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Abstract: In the philosophy of rough set theory, the methodologies of rough soft sets and rough
fuzzy sets have been being examined to be efficient mathematical tools to deal with unpredictability.
The basic of approximations in rough set theory is based on equivalence relations. In the aftermath,
such theory is extended by arbitrary binary relations and fuzzy relations for more wide approximation
spaces. In recent years, the notion of picture hesitant fuzzy relations by Mathew et al. can be considered
as a novel extension of fuzzy relations. Then this paper proposes extended approximations into rough
soft sets and rough fuzzy sets from the viewpoint of its. We give corresponding examples to illustrate
the correctness of such approximations. The relationships between the set-valued picture hesitant fuzzy
relations with the upper (resp., lower) rough approximations of soft sets and fuzzy sets are investigated.
Especially, it is shown that every non-rough soft set and non-rough fuzzy set can be induced by set-
valued picture hesitant fuzzy reflexive relations and set-valued picture hesitant fuzzy antisymmetric
relations. By processing the approximations and advantages in the new existing tools, some terms and
products have been applied to semigroups. Then, we provide attractive results of upper (resp., lower)
rough approximations of prime idealistic soft semigroups over semigroups and fuzzy prime ideals of
semigroups induced by set-valued picture hesitant fuzzy relations on semigroups.
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1. Introduction

Most of the many concepts in our everyday life are vagueness than exact. In the notion of set theory,
another topic discussed in association with the notion of a set is vagueness [1,2]. Consequently,
vagueness is the property of sets and can be viewed as a nettlesome problem for computer science,


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2022160

2892

machine learning, artificial intelligence. Moreover, vagueness may be common sense reasoning based
on natural language. Rough set theory can be viewed as a specific implementation of such an idea of
vagueness. The basic of rough (inexact) sets and approximation spaces was proposed by Pawlak [3]
in 1982. Based on an equivalence relation, rough set theory expresses vagueness on the assumption
that any vague (imprecise) concept is replaced by a pair of crisp (precise) concepts so-called the upper
and the lower approximation. The following model briefly describes basic concepts in rough set theory.

For a given non-empty universal set V and an equivalence relation £ on V, (V, E) is denoted as a
Pawlak’s approximation space, and [v]g is denoted as an equivalence class of v € V induced by E. In
the following, let (V, E) be a given Pawlak’s approximation space and let X be a subset of V. Upon a
collection of all equivalence classes generated by all elements in V, Pawlak suggests an approximation
pattern as the following. The set

IX1e = [ Ji0le: bl n X £ 0)

veV

is said to be an upper approximation of X within (V, E). The set

1X1e = [ i Dle € X)
veV
is said to be a lower approximation of X within (V, E). A difference [ X|g —| X ] is said to be a boundary
region of X within (V, E). As introduced above, such sets are obtained the following interpretation.

e The upper approximation [ X]g of X contains all objects which possibly belong to X. In this way,
a complement of [ X is said to be a negative region of X within (V, E).

e The lower approximation | X ]z of X consists of all objects which surely belong to X. In this way,
such the set is said to be a positive region of X within (V, E).

e [X|g — | X is a set of all objects, which can be classified neither as X nor as non-X using E.

In what follows, a pair ([Xg, [ X]g) is said to be a rough set of X within (V,E) if [X|g — [ X]gisa
non-empty set. In this way, X is said to be a rough set. X is said to be a definable (or an exact) set
within (V, E) if [X g — | X | is an empty set.

Observe that rough set theory expresses vagueness by employing a boundary region of a set. If the
boundary region of a set is empty it means that the set is crisp, otherwise, the set is rough. Moreover,
a non-empty boundary region of a set means that our information (or knowledge) about the set is not
adequate to define the set accurately.

Based on Zadeh’s fuzzy set theory [4], one of the developments of Pawlak’s rough set theory in
terms of fuzzy set theory is the rough set approach provides tools for approximate construction of
fuzzy membership functions. In particular, the notion of rough fuzzy sets was introduced by Dubois
and Prade [5] in 1990. Observe that a rough fuzzy set is the approximation of a fuzzy set in a crisp
approximation space.

Generally, to select the optimal objects for a decision problem of knowledge containing
uncertainties, Molodtsov’s soft set theory [6] is one of the powerful mathematical tools for dealing
with such problems. A wide range of soft set theory based on Pawlak’s rough set theory has been
discovered in the notion of rough soft sets by Feng et al. [7]. In other words, it has been shown that the
rough set approach can be used for the approximation of a set of approximate elements (or alternative
objects) of a soft set.
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The fundamental of a Pawlak’s approximation space is induced by equivalence relations, but it
has been extended to arbitrary binary relations and fuzzy binary relations (or fuzzy relations) (see
e.g., [8—13]). Observe that the several definitions of relations between two objects of knowledge can
be generated many extended approximation spaces. The concept of fuzzy relations was also proposed
by Zadeh [14] as an extension of the classic relationship. In rough set theory, approximations are
two basic operations in approximation spaces. Therefore, one of searching for approximations in
extensions, it is better to define basic notions of rough set theory in terms of extended fuzzy relations.

Due to the extension of fuzzy set theory, in 1983, Atanassov [15] proposed a generalization of
Zadeh’s fuzzy sets so-called intuitionistic fuzzy sets. When fuzzy sets give the degree of membership
of an element in a set, intuitionistic fuzzy sets give a degree of membership and a degree of non-
membership. In addition, the sum of two memberships is less than or equal to 1. Next, the notion
of intuitionistic fuzzy relations was given by Burillo and Bustince [16] in 1995. In development
continuously, there are two interesting extensions of Atanassov’s intuitionistic fuzzy sets as follows.
Neutrosophic sets introduced by Smarandache [17] in 2005, which is a generalization of fuzzy sets
and intuitionistic fuzzy sets. It is characterized by a truth membership function, an indeterminacy
membership function, and a falsity membership function. Besides, all memberships are subsets of the
nonstandard unit interval. Cuong [18] introduced an extension of intuitionistic fuzzy sets so-called
picture fuzzy sets in 2014. The notion of picture fuzzy relations was also proposed. A picture fuzzy
set expresses a degree of positive, neutral, negative memberships. Further, there is a restriction that the
sum of these three grades is less than or equal to 1.

In 2010, Torra [19] introduced an extension of Zadeh’s fuzzy sets so-called hesitant fuzzy sets. In
the management of uncertain information, the hesitant fuzzy set is used to deal with group decision-
making problems when experts have a hesitation among several possible memberships. Observe that
Smarandache’s Neutrosophic set is a generalization of hesitation fuzzy sets. In a different line, the
concept of hesitant fuzzy preference relations was proposed by Zhu [20] in 2013. This is a powerful
tool for group decision-making, and it is widely applied in many fields under evaluating problems
(see e.g., [21-23]).

The combination of picture fuzzy sets and hesitant fuzzy sets was proposed by Wang and Li [24]
in 2018. They introduced the notion of picture hesitant fuzzy sets based on properties of picture fuzzy
sets and hesitant fuzzy sets. In recent years, Mathew et al. [25] introduced the notion of picture hesitant
fuzzy relations in terms of picture hesitant fuzzy sets. This notion is an extension of fuzzy relations
under the context of set-valued functions and fuzzy logic. Observe that the notion of picture hesitant
fuzzy relations can be used for two extended approximation operations in the sense of rough set theory.

In applicability, rough set theory can solve uncertainty problems in information systems (see e.g.,
[2,26,27]), and it can be regarded in mathematical systems (see e.g., [10—13,28-45]). Especially, in
semigroups, completely prime ideals, fuzzy prime ideals, and prime idealistic soft semigroups were
approximated in rough set theory. In 2006, Xiao and Zhang [28] introduced the notion of upper and
lower rough approximations of completely prime ideals and fuzzy prime ideals of semigroups induced
by congruence relations. In 2016, Wang and Zhan [35] proposed the notion of upper and lower rough
approximations of completely prime ideals and fuzzy prime ideals of semigroups based on special
congruence relations. In 2017, Wang and Zhan [36] proposed the notion of upper and lower rough
approximations of prime idealistic soft semigroups based on special congruence relations. In 2018
and 2019, Prasertpong and Siripitukdet [10-13] introduced the concept of upper and lower rough
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approximations of completely prime ideals of semigroups based on arbitrary binary relations and fuzzy
relations.

According to literature, based on picture hesitant fuzzy relations, this paper first constructs two
approximation operations to rough soft sets and rough fuzzy sets together with a corresponding
example in Section 3. Next, the relationships of the upper (resp., lower) rough approximations with
set-valued picture hesitant fuzzy relations are provided. In Section 4, by making use of the novel
models above, outcomes develop to semigroups. Results of upper (resp., lower) rough approximations
of prime idealistic soft semigroups over semigroups and fuzzy prime ideals of semigroups induced by
set-valued picture hesitant fuzzy relations on semigroups are verified. Besides, rough approximations
models in the view of soft semigroup homomorphism problems are discussed in detail. In the end,
some discussion and conclusions are summarized in Section 5.

2. Preliminaries

In this section, let us first recall some basic notions and properties which will be necessary for
subsequent sections.

Throughout this paper, K, V and W denote non-empty sets, and £(V) represents a collection of all
subsets of V.

2.1. Some essential attributes in semigroups

Definition 2.1. [46] Let = be a given binary operation on V. Recall that a semigroup is denoted by
an algebraic system (V, x), where = is associative. For simplicity, we shall write V instead of (V, *). In
the following, if (V,*) is a semigroup, then V = v is denoted by Vv for all v,v € V. Given two non-empty
subsets X and Y of a semigroup V, the product X = Y (simply XY ) is defined by

XY={Ww:veXandveY}

Definition 2.2. [47] Let V be a semigroup, and let X be a non-empty subset of V.
(i) X is said to be a subsemigroup of V if XX C X.
(ii) X is said to be a left ideal of V if VX C X.
(iii) X is said to be a right ideal of V if XV C X.
(iv) X is said to be an ideal of V if it is a left ideal and a right ideal of V.
Definition 2.3. [48] Let V be a semigroup. An ideal X of V is said to be a completely prime ideal of

V if it satisfies the property that for all v,v € V, if v € X, then v € X or v € X.

2.2. Some properties of fuzzy sets

Definition 2.4. [4] f is said to be a fuzzy subset of V if it is a function from V to the closed unit
interval [0, 1]. Specifically, 1y is denoted as a fuzzy subset of V defined by 1y(v) = 1 for all v €V,
and Oy is denoted as a fuzzy subset of 'V defined by Oy(v) = 0 forall v € V.

Definition 2.5. [4] Let f and g be fuzzy subsets of V.
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(i) f C g is denoted by meaning f(v) < g(v) forallv € V.

(ii) A fuzzy set intersection of f and g is denoted by f N g, where (f N g)(v) is a minimum value of
f(v) and g(v) (simply f(v) A g(v)) forallv e V.

(iii) A fuzzy set union of f and g is denoted by f U g, where (f U g)(v) is a maximum value of f(v) and
g) (simply f(v) V g(v)) forall v € V.

(iv) A fuzzy set complement of f is denoted by f', where f’ is a function from V to [0, 1] defined by
f0)=1=fW) forallveV.

Definition 2.6. [26] Let f be a fuzzy subset of V and ¢ € [0, 1]. The set
VO =y e Vi f(v) > )

is said to be an t-strong level set of f.

Definition 2.7. [49] Let f be a fuzzy subset of a semigroup V. f is said to be a fuzzy ideal of V if
fv) > f(W) Vv fV) forall v,v € V.

Definition 2.8. [28] Let f be a fuzzy subset of a semigroup V. A fuzzy ideal f of V is said to be a fuzzy
prime ideal of V if f(vv) = f(V) or f(¥V) = f(V) forall v,v € V.

Proposition 2.1. [28] Let f be a fuzzy subset of a semigroup V. Then f is a fuzzy ideal (resp., a fuzzy
prime ideal) of V if and only if for all v € [0, 1]; if VY is non-empty, then VYU*+>) is an ideal (resp., a
completely prime ideal) of V.

Definition 2.9. [/4] Based on Definition 2.4, an element in a collection of all fuzzy subsets of VX W
is said to be a fuzzy relation from V to W. Given a fuzzy relation R from V to W and elements v € 'V,
w € W, the value R(v,w) in [0, 1] is a membership grade of the relation between v and w based on R.

Definition 2.10. /50,51] Let R be a fuzzy relation from V to V.
(i) R is said to be a classical fuzzy reflexive relation if R(v,v) = 1 forall v € V.
(ii) R is said to be a classical fuzzy symmetric relation if R(v,v) = R(v, V) for all v,v € V.

(iii) R is said to be a classical fuzzy transitive relation if it satisfies

R, v) > sup{min{R(¥, v), R(v, V)}}

veV

forallv,veV.

(iv) R is said to be a fuzzy equivalence relation if it is a classical fuzzy reflexive relation, a classical
fuzzy symmetric relation and a classical fuzzy transitive relation.

Definition 2.11. [52] Let R be a fuzzy relation from V to V. R is said to be a classical fuzzy perfect
antisymmetric relation if for all v,v € V,R(V,v) > 0 and R(v,V) > 0 imply Vv = V.

Definition 2.12. [49] Let V be a semigroup, and let R be a fuzzy relation from V to V. R is said to be
a classical fuzzy compatible relation if for all v, v,V € V, R(vv,vv) > R(V, V) and R(vv, vw) > R(V, V).
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Throughout this paper, $([0, 1]) represents a collection of all subsets of [0, 1].

Definition 2.13. [24] Let V be a finite set. f := (f~, f*, f*) is said to be a picture hesitant fuzzy set
on Vif f~, f* and f* are functions from V to P([0, 1]) together with the property that

0 < sup{f~(v)} + sup{f*()} + sup{f*(v)} < 1 2.1

forallv e V. Forv eV, f~(v), f*(v) and f*(v) are three sets of several values in [0, 1], representing the
potential negative, neutral, and positive membership degrees, respectively.

Definition 2.14. [25] Let V and W be finite sets. Based on Definition 2.13, an element in a collection
of all picture hesitant fuzzy sets on V X W is said to be a picture hesitant fuzzy relation from V to W.

2.3. Some essential definitions of soft sets

Definition 2.15. [6] Let A be a non-empty subset of K. If F is a mapping from A to P(V), then (F, A)
is said to be a soft set over V concerning for A. As the understanding of the soft set, V is said to be a
universe of all alternative objects of (F,A), and K is said to be a set of all parameters of (F, A), where
parameters are attributes, characteristics or statements of alternative objects in V. For any element
a € A, F(a) is considered as a set of a-approximate elements (or a-alternative objects) of (F, A).

Definition 2.16. /53] Let A be a non-empty subset of K.

(i) A relative null soft set over V with respect to A is denoted by Ny, := (04, A), where Q4 is a set
valued-mapping given by 04(a) = 0 for all a € A.

(ii) For a soft set & := (F, A) over V with respect to A, a support of § is denoted by Supp(¥), where

Supp®& :={a€A: F(a) % 0}.
(iii) A relative whole soft set over V with respect to A is denoted by Wy, := (V4,A), where V4 is a set
valued-mapping given by V4(a) =V for all a € A.

(iv) If & := (F,A) is a given soft set over V, then a relative complement of § is denoted by C(¥) :=
(F¢,A), which is a soft set defined by F(a) =V — F(a) for all a € A.

Definition 2.17. [53] Let § := (F,A) and ® := (G, B) be two soft sets over a common alternative
universe with respect to non-empty subsets A and B of K, respectively.

(i) & is a soft subset of ®, denoted by § € ®, if A C B and F(a) C G(a) for all a € A.
(ii) Fis equalto ®© if € G and ® € §.

Definition 2.18. [54] Let § := (F,A) and ® := (G, B) be two soft sets over a common alternative
universe with respect to non-empty subsets A and B of K, respectively.

(i) A restricted intersection of & and ®, denoted by & M ©, is defined as a soft set (H,C), where
C=ANBand H(c) = F(c) N G(c) forall c € C.

(ii) A restricted union of & and ®, denoted by ¥ VU ®, is defined as a soft set (H,C), where C = AN B
and H(c) = F(c) U G(c) forall c € C.
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(iii) An extended intersection of § and ®, denoted by § M ©, is defined as a soft set (H,C), where

C=AUBand
F(c) ifceA-B,
H(c) = 1G(c) ifce B—A,
Flc)nG(c) ifceANB
forall c € C.
(iv) An extended union of § and ®, denoted by ¥ U ©, is defined as a soft set (H,C), where C = AU B
and
F(c) ifceA-B,
H(c) = {G(c) ifce B-A,
Flc)uG(c) ifceANB
forall c € C.

(v) A restricted difference of & and ®, denoted by § © ®, is defined as a soft set (H,C), where
C=AnNnB#0and H(c) = F(c) — G(c) forall c € C.

Definition 2.19. [55] Let § := (F,A) and ® := (G, B) be two soft sets over a semigroup V with respect
to non-empty subsets A and B of K, respectively. A restricted product of § and ®, denoted by §® ®, is
defined as a soft set (H,C), where C = AN B and H(c) = (F(c))(G(c)) for all c € C.

Definition 2.20. [36] Let & := (F,A) be a soft set over a semigroup V with respect to a non-empty
subset A of K.

(i) & is said to be an idealistic soft semigroup if F(a) is an ideal of V for all a € Supp?y.
(ii) & is said to be a prime idealistic soft semigroup if F(a) is a completely prime ideal of V for all
a € Suppy.

Definition 2.21. [56] Let & := (F,A) be a soft set over a semigroup V with respect to a non-empty
subset A of K. ¥ is said to be a soft semigroup if F(a) is, if it is non-empty, a subsemigroup of V for all
acA.

Definition 2.22. [56] Let § := (F,A) be a soft semigroup over a semigroup V with respect to a non-
empty subset A of K, and let ® := (G, B) be a soft semigroup over a semigroup W with respect to a
non-empty subset Bof K. If ® : V. — W is an epimorphism and 2 : A — B is a surjective function such
that O(F(a)) = G(Z(a)) for all a € A, then (0O, E),, is said to be a soft homomorphism from § to ®.

2.4. Variations of rough sets

Definition 2.23. [5] Let (V, E) be a Pawlak’s approximation space, and let f be a fuzzy subset of V.
An upper rough approximation of f within (V, E) is defined by the fuzzy subset " f ' of V, where

") = sup{f(V) : v € [V]g)

for all v € V. A lower rough approximation of f within (V, E) is defined by the fuzzy subset f 1 of V,
where

L fap(0) = inf{f(¥) : v € [V]£}
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forall v € V. f is said to be a definable fuzzy set within (V,E) if " f g = Lf g, otherwise f is said to
be a rough fuzzy set within (V, E).

Definition 2.24. [7] Let (V, E) be a Pawlak’s approximation space, and let & := (F,A) be a soft set
over V. An upper rough approximation of & within (V, E) is denoted by &g := (Flg,A), where

Flg(a) = [F(a)e

forall a € A. A lower rough approximation of & within (V, E) is denoted by &g := (F g, A), where

Flg(a) = [F(a)le

forall a € A. ¥ is said to be a definable soft set within (V, E) if g = §lg; otherwise & is said to be a
rough soft set within (V, E).

Definition 2.25. [10] Let R be a fuzzy relation from V to W, and let « € [0, 1]. For an element v € V,
g :=tweW:R(y,w) 2 al

is said to be a successor class of v with respect to a-level based on R.

Definition 2.26. [10] Let R be a fuzzy relation from V to W, and let a € [0, 1]. For an element v € V,
DIRe =W EV Vg = (Mol

is said to be a core of the successor class of v with respect to a-level based on R. [V, is denoted as
a collection of [vIg, forall v € V.

Definition 2.27. [10] If @ € [0,1] and R is a fuzzy relation from V to W related to [V]§,, then
(V. W,[V]Z,) is said to be an approximation space based on [V]g,.

Definition 2.28. [10] Let (V, W, [V];’;ﬂ) be an approximation space based on [V]ICSQ, and let X be a

CcS

non-empty subset of V. An upper approximation of X within (V, W,[V1y’ ) is denoted by [X1y ,, where

IXTe, = |5, « g, 0 X # 0},

veV

A lower approximation of X within (V, W, [V];;ﬂ) is denoted by LXJ;S,(Z, where

X IR = IR, I, € X,

veV

A boundary region of X within (V, W, [V]j”éa) is defined by [X'lj’efw - LXijﬂ. We say that ([X];fa, I_Xjféa)
is a rough set of X within (V, W, [VIg ) if [X1, — LX I, is a non-empty set. X is said to be a definable

set within (V, W, [V];';"a if[X'I;gfa - LXJ;TQ is an empty set.
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3. Rough soft sets and rough fuzzy sets induced by set-valued picture hesitant fuzzy relations

In this section, we first develop the character of the picture hesitant fuzzy set under infinite sets.
We can use it to build some properties of a picture hesitant fuzzy relation. We construct rough
approximation models for soft sets and fuzzy sets induced by picture hesitant fuzzy relations. Then we
can also use it to give some properties related to upper (resp., lower) rough approximations of soft sets
and fuzzy sets.

Throughout the entire remainder, A and B are two non-empty subsets of K such that A N B is
non-empty.

According to Definition 2.13, a universal set is defined as an infinite set in this work. For picture
hesitant fuzzy sets f := (f~,f*, f") and g := (g7, g%, ¢") on V, an inclusion relation of f and g is
defined as follows:

[ S gif f7(v) 28 (W), f*(v) = g~ (Gff f*(v) 2 g°(v) and f*(v) € g"(v)) and f7(v) € g" (V)

for all v € V. Furthermore, given two elements (a, 8), (v, ) € P([0, 1]) X P([0, 1]), we define set-valued
relations of (a, ) and (v, 0) as follows:

(1) (a,p) = (y,0)ifa=vyandp = 6;
(ii) (a,B) Sy (y,6)if @ 2y and B C 6.

Applying Definitions 2.10 and 2.11 to progress, we shall introduce some types of a new picture
hesitant fuzzy relation on a single universe as Definition 3.1 below. In order to find the maximum value
in [0, 1] of relationships between two elements based on Definitions 2.13 and 2.14, inequality (2.1) is
redefined that for all v € V, there exists w € W such that

max{sup{R™ (v, w)}, sup{R*(v, w)}, sup{R* (v, w)} = 1. (3.1)

Then (R™,R*,R") is called a set-valued picture hesitant fuzzy relation from V to W. Observe that
there exist functions R, R* and R* from V X W to $([0, 1]) such that the supremum of membership
degrees is 1.

Definition 3.1. Let R := (R™, R*, R") be a set-valued picture hesitant fuzzy relation from V to V.
(i) R is called a set-valued picture hesitant fuzzy reflexive relation if

e R"(v,v) =1[0,1] forallv eV,
e R*(v,v) is either (0, 1] or the others in {(0, 1), [0, 1)} for all v € V,
e RF(v,v) =0 forallveV.

(ii) R is called a set-valued picture hesitant fuzzy symmetric relation if

e R*(V,v) = R*(W, V) for all v,v € V;
e R*(V,v) = R*(V, V) forall v,v € V,
® R-(V,v) = R-(,V) forall v,v € V.

(iii) R is called a set-valued picture hesitant fuzzy transitive relation if
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o U,oy(R*(%,v) N R*(v,¥)) C R* (¥, V) for all ¥,V € V;
o Uy (RE(%,v) N RE(W, V) € RE(H,V) € Ny (REW, v) U RE(v, V) for all v, € V;
e Nyey(R-(P,v) UR(v,V)) 2 R(¥,V) for all v,V € V.

(iv) R is called a set-valued picture hesitant fuzzy antisymmetric relation if

e forallv,v e V,if R*(v,V) # 0 and R*(v, V) # 0, then V = v,
e forallv,v €V, if R*(V,V) and R*(V, V) is neither O nor [0, 1], then v = v;
e forallv,v eV, ifR"(v,v) # [0, 1] and R~ (v,v) # [0, 1], then v = V.

(v) R is called a set-valued picture hesitant fuzzy equivalence relation if it is a set-valued picture
hesitant fuzzy reflexive relation, a set-valued picture hesitant fuzzy symmetric relation and a set-
valued picture hesitant fuzzy transitive relation.

According to Definition 3.1, we assume that a set-valued picture hesitant fuzzy relation R :=
(R™,R*,R") from V to V is defined by square matrix representations R;,, R}, R}, as follows:

Ry 1= iy = R v Ry 1= 91 o= REi v Ry = | Vi 1= R* (i v))| € M(PA10, 1])),

where
) 0 if i > j,
Vij = e
[0,1] ifi<
. 0,11 ifi>
Vij = e
0 ifi<j
and

{[0, 1] ifix

Vij = o .

0 ifi <.
Therefore, it is easy to verify that R is a set-valued picture hesitant fuzzy reflexive relation, a set-valued
picture hesitant fuzzy transitive relation and a set-valued picture hesitant fuzzy antisymmetric relation.
As expressed above, observe that during the evaluating process of each relationship between
two elements of V in this simple example, however, these possible memberships maybe not only
crisp values in [0, 1], but also interval values (or subsets of [0, 1]). In addition, we see that there
exist approximation functions R~, R* and R" such that relationships between two elements have the

maximum value belongs to [0, 1], which it satisfies Eq (3.1).

Definition 3.2. Let R := (R™,R*,R") be a set-valued picture hesitant fuzzy relation from V to W, and
let (a,B) € P[0, 1) X P([0, 1]). For an element v € V, we call

Wik@p =weW: R (v,w)Ca,0C R*(v,w) C [0,1] and R*(v,w) 2 B, }

a successor class of v with respect to (a, 8)-inclusion based on R. We generally denote by [V]‘;’(aﬁ) a

collection of 1k @ fOT allveV.

Proposition 3.1. If R := (R™,R*,R") is a set-valued picture hesitant fuzzy reflexive relation from V to

Vand (a,B) € P[0, 1]) X PO, 1]), then v € [v];’(aﬁ)for allveV.
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Proof. Suppose that R is a set-valued picture hesitant fuzzy reflexive relation from V to V and («,B) €
P[0, 1]) X P([0, 1]). Let v € V be given, then

R (v,v)=0Caand R*(v,v) =[0,1] 2.

Next, we consider the following three cases.
Case 1. If R*(v,v) = (0, 1], then ® c R*(v,v) C [0, 1].
Case 2. If R*(v,v) = (0, 1), then @ C R*(v,v) C [0, 1].
Case 3. If R*(v,v) = [0, 1), then ® C R*(v,v) C [0, 1].

This implies that v € [v]3 @p)" ]

Definition 3.3. Let R := (R, R*,R") be a set-valued picture hesitant fuzzy relation from 'V to W, and
let (a,pB) € P10, 1]) X P([0, 1]). For an element v € V, we call

WR@s =1V €V Dr@p = Drep)

a core of the successor class of v with respect to (a,f)-inclusion based on R. We shall denote by

[V] a collection of [v] forallveV.

cs cs
R,(a.,8) R.(a.B)

Due to Definition 3.3, the following two statements hold.

Proposition 3.2. If R := (R™,R*,R") is a set-valued picture hesitant fuzzy relation from V to W and
(a,B) € P[0, 1) x P([0, 1]), then v € [v];s’(aﬂ)for allv e V.

Proposition 3.3. If R := (R, R*,R") is a set-valued picture hesitant fuzzy relation from V to W and
(a,B) € P[0, 1]) X P([0, 1]), then the following two arguments are equivalent.

(i) ¥ € V)3, for all 9,9 € V.
(i) (915 ) = V)5 0y fOr all 9,0 € V.

Remark 3.1. Propositions 3.2 and 3.3 indicate that if R :== (R™, R*, R") is a set-valued picture hesitant

fuzzy relation from V to W and (a, 8) € P([0, 1]) X P([0, 1]), then [V];f(aﬁ) is the partition of V.

For Propositions 3.4 and 3.5 in the following, proofs are straightforward.

Proposition 3.4. If R := (R™,R*,R") is a set-valued picture hesitant fuzzy reflexive relation from V to

V and (a,pB) € P[0, 1]) X P([0, 1]), then [v]jé(a’ﬁ) C [v];,(aﬂ) forallveV.

Proposition 3.5. If R := (R",R*,R") is a set-valued picture hesitant fuzzy symmetric relation and a
set-valued picture hesitant fuzzy transitive relation from V to 'V and (a, 8) € P([0, 1]) X P([0, 1]), then
[v];’(aﬁ) - [v];f(a,ﬁ) forallveV.

According to Remark 3.1, Propositions 3.4 and 3.5, we have immediately the following
propositions.

Proposition 3.6. IfR := (R™,R*, R") is a set-valued picture hesitant fuzzy equivalence relation from V

to 'V and (a,pB) € P([0, 1]) X P([0, 1]), then [V];,(aﬁ) is the partition of V.

Proposition 3.7. If R := (R™,R*,R") is a set-valued picture hesitant fuzzy reflexive relation and a
set-valued picture hesitant fuzzy antisymmetric relation from V to V and (a,8) € P([0, ID\{[0, 1]} x
P[0, 1D\{0}, then the following statements are equivalent.
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(i) v=vforallv,v € V.
(ii) [ﬁ]R(aﬁ) VR ﬂ)forallv veV.
(iii) v € [V]R’(Qﬁ)for allv,v e V.

Proof. 1t is clear that (i) implies (ii). Due to Proposition 3.3, we obtain that (ii) implies (iii). In order
to prove that (iii) implies (i), let v, v, € V. Suppose v; € [1,]%’ @B Then [v{]3 Riap) = = [valy @p) Since R
is a set-valued picture hesitant fuzzy reflexive relation, we have v, € [v{]; and v, € [V2]3 Ri@p) due to
Proposition 3.1. We see that v; € [v,]3 and v, € | Thus,

R(ap)

N
R(@p) Vilg (@)

R (v, vi)) Ca #[0,11,0 c R*(vo,vy) C [0,1] and R* (v, v) 2B % 0

and
R (vi,v2) Ca #[0,11,0 c R*(vi,v2) C [0,1] and R*(v{,v2) 2 B # 0.
Since R is a set-valued picture hesitant fuzzy antisymmetric relation, we obtain that v = v,
as required. m|

In the following, upper and lower rough approximations of soft sets and fuzzy sets are being
considered under set-valued picture hesitant fuzzy relations.

Definition 3.4. If (o,8) € P([0,1]) X P([0,1]) and R := (R™,R*,R") is a set-valued picture hesitant
fuzzy relation from 'V to W related to [V @By then (V, W, [V] @ ﬂ)) is called an approximation space

based on [V]%’ wp I this way, we call (V, W, [V, ) an approximation space type .

R,(aB
According to Definition 3.4, observe that (V, W,[V]% R B>) can be considered as an extended
approximation space of the approximation space in Definition 2.27 under the property of set-valued

picture hesitant fuzzy relations.

Definition 3.5. Let (V, W, [VIg_ z- z- () be an approximation space type I, and let § := (F, A) be
a soft set over V. An upper rough approximation of § within (V, W, [V];”ef(aﬁ)) is denoted by 8];f(aﬁ) =

(F ];‘fmﬁ), A), where
F];f((,ﬁ)(a) = U{[V]R @p) * [v]R(aﬂ) N F(a) # 0} (3.2)

vevV

for all a € A. A lower rough approximation of & within (V, W, [ ]R(aﬂ)) is denoted by §13 op T

(F1R (@ pyA)> Where
Fliop(@ = U{[V]R(aﬂ) VIR p € F(a)} (3.3)

veV

for all a € A. A boundary region of & within (V, W, [V]fé(aﬁ)) is denoted by ‘&];f(aﬁ) = (FI$
where

R (Q/B)’ A)’

Flrap A = Slrep © Slrp:
As introduced above, such sets are obtained the following interpretations.

(i) F ];&mﬁ)(a) contains all objects which possibly belong to F(a) for all a € A. In this way, a
complement of F1g, ﬁ)(a) is said to be a negative region of F(a) within (V, W,[V]$ @ ﬁ)) for all
acA.
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(ii) F ij’(a’ﬁ)(a) consists of all objects which surely belong to F(a) for all a € A. In this way, such the
set is said to be a positive region of F(a) within (V, W, [V];‘f(aﬁ))for alla € A.

(iii) F ];“"(aﬁ)(a) is a set of all objects, which can be classified neither as F(a) nor as non F(a) using R
foralla € A.

In what follows, for all a € A, if F]g (aﬁ)(a) # 0, then (F3 (aﬁ)(a), ije‘f(a’ﬁ)(a)) is called a rough
(or an inexact) set of F(a) within (V,W,[V]Y @, )) and we call F(a) a rough set. For all a € A, if
Flg (aB)(a) = 0, then F(a) is called a definable (or an exact) set within (V, W, [V]% (Qﬁ)). The soft set &
is called a definable soft set within (V, W, [V] R’(a’ﬁ)) if 1% R(@p) = Ny, ; otherwise § is called a rough soft
set within (V, W, [V] (aﬂ))

In view of Definition 3.5, we consider the following example under crisp sets.

Example 3.1. Let (V, W, [V]Y —(R-R*).(0.[0. l])) be a given approximation space type I, where V = {v, :=
n : nis anatural number}, W = {w, :=n : n is an integer} and R is a set-valued picture hesitant
fuzzy relation from V to W defined by

R imy = {([Do, 11 ifsSv-w

f5tv-w,
R (o) = {[0,1) if 5lv — w
0 ifStv—w

and

R (o) = {@ if Sy —w
[0,1] ifStv—-w

for all (v,w) € V X W. Observe that if n is a natural number, then
[Vsn-al Qo) = = {ws;_4 : i is an integer},
[Vsn-3lz 0.1 = (Wsi-3 @ 1 is an integer}
Vsn-2lg @01y = Wsi-2 * i is an integer},
Vsu-11x 0.y = {Wsi-1 i is an integer} and
Vsulk 001y = (Wsi : 1 is an integer},
which yields
[Vs— 4]R(@ (0.17) = {vsi_4 : I is a natural number},
[vsu-3lg 001y = (Vsi-3 : i is a natural number},
}
}

2

[Vsu-2lg 001y = {Vsi-2 * i is a natural number
Vsu-1]g 001y = {Vsi-1 © i is a natural number} and
Vsulg 0.1y = (Vsi : i is a natural number}.

If § := (F,A) is a soft set over V defined by

b

F(a) = {vsi—; : i is a natural number} U {vs; : i is a natural number with 20 < i < 100}

forall a € A, then we observe that
F-lR((Z) (. 1D(a) = {vsi_s : i is a natural number} U {vs; : i is a natural number},
Fl2 0.0, 1D(a) {vsi—p 1 1 is a natural number} and
Flg 0.0, 1D(a) = {vs; : i is a natural number}
forall a € A. This implies that § is a rough soft set within (V, W, [V]’ ' @.[0. 1]))
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Remark 3.2. If (V, W, [VIg_ p- pe zo. (Qﬁ)) is an approximation space type I and & := (F, A) is a soft set
overV, then it is easy to see that §|5; ap) € RS ‘&];f(aﬁ).

The terminology of Definition 3.5 has some basic properties that we collect in the next four
propositions.

Proposition 3.8. Let (V, W, [V]% —(R-R* R+)’(aﬁ)) be an approximation space type I, and let § = (F,A)
be a given soft set over V. According to Eqs (3.2) and (3.3) in Definition 3.5, we have the following
statements:

(i) F]fj’(aﬁ)(a) ={veV: [v];é(a,ﬁ) N F(a) # 0} forall a € A.
(ii) ijef(a,ﬁ)(a) ={veV: [v]%f(a’ﬁ) C F(a)} foralla € A.

Proposition 3.9. Ler (V, W, [V] (R RERO(@ ﬁ)) be an approximation space type I, and let & := (F, A) be
a soft set over V. Then we have the following statements:

(i) If & = Wy,, then § is equal to ‘&'Ifs(aﬁ) and %J;f(aﬁ). Moreover, § is a definable soft set within
VWLV )

(ii) If & = Ny,, then § is equal to ‘[ﬂjé(aﬁ) and E§J;‘§(a’ﬁ). Moreover, § is a definable soft set within
VW IVIS o )

(iii) (15 0s) s iap = Se s
(V) BlRp) R @p = ClRiap);

(V) @ Rep ks = Flap
Vi) (51Rap) R ap = SlRap)

(vii) C5 g = CE 1 as)-

(viii) C(STR 0 p) R i0p) = €Tk ap)-
(i%) CE I ) Riap = CB )
(x) CCELRwp)) = SR iwp)

(xi) COC(F1E 0 p)) = &1 sy

Proposition 3.10. Ler (V, W, [V]$ C(R-R* R+),(a,ﬁ)) be an approximation space type I, and let § := (F,A)
and ® := (G, B) be soft sets over V. Then we have the following statements:

(D) &0 O) s € Slrap M Ok
(i) (FAOO)G p = Eliwp M OLR s
(iii) (F 1O 0p) € Flrp ™ OTRwp
(i) N O)L 0 = Flip MO0
(V) Exap Y Ol s = B Y O) g
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Vi) 8l ap Y OlRwp € YOG p-
(Vi) F1e i U 0T = (B U Ol p-
(Vi) &lgop U OlR g € (FUO)R s

Proposition 3.11. Let (V, W, VIR ok &= k¥ (e p) be an approximation space type I, and let § := (F,A)
and ® := (G, B) be given soft sets over V. If § € ®, then %];S’(aﬂ) S (B'I;S’(aﬁ) and %J;f(aﬁ) S (ijef(aﬁ).

Proposition 3.12. Let (V,V, [V]?::(R‘,Ri,R‘f),(a,ﬂ)) and (V,V,[V _Csszz(s-,sr,sw,(y,a)) be two approximation
spaces type I with the property that the inclusion relation of the set-valued picture hesitant fuzzy

reflexive relation R and the set-valued picture hesitant fuzzy transitive relation S is R C; S, and
(y,0) Cy (@, B). If & := (F,A) is a soft set over V, then iﬂ;”ef(aﬁ) S %]gf(w) and i}]gf(%d) € ?;Jfé(a,ﬁ).

Proof. Assume that § is a soft set over Vanda € A. Letv, € F 'I;S(a ﬁ)(a), then [vl];;"(a s N F(a) £ 0.
Let vy, € [vl]f,’g‘(a 5 N F(a), then [vl]je(a 5 = (val% @B) Since R is a set-valued picture hesitant fuzzy

reflexive relation, we obtain that v; € [v(]; @p) and v, € [n]} @B due to Proposition 3.1. Observe that

V| € [w];‘e’(aﬂ) and v, € [W]}mm Whence
ST, viI) SR (v, v)) CaCvy, S (vi,v)) SR (vi,v)) CaCy,
0 C S*(v2,v1) = R*(v2,v1) € [0, 11,0 € S*(vy,v2) = R*(vi,v2) € [0, 1]
and

ST, vI) 2R (va,v1) 2B 26,5 (v, v2) 2R (v, ») 2 B2 6.

We shall prove that [vl]g’(% 5= [vz]g’(% 5" Letv; € [vz]g’(% 5 then
S7(v2,v3) Cy,0 C S*(va,v3) C [0,1] and S * (v, v3) 2 6.
Since § is a set-valued picture hesitant fuzzy transitive relation, we see that

S™ i) € [ )STWLMUST(,1)

vevV
STV, v2) US (v2,v3)

yUy
Y

N

N

Si(Vl’V3)

N

()S* 0 U S, )

veV
S*(v1,v2) US* (v, v3)

c [0,1]U[O0,1]
[0, 11,

N
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]

S* ) 2 S, N 82, v)

veV

SEWr1,v2) N S*(v2,v3)
> 0n0
0

U

and

S+(V1, v3)

]

s onmnstm,v)

veV
STWi,v2) NS (v2, v3)

2 0No
= 0.

]

Whence v; € [vl]g’(m), which yields [vz]g,(m) C [V1]§,<m)~ On the other hand, we can verify that
[vl]g’(%é) - [Vz];’,(y,rS)' Thus, [vl]g’(%é) = [vz]g,(%é). Whence v, € [vl]gf(%é). Observe that v, € [vl]gs’(%é) N
F(a). Hence [vl]gf(% 5N F(a) # 0, which yields v; € F ]gf(%é)(a). Therefore, F ];f(aﬁ)(a) CF ]gf(%(s)(a).
This means that ?ﬂ;f(aﬁ) EF gf(% 5"

To prove that ‘&Jgf(% 5 € %Jg(aﬁ), letvy € F Jgf(% 5)(a), then [v4]§f(% 5 S F(a). It suffices to prove that
[v4]j‘j’(aﬁ) - [v4]§f(y, 5" Suppose vs € [v4]j‘j’(mﬁ), then [v4];,’(aﬁ) = [v5];’(aﬁ). Since R is a set-valued picture
hesitant fuzzy reflexive relation, we have v, € [v4]1§’(aﬁ) and vs € [vS];’(aﬁ) due to Proposition 3.1. We

observe that v4 € [vs]} @B and vs € [v4]y @B Thus,
ST (vs,v4) SR (vs,v4) Ca Cy,S (V4,v5) SR (v4,vs) S Cy,

0 C S*(vs,v4) = R*(vs,v4) C [0,1],0 C S*(v4, vs) = R*(v4,vs) C [0, 1]

and
ST (vs,v4) 2 R (vs,v4) 2 26,5 (v4,v5) 2 R (v4,v5) 2 2 6.

We shall show that [v4]§’(%5) = [v5]§’(%5). Assume vg € [v5]§’(%5), then

S (vs,v6) Cy,0 C S*(vs,v6) C [0,1] and S *(vs, ve) 2 6.
Since § is a set-valued picture hesitant fuzzy transitive relation, we observe that

S (v,v6) € [ )(STWa, M) US(v,v6)

vevV
S (v4,v5) U S (vs, v6)

YUy
Y

N

N
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S*(va, ve)

N

(S a ) U S*,v6))

veV

S*(va, vs) U S*(vs, ve)
c [0,1]U][0,1]
[0’ 1],

N

]

S*wave) 2 | JS*ms,) N 820, v6))

vevV
S*(v4,vs5) N S*(vs, ve)

> 0n0
0

U

and

S +(V4’ V6)

]

S 0sm 0870, v6)

veV

S*(v4,vs) N ST (vs, ve)
2 dNo
= 0.

U

We get vg € [v4]§’(% 5" Hence [vs]g’(% 5 S [v4]§’(% 5" Conversely, we can find that [v4]§’(% 5 S [v5]§’(% 5"
Thus, [v4] 08 = [v5]§( o) Whence vs € [v4]§f( 5 Hence [v4]f ep S C (vl 0.8 S F(a). Therefore
vy € FIS R ﬁ)(a) which yields F ¢’ Sy 5)(‘1) CF J;‘fm ﬁ)(a) This implies that ]’ ‘0.5 € mgmﬁ). The proof
is complete. O

Proposition 3.13. Let (V,V, VIR ok ke k¥ (e p) be an approximation space type I with the property
that R is a set-valued picture hesitant fuzzy reflexive relation and a set-valued picture hesitant fuzzy
antisymmetric relation and (a,8) € P[0, I1D\{[0, 11} X P[0, 1D\{0}. If & := (F, A) is a soft set overV,
then § is a definable soft set within (V, V,[V]} (aﬁ)).

Proof. By Remark 3.2, it is true that §&]%’ wp) € ‘fﬂ;f(aﬁ). Letae Aandv, € F ]je‘f(a’ﬁ)(a), then [vl];‘fmﬂ) N
F(a) # 0. Let v, € [v{]$ Rap N F(a). By Proposition 3.7, we get that vi = v,. We must prove that
[vl]jé(aﬁ) C F(a). Let v3 € [vl];f(aﬁ), then v; = v3 due to Proposition 3.7. Hence v; = v, € F(a), which
implies that [vl];j(a s S C F(a). Thus v € F J;S(a ﬁ)(a). Whence F ];f(aﬁ)(a) CF J;’{’(a’ﬁ)(a). Therefore
S @p) € 3% @ p) Thus, F1¢° R(@p) is equal to &% R@p) As a consequence, § is a definable soft set within
(A [V]R’( ﬁ)) O

We consider the following example.

Example 3.2. Let (V, V,[VIg_ 4 gry.0.0.17) b€ @ &iven approximation space type I, where V = {v, :=
21 . n is a natural number} and R is a set-valued picture hesitant fuzzy reflexive relation and a set-
valued picture hesitant fuzzy antisymmetric relation from V to V defined by

vaw:{gJ] ifv>v

’ if v <,
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and

[0,1] ifv<v

for all v,v € V. Observe that if n is a natural number, then [vn];s(@ 01) = {v.}. This implies that if
& = (F,A) is a soft set over V, then it is easy to see that %JR(O 0.1])° & and 3’]?(@ (0.1 are identical. It
Jollows that § is a definable soft set within (V, V,[V]$ 0.0.1)"

Definition 3.6. Let (V, W, [VIg_ - - R)(@p) be a given approximation space type I. Let f be a fuzzy
subset of V. An upper rough approximation of f within (V, W, [V];f(aﬁ)) is defined by the fuzzy subset
r -';f(a’ﬁ) of V, where

r —IICes,(aﬁ)(V) =sup{f(V): Ve [V]Icgs,(aﬂ)}
for all v € V. A lower rough approximation of f within (V, W, V1R ap) s defined by the fuzzy subset
of J%f(wﬁ) of V, where

LfJR(aﬁ)(V) =inf{f(v): v e [v]R(aﬁ)}
forall v € V. fis called a definable fuzzy set within (V, W, [V]5’ Ria ﬁ)) if ™ 1;;,(@,;;) = I_f_l;f(a/ﬁ); otherwise
f is called a rough fuzzy set within (V, W, [V] R,(aﬁ))'

Example 3.3 below illustrates Definition 3.6.

Example 3.3. Based on (V, W,[VIg_ - re gy 000.17) 0 Example 3.1, suppose that f is a fuzzy subset of
V defined by

1
o) ==
1%

for all v € V. Observe that if n is a natural number, then

if v € [Vsn-alg 010,17
if v € [Vsn-31R 010,17
" R0y V) = if v € Vsu21R 010,17
if v € Vsn-11R 00,1

i vn € VsulR 0.1

NI—= A= W= = =

and we also have L f g’ o . 1, (Va) = 0. Therefore, f is a rough fuzzy set within (V, W, [V}’ 0100, -

Remark 3.3. Let (V, W, [V]% (R R*R*) ,8)) be a given approximation space type I. If f is a fuzzy subset

of V, then it is easily obtained that . f i, ep) S fcr "'Icf(aﬂ).

For three propositions below, the proofs of all the parts can be proved under Definition 3.6.

Proposition 3.14. Ler (V, W, [V];es:=(R:Rt,R+),(a,/3)) be a given approximation space type L. If f is a fuzzy
subset of 'V, then we have the following statements:

(i) If f = 1y, then f is equal to " {7} . and . f

R(@p) Moreover, f is a definable fuzzy set within
(V. W, [V];

R(ap)
R (aﬁ))
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(ii) If f = Oy, then f is equal to ™ —'Icé(aﬁ) and I_f_lié(aﬁ).
VW IVIS o p)-

(iii) r(rf—lR (@B) —I§es(a/3) < rij (@.B)
(1) o f Riap € LS R 0 p)Riwp)
(v) fc (% (aﬁ))-'R(aﬁ)

(Vi) " f R op) Riap € I

i) o f' Rapy = O Riap)

R _ ,
(viii) fj(aﬁ) = (Lf_lies(aﬁ)) .

Moreover, f is a definable fuzzy set within

Proposition 3.15. Ler (V, W, [V]% SRR R+)’(aﬁ)) be a given approximation space type I, and let f and g
be fuzzy subsets of 'V, then we have the following statements:

r 1 r FoT
(1) " N8 Rap € Riep N8 Riapy

(i) f 0 81k ap = - Riap O -8-Rapy

(i) "f U8 Rap = Riep Y 8 Riap

(iv) .f U g"R(aﬂ) D ..f_.R(aﬁ) U Lg_lR(aﬁ)

Proposition 3.16. Let (V, W, [VIZ_ ;- p. R+) (@p) be an approximation space type I, and let f and g be
fuzzy subsets of V.If f € g, then " f7% 5 C "85 g and L f g, 5 S L8R (0 )

Proposition 3.17. Let (V, W, [V]g:(k—,zer R (e ﬁ)) and (V, W,[V] (55t S+)’(aﬁ)) be approximation spaces
type I, where R C;, S and (y,0) Cy (a,B). If f is a fuzzy subset of V, then " 75} C TS and

R(ap) = S,(y,6)
LSy € S Rep
Proof. Suppose f is a fuzzy subset over V and v € V. Then
rf-l;‘éf(a,ﬁ)(‘;) = sup{f(v):ve [V]R(aﬂ)}
= sup{f(V) : R"(¥,V) Ca,0 Cc R*(¥,V) [0, 1] and R*(¥,V) 2 B}
vevV
< sup{f(»): S (V) Cvy,0 CcS*(H,v) C[0,1]and ST (¥, V) 2 5}
vevV
5000
Therefore " f% , 5) € " f7§ 5+ By the fact that
LR epP) = lnf{f (V) 1V € VIR ep)
= {f(i/) R (V,V) Ca,0 C R*(¥,V) C [0,1] and R* (v, V) 2 B}
> 1nf{f(\>) ST, V) Cy,0 C ST, v) c[0,1] and SF (¥, V) 2 6}
= inf{f(V) : v € [VI§, 5}
= '-f4§f(y,5)(\?),
it follows that . f 1§’ ‘wp S R p) O
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Proposition 3.18. Let (V,V,[V]g SRR R+),(a,,3)) be an approximation space type I with the property
that R is a set-valued picture hesitant fuzzy reflexive relation and a set-valued picture hesitant fuzzy
antisymmetric relation and (a, ) € P[0, 1D\{[0, 11} x P[0, 1D\{0}. If f is a fuzzy subset of V, then f
is a definable fuzzy set within (V,V, [V];f(aﬁ)).

Proof. Assume f is a fuzzy subset of V and v € V. By Proposition 3.7, we see that

r £acs

(aﬁ)(v) = SUP{f(‘\’) 1V E [ﬁ];f((z,ﬁ)}

vev
= sup{f(V)}
= fO).
Similarly, we can prove that . f.} ' ﬁ)(v) = f(v). Hence " "”(a ﬁ)(v) Lf _n;'{(a ﬁ)(\’/). It follows that
r -'jef(a’ﬁ) = Lf 1R ) We deduce that f is a definable fuzzy set within (V, V, [V, 8 O

Definition 3.7. Let f be a fuzzy subset of V and ¢ € [0, 1]. A (f, ¢, >)-relative whole soft set over V with
respect to A is denoted by (V*”, A), where VY is a set valued-mapping given by V" (a) = VU+>)
foralla e A.

Proposition 3.19. Let (V, W, [VI;_ - z- Rb)(ap) be an approximation space type I, and let f be a fuzzy
subset of V and ¢ € [0, 1]. Then we have the following statements:

Cf Rapy ™)

(i) (V{7 ANE oy = (V4 LA).

(il) (V{7 Ay = (V500 ),

Proof. (i) Leta € A, then

vi € VI p@ &= lies NV @ # 0
= WilRwy NV £0
& f(v2) > for some v; € [Vilgi,p
= sup{f(n) : vz € MR ) >t
= "fRapV) >t
= v eV ke

(I—f-l(n
= v eV, R (a).

£,>)

(rf R ) CF Rt

(fit>)qc
Hence V1% R ﬂ)( a) =
(i1) Leta € A, then

(a). This implies that (V" A)I& o = (V, LA).

vi € V{8 @ &= ilies S VY@
= Wiy €V
& f(v)>forall v, € [W]féf(a,ﬁ)
— inf{f(vy) : v, € [vl];{f(a,ﬁ)} >
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— LfJ;f((lﬁ)(vl) >0

= v € VW kapt?)

(SR apyt™)
— v ey, e

(a).

(LfJR(aﬁ)L>)’A). O

L ( TR >
Therefore V(f ) jes @ = s (a) Consequently (V(f ) A fep =V
4. Upper and lower rough approximations of prime idealistic soft semigroups and fuzzy prime
ideals of semigroups

Based on extended approximation spaces, in this section, interesting properties in semigroups are
verified. We use set-valued picture hesitant fuzzy relations on semigroups to investigate the upper
(resp., lower) rough approximations of prime idealistic soft semigroups and fuzzy prime ideals of
semigroups. Furthermore, soft semigroup homomorphism problems are examined.

Throughout the remaining of this section, V and W are referred to as a semigroup. Using
Definition 2.12 to extend, we define a novel characteristic of a set-valued picture hesitant fuzzy relation
from V to V as Definition 4.1 below.

Definition 4.1. Ler R := (R™,R*, R*) be a set-valued picture hesitant fuzzy relation from V to V. R is
called a set-valued picture hesitant fuzzy compatible relation if the following conditions are satisfied:

e Forallv,v,v € V,R*(¥v,vv) 2 R*(¥, V) and R*(vv,vw) D R*(V,V);
e Forallv,v,v € V, RE(¥v, ) = R*(V, V) and R*(vv,vw) = R*(V,V);
e forallv,v,v € V,R-(Vv,vw) C R-(V,V) and R~ (vv,vw) C R~ (v, V).

Definition 4.2. Let (V, V[V z- 2 2@ ) be a given approximation space type I If R is a set-valued
picture hesitant fuzzy reflexive relation, a set-valued picture hesitant fuzzy transitive relation and a
set-valued picture hesitant fuzzy compatible relation, then (V, V,[VIZ, ,8)) is called an approximation
space type II.

Proposition 4.1. If the triple (V,V,[V]% —(R- R R+),(a,ﬁ)) is an approximation space type II, then
(Mg wp) VR0 p) € VIR o for all 9,9 € V.

Proof. Let vi,v, € V be given. Suppose v; € ([vl];f(aﬁ))([vz];s(a ﬁ)) then there exist v4 € [v(]% @ p) and
vs € [v ]jf(a 8 such that v3 = v4vs. Thus, we observe that [v]; @p = = [waly (@) and [, ]}, @p = = [vs]% Ri@p)”

Therefore [viv,]5 (@B) = [v4vsly @B In fact, suppose that v¢ € [viv,]; R@p) then
R™(viva,v6) € @, 0 C R*(viva,ve) C [0, 1] and RT(vyvy,v6) 2 B.

Since R is a set-valued picture hesitant fuzzy reflexive relation, we have v, € [
due to Proposition 3.1. Whence v, € [v4]j‘?,(wﬁ) and v, € [VS];?,(a,ﬂ)' Thus

andv; € |

Vilg @) V2l ()

R (v4,v)) Ca,R (vs,»2) C @,

0 - Ri(v4a Vl) - [Oa 1]?0 - Ri(v59 V2) c [O? 1]

and
R*(v4,v1) 2 B, R (vs,v2) 2 B.
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Since R is a set-valued picture hesitant fuzzy transitive relation and a set-valued picture hesitant fuzzy
compatible relation, we obtain that

R (v4vs,vivy) C m(R_(VWs, V)UR (v,v12))
veV
C R (v4vs5,vivs) UR (vivs,viv2)
C R (v4,vi)UR (vs,v2)
C aUa
= a’,
R*(vqvs,viv2) C ﬂ(Ri(VWs, V) UR*(v,v112))
vev
C  R*(v4vs,vivs) U R*(vivs, vivp)

Ri(V4,V1) URi(VSa V2)
c [0,1]U[0,1]
[0, 11,

U

Ri(V4V5, Viva)

R avs,v) 0 R* (v, v102)

veV
R*(v4vs,v1vs) N RE(vivs, viv2)

R*(v4,v1) N R*(vs, v))
> 0n0
0

]

and

]

@R avs,v) 0 R* 0,01
veV

R*(v4vs, vivs) N RT(vivs, viv2)
R*(v4,v1) N R*(vs,12)

BNB

B.

R+(V4V5, Viva)

v v

Since R is a set-valued picture hesitant fuzzy transitive relation, we observe that

N

(R avs,») UR™ (v, v6))

veV
R™(v4vs,viv2) U R™(v1v2, vs)

R™(v4vs, ve)

N

IN

alUa

@,

AIMS Mathematics Volume 7, Issue 2, 2891-2928.
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IN

R*(v4Vs, ve)

(R (avs,v) U R* (v, v6))

veV

IN

R*(v4vs,viv2) U R (v1vy, ve)
c [0,1]U[0,1]
[0, 1],

U

R*(v4Vs, ve)

R avs,v) 0 R* (v, v6))

veV
R*(v4vs5,v1v2) N RE(viv2, Ve)

> 0n0
0

]

and

()

R avs, ) 0 R (v, v6))

veV

R*(v4vs,viv2) N R (v1va, Ve)
> BNR

= ﬂ

Whenge Ve € [v4v5];’(aﬁ). We get that [vlvz]je"(aﬁ) C [v4v5]}}’(a 8 Conversely, we can show”that
[v4v5]je,(wﬁ) C [Vl"Z];e,(a,ﬁ)- It follows that [vlvz];’m,ﬁ) = [v4v5]‘1‘2’(a B Thus v3 = wvs € [V1V2]§{((,ﬁ)-

This shows that ([vl];s’(aﬁ))([vz];f(aﬂ)) c [vlvz];f(aﬁ). O

R+(V4V5, Ve)

)

Generally, we know from Proposition 4.1 that it does not holds for an equality case. In what follows,
we shall consider a specific example.

Let (V. V. [VIZ_z- &+ 0.17) DE @ given approximation space type II, where V' = {v, := 2n -1
n is a natural number} is a semigroup under the usual multiplication, and R is a set-valued picture
hesitant fuzzy reflexive relation, a set-valued picture hesitant fuzzy transitive relation and a set-valued

picture hesitant fuzzy compatible relation from V to V defined by

N {[0, 11 if 2|06 + ),
R*(v,v) = .
O,1] if24+ @+,

[0,1) if 2|(v + V),
[0,1] 2+ +V)
and
. 0 if 2|(v + V),
v, v) = .
©0,1) if24@+v)
for all v,v € V. It is clear that if »n is a natural number, then [Vn];es,((o,[o,l]) is a set of all positive odd

integers. In addition, it is clear that ([\5]?(0 " 1D)([\\/];f(@ [0 1])) and [\3\7]?(0 (0,17 are two sets of all positive
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odd integers for all v,v € V. This implies Fhat ([\?];f(o’[osm)g[\\/];f(w,[o’l])) = [\’/\‘/]j’e‘f@,m]) for all v,v € V.
Then we see that the property can be considered as a special case of Proposition 4.1. It leads to the

following definition.

Definition 4.3. Let the triple (V,V,[V]g SRR R+),(a,,3)) be a given approximation space type Il. If
([v] R,(aﬁ))([v] R,(a,ﬁ)) = [vw]¢ R(@p) for all v,v € V, then the set [V];‘fmﬁ) is called a complete collection
induced by R. In what follows, we call R a set-valued picture hesitant fuzzy complete relation. In
addition, (V,V, [V];”é(a’ﬁ)) is called an approximation space type Il if R is a set-valued picture hesitant
fuzzy complete relation.

PrOpOSItlon 4.2. Let (V,V,[VIg_ - - R+>’(aﬁ)) be an approximation space type Il. If ¥ = (F,A) and
= (G, B) are soft sets over V, then me(a,,B) ® (5155(%@ €(Fo (Y))-l]ces,(a,ﬁ)-

Proof. Suppose that § := (F,A) and & := (G, B) are soft sets over V. Let $; := (H;,C;) be a soft
set ‘{ﬂfg(aﬁ) ©] (Y)]R @ p) then C; = AN B and H((c) = (F]R aﬁ)(c))(G'lfé(aﬁ)(c)) for all ¢ € C;. Let
9 1= (H,,C,) be asoft set F © ®, then C, = AN Band Hy(c) = (F(c))(G(c)) for all ¢ € C,. Now, we
shall verify that 9, € 352];‘;“ 8 Obviously C; = C,. Let ¢ be an element in Cl, and let v; € H(¢). Then
vy € (Flg R ﬁ)( ONGIR e, ﬂ)(c)) There exist v, € F¢ (a ﬁ)(c) and v; € GI¢ (a 5)(0) such that vi = wvv;.
Hence, we get that [v;] ap N F(¢) # 0 and [v3]¢ Rip N G(¢) # 0. Thus, there exist v4, vs € V such that

V4 € [Va]$S Rp N F(¢) and vs € [v3]% wp N G(¢). Using Proposition 4.1, we obtain that

V4Vs5 € ([VZ]ICS(aﬁ))([V3]Icgs,(a,13)) c [VZVS]?’(Qﬁ)-

Note that v4vs € (F(¢))(G(¢)). Then

[Vl]ies,(a,ﬁ) N Hy(¢) = [vov3ly) R,(a,8) N(FENG(©) # 0.

Thus v, € H>1%’ @ ﬂ)(c). Whence H,(¢) C Hz-lféf(w ﬁ)(c) Therefore $; € H1% @By which yields F1% g ©
Gz wp € (o) R(ap) aS desired. O

Proposition 4.3. Let the triple (V,V,[V]g C(R-RERY)(a ﬁ)) be an approximation space type IIl. If § :=
(F,A) and © := (G, B) are soft sets over V, then § |3 wp © (ﬁj;f(aﬁ) € (Fo (ﬁ)Jjgf(wﬁ).

Proof. Suppose that § := (F,A) and ® := (G, B) are soft sets over V. Let 9, := (H,C;) = m;f(aﬂ) ®
Ly @) then C; = AN Band H(c) = (FJ (aﬁ)(c))(GJg(aﬁ)(c)) forall c € C;. Let 9, := (H,,Cy) =
F© G, then C, = AN Band Hy(c) = (F(¢))(G(c)) for all ¢ € C,. We shall show that $; € 552]?,(0,;3)'
Clearly C; = C,. Let ¢ € Cy, and let v; € H(¢), then v, € (Fjjé(aﬁ)(é))(GJICS(a’B)(é)). Thus, there exist
v, € F J;é(a,ﬁ)(é) and v; € GJ;eS,(a,ﬁ)(é) such that v; = v,v3. Thus, we obtain that [ C F(¢) and
[vﬂ%“"mm C G(¢). Now

Ccs
V2lR @ p)

[Vl];é(aﬁ) = [V2V3];§(aﬁ) = ([VZ]E(Q,’B))([V3];éf((l,ﬁ)) - (F(é))(G(é)) = HZ(é)

Thus v, € HZJIC{( B)(é)' Hence H,(¢) C sz;;f(aﬁ)(c’). Therefore $; € E)zjfef(aﬁ). As a consequence,
81R s © Oliap € B OO R - o

We can now state our main theorems.
Theorem 4.1. Let (V,V,[V]} SRR R+),(a,ﬁ)) be a given approximation space type II. If § := (F,A) is an

idealistic soft semigroup over V, then SR p s an idealistic soft semigroup overV.
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Proof. Suppose § is an idealistic soft semigroup over V. Then F(a) is an ideal of V for all a € Supp.
Leta € Supp(F15 @p) then by Remark 3.2, we see that

F(@) € F13 (@ # 0.

If F(a) = 0, then it is easy to see that F'|¢ @ B)(a) = () due to Proposition 3.9 (ii). This is a contradiction.
It is true that F(a@) # 0. Thus @ € Supp. Suppose v € V(F ];f((lﬁ)(d)). By Proposition 3.9 (i), we obtain
that QBVA];S( B = = Wy,. Hence VA'leS( ﬁ)(é) = V. By Proposition 4.2, we have QBVA'I;S’(Q’B) ® ‘{ﬂj&aﬁ) S
(Wy, © H)1Z @ p) Now we define the soft set $, := (H;, Cy) as Wy, 1%’ wp) © Eﬂ;’é(mﬁ). ThenC; = KNA
and Hy(c) = (V41% (aﬁ)(c))(F'lR (aﬂ)(c)) for all ¢ € C;. Define $, := (H,, C,) is a soft set Wy, © §F. Then
C, = KN A and H>(c) = (V4(0))(F(c)) for all ¢ € C,. Observe that H(a) € H, 1S (aﬁ)(a) for all a € A.

Now
V(F-llces,(a,ﬁ)(d)) = (V-llces,(a”g)(d))(F-ljces,(aﬁ)(d)) = H(a) € Hl];f(a,ﬁ)(d)-

Thus, we see that v; € H> 13, ﬁ)(c’z). By the assumption, we get that

* [Vl];é(a,ﬁ) N HZ(d) = [Vl];es,(a’/g) N (VA(CZ))(F(CI)) - [Vl]R (a.B) N F(d)

Observe that [vl];f(aﬁ) N F(a) # 0. Hence v, € F ];f(aﬁ)(c’z). Thus V(F ];s’(aﬁ)(é)) CFIY @, )(a) It follows
that F ];f(aﬁ)(c’z) is a left ideal of V. Similarly, we can prove that F’ ];f(aﬁ)(c’z) is aright ideal of V. Therefore
F ];f(aﬂ)(c’t) is an ideal of V. Consequently m?,(aﬁ) is an idealistic soft semigroup over V. O

Theorem 4.2. Let (V. V,[VIg_ z- z- R+),(a,/3)) be a given approximation space type IIl. If ¥ := (F,A) is
an idealistic soft semigroup over 'V, then Mgwﬂ) is an idealistic soft semigroup over V.

Proof. Suppose § is an idealistic soft semigroup over V. Then F(a) is an ideal of V for all a € Supp.
Leta € Supp(%]fj’(aﬁ)) then FJ;S(QB)(C’:) # (. Using Remark 3.2, it is easy to verify that @ € Suppf.
Suppose v; € V(F J;f(a ﬁ)(a)) Then, by Proposition 3.9 (i), we obtain that Wy, |’ @B = = Wy,. Thus
VA]g‘f(aﬁ)(c’z) = V. From Pr0p0s1t10n 4.3, we have Wy, | Ria ﬁ)@)‘fﬂ Rap € Wy, ©F) 1% R@p) Now, we define
91 := (H;,Cy)is asoft set Wy, | s © Tng(aﬁ), then C; = KNA and H(c) = (VAJjgf(aﬁ)(c))(F (Qﬁ)(c))
for all ¢ € C,. Define $, := (H,, C;) 1s a soft set Wy, © §, then C, = K N A and H,(c) = (Va(c))(F(c))
for all ¢ € C,. Thus, we see that H,(a) C ngfé(mﬁ)(a) for all a € A. Consider

V(Fjlces,(aﬁ)(d)) = (VJICQS,(Q”B)(d))(Fjjces,(a,ﬁ)(d)) = Hi(d) € Hlj;f(a,ﬁ)(é)-
Observe that v; € HZJ;eS,(a,ﬁ)(‘/’)' Since & is an idealistic soft semigroup over V, we get
V115 ) € Ha(d) = (Va(@)(F(@)) C F(a).

Whence [vl];f(aﬁ) C F(a). Hence v; € F J;f(aﬁ)(c’z). Thus V(F J;f(aﬁ)(c’z)) CF J;"(aﬁ)(é). It is true that
F Jf,f( ﬁ)(c’z) is a left ideal of V. Similarly, we can prove that F J;f(wﬁ)(é) is a right ideal of V. Therefore
Flg R ﬁ)(a) is an ideal of V. As a consequence, 1% @ p) is an idealistic soft semigroup over V. O

Theorem 4.3. Let (V,V, VIR—z- &=, R+),(aﬁ)) be a given approximation space type IIl. If § := (F,A) is a
prime idealistic soft semigroup over V, then %];f(a’ﬁ) is a prime idealistic soft semigroup over V.
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Proof. Suppose § is a prime idealistic soft semigroup over V. Then & is an idealistic soft semigroup
over V. From Theorem 4.1, it follows that ‘f‘;];‘f(aﬁ) is an idealistic soft semigroup over V. Thus,
F ;‘g(aﬂ)(a) is an ideal of V for all a € Supp(i‘ﬂjgf(wﬁ)). Now, we let @ € S upp(i*ﬂ;,f(aﬁ)) be given.
Then, by Remark 3.2, we see that

F(@) € F13 (@ # 0.

If F(a) = 0, then it is easy to verify that F ];f(aﬁ)(c’z) = 0 since Proposition 3.9 (ii). This is a
contradiction, and hence F(a) # 0. Whence d@ € Supp®, and so F(4) is a completely prime ideal
of V. We shall prove that F ;f(wﬁ)(d) is a completely prime ideal of V. Let v{,v, € V. Suppose that
vin, € F ]?,(aﬁ)(c’z). Then [vlvz];f(aﬁ) N F(a) # 0. Since R is a set-valued picture hesitant fuzzy complete
relation, we have

([Vl];f(a’ﬁ))([VZ];’es’(aﬁ)) N F(d) = [VIVZ];S(Q,ﬁ) N F(d) * 0

Then there exist v3 € [vl];f(aﬁ) and v4 € [vz];f(aﬂ) such that v3v, € F(a). Since F(a) is a completely
prime ideal of V, we have v; € F(a) or v4 € F(a). Observe that

1150 N F(@ # 0 0r [v2]3,5 N F(@) # 0.

It follows that v; € F ];f(aﬁ)(é) orv, € F ];s’(aﬁ)(c’z). Therefore F 'I;S’(aﬁ)(d) is a completely prime ideal of
V. We deduce that %]ﬁf(a’ﬁ) is a prime idealistic soft semigroup over V. O
Theorem 4.4. Let (V,V,[V] ) be a given approximation space type III. If & := (F,A) is a

R:=(R™,R*,R*),(a,8)

prime idealistic soft semigroup over V, then is a prime idealistic soft semigroup over V.

cs
R,(a.,B)

Proof. Suppose § is a prime idealistic soft semigroup over V. Then & is an idealistic soft semigroup
over V. From Theorem 4.2, it follows that & |¢ is an idealistic soft semigroup over V. Thus F J;‘fmﬁ)(a)

R(ap)
is an ideal of V for all a € Supp(iﬂ;f(aﬁ)). Now, we let a@ € Supp(mg(aﬁ)), then Fj;éf(a,ﬁ)(c’z) # (0. By
Remark 3.2, it is easy to prove that ¢ € SuppF. Let vi,v, € V, assume that viv, € Fjjef(a’ﬁ)(d), then

Vivalgig € F (a). Since R is a set-valued picture hesitant fuzzy complete relation, we have

([V1]Ef((,ﬁ))([vz]g(aﬁ)) = [VIVZ]?;((L@ C F(a).

Assume that v; ¢ F J;f(aﬁ)(c’z), then [vl];f(aﬁ) is not a subset of F'(@). Thus, there exists v; € [vl];f(aﬁ) but

v3 € F(a). Observe that, if v, € [vz]f,é(mﬁ), then

ViVy € ([Vl]x(aﬁ))([vl]gm,ﬁ)) C F(a),

and so v4 € F(a) since F(a) is a completely prime ideal of V. Here, it is true that [v, ;s’(aﬁ) C F(a). Thus

vz‘e F .J;f(mﬁ‘)(c"z). Therefore F J;f(mﬁ)(c’z) is a completely prime ideal of V. As a consequence, S'J;f(mﬁ) isa
prime idealistic soft semigroup over V. O

Proposition 4.4. Let f be a fuzzy subset of 'V, then f is a fuzzy ideal (resp., a fuzzy prime ideal) of V if
and only if (ng 2 A) is an idealistic soft semigroup (resp., a prime idealistic soft semigroup) over V

forall € [0, 1].
Proof. Suppose that f is a fuzzy ideal of V. Let¢ € [0, 1], and leta € S upp(Vlgf"">),A). Then

Vi) = vIa) £ 0.

AIMS Mathematics Volume 7, Issue 2, 2891-2928.



2917

Then, by Proposition 2.1, we obtain that VU is an ideal of V. Hence V{*”(a) is an ideal of V. It
follows that (V/(f ) A) is an idealistic soft semigroup over V. In this way, we can prove that if f is a
fuzzy prime ideal, then (Vf(lf “2) A)is a prime idealistic soft semigroup over V. Conversely, assume that
(Vy ’L’>),A) is an idealistic soft semigroup over V for all ¢ € [0, 1]. Then we have Vf(‘f "’>)(a) is an ideal of
Vforall a € Supp(V/gf"}),A), ¢t € [0, 1]. Based on this point, we observe that for all a € A,: € [0, 1],
if V/(f "">)(a) # (), then V/(f "">)(a) is an ideal of V. From Proposition 2.1, once again, it follows that f is a
fuzzy ideal of V. In the same way, we can verify that if (Vf‘f “2) A)is a prime idealistic soft semigroup
over V for all ¢ € [0, 1], then f is a fuzzy prime ideal of V. O

Theorem 4.5. Let (V, V., [V]Y S(R-R* Rﬂ’(aﬁ)) be a given approximation space type II. If f is a fuzzy ideal

of V, then ™ —I;?S,(a,ﬁ) is a fuzzy ideal of V.

Proof. Suppose f is a fuzzy ideal of V. Then, by Proposition 4.4, we have (V(f ) A)is an idealistic soft
semigroup over V for all ¢ € [0, 1]. From Theorem 4.1, it follows that (V(f ) AR (@p) is an idealistic
(S Riapt)

soft semigroup over V for all ¢« € [0, 1]. By Proposition 3.19 (i), we get that (V, ,A) is an
idealistic soft semigroup over V for all ¢ € [0, 1]. Using Proposition 4.4, once again, we obtain that

r £ocs . X
;{(w,ﬁ) is a fuzzy ideal of V. !

Theorem 4.6. Let (V. V,[VIg_ - z- R (@p) be a given approximation space type II1. If f is a fuzzy ideal

of V, then L f 15, 5 is a fuzzy ideal of V.

Proof. From Propositions 3.19 (i1), 4.4 and Theorem 4.2, the statement is easily provided. m|

Theorem 4.7. Let (V,V, VIR ok &= k¥ (e p) be a given approximation space type III. If f is a fuzzy

prime ideal of V, then ™ —';f(aﬁ) is a fuzzy prime ideal of V.

Proof. Assume f is a fuzzy prime ideal of V. Then, by Proposition 4.4, we have (V(f 7 A)isa prime
idealistic soft semigroup over V for all ¢ € [0, 1]. Using Theorem 4.3, it follows that (V(f ) A)TES R@p)

is a prime idealistic soft semigroup over V for all ¢ € [0, 1]. By Proposition 3.19 (i), we get that
(l‘f‘l;ﬁ;((yﬁ)’t’>)

V,” ™™ ,A)is a prime idealistic soft semigroup over V for all ¢ € [0, 1]. Using Proposition 4.4,
once again, we obtain that ™ ";f(aﬁ) is a fuzzy prime ideal of V. O

Theorem 4.8. Let (V,V,[V]Z k- R+)’(a’ﬁ)) be a given approximation space type Ill. If f is a fuzzy

prime ideal of 'V, then . f 15 Rp 5@ Sfuzzy prime ideal of V.

Proof. Using Propositions 3.19 (ii), 4.4 and Theorem 4.4, we can verify that the statement holds. O
Proposition 4.5. Ler (V, V,[V] —(R-R*R)(a ﬂ)) and (W, W, [W]! (5-5t S+),(a,ﬂ)) be approximation spaces

type I, and let (O, E), be a soft homomorphism from a soft semigroup § = (F,A) over V to a soft
semigroup ® := (G, B) over W, where

R (V,v) =S (OW),0(1)), 4.1
R*(%,V) = S*(O®), O(V)), 4.2)
R*(v,V) = ST(O(V), BO()) 4.3)

for all v,v € V. Then we have the following statements:
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(i) If v,v €V, then vV € [\‘/]x(mﬁ) if and only if ®(v) € [O(V)
(ii) OF R o (@) = G5, 5 (E(@)) for all a € A.

(iii) @(Fjgf(aﬁ)(a)) C GJg‘f(aﬂ)(E(a))for all a € A.

(iv) If ® is injective, then O(F Jj'?f(w,ﬁ)(a)) = ngf(w,ﬁ)(E(a)) foralla € A.
(v) ESupp(F15 ) = Supp(G15 )

(vi) ESupp(FI o p) € Supp(G15, ,)-

(vii) If © is injective, then Z(S upp(i‘yjfé(a’ﬁ))) = Supp((ﬁjgf(a’ﬁ)).

cs
S(ap)”

(viii) R is a set-valued picture hesitant fuzzy reflexive relation, a set-valued picture hesitant fuzzy
symmetric relation, a set-valued picture hesitant fuzzy transitive relation and a set-valued picture
hesitant fuzzy compatible relation if and only if S is a set-valued picture hesitant fuzzy reflexive
relation, a set-valued picture hesitant fuzzy symmetric relation, a set-valued picture hesitant fuzzy
transitive relation and a set-valued picture hesitant fuzzy compatible relation, respectively.

(ix) If R is a set-valued picture hesitant fuzzy antisymmetric relation and a set-valued picture hesitant
fuzzy complete relation, then S is a set-valued picture hesitant fuzzy antisymmetric relation and a
set-valued picture hesitant fuzzy complete relation, respectively.

(x) If © is injective, then R is a set-valued picture hesitant fuzzy antisymmetric relation and a set-
valued picture hesitant fuzzy complete relation if and only if' S is a set-valued picture hesitant fuzzy
antisymmetric relation and a set-valued picture hesitant fuzzy complete relation, respectively.

Proof. (i) Let vi,v, € V be given. Suppose v; € [vz];f(wﬁ). Then [Vl];e,((z,ﬁ) = [V2]fe,((z,ﬁ)' Note that
O(v),0(v,) € W. Suppose w; € [O(vy)] Then there exists v; € V such that ®(v;) = w;. We
observe that

N
S(a,p)

R (v,v3) = §7(O(v1),0(13)) C a,
0 C R*(v1,v3) = S*(O(v1), O(v3)) C [0, 1]

and
R™(vi,v3) = ST(O(v1),0(v3)) 2 B.
Thus v; € [vl];’(aﬁ), and so vs € [VZ];?,(a,ﬁ)' Now
ST(O(v2),0(v3)) = R (v2,v3) C «,
0 C S*(O((v2), B(v3)) = R*(v,,v3) C [0, 1]
and

ST(O(12),0(v3)) = R*(v2,v3) 2 B.

Whence O(v3) € [®(V2)]§,(a B Thus, we get [®(v1)]§’(a B S [@(VZ)]fv,((z,ﬁ)- Conversely, we can prove that
[®(v2)]§’(aﬁ) - [®(V1)]§,(aﬁ)- Hence [G)(vl)];’(aﬁ) = [®(v2)]§’(aﬁ). It follows that ®(v,) € [®(v,)
On the other hand, suppose that @(v;) € [O(v2)]S’ then [®(v))]

, (@p)
assume vy € [vi] (@B then

cS
S.(@B)"
= [®(v2)]§‘,(a,ﬁ)' Now, we

;“,(mﬁ)
S7(O(1),0(v) = R (vi,vs) C v,
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0 C SEOM), O(vs)) = R*(v1,vs) C [0, 1]

and
STOW)), 0(v4)) = R"(vi,v4) 2 B.

Thus O(vy4) € [®(V1)]§,(a,ﬁ)' Hence ®(v,) € [®(V2)]§,(a,ﬁ)' Now
R (v2,v4) = §7(O(v2), 0(v4)) C a,

0 C R*(v2,v4) = S*(O(12), O(v4)) C [0, 1]

and
R™(v2,v4) = ST(O(12), O(v4)) 2 B.

Thus, we get that v4 € [v2]} @p) It follows that [Vl]zse,m s S C [vly @p) Conversely, we can show that
[VZ]};,([I,,@) C [vl];’(aﬁ), which yields [v;]} @p) = [vz];’(aﬁ) This implies that v; € [v,]% R@p) The proof is
complete.

(ii) Leta € A and w, € ®(F'|f§(a’ﬁ)(a)) Then there exists v; € F'I” )(a) such that ®(v;) = w;. We
see that [Vl]R(aﬂ) NF(a) # 0. Let vy € [vi]g ap N F(a). By item (1), we have O() € [O()]{ @) and
BO(vy) € O(F(a)). Since O(F(a)) = G(E(a)), we have O(v,) € G(E(a)). Thus,

W11 ap N GEW@) = [O0)]S (5 N GE@) # 0.

Therefore, we get w; € G]"S(a )(”(a)) which yields O(F ]jj(a B)(a)) ”(a ﬁ)(:(a)). Conversely,
we let wy, € GI§ @ ﬁ)(a(a)) then [w]§’ ‘wp N GE@) # 0. Let wy € [wo]S’ ‘wp N G(E(a)), since
O(F(a)) = G(E(a)), we have wy € O(F(a)). Thus, there exists v3; € F(a) such that @(y;) =
Since O is surjective, there exists v4 € V such that @(v4) = w,. We see that O(v3) € [®(v4)]§f(aﬁ).
By item (i), we get that v; € [v4]§§(a B Hence [v4]§§(a s N F(a) # 0. Thus v4 € F ]ch’(a’ﬁ)(a).
Whence w, = O(v4) € OFT @ ﬁ)(a)) Therefore G (a ﬁ)(a(a)) c O @ ﬂ)(a)). This implies that
O(F R,(aﬁ)(a)) = ]S’(a’ﬁ)(u(a)) as required.

(iii) Let a € A be given. Suppose w; € O(F J;,f(a ﬂ)(a)) Then there exists vi € F|$ Ri@p )(a) such that
®(;) = wy. Thus [Vl]fé((,ﬁ) C F(a). We shall prove that [wl]s( ” C G(E(a)). Letw, € [wl]S( By then
there exists v, € V such that ®(v;) = w,. Thus O(v;) € [O(v)]S ‘@p) By item (i), we get v, € [v]% R@p)
We see that v, € F(a). Thus ®(v,) € O(F(a)). Since O(F(a)) = G(E(a)), we have w, = O(v,) €
G(E(a)). It follows that wy € [w1]S’ ‘g S G(E(a)). This 1mphes that @(F J (a)) c GJgs’(aﬁ)(E(a)).

(iv) Leta € A and w; € GJS( ﬁ)(_(a)) Then [wy]§ @ p) C G(E(a)). Slnce O(F(a)) = GE(a),
we have [w]¢ Sp S C O(F(a)). Since O is surjective, there exists v; € V such that O(v;) = wy.
Thus [O(v))] ‘wp S ®(F(a)). We shall prove that [vl]R(a s S F(a). Let v, € [VI]R,(a,ﬂ)’ then
O(n) € [B(v) S,(wﬁ)due to item (i). Thus ®(v,) € O(F(a)). Then there exists v € F(a) such that
O0n) = @(v3). Since O is injective, we obtain that v, = v3. Observe that v, € F(a). Therefore
[vl]” @p) C F(a). Whence v, € ijef(a’ﬁ)(a). Thus w; = O(vy) € @(FJ” )(a)) This means that
GI¢ @ ﬁ)( (a)) C O] @ ﬂ)(a)). By item (iii), we obtain that @(F J;f(a’ﬁ)(a)) GJ S ﬁ)(a(a))

(v) Assume b e =(S upp(%]f,é(aﬁ))). Then there exists a € Supp(?ﬂR’( B)) such that b = 2(a).
Observe that F 'I;‘,'(aﬁ)(c’z) #0.Letv, e F 1?}‘?(&,,3)(51)- By item (ii), we obtain that

O) € OFTS 0 (@) = G150y @) = G150 5y (B).
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Thus G]gf(aﬂ)(é) # 0. Therefore b € Supp(@]gs( ﬁ)) Hence E(Supp(Fl; (aﬁ))) Supp(@ﬂ (aﬁ)).
Conversely, let b e Supp((ﬁ]gf( ﬂ)) then G’ @ ﬁ)(b) # 0. Letw € GT¢ @ ﬁ)(b), since E is surjective,
there exists a € A such that Z(a) = b. Using item (ii), we get that

W € G150 p(B) = G150 5 (E@) = OF T, 5(@).

Then there exists v, € F];f(aﬂ)(a) such that ®(v,) = w. Observe that F];’g(a ,,3)(21) # 0. Thus

ae Supp(i'ﬂjé(aﬁ)). Hence b € =(S upp(?;]g(aﬁ))) Whence Supp(®1¢ (aﬁ)) C ESupp(FE (%,3))). This
means that Z(S upp(‘gf'lg(aﬁ))) =S upp((ﬁ'lgf(aﬁ)).
Items (vi) — (x) are not hard to verify that arguments are true, so we omit it. O

Theorem 4.9. Let (V,V,[V]% —R-R* R+),(aﬁ)) and (W, W, [W]gs:=(s:sr,s+),(a,ﬁ)) be two given approximation
spaces type I, and let (®, 2), be a given soft homomorphism from a soft semigroup § := (F,A) over V
to a soft semigroup ® := (G, B) over W satisfying Eqs (4.1)—(4.3). Then %];‘ef(aﬁ) is an idealistic soft
semigroup over V if and only if (ﬁ]gf‘(aﬁ) is an idealistic soft semigroup over W.

Proof. Suppose that %J?’(aﬁ) is an idealistic soft semigroup over V. Then F T;f(aﬁ)(a) is an ideal of V for

all a € Supp(F15,,5)- Letb € Supp(G1§', 5), then b € (S upp(Fiy,, ) due to Proposition 4.5 (v).

Thus, there exists @ € Sup p(?ﬂg(w)) such that E(d) = b. We note that ®(V) = W. From the hypothesis
and Proposition 4.5 (ii), we observe that

W(G1S 0pB) = W(GTS s E@))
OV)OF T 0p(@))
OV(F1Z 0 p(@))
OF 1R 0y (@)
Gls o (E@)

TS0 (P)-

N

Hence G'|§f(mﬂ)(l§) is a left ideal of W. Similarly, we can prove that G'|§f(aﬁ)(l’)) is a right ideal of W. Thus,

G]gf(aﬂ)(é) is an ideal of W. Therefore, (f)]gf(aﬁ) is an idealistic soft semigroup over W.

On the other hand, we suppose that (Y)]gs(a 8 is an idealistic soft semigroup over W. Then G ¢’ , ﬁ)(b)
is an ideal of W for all b € Supp(®1; Sap) Leta € Supp(‘{ﬂR((lﬂ)) be given. Suppose that v; €
V(FI% R ﬁ)(a)) Then, by Proposition 4. 5 (i1),

O(v1) € OWV(FIR,p @)
= (OV)OEF TR (o p (@)
= W(GTS 0 (E@))
C G1§0p E@)
= OF ];es,(a,ﬁ)(&))~
Thus, there exists v, € F ]fef(aﬁ)(iz) such that ®(v,) = ®(v,). By Proposition 3.2, we obtain that @(v;) €

[O(v2)]§ ‘@p) From Proposition 4.5 (i), we argue that v, € [vz];;"'(aﬁ). From Proposition 3.3, we get

[vl]R,(a,ﬁ) = [V2];’S,(a,ﬁ)' Observe that [vz];f(aﬁ) N F(a) # 0. Then [vl]j'é(a,ﬁ) N F(a) # 0, and so v| €
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F13 0p(@. Hence V(F1g (@, 5@) C F15,5(@. Whence F1° )(a) is a left ideal of V. Similarly, we
can show that F|%’ @ ﬂ)(a) is a right ideal of V. It follows that F1¢’ Rl ﬁ)(a) is an ideal of V. Consequently
I R(ap) is an idealistic soft semigroup over V. 0

Theorem 4.10. Let (V,V,[V]Z _(R-RER"). (aﬁ)) and (W, W, [W] —(5-.5* S*),(a,ﬁ)) be two approximation
spaces type I, and let (®, E), be a given soft homomorphism from a soft semigroup & = (F,A) over V
to a soft semigroup ® := (G, B) over W satisfying Eqs (4.1)—(4.3). If © is injective, then ‘{ng(aﬁ) is an
idealistic soft semigroup over V if and only if (5]?3(&’@ is an idealistic soft semigroup over W.

Proof. According to Proposition 4.5 (iv), we can show that the statement is true. O

Theorem 4.11. Let (V,V,[VIZ_ z - RY@B) be an approximation space type I, let the triple
W, W, [W]S::(S*,Si,Sﬂ,(a,,B)) be an approximation space type Il1l, and Let (O, ), be a soft homomorphism
from a soft semigroup § := (F,A) over V to a soft semigroup ® := (G, B) over W satisfying Eqs (4.1)—
(4.3). Then F1% (ap) IS aprime idealistic soft semigroup overV if and only if (ﬁ]g‘f(aﬁ) is a prime idealistic
soft semigroup over W.

Proof. Suppose that 13, 5 is a prime idealistic soft semigroup over V. Then SR 5 is an idealistic
soft semigroup over V. By Theorem 4.9, we obtain that ®]¢' 5 is an idealistic soft semigroup over

W. Thus, G]S( B)(b) is an ideal of W for all b € Supp((?)]s( B)) Let b € Supp((Y)'lgf(mﬁ)), then, by
Proposition 4.5 (v), we obtain that be ESupp(Fle (@ ﬁ))) Thus, there exists ¢ € S upp(c&];‘( B)) such

that Z(a) = b. Next, we let wy, w, € W. Assume that wyw, € G]S( ﬁ)(b) Then wiw, € G’ (aﬂ)( (a)).
Since O is surjective, there exist vi, v, € V such that @(v;) = w; and ®@(v,) = w,. Since § is a set-valued
picture hesitant fuzzy complete relation, we observe

0

H

[WIWZ]S (@,8) N G(E(a))
(w1 ]S,(wﬁ))([Wz]S (aﬁ)) N O(F(a))
([OODIS (4 ) (OIS 4 5) N OF ().

Then there exist O(v3) € [O(v)]S’ @) and O(v4) € [O(1)]S @) such that (O(13))(®(v4)) € O(F(a)). By
the property of ®, we get that ®(v3vy) € O(F(a)). Thus, there exists vs € F(a) such that ®(v3vy) =
O(vs). Since O(v3) € [O(v)]{ @) and O(vy) € [@(vz)]gf(aﬁ), by Proposition 4.5 (i), we get that v; €
[vi]& R@p) and v4 € [V2]$ R@p) respectively. By Propositions 4.1 and 4.5 (viii), we get

V3Vs € ([Vl]x(a,ﬁ))([VZ]g(a,ﬁ)) c [VIVZ]E((L@-

By Proposition 3.3, we get [V1V2]?,(a,ﬁ) = [V3V4]j§(aﬁ). From Proposition 3.2, we have O(v3vy) €
[B(v3vs) gs(a B Thus O(vs) € [@(V3V4)]§S(a B By Proposition 4.5 (1), we obtain vs € [v3v4]§é(aﬁ). Hence
Vs € [vle]R( ) Thus, we see that [vlvz]R( ap) D F(a) # 0. Thus viv, € F];f(a’ﬁ)(d). By the assumption,
we get that v; € F¢ Ria ﬂ)(a) or v, € F Rmﬁ)(a) From Proposition 4.5 (ii), it follows that

=0()) € ®(F-|R (@ ﬁ)(a)) G-ls (013)(—'(51)) G-ls (a ﬁ)(b)

or
W2 = O(2) € O(F13 05(@) = G150y @) = G150 5 (B).
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Whence G, ﬁ)(b) is a completely prime ideal of W. Consequently 1’ @) is a prime idealistic soft
semigroup over W.

Conversely, assume that ®]¢, ;) is a prime idealistic soft semigroup over W. Then G, ) is an
idealistic soft semlgroup over W. From Theorem 4.9, we get that § ' @B is an idealistic soft semigroup
over V, and hence F ( ﬁ)(a) is an ideal of V for all a € Supp(i}] )). Leta € Supp(§ ;f(aﬂ)) and
vi,v2 € V. Suppose that viv, € FTR’(Q’B)(a) Then O(viv,) € G)(F]R,(aﬂ)(&)). Thus, by Proposition 4.5
(i1), we get

OW))NO()) = O(1v2) € OF TR (45(@) = G5, 5/(E(@).

By the fact that G]“ (:(a)) is a completely prime ideal of W, we get ®(v;) € G]gf(aﬁ)(E(&)) or
O0) € GI§ @ ﬁ)(a(a)) If O(1) € GI§ @ ﬁ)( (@)), then O(v,) € O(FF @ ﬂ)(a)) due to Proposition 4.5
(i1). Thus, there exists vz € F% Ria, )(a) such that ®(v;) = O(v;). By Proposition 3.2, we get that
O(v3) € [O(3)]¢ S (@p) which yields O(v;) € [O(v3)] @ ﬁ) Then, by Proposition 4.5 (1), it follows that
V| € [v_o,];’g(a’ﬁ). By Proposition 3.3, we have [v;]% wp = = [vsl% Rap Observe that [v;]R @p " F(a) # 0.
Thus [vl];é(a/,ﬂ) N F(a) # 0. Therefore v; € FIg, ﬁ)(a) Slmllarly, if @(v,) € G]S,( ﬁ)( (a)), then v, €
F ];‘;’(aﬁ)(c‘z). Thus, we obtain that F 1?,(0,;3)(‘\1) is a completely prime ideal of V. This means that i”ﬂ;f(aﬁ)
is a prime idealistic soft semigroup over V. O

Theorem 4.12. Let (V,V,[V]{ S(R-RERY)(a ﬁ)) be an approximation space type I, and let the triple
(W WAIWIS (5- 55500 ﬂ)) be an approximation space type Ill. Let (©,Z), be a soft homomorphism
from a soft semigroup § := (F,A) over V to a soft semigroup & := (G, B) over W satisfying Eqs ( 4.1 )—
(4.3). If © is injective, then E}J;’S(aﬁ) is a prime idealistic soft semigroup over V if and only if ® |
a prime idealistic soft semigroup over W.

S (@p) !

Proof. By Proposition 4.5 (iv), we can verify that the statement holds. O

Theorem 4.13. Ler (V,V, [V];f:(R,’Ri’Rﬂ’(aﬂ)) and (W, W, [W]g‘s::(S*,Si,Sﬂ,(a,ﬁ)) be two approximation
spaces type 1. Let f and g be fuzzy subsets of V and W, respectively, and let 1,k € [0, 1]. Let (O, E), be
a soft homomorphism from a soft semigroup (Vf(‘f “>) A) over V to a soft semigroup (Wég"(’>>, B) over W

satisfying Eqs (4.1)~(4.3). Then " 7, 5 is a fuzzy ideal of V if and only if "g7'¢ , o is a fuzzy ideal
of W.

Proof. Using Propositions 3.19 (i), 4.4 and Theorem 4.9, we see that

" Rap 1S afuzzy ideal of V &= (V/(;f R’((’ﬁ>’[’2),A) is an idealistic soft
semigroup over V for all ¢ € [0, 1]
= (V" A% 4p is an idealistic soft
semigroup over V for all ¢ € [0, 1]
= W3, B, p is an idealistic soft
semigroup over W for all « € [0, 1]
= (ngjgf(“ﬁ )’K’Z), B) is an idealistic soft
semigroup over W for all x € [0, 1]

= "¢ p is afuzzy ideal of W.

Therefore, " f 7, 8 is a fuzzy ideal of V if and only if "¢"'¢’ , 8 is a fuzzy ideal of W. O
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Theorem 4.14. Let (V,V,[V]Z C(R-RERY), (aﬁ)) and (W, W, [W] —(5-.5* s+),(a,ﬁ)) be two approximation
spaces type I. Let f and g be fuzzy subsets of V and W, respectively, and let i,k € [0, 1]. Let (O, E);, be
a soft homomorphism from a soft semigroup (V(f “>) A) over V 1o a soft semigroup (Wég"(’>) , B) over W
satisfying Eqs (4.1)—(4.3). If © is injective, then . f 1} . is a fuzzy ideal of 'V if and only ifu_g_ngf(aﬁ) is
a fuzzy ideal of W.

R,(a.B)

Proof. By Propositions 3.19 (ii), 4.4 and Theorem 4.10, this argument is easily provided. O

Theorem 4.15. Let (V,V,[V]Y —(R-R-R)(a ﬂ)) be an approximation space type I, and let the triple
(W W AWIS (55554 ) be an approximation space type Ill. Let f and g be fuzzy subsets of V and W,

respectively, and let 1, k € [0, 1]. Let (®, E),, be a soft homomorphism from a soft semigroup (V{*), A)
over V to a soft semigroup (Wég"(’>) , B) over W satisfying Eqs (4.1)—(4.3). Then " 7 . is a fuzzy

R,(a)B)
prime ideal of V if and only if '_g_'gf(aﬁ) is a fuzzy prime ideal of W.

Proof. Using Propositions 3.19 (i), 4.4 and Theorem 4.11, we observe that

S PES T o
" p 1S a fuzzy prime ideal of V. e (V" **”"", A) is a prime idealistic

soft semigroup over V for all ¢ € [0, 1]
= W/ A ') 18 @ prime idealistic

soft semigroup over V for all ¢ € [0, 1]
= (W5, B)I§\up is a prime idealistic

soft semlgroup over W for all x € [0, 1]

(&S ap )

— (W, , B) is a prime idealistic

soft semigroup over W for all x € [0, 1]

= g7 p is afuzzy prime ideal of W.

It follows that " /7% 5 is a fuzzy prime ideal of V' if and only if "g¢ , , is a fuzzy prime ideal

of W. O

Theorem 4.16. Let (V,V,[V] —(R- R R+)’(aﬁ)) be an approximation space type I, and let the triple
(W W WIS (s- 5= S*),(a,ﬂ)) be an approximation space type Ill. Let f and g be fuzzy subsets of V and
W, respectively, and let 1, € [0, 1]. Let (®, E), be a given soft homomorphism from a soft semigroup
(V(f’“>) A) over V to a soft semigroup (W(g"(’>) B) over W satisfying Eqs (4.1)—(4.3). If O is injective,

then  f 1 @) is a fuzzy prime ideal of V if and only if Lg1{ @ p) is a fuzzy prime ideal of W.

Proof. According to Propositions 3.19 (ii), 4.4 and Theorem 4.12, we can prove that the statement
holds. |

5. Conclusions and discussion

In this work, we have studied the concept of picture hesitant fuzzy relations in terms of picture
hesitant fuzzy sets on infinite sets, which is a new extension of fuzzy relations given by Mathew
et al. [25] in 2020. Then the notion of extended approximation spaces under set-valued picture hesitant

fuzzy relations was proposed as the followings:
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e The basic element of the rough approximation of soft sets constitute upper and lower rough
approximations, boundary regions, definable soft sets and rough soft sets.

e The basic element of the rough approximation of fuzzy sets constitute upper and lower rough
approximations, definable fuzzy sets and rough fuzzy sets.

As a consequence, we proved that the definable soft set and the definable fuzzy set are induced by a
set-valued picture hesitant fuzzy reflexive relation and a set-valued picture hesitant fuzzy antisymmetric
relation on a single universe.

In addition, we suggested studying the use of the theory of semigroups to advance in the
investigation of rough soft sets and rough fuzzy sets. We used models in Section 3 to consider upper
and lower rough approximations of prime idealistic soft semigroups over semigroups and fuzzy prime
ideals of semigroups. Then we obtained statements as the followings:

e Every upper rough approximation of a prime idealistic soft semigroup (resp., a fuzzy prime ideal)
is a prime idealistic soft semigroup (resp., a fuzzy prime ideal) based on a picture hesitant fuzzy
reflexive relation, a picture hesitant fuzzy transitive relation, and a picture hesitant fuzzy complete
relation.

e Every lower rough approximation of a prime idealistic soft semigroup (resp., a fuzzy prime ideal)
is a prime idealistic soft semigroup (resp., a fuzzy prime ideal) based on a picture hesitant fuzzy
reflexive relation, a picture hesitant fuzzy transitive relation, and a picture hesitant fuzzy complete
relation.

Moreover, we observed that a set-valued picture hesitant fuzzy symmetric relation and a set-valued
picture hesitant fuzzy antisymmetric relation on semigroups are not a sufficient condition for all results.
We used soft homomorphisms to check upper and lower rough approximations of prime idealistic soft
semigroups over semigroups and fuzzy prime ideals of semigroups. Furthermore, we got necessary
and sufficient conditions for upper and lower rough approximations of prime idealistic soft semigroups
over semigroups and fuzzy prime ideals of semigroups.

However, when we consider other types of algebraic structures, the corresponding issues need to
be further proved. Increasingly, in future work, we will adapt the proposed rough approximations
approach to deal with decision problems in semigroups. Furthermore, group decision making under
rough approximation models received more and more attention as the existing literature [37,38]. Thus,
the group decision-making approach based on extended models of this paper is a future research focus.
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