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Abstract: We consider the existence and stability of Weyl almost periodic solutions for a class of
quaternion-valued shunting inhibitory cellular neural networks with time-varying delays. In order to
overcome the incompleteness of the space composed of Weyl almost periodic functions, we first obtain
the existence of a bounded continuous solution of the system under consideration by using the fixed
point theorem, and then prove that the bounded solution is Weyl almost periodic by using a variant
of Gronwall inequality. Then we study the global exponential stability of the Weyl almost periodic
solution by using the inequality technique. Even when the system we consider degenerates into a
real-valued one, our results are new. A numerical example is given to illustrate the feasibility of our
results.
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1. Introduction

Since shunting inhibitory cellular neural networks were proposed by Bouzerdoum and Pinter [1]
as a new type of neural networks, they have received more and more attention and have been widely
applied in optimisation, psychophysics, speech and other fields. At the same time, since time delays are
ubiquitous, many research results have been obtained on the dynamics of shunting inhibitory cellular
neural networks with time delays [2—6].

On the one hand, the quaternion is a generalization of real and complex numbers [7]. The skew
field of quaternions is defined by

H:={q=q"+iq" + jq’ + kq"},
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where g%, ¢, ¢/, g* € R and the elements i, j and k obey the Hamilton’s multiplication rules:
ij=—jk=k jk=—kj=i, ki=-ik=j, i*=/7=k=-1.

For g = g® +iq' + jq’ + kqg®, we denote ¢ = ig’ + jg’ + kqg¥ and ¢g® = g — §. The norm of g is defined
by ligllz = V@) +(@)P?+(@)P+@5?  Fory = QGuys,---,y)" € H', we define
[IYllzn = maxi<p<uillylle}, then (H", || - |lx) is a Banach space. As we all know, quaternion-valued neural
networks include real-valued neural networks and complex-valued neural networks as their special
cases. Compared with complex-valued neural networks, quaternion-valued neural networks only
needs half of the connection weight parameters of complex-valued neural networks when dealing with
multi-level information [8]. In recent years, quaternion-valued neural networks have attracted the
attention of many researchers, and their various dynamic behaviors, including fractional-order and
stochastic quaternion-valued neural networks, have been extensively studied [9-24].

On the other hand, because periodic and almost periodic oscillations are important dynamics of
neural networks, the periodic and almost periodic oscillations of neural networks have been studied a
lot in the past few decades [25-33]. Weyl almost periodicity is a generalization of Bohr almost
periodicity and Stepanov almost periodicity [34-37]. It is a more complex recurrent oscillation.
Because the spaces composed of Bohr almost periodic functions and Stepanov almost periodic
functions are Banach spaces, it brings some convenience to study the existence of almost periodic
solutions in these two senses of differential equations. Therefore, many results have been obtained on
the Bohr almost periodic oscillation and Stepanov almost periodic oscillation of neural networks.
However, the space composed of Weyl almost periodic functions is incomplete [38]. Therefore, the
results of Weyl almost periodic solutions of neural networks are still very rare. Therefore, it is a
meaningful and challenging work to study the existence of Weyl almost periodic solutions of neural
networks.

Motivated by the above, in this paper, we consider the following shunting inhibitory cellular neural
networks with time-varying delays:

Xij(1) = — a;j(H)x;;(1) — Z Bg(f)fij(xkl(f))xij(f)
CreN, (i, ))

- Z Cg(f)gij(xkl(f = (D)X (1) + 1;;(2), (1.1)

CrEN;(i,))

where ij € {11,12,...,1n,...,ml,m2,...,mn} := A, C;; denotes the cell at the (i, j) position of the
lattice. The r-neighborhood N,(i, j) of Cj; is given as

NG, j) = (Cu s max(k =il = < 1 <k <m,1<I<n),

and N,(i, j) is similarly specified; x;;(f) € H denotes the activity of the cell of C;j, I;j(f) € H is the
external input to C;;, a;;(t) € H is the coeflicient of the leakage term, which represents the passive decay
rate of the activity of the cell Cyj, B{i(r) > 0 and C}(1) > O represent the connection or coupling strength
of postsynaptic of activity of the cell transmitted to the cell C;;, the activity functions f;;, g;; : H — H
are continuous functions representing the output or firing rate of the cell C;;, T1(¢) corresponds to the
transmission delay and satisfies 0 < 7,(7) < 7.

The purpose of this paper is to use the fixed point theorem and a variant of Gronwall inequality to
establish the existence and global exponential stability of Weyl almost periodic solutions for a class
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of quaternion-valued shunting inhibitory cellular neural networks whose coeflicients of the leakage
terms are quaternions. This is the first paper to study the existence and global exponential stability
of Weyl almost periodic solutions of system (1.1) by using the fixed point theorem and a variant of
Gronwall inequality. Our result of this paper is new, and our method can be used to study other types
of quaternion-valued neural networks.

For convenience, we introduce the following notations:

a™ = min {inf{aij(t)}}, a" = max {sup{a,-j(t)}}, ayl = sup [|;(0)lz,

ijeA \teR ijeA teR teR

Bff;M = sup{Bf;(l)}, Cl]f}M = sup{Cf-‘}(t)}, T?;I = sup{7;;(t)}, T = max {sup{T,’d(t)}}.
teR teR teR kleA | rer

The initial condition of system (1.1) is given by

xij(s) = ¢ij(s), s€[-7,0],

where ¢;; € C(R,H),ij € A.
Throughout this paper, we assume that:

(H,) For ij, kI € A, functions af;, Bf;, Cf‘]l € APR,R"), a;; € APR,H), I;; € APWP(R,H), 7y €
APR,RHYNCYR,R)and 7’ < 1. '
(H;) Forij € A, there exist positive constants Llf}. and L‘fj such that for all x,y € H,

1A = Fi0le < L=l N8 = gyl < Ll = Ve

and f;;(0) = g;;(0) = 0.

The rest of this paper is arranged as follows. In Section 2, we introduce some definitions and
lemmas. In Section 3, we study the existence and global exponential stability of Weyl almost periodic
solutions of (1.1). In Section 4, an example is given to verify the theoretical results. This paper ends
with a brief conclusion in Section 5.

2. Preliminaries
Let (X, || - |lx) be a Banach space and BC(R, X) be the set of all bounded continuous functions from

R to X.

Definition 2.1. /38] A function f € BC(R,X) is said to be almost periodic, if for every € > 0, there
exists a constant | = l(€) > 0 such that in every interval of length [(€) contains at least one o such that

If(t+0) = fOllx < et €R.
Denote by AP(R, X)) the set of all such functions.

For p € [1, ), we denote by L7 (R, X) the space of all functions from R into X which are locally

p-integrable. For f € Lfo (R, X), we define the following seminorm:

1 B+r ]l7
I fllwe = lim sup(—f ||f(t)||§gdt) :
+ r ﬁ

ro+00 e
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Definition 2.2. [38] A function f € L! (R,X) is said to be p-th Weyl almost periodic (WP-almost

loc
periodic for short), if for every € > 0, there exists a constant | = l(€) > 0 such that in every interval of

length l(€) contains at least one o such that

Lf+ o) — fOllwr < €.

This o is called on e-translation number of f. The set of all such functions will be denoted by
APWP(R, X).

Remark 2.1. By Definitions 2.1 and 2.2, it is easy to see that if f € AP(R, X)), then f € APWP(R, X).

Similar to the proofs of the lemma on page 83 and the lemma on page 84 of [39], it is not difficult
to prove the following two lemmas.

Lemma 2.1. If f € APWP(R, X), then f is bounded and uniformly continuous on R with respect to the
seminorn || - ||we.

Using the argumentation contained in the proof of Proposition 3.21 in [38], one can easily prove the
following.

Lemma 2.2. If f, € APWP(R,X), k = 1,2,...,n. Then, for every € > 0, there exist common €-
translation numbers for these functions.

Lemma 2.3. [40] Let g : R — R be a continuous function such that, for every t € R,

! !
0<g()<p@)+y f e Mg (s)ds + - +y, f e M1 g(5)ds (2.1)
for some locally integrable function p : R — R, and for some constants yi,...,y, > 0, and some
constants n,...,0, > vy, where y = ), y,. We assume that the integrals in the right hand side of
p=1

(2.1) are convergent. Let n = min{n,,...,n,}. Then, for every & € (0,n — y] such that f_(; e“*p(s)ds
converges, we have, for every t € R,

!

g < D)+ y f ¢509 p(s)ds.

—00

In particular, if p(t) is constant, we have
n
gt) < p—r-.
n-vy
3. Main results

Let BUC(R,H™") be a collection of bounded and uniformly continuous functions from R to H"™*",
then, the space BUC(R,H™") with the norm ||x||., = sup ||x(¢)||g=« is a Banach space, where x €

teR
BUC(R, H™™).

0 _ 0 0 0 0 0 0 \T
DenOte¢ _(¢11"", U122 EREER 0 TR X o R mn) ,Where

! 1
$Ui(t) = f e LAVt ()ds, ije A

(o)

AIMS Mathematics Volume 7, Issue 4, 4861-4886.



4865

We will show that ¢° is well defined under assumption (H,). In fact, by I;; € APWP(R,H) and
Lemma 2.1, there exists a constant M > 0 such that ||/;;[lw» < M for all ij € A. According to the

Holder inequality, one has
!
f eI (s)ds
1

e f—r % —r »
([ emmas ([ i)
t—(r+1) t—(r+1)

r=0

0 (Dllzx <

H

< Z "M < +oco, (3.1)
r=0

where 1—1) + é = 1, which means that ¢ is well defined.
Take a positive constant @ > ||¢°||.. Let

Q = {¢ € BUCR,H"")ll¢ — ¢"llo < a}.
Then, for every ¢ € Q, one has
¢lleo < llp = ¢°lleo + 118"l < 20r.

Theorem 3.1. Assume (H,)—(H;) hold. Furthermore, suppose that

(H3)

2 M M
K = max _[a,m > 2B e+ > 2Ck L?a] <1,
ijeh |am| Y ST Sy
CreN,(,j)) CreN;(,j)

(Hy) for p > 2,

2p— 4\ 4 2 ’
s () (Y 2 3 2ol
ijeA amp amp CueN,(i,j)

ek g\
(DY S e

CrEN;(L,))

and, for p = 2,

2
M2 KMy f
2@y +2 Y, 2B L)
CuEN,(i.))

2 2
max {24(—)
ijeA am

1 m

26707 M . 2
+(1+1_T,)( > ack Ll.ja/)] <1

CrEN(i,))

then system (1.1) has a unique WP-almost periodic solution in Q.
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Proof. 1t is easy to check that if x = (X117, , X1 X214+ > X2p "% > Xml> " » Xn)! € Q i8 a solution of
the integral equation

x,-j(t):]: e_f;aﬁ'(v)dv[—51ij(5)xij(s)— Z Bg(s)ﬁj(xkl(s))xij(s)

CueN; (i, ))

- Z CH(9)gij(xua(s = Tu())xij(5) + Iij(s)]ds’ ij € A, (3.2)

CreN;(i.))

then x is a solution of system (1.1).
Define an operator 7' : Q — H"™" by

(T)(1) = (Tug)(®), -, T1u)(0), T )(@), - s (Ton)(®), -+ s (L)), -+, (Trn)D))'

where

(Td)0) = f LA a0y Y U Gu80)

CueN, (i, ))

_ Z Cl()8ij(Puls — Tr(5)))ij(5) + Iij(s)]ds’ ij €A

CueNs(i, )

Now, we will prove that T'¢ is well defined. Actually, by (H;)—(H3) and (3.1), for ij € A, one deduces
that

(T, (Ol < f e FAON — G (pis) = D BUNEHGu() — FODBi(5)

- CueN; (i, ))

=Y gl = Tu5)) — g O)ii(9)

CreN;(i.))

1/,
Sa_m(“?7+ 2, BiLlel.+ ) Cf}“L§||¢||m)||¢||m

CueN(.)) CueNs(i.))

t ¢ ®
* f e b DO Ly s)eds
< + o0, 3.3)

! R
- R(v)d
Hds+ f e LD ($)||d s

That is, T ¢ is well defined.

We will divide the rest of the proof into four steps.

Step 1, we will prove that T¢ € BUC(R, H™"), for every ¢ € Q.

In fact, by (3.3), we see that 7'¢ is bounded on R. So, we only need to show that 7T'¢ is uniformly
continuous on R. Based on the Holder inequality for 0 < 42 < 1 and g > 1 with ;17 + é = 1, one has

(T8 + 1) — (T Dl
t+h h g
:H f e O O S DI IO T O R Y e O

CueN(i.)) CreNy(i,))
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X gii(u(s — Ti(s)))pii(s) + Iij(S))dS - f el “5(V)dv( — &8;;(8)i;(s) — Z Bf.‘]l.(s)

CueN, (i, ))

X fii(Du(s)pii(s) — Z Cg(s)gij(‘ﬁkl(s — () pij(s) + Iij(S))dS

CreN(i,j)
!
< f
—00

X 8ii(Pri(s — T1a($)))pij(5)

t+h
h
[
t

X 8ii(Pri(s — T1a(8)))pij(5)

H

_fSHh ag(v)dv e J: af.;(v)dv

Gf($)pi(s)+ Y BUGu(Ndi(s)+ > CHs)
CueN,(i,)) Cr€eNs(i,j)

ds + f

H —00

ay((s)+ ), BIOSGuNgys)+ D ClHs

CreEN(i.)) CreN;(i.))

t+h h g
ds + f e b BN (5) lud s
H t
M kM 7 f kM [l afa "o
v - a..\v)av
(e Y s Y, ezl ion [ (e C00 [ aov)as
CrEN, (i, ) CueN;(i.j) e !

t Ry t+h 5 ”
N f (e [ afod f, afj(v)dv)||1,-,(s)||Hds+(a,.ﬂj+ > B L el

CueN,(i.))

r+h 1+h
klM - R d - IR d
oY el [ lass [ e LA s
1 t

Cr€N;(i,))

e

h
_fsﬁ ag.(v)dv —e f;aﬁ(v)dv

e 17;;($)|lud s

!

!

<zt D BULole+ Y, G idlhe f 0 g

CueN, (. j) CueN(i.j) =

! _ taRv v o M M
+a'h f LAy llads + (a4 DT B Lgle+ Y CH L0l JIglle

CueN, (i, j) CrEN;(L, j)
1

t+h t+h 7 t+h i
% f e—u (I—S)ds + ( f e_q(l (I—S)ds) ( f ||Ilj(s)||§ﬂds)
t ! '
¢

aM v - tllRV v
sa—m(a?;+ > B+ ) cf;“L§§||¢||m)||¢||mh+aMh f e F AN ($)lud s

CrEN, (. j) CueN(i.)) >
mpf v M kM kM mpy
real v Y Bt Y CH LI il + e lueh,
CreN, (i, )) CreN;(, j)

where ij € A. Hence, letting 2 — 0%, by (3.1), we have

I(Tij¢)(t + h) = (Ti;$)(Dlex — O,

which means that (7;¢) is uniformly continuous on R, ij € A. Therefore, T¢ € BUC(R, H"™").
Step 2, we will prove that T is a self-mapping from € to €.
Actually, for arbitrary ¢ € Q, from (H,)—(H3), we have

d 'l
”T¢ - ¢0||oo <sup { max [f e—fs aﬁ-(v)dv

R ijeN

Gy + D BIOULsGuls) = [O)ii(s)

CueN, (i, ))
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+ Z Cg(s)(gij((pkl(s = 11(5))) — &i;(0))¢i;(s) ds]}
CueN(i.)) H

1 M M
Smax{—[é?}’+ Z 2B} Ll].;.cH- Z 2 Lfﬂ]}”‘f’”oo

;s m
veh \d =) CueN i)
<ka < a,
which implies that T¢ € Q. Consequently, T is a self-mapping from Q to Q.

Step 3, we will prove T is a contraction mapping.
As a matter of fact, in view of (H;)—(H,), for any ¢, v € Q, we can get

IT¢ = Tl

<sup { max [I e_am('_s)(évl?}l||¢ij(s) = Vij(llz + Z Bf,l-M||ﬁj(¢kl(s))(¢ij(s) = vij($))

ijeA .
1eR o CueN,(i,j)

+ (fij(Du(s)) = fij(va($))vi(Hlle + Z Cf}Mllgij(fbkz(s = Tu()))(@ij(5) = vij(s))

CreNy(i,))

+ (8ij(Pr(s — () — 8ij(via(s — Tkl(s))))vij(s)”H)ds]}

!
Ssup{max[ [ e v+ Y B Lo - il

ijeA | J_ .
1eR o CueN,(i,j)

+ 2L allgu(s) — vu(llz) + Y CH (2LE ellgij(s) = viy(s)lls

CreN;(@,j)

2L§ja”¢kl(s — T1(8)) — Via(s — Tkl(s))”H)]dS]}

1
Smax{—[é?f+ Z 4Bf.‘jMLl].;a+ Z 4C5§;ML§'].Q]}II¢—V|IOO.

n -
ven \a CUeM, (i.j) CUeN(ir))
From this and (H3), one has
IT¢ — TVlle < Kl — Vl|eo.

Noticing that k < 1, T is a contraction mapping. Consequently, system (1.1) has a unique solution x in
Q.

Step 4, we will prove that the unique solution x € Q is W”-almost periodic.

Indeed, since x = (X171, , X1 X215+ » Xoms*** » Xmis -+ > Xmn)? € Q, x is bounded and uniformly
continuous. Hence, for every € > 0, there exists a d € (0, €) such that for any #;,1, € Rwith |[t; —£,| <
and ij € A, we have

i (21) — x; (8|l < €. (3.4)

Also, for this ¢, in view of (H;) and Lemma 2.2, we see that there exists a common J-translation

number o such that
1

1 (P »
lim sup(; f 1Lt + o) — I,-j(t)llﬁdt) <s<e (3.5)
B

ro+00 gep
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|Bii(t + o) — Bij()] < e,
ICi(t+ o) - Cli(D| < e,

|a§(f +0)— a§(l)| <ella;jt+o)—a;(Dlu < e
and
ITij(t + o) — 7;5()| <6,
where ij, kl € A. Consequently, from (3.4) and (3.9), we get
|l ;(2 — 73(t + 0) — x;5(t — 7;(D)lu < €.
Since x is a solution of system (1.1), by (3.2), for ij € A, we have
l|x; (¢ + o) = x;(0)lm

! r R
Sl [T s s + 0) = (o (9)ds

H

_l_

j: - ﬁaﬁ(wq)dv Z [ijl(s + O')fij(xkl(s + U))xij(s +0)

CueN(i.))
! 't R
f ¢~ L aijrrordy Z [Cf;(s +0)
-0

CreN;(i,j)

+
H

- Bg(S)ﬁj(xkz(s))xij(s)]ds

X gij(x(s + o — (s + 0)))x;j(s + o) — Cf'(;(s)gij(xkl(s - Tkl(S)))xij(S)]dS

f .
+ f ek GOV (s + ) = Li(s)]ds

(o9

H

t
_ (" R _ (" R o
+ f (e ﬁ a,./.(v+a')dv —e fA aij(v)dv)(l,’j(S)X,’j(S)dS

H

' "k — " a®w)av
" f (e—fs ag(v+o)dv _ e fs (v ) Z Bf.‘j.(s)ﬁj(xkl(s))x,-j(s)ds

CreN,(i,))

H

' - tllR v+o0)av ol taR v)av
+ f (e |} afw+ora — e Jai )d) Z Cf-‘;(s)g,-j(xkl(s—Tkl(s)))xij(s)ds

CreN;(i,j)

t t !

8
=) Bij(o).

=1

H

H

H

(3.6)
(3.7)
(3.8)

(3.9)

(3.10)

(3.11)

When p > 2, it follows from Holder’s inequality (%, ’%2), Holder’s inequality (%, %) and (H,) that

B2ij(t) < I e—am(t—s) Z HBZI(S + o-)fij(xkl(s + O'))(.Xij(s +0)— Xl'j(S))HHdS

® CreN (i)
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!
+ f e~ =) Z HBf‘{]l'(S-f-O')(ﬁj(xkl(S'l‘O'))_fij(xkl(s)))xij(s)HHds
—00 CkZENr(i,j)
!
e[ 3 s - B
o0 CueN,i.j)
! P m PT_Z ' Ram " g %
S(f - ("“)ds) [f o ha (t—S)( Z 235.‘; Llfja'Hxij(S‘i'O')_Xij(S))“]HI) a’s]

CueN,(i.))

! p2 t b2

— P aM(t—s P _bme_ M P

+( f =l s)ds) [ f P L s>( > 28 L{,.a||xk,(s+a)—xk,(s)||H) ds]
e e CueN,(i.))

1 p=2 4 2

p=2 v 14
+ f e gs) | f (N AL B + o) - Bs)ds) ds|

CueN,(i.))

2-MNT(] [ o Ll
S( 14 ) ’ {[f P (f—S)( Z 2Bi.‘Jl.MLf.a||xij(s +0)— Xij(s))”H) ds]l
' . . ij
CrEN,(i,))
; 503
a f (N 2B el + o) - w(ls) ds|
- CueN; (i, ))
, JRT
—Pam(t—s :
+ [f e 7d"( )( Z 4Lifjaleg(s +0)— Bff;(s)|ds) dS] }
o CueN; (i, ))
2 — 4 ez ! m . % ! m
S( P ) g {[(f P (’_“)ds) (f Pl ("s)( Z ZBf;ML{aHxij(S +0)
amp oo o .. /
CreN (i)
p % % ! _Eam(t_s) % ' —Eam(t—s) kM 7 f
—Xij(S))”H) ds) ] + [( e 7 ds) ( et ( Z 2B;; L
—00 — CreN,(i,))

t t

P % % P _m % P m
X |[xu(s + o)) — sz(S)HH) ds) ] + [(f e 14 (’_S)ds) (f e 14" (=9)

P 1.2
(D ALelBGs + o) - B)) ds)z]”}
CuEN,(i.))
1

=M\ AN M " sl
Co) Lt 3 2o tnts sor-smom) o

o0 CrEN,(i,))

1

! g p >
+ I eH( N 2B Lalus + ) = w9l ds|

CueN(i.j)
t - P
+[ f et <H>( > 4L{;a2|Bf}(s+<f)—Bff(s)l) ds] } (3.12)
% CreN,(i.j)

for ij € A. Similarly, we have
1

2 _4 ijz 4 % v ! P, m . ;
By;(?) s( P ) ( p) {a?j[ f e (t_“)llxij(s+0')—xij(s)llﬁds]

amp aﬂ‘l oo
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‘ 1
+ 2a/[f e%am(t_s)ﬂcvlij(s +0) - Zlij(S)H%dS]p}, (3.13)

o0

20N\ 4N (" ey g Y
Bu (1) g( )" (=) [ eE (N 2 Lali(s + o) - wi (5Dl ) ds]
amp a’71p _

0 CrEN;(i,))

1

! p 5
+ [ f e H S)( D 20" Lallxu(s + o = Tuls + ) - xkl(s_Tkl(S))”H) dS]

CreNs (., j)
t Jm p %
- [ f ~fane- s>( D 4L§’ja2|C§‘}(s+a)—Cf-‘}(s))l) ds] } (3.14)
- CueN;(i, j)
and
2 4 L 4 [% ! P m ,
amp amp —co
forij e A.

Besides, combining with Holder’s inequality (% pr), Holder’s inequality (% %) and (H,) that

! !
Bsij(1) <2ia f e—“’”“-”( f |a§(v+a)—a§(v)|dv)ds

f p=2 t 1 4 2
D m p m 2 p
SZéf”a(f =L (t_s)ds)l [f e ia “‘”(f |a5.(v+0')—a§(v)|dv) ds]l
1 1 !
_(2p 4) ZVM [(f e Zam(’_s)ds)z(f e_iam(t_‘y)(f |a§~(v+o-)
N —00 S
P

—d (v)ldv) ds)]

-5 4\ . ! P
S( p ) ( ) 2&%&[[ e 14 (z—s)(f |a§~(v +0)— aﬁ-(v)ldv) ds] , (3.16)
amp amp . s

forij € A. In a similar way, one can get that

B 2p-4\7T( 4 v 4B 1) o2 " e [k Ro)\d pd :
6ij(1) 5( amnp ) (amp) Z ij ija[ o ( s (v + o) = @ V)l V) S] ’

CreN, (i, j)
(3.17)
2p—M\F 4\ ;
Biij(1) <( pm )1 ( - )p Z 4Ckl Lg 2[f o Fa"- s) f|al](v+0') a; (v)ldv) dS]
a'p @P7 cuenyig -
(3.18)

and

p=2 1 ¢ t 1
2p - 4 r 4 r _gam(t_y) R R p p P
By;(1) < e 4 : la;;(v + o) —a;Wdv | |I1;;(s)llyds| , 3.19)
amp ) \a"p) 1) s !
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forij € A. Hence, together with a change of variables, Fubini’s theorem, Holder’s inequality, (3.8) and
(3.13), we derive that

1 ﬁ+r
- f,; B} (ndt
_ -2 G+
S(2p 4)1’ 4 1 f
am"p atp \r 8

t 19p
+ 20,’|:f e_gam(t_s)”&ij(s + O') — Zlij(S)”ﬁdS]p] dt}

o0

2 4\P~ 2 8 B+r "
—( " ) { )= f f (s + 0) = xi(9)lEdsdt
amp
1 B‘H’ P, m
+ Qay'— fﬁ f e 1IN i(s + o) — Zlij(s)llﬁdsdt}
2p—4 p-2 8 5 oo /1 S+r
S( p ) {(é%)ﬂf o ha —s)(_f llxij(t + o) — x,-j(t)llﬁdt)ds
amp amp —00 r Ky

vel . 1 S+r
+ 2 f e e w‘”(; f ||é,~,-(t+a>—aij(r)nﬁdt)ds}

" 1
v M !
[aij f e 4a e S)llxl](s + O_) xl](s)”Hds

[ee)

2p—-4\yv28 (P,
~@lly (=) f e HBIQ (5)ds + puy
amp amp oo
where
1 S+r
A7 (s) ::—f lx(t + o) — x()||2,.dt
r S
and
2p— 4\ 4\
puy =2 L2 (o) caer, (3.20)
a"p a"p

and, together with a change of variables, Fubini’s theorem, Holder’s inequality, (3.6) and (3.12), we
derive that

1 +r
- f; By, (Hdt

2p —4 p—2 4 1 Btr d P m
S( 14 ) {_f [(f e 14 (t—s)( Z ZBk[ Lfa,“xlj(s + 0—) xlj(s))”H) dS)
amp a"p\r Jg -

o0 CreN,(i,))

1

1

! m M p »
+ ([ —*a (t— Y)( Z 2Bk]l Llj.;cy”xkl(s + 0') - xkl(s)”H) ds)

CueN; (i, ))

. ‘ P o\B1P
+( f s s>( 3 4L{jaz|3g(s+a)—3fj(s)|) ds) ] dt}

CueN, (i, ))

2 4 r=2 12 B+ ,
_( P~ { f f ~2am (- s) 2Bk1 Lfallx,J(s +0)— xij(s)”H) dsdt
am

CkIENr(l J)
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fﬁ f ~gan(- S> 23“ Lf allxu(s + o) - xkl(s)llH) dsdt
"Jp CkleN(u)
fﬁ f —fa'"(t s)
rJp CkIEN(lJ)
2p—4\2 12 LT
S( L ) ( D 2Bi-‘4“Lf-a) - f f e x(s + 07) = X(8) st
amp amp J 1] r 5 o

CrEN,(i,))

P B+r t > m
> 28U L f f e8I a(s + 0) = x(8)llmnd st
r B —0

CrEN, (i, ))

1 +r ! P m f P
+ - f e 1 ("S)(4an'l.joz26) dsdt]
rJg .

2 —4 p_2 12 M P ﬁ P m . 1 s+
(2= [ > 28"ho) f et f I + ) = K0l s
/ —00 r A

a"p amp

p
4L ?B(s + o) ~ B{?j.(s)|) dsdt}

CreN, (i, ))
klM f p lB P m . 1 s+r 4‘ f 2
+ 2B L o e 1" B9 = lx(t + o) — x(O)||gpmendt |d's + ——(dmnL! o*€)’
i ij r amp ij
CreN, (i, )) - §
2p —4\P2 24 roP on
i ald 2B [ o e EB=IQ (5)ds + poy,
amp p ij ij J
CrEN, (i, ) -
where
2p —4\P72 4 \2
p2is ::3( p ) ( )(4anf.a26)P. 3.21)
amp amp t

Moreover, based on a change of variables, Fubini’s theorem, Holder’s inequality, (3.7), (3.10) and
(3.14), we deduce that

1 +r
- f; B, (Hdt

2p —4 p—2 4 1 Btr d P m g ?
S( 14 ) {_ f [(f e 14 (t—s)( Z zckl Lg a/IIxU(S + O‘) Xl,(s))”H) )
amp arp\r Jg 00

CrEN; (. j)
t p 1
+ f et N 2 Lallau(s + o = s + ) = xuls = (oDl ds)
> CreEN,(i,j)
d Po\BTP
+ f (N ALRICHs + o) - Cl)ls) ds)' | dt}
e CreN;(i.))

2 4 - 2 12 ‘B+r m
_( P~ { f f -Lam (- s) 2Ckl Lg a'||x,j(s +0)— x,J(s))”H) dsdt
am am
CkIEN ()

G+r
f f o ha - S) Z 2C"l Liallxu(s + 0 = 7u(s + 0)) = xu(s = Tkl(S))HH) dsdt
Cu

eN(i,))
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fﬁ f 7am(t S)
rJp

p
AL5AICHGs + ) - Cs)) dsdt}

CkleN (l j)
2p —4\P72 12 Ber N
—( pm { f f i ” 20K LE allxi(s + o) — x,](s))IIH) dsdt
a CkleN (l ])
1 *r m P
+ = [2f e 74"~ s)( Z 2Ckl L. Lallxy(s + 0 = (s + o) = xu(s = (s + 0'))||H)
"B - CreN;(i,))
! m p
+2 f (N ACH L = s + o)) = xwls = (o)l ) ds dr
CreN(i, ))
G+r
f f §a"=s) 4ang a/ze) dsdt}
2 4 P2 12 Ber n
_( P P { f f ~an- S> 20" L (s + o) — x,J(s))nH) dsdt
“ CkIENs(l h)
1 +r 2 t—Tp(t+0) ) m p
+ fﬁ [ f e (’_H)( > 2 L allxu(u + o) - xkl(u)”H)
r B -7 —00 C .
WEN(L,))
kM 1 g ’ ' Pam(t—s) 4 g 2 P
+ 2( Z 2C L ae) e 4 ds]dt + —(4an o4 6)
CueN, (i) a"p
2 4 P2 12 Btr n
—( o { f f S ” 21" Liallxiy(s + o) = x,,(s))nH) dsdt
am al’l’l
CkIGN (@@.))

I[P 26k \
- fﬂ == f (3 e Lalts + ) — sl dsas
r 1-7 J_o

B - CreEN;(i, j)
8 4 ’
+ T( Z 2Cf.‘;Mijae) + —(4anga ) }
@P e arp
2p—4\"2 12 N YRS B
S( P ) [( Z 2Cf-‘;ML‘fja) f e+ (/H)(—f ||X(t+U)—X(I))HH'"X"df)dS
arp ) a"PR o S oo s
2 a T b om 1 S+r
¢ ( Z 201" L, ) f e 44 (‘”)(— f ||x(t+cr)—x(t)llﬁmxndt)ds
CEN(i,J) *© r s
8 4
+— 2Cf.‘;Mijae) + —(4ang a‘e ) ]
PR cyenid) ap
2p —4\"2 12 Dedd"T " P,
:( . ) (1 * le4 )( Z 2ij; ija) f e IO (s)ds + pyi
a’p arp “T NG o0
where
2p -4\ 4 2 g\ ¢ 2\ ]»
paiy =3 o= ) (amp) 2 Y 2czia) + (4marie’) Jer (3.22)

CreN(i,j)
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In view of (3.5), (3.8) and (3.15)—(3.19), we can easily obtain that

1 +r
- fﬂ 4lj(t)dt
B

IA

IA

o) ()
. . € 1= P4ijs
a-p a p

1 ,B+r
- ﬁ SU(t)dt
2p —4\"? 4 Brr "
S( P ) VM e 7" Y) Ial v+ 0)
amp am J

- afj(v)ldv) dsdt]

2p —4\P7% 4 P "
S( P ) (2a oze) f e 59" 5P s = Psijs
am"p a"p 0

1 G+r
- L BY, (Hdt
L2 3 e[ [T [ e
ap @P e
! p
X(f |a5-(v+0')—a§(v)ldv) dsdt]

— 4\P2 p [
<(2p 4) 4 ( E 4B]-<1-MLfaze) f e TS sPds = Déij
- m m ij iy Lj>
arp aple, 0

EN,(i.))
1 ﬂ+r
- fﬁ B!, (t)dt

e N e | LT e
- amp amp L ) r 5 oo

CreN;(i,j)

x( f v o) - ag(v)ldv)pdsdt]

2p _4 p—2 4 klM P 0 _p, m
S( ) ACE; Lf.a26) f e 1 sPds = prj
Z j i ; j

am am .
p PR cuemyig

and

1 B+r
; L‘ 81] (l’)dt

AIMS Mathematics Volume 7, Issue 4

2p-4V2 4 (P (1 T
( p ) f - (p- ”( f 1Lt + o) — Iij(t)||§ﬂdz)ds
amp amp J_o rJ,

(3.23)

(3.24)

(3.25)

(3.26)
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2 4 p-2 4 G+71 . »
_( Zm f f - s> f |a,](v+a)—a§(v>|dv) ||1,-j(s)||gdsdt]

2p —4\P2 4 B+r
Sep( p— ) [_f f —fad" (- S)(t S)p||llj(s)||pdsdt]
a"p arplr Jg e

2p—4y\2 4 =
_( i ) Il f S5 ds = py,
0

forij e A.

where 7 =

and

a"p

Consequently, combining with (3.11) and (3.20)—(3.27), we obtain
8 1 B+r
©7() < max {8 ; - f hj(r)dt}
B
<p+vy f e 1EIQT (5)ds,

6
p=8 ; maxipi;}

2p -4\ 4 [ 8 12
=8 max {( P ) [ Qa)’ + —@dmnL’ o?)"
ijeA amp amplamp amp Y

24 P 4 v
el 20" L) + = @mnLsady + — +|(2alla)
PR eyensip a@p a@p

p p
+( Z 4Bf.‘J’.ML£.a2) +( Z 4Cf;Mija2)

CreN,(i,j) CrEN(L,))

(o)
+||Iijlllv)vp]f e”“”s”ds]}e”
0

2p-4y2 12 (2, v\
y 8max{( PR) lGa@nreo Y 2B )

m m
ijeA amp a’p CreN,(i,j)
Lanr
N e 2CklMLga !
-7 ij ~ij ’
Cr€N(,))

By (H,), we have vy < 1. Thus, it follows from Lemma 2.3 that

1 G+r n
- f lx(t + o) = x|t < p——.
" JB n-vy

Hence, x € APWP(R, H™").
When p = 2, similar to the proof of the case of p > 2, one can obtain

AIMS Mathematics

B
Q7B <p+Yy f e TE=9Q7" (s5)ds,

(3.27)
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where 7 = <,
8
p =8 ZZ; rggg{pm}
6[ 4 6 - 12 2
= max {—[—m(za)2 + —@AmnLo?e)’ + —(2 Z c{f;Mija)
a a4 TN cyeniin
6 2 2 2
¥ (@dmnLsa®) + — + [(2&%) +( ) AL
“ “ CuENS (i)
M 2 0 _1_m
o e Lier) w I, f et Sszds]}ez
CueN(i.j) 0
and

- 4812 M 2
% :max{—[§ af‘}’)z +2( Z ZBi.‘; Lifja)

ijeh | a™ -
CreEN:(i,))

ze%am‘r klM g 2
+(1+ 1—7')( > ack Ll.ja)] .

CrEN;(,))

By (H,), we have ¥ < fj. Thus, it follows from Lemma 2.3 that

13

l ,8+r .
- f lx(t + ) = x(D)llgadt < P,
rJs n-vy

which means that x € APW?(R, H™"). The proof is complete. O

Definition 3.1. [I4] Let x be a solution of system (1.1) with the initial value ¢ and y be an arbitrary
solution of system (1.1) with the initial value s, respectively. If there exist positive constants A and M
such that

1X(1) = y(@O)llgn < Me™llp = lle, 1 € R,

where |l — Y|, = sup |le(t) — Y(t)|lgmn. Then the solution x of system (1.1) is said to be globally
te[-1,0]
exponentially stable.

Theorem 3.2. Assume that (H,)—(H3) hold, then system (1.1) has a unique W?-almost periodic solution
that is globally exponentially stable.

Proof. Let x(t) be the WP-almost periodic solution with the initial value ¢(¢) and y(#) be an arbitrary
solution with the initial value (). Taking

Zij(1) = xi(t) — yij(1),  &ij(D) = @;j(t) — ¢i;(¥), ij €N,
we have

2ij(t) = — a;j(D)z;;(1) — Z ijl-(t)(ﬁj(xkl(f))xij(f)

CreN (i, ))
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= FOuOwi0 = Y O = Tu®)i0

CreN(i,))
= &iju(t = Tu(®))yi (1), 1] €A (3.28)

For ij € A, we define the following functions:
— v M kM y f kyg  uth klyg
TLj(u) = " — u — (aij + > 4B Lha+ Y 2CHLSae ™+ Y 2CijLija/).
CLEN,(i.)) CreN;(i,)) CreN;(i,))
From (H3), we get
M k1M kM ..
My =a" = (af+ 3, 4B'Lia+ Y 4ci'Lia)>0, ijeA,
CreN(i.)) CreN;(i,))

Since II;;(u) is continuous on [0, +o0) and II;;(u) — —oco as u — oo, there exists {;; > 0 such that
I1;;(£;;) = 0 and I1;;(u) > O, for u € (0,¢;;), ij € A. Letg = IfI_li/I\l{{,-j}, then we have I1;;(¢) > 0,ij € A.
ije

Hence, we can choose a positive constant A such that 0 < A < min{g, a™} and II;;(1) > 0. Thus, one
has

I
(ar+ > 4L+ Y, 2ciLiae

m _ Ty
an -4 Cuel (ivj) CueNy(i.j)
v Y 2CkLie) <1, (3.29)

CrEN(,))

m

}, then by (H3), we have

where ij € A. Take a constant M = max 4
J ieA laM+ 2 4B T ot > 4ck™M 2 o

Ul cyemvin 4T sy W
M > 1. Thus,
1 1 M kM oy f ki M
N b g /]T[..
YA —/l(aij + Z 4Bij Ll.]a+ Z 2Cile.ja/e j
CuEN; (i, ) CreN(i,j)
+ Y 20 <0, ijeA (3.30)

CreN;(L, j)
From (3.28), we have
20 + a0z = = a0z = > BUO(f ) (0) = FiiGua®)yis()

CreEN:(i,))

- D CHO(gnu = T

CrEN;(L,))

— gt = Ty, ij € A. (3.31)

Multiplying both sides of (3.31) by eh B ang integrating over [0, 7], we have

(1) =g ()™ b O fo LA gz~ BIO(fiu) 0

CreN:(i.))
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— Fi0u@yy®) = Y ClO (gt = Ta@))xij0)

CrEN;(,))

- g0t = Tu@))ys0)|ds, ij € A

Hence, for any € > 0, it is easy to see that

We claim that

2Ol < (gl + €)™ < M(llpll + €)e™, Vit € (-7,0].

2Ol < M(IBlle + €)e™, Vi € [0, +00),

Otherwise, there exists * > 0 such that

and

2Nl = MUgll + €)™

~1 *
el < M(llBll- + €™, ¢ <t

From (3.29), (3.30) and (3.34), we get

t*
lzif(0)lls <l Olle™ " + fo e‘f‘“’”[a?f||zi,~<s)||m+ > Bl

AIMS Mathematics

CreN (i)

X (Ilfj(xkz(t))(xij(t) = Vi)l + [I(fij(xia(0)) = fij(ykl(t)))yij(t)”H)
+ Z C'd(t) IIgU(xkz(t = T(0)(xi(1) = yij (D)l

CreN;(i,j)

+ 1181 Caualt = Ta(1))) = gijGualt = T ®N)yij (D) |ds

t*
—aMm* (15— mf klM "
<ol + 0™ + Mg+ o) [ (@l + Y 4By Ll
0

CreN, (@i, ))
kly & ; kly & -As
+ Z ZCUL”ae i+ Z 20 L5 ) ds
CrEN;(L,]) CrEN;(L, ))
—Ar* (A-ad™)r*
W ™ e (l-e M om
<l + 9 ¢+ Mgl + & ——————a
+ > 4B e+ Y 2ClLSae™ + Y 20 )
CrEN,(i,)) CrEN;(i,)) CrEN;(i,))
(/l—a’”)t* 1 _ (/l_am)t*
_ | € € M kM v f
Mgl + e |+ e —(al Y 4B Lla

CreN: (i, ))

+ > 2CHLbae™ + Y 20 )]

CrEN;(i,)) CreN;(i,))

(3.32)

(3.33)

(3.34)
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1yl 1 y
-2 v M ki
=M(||¢|l. + €)™ [(M - ﬂ(a,.j + > 4Bl
CueN, (i, ))
M * 1
kly 8 i kly8 (A—a™)t v M
v Y acliaet + Y acliLia ) +—am_ﬂ(a,j
CrieN,(i, ) CueN;(i.))
b 4B Las Y 2CHIRee 4 Y 2ckIfol)|
CueN; (i, j) CueN;(.j) CueN;(i.j)

<M(||gll; + )™, ijeA,

which contradicts the Eq (3.33). Hence, (3.32) holds. Letting € — 0%, from (3.32), we have

(D)l < MlI@llce™, V1> 0.

Therefore, the W?”-almost periodic solution of system (1.1) is globally exponentially stable.

completes the proof.
4. A numerical example

Example 4.1. In system (1.1), let i, j = 1,2, r = s = 1 and take

xij(1) = x5(0) + ix[;() + jx} (1) + kx(1) € H,

an () = 32sin®(V3t) + zg cos(2t) — j= s1n( V51) + kﬁ cos2(31),

ax (1) = 39 'cos( V2 r)] - z— sin(2f) + J% sin2(V71) + k% cos(?),

1 1
ap(t) = 33 cos*(t) — i? sin(5¢) — jZ cos*(V51) + k8 cos*(31)

an(t) = 37sin*(V3 t)+l— cos(7t) — ]£ sin( V11, t)'+k cos?(51),

() = i sin®(V26), T12(f) = —cos 2(V30), 101(H) = — sm (\/Et) 0t = L gint (ﬁt)

29

Byi(t) = —|cos( V20), By (f) = —sm(4t)+ l1921(t) §s1n(2t)+1 Bos(t) = —sm 2(V51),

C11(t) = cos(V31) + 3, Cia(t) = | sin( V51)|, Ca1(£) = 2 sin®( V71), Coo(t) = —sm(2t)+z1

3 1
fir(x) = fia(x) = —sm( xR+ ‘6f K)—IS‘ ;/_ \F +k s1( f)
fo1(x) = fra(x) = %‘?x’ + ﬁx’{ - ‘% sin(%xR + gxl() + kg sin(éx(i),
gn(x) = gn(x) = %m (ﬂx") - zﬁsm(Zx )+ ﬁsm(%x’ + Zx’),

This
O
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V3

V2[1 , 2 :
81(x) = gn(x) = — —x’ T — lm

7 1
ol 5 sin(ng + x5 + J5y sin(4 V2R,

4 2 1
L1(0) = Ly(t) = V2sint + ige_ltl + kT\/_ cos(it),

2 1
Ln(0) = In(t) = iT‘/_ sin V21 — j§ cos 2t + ke M.

By computing, we obtain

3 1 9 8
f fo_ f fo_ _ _ _ _
L11 le E’LZI Lzz - E’Lfl - L}fz 2_0’L§1 - ng ﬁ’
m . 1, 2. 5 . 7 1, 1
a :32,a1]‘/{:E,agzg,a%:E,a%:E,T:E,T ZE’

Bl= Y = Y B= Y B -a

CueN1(1,1) CreN(1,2) CueN1(2,1) CrEN1(2,2)
kM _ kM _ kM _ kM _
E ¢ = Z Cy = Z Gy = Cp =8.
CreN(1,1) CueN1(1,2) CueN1(2,1) CueN1(2,2)

Choose a constant o = % > ||¢°]lee, for i, j = 1,2, we obtain that
2
K = max —[zz,.M + > 2B la+ 2cjf?ML$.a] = 0.06875 < .
ijEA am J o J 1] o J 7]
CreN, (i, )) CrEN(,))

Fori, j=1,2, take p = 3, it is easy to obtain that

INE vy Y
max {96(—) saiy 2 Y 28Y1e)

ijeA 3a™

CreN:(i,))
ze%a’”r WM g 3
+(1+1 )( > ack Ll.ja/)] = 0.0016 < 1.
T e
Take p = 2, we have
2\2[2 )2
max{24(—m) g(é?j)%z( > 2B§jML{ja)
ijeh a CuEN (i,))
1 2t 21t a) 1\ = 02832 < 1
(170 X 2k rge) | =282 <

CrEN;(i,))

Thus, conditions (H,)—(H4) of Theorems 3.1 and Theorems 3.2 are satisfied. Hence, system (1.1) has a
unique WP-almost periodic solution that is globally exponentially stable (see Figures 1, 2).
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Figure 1. Curves of (x|, (r), x' ()" of system (1.1) with the initial values (x!,(0), x!,(0))" =
(17 _2)T7 (Sa _4)T7 (5’ _S)T, (77 _7)T’ (97 _9)T7 1= Ra L J’ K.

80

60 100
t t

Figure 2. Curves of (x},(2), x5,(1))" of system (1.1) with the initial values (x},(0), x3,(0))" =
(_89 _I)Ta (_9a _3)T, (59 _S)Ta (77 _2)T9 (9’ 4)T9 1 = Ra I, J’ K

Remark 4.1. No known results are available to give the results of Example 4.1.
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5. Conclusions

In this paper, the existence and global exponential stability of Weyl almost periodic solutions for a
class of quaternion-valued neural networks with time-varying delays are established. Even when the
system we consider is a real-valued system, our results are brand-new. In addition, the method in this
paper can be used to study the existence of Weyl almost periodic solutions for other types of neural
networks.
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