Theorem 4.3, we can give the necessary and sufficient condition in order to prove the
existence of tridiagonal mixed solution for the quaternion matrix equation AXB + CYD = E, and the
expression for the tridiagonal mixed solution when (1.1) is compatible.

Corollary 4.4. Let A € Q™?, Be Q/", C € Q™4, D € Q*", E € Q™" be given, and G, be defined
as in (4.3). Then (1.1) has a solution X € HTQ”?, Y € AHTQ?, if and only if

(G1G' = Lyp)vec(E.) = 0. (4.5)
If (4.5) holds, the solutions set of (1.1) can be represented as
St = {(X, Y)‘ ();) = HIG{vec(E"C) + H\(Isp7y-5 — GiG)y, Yy € R5P+7q—8} . (4.6)
Moreover, (1.1) has unique tridiagonal mixed solution (X}, Y}), if and only if
rank(Gy) = 5p +7q — 8,

and the unique tridiagonal mixed solution (X}, Y}) satisfies

()f{f) = H,Glvec(E,). 4.7)
YA

Proof. According to the proof of Theorem 4.3, Lemma 4.2 and the definition of Moore-Penrose
generalized inverse, we have

X —
IAXB+ CYD - E|| = ||G, (Y) —vec(E,)

v

X
= |G\GIG, (

)v,) - vec(fc)

= |l6\Givec(E.) - vec(E.)

= (GG} ~ Lnyvec(E )

b

thus (1.1) has tridiagonal mixed solution (X, Y) if and only if

IAXB +CYD - E|| = 0 &= [[(GiG] = Lmvec(Eo)| = 0 &= (GiG} - Lipmvec(E.) = 0.
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So we get the formula in (4.5). Under the condition that (4.5) is established, the solution (X, Y) of (1.1)
satisfies

G (;) = vec(fc).

Moreover, the solution (X, Y) of (1.1) satisfies

X — _
(y) = Glvec(E ) + (Ispirg-s — G|Gy)y, Yy € RPF748,

Similarly, we can deduce (4.6) by multiplying both sides of the above equation by the matrix H;. At
the same time, the unique tridiagonal mixed solution (4.7) can also be obtained. O

In what follows, we concentrate on Problems 2 and 3. By Theorem 3.1, for (X, Y) with special
structure, we can give its H-representation matrix, which will help us extract effective elements and
reduce the complexity of operations. Based on the above ideas, the following conclusions can be easily
obtained.

Theorem 4.5. Suppose A € Q™P, B e QP", C € Q™4, D € Q?", E € Q™". Hence the set By of
Problem 2 can be represented as

X s - _
By = {(X, Y)' (Y) = HyGyvee(E ) + Hy(lioprizg-16 = G3Ga)y, Yy € RI/12 “”}, (4.8)

and then, the minimal norm least squares solution (X, Yp) of Problem 2 satisfies

X
(Yi) = HZG;vec(fC), (4.9)
where
r 2
Hp X
Hp X
Hp
H? -, = -, =
T T 7 !
Hy = b H2 , Gzz((Bc ® A)JK, (D, ®C)JK)H2.
q
2
H, X
Hq

H2
L q
Corollary 4.6. Let A € Q™?, Be QP", C € Q™4, D € Q7", E € Q™" be given. G, is defined in
Theorem 4.5. Then (1.1) has a solution X € BQ”?, Y € BQ?, if and only if

(G>Gl = Lyp)vec(E,) = 0. (4.10)

If (4.10) holds, the Brownian solutions set of (1.1) can be represented as

X — i
Sg = {(X, Y)' ()-,) = Hy,Glvec(E ) + Hy(Ii2ps124-16 — GiGa)y, Yy € R12PH1% 16} ’
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furthermore, (1.1) has unique Brownian solution (X}, Yy), if and only if
rank(G,) = 12p + 12¢g — 16,

and the unique Brownian solution (X}, Yy) satisfies
X/
(Y'B) = HyGlvec(E,). @.11)
B
Remark 4.1. When X € BQ”?, Y € BQ?Y, according to Theorem 4.5, we can give H,, G,, then
Corollary 4.6 can be obtained by a proof method similar to Corollary 4.4.
Similar to Theorem 4.5, when X € MQ”*?, Y € MQ?, we can give Hs, G5 for studying Problem 3.

Theorem 4.7. Suppose A € Q™?, B e Q", C € Q™4, D € Q¥", E € Q™". Hence the set M, of
Problem 3 can be expressed as

X —
M, = {(X, Y)| (Y) = HyGlvec(E.) + Hy(Liprag — GiG3)y, Yy € R4”+4q}, (4.12)
and then, the minimal norm least squares solution (X, Yyr) of Problem 3 satisfies
X
(-M) = HyGlvec(E,), (4.13)
Yy
where
B3E
H; 3
H, 3
H,
H? =, = = =
Hy = P . Gy = ((Bc ® A)JK, (D! @ C)J'K )H3.
q
3
H, 3
H,

H3
L q
Corollary 4.8. Let A € Q™?, Be QP", C € Q™4, D € Q7", E € Q™" be given. Gj is defined in
Theorem 4.7. Then (1.1) has a solution X € MQ”*?, Y € MQ*, if and only if

(G3G', = Lyp)vec(E.) = 0. (4.14)
If (4.14) holds, the Rotation solutions set of (1.1) can be expressed as

X
SM = {(X, Y)’ (Y) = H3G§V€C(E)c) + H3(I4p+4q - GgG%)y’ vy c R4p+4q} ’

in addition, (1.1) has unique Rotation solution (X),,Y},), if and only if
rank(Gs) = 4p + 4q,

and the unique Rotation solution (X),,Y},) satisfies
X/
(M) = HyGlvec(E,). 4.15)
Y, :
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5. Algorithms and numerical experiments

In this section, on the basis of the discussions in Section 4, we propose the algorithms of solving
Problems 1-3, and then give a numerical example to prove the feasibility of the proposed algorithms.

Algorithm 5.1. (Problem 1)

e S —
(1) Input A, B, C, D, E € Q™", output B, DI, A, C, vec(E,),
(2) Input J, K, H', H' , output H,, G,

(3) According to (4.2), calculate the minimal norm least squares solution (Xg, Ya) of Problem 1.

Algorithm 5.2. (Problem 2)

(1) Input A, B, C, D, E € Q™" output BT, D, A, C, vec(E.),

(2) Input J, K, H?, output H,, G,

(3) According to (4.9), calculate the minimal norm least squares solution (X, Yg) of Problem 2.

Algorithm 5.3. (Problem 3)

(1) Input A, B, C, D, E € Q™" output BT, DT, A, C, vec(E.),

(2) Input J, K, H;, output H3, G3,

(3) According to (4.13), calculate the minimal norm least squares solution (X, Yy) of Problem 3.

Example 5.1. Consider the quaternion matrix equation AXB + CYD = E, where
A = rand(m, p) + rand(m, p)i + rand(m, p)j + rand(m, p)K,

B = rand(p,n) + rand(p, n)i + rand(p, n)j + rand(p, n)k,
C = rand(m, q) + rand(m, q)i + rand(m, q)j + rand(m, q)K,
D = rand(q, n) + rand(q, n)i + rand(q, n)j + rand(q, n)k.
Denote X° = X] + X5i+ X3j + X}k, Y =Y+ VJi+ Yjj+ Yk
(i) For s = 1. Then
X' = X! + Xyi + Xaj + X,k € HTQ"?,
Y' =Y+ Yyi+ V3j+ Y,k € AHTQ?.
Let AX'B+CY'D = E.
(ii) For s = 2. Then
X = X7 + X531 + Xaj + Xk € BQPY,
Y* = Y]+ Y3i+ Y3j+ Yk € BQ™.
Let AX*B + CY?D = E.
(iii) For s = 3. Then
X =X + Xi+ X5 + X;k € MQP,
Y=Y+ Y;i+ Y3+ Y,k e MQ?.
Let AX*B + CY’D = E.

In all cases, the quaternion matrix Eq (1.1) have the unique solutions (Xy,Ya), (Xp,Yp),
(Xum, Yn), respectively. Of course, for s € {1,2,3}, (X°,Y?) is also the minimal norm least squares
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solution of the quaternion matrix Eq (1.1) over X € HTQ”? /BQ”*? /MQ”*? and Y € AHTQ%/
BQ?/MQ?“. By Algorithms 5.1-5.3, for s € {1,2,3}, we compute (X*,Y*). Letm = p=n = q = 2K
and the error € = loglo(”(X“", YY) — (X5, Y9)||). The relation between K and the error € is shown in
Figure 1.

e | #- Ifﬁz + '--*—%—*‘*"* o
- L i e
5 =12 _**_*' k.
i, _*/""
*
.14 : '
1] 2 4 [ 8 10 12 14 16 18 20
K., Problem 1
10
S
L
15 . . A , , . , , .
0 2 4 [ B 10 12 14 16 18 20
K, Problem 2
; r . : ; i T
10| .
5 s
- 2T pe——
1] . 2 4 [ 8 10 12 14 16 18 20
K., Froblem 3

Figure 1. The error for Problems 1-3.

According to Figure 1, we obtain that the errors € are all no more than -9 for s € {1, 2,3}, which
confirms the difference between the numerical solution and the exact solution is tiny. In other words,
these three figures of Figure I are very similar, which is consistent with the actual situation. Therefore,
our proposed algorithms are very feasible.

6. Conclusions

In this paper, by combining the real representation of quaternion matrices with H-representation,
we convert the least squares problem of the quaternion matrix Eq (1.1) into a corresponding problem
of the real matrix equation over free variables. Then we derive the expression of the minimal norm
least squares solution for the quaternion matrix Eq (1.1) over different constrained matrices as in
Problems 1-3. Our resulting expressions are expressed only by real matrices, and the algorithms only
involve real operations. The final example shows that our proposed method is feasible and convenient
to analyze such a matrix problem with special structures.
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